Differential Equations 
with Boundary-Value Problems 


Contents 1-4 


1 Introduction to Differential Equations 2 


1:1 Definitions айа Term nos vse. sccasneceraviyaranaconorenaiaeakeientiausiovannieeners 3 
1:2 InitialValue PrOBÍBIUS. ae quits t im Eh d киы ome cuida s EMT Aes 15 
1.3 Differential Equations as Mathematical Models ................................ 22 


CHAPTER 1 IN REVIEW 34 


2 First-Order Differential Equations 36 


2.1 Solution Curves Without a Solution .............. eere entere 37 
211 DuscuonLPlelds qd test x e pR баадан ватанда ананна 37 
2.1.2 Autonomous First-Order DES .................................... 39 
2:2 -Separable Equations ыыы йде нынан анна ене наанаа ине вина 47 
2.3 Linear S NI TET 55 
24 Exact POualifis музунан икин нне нан шын нн Mika SM ERU D deat e нн 64 
2.5 Solutions by SUD SCIONS usos issue pax ененин bo Ov наннан UND a prs S NODE 72 
2.6 Numerical Method ss cecinere RO quibas o pibe MINI eR N UE 76 


CHAPTER 2 IN REVIEW 81 


3 Modeling with First-Order Differential Equations 84 


3.1 Linear Models ................ccccssccsssscccssscccnsccesestccssccessscecssccessceccescsessccess 85 
3.2 Nonlinear Models ............ sese hene nenne ease essa renean 96 
3,3 Modeling with Systems of First-Order ОЕ... анааан аднае 107 


CHAPTER 3 IN REVIEW 114 


4 Higher-Order Differential Equations 118 


4.1 Preliminary Theory—Linear Equations «oreste th revo ныне. 119 
4.1.1 Initial-Value and Boundary-Value Problems ............. 119 
4.1.2 Homogeneous Equations ........................................... 121 
4.1.3 Non-homogeneous Equations .................................... 127 
4.2." Кейисйоп of Order c — 132 
4.3 Homogeneous Linear Equations with Constant Coefficients ............. 135 
4.4 Undetermined Coefficients—Superposition Approach ...................... 142 
4.5 Undetermined Coefficients—Annihilator Approach ......................... 152 
4.6 “Variation of Parameters ааа океана ьан асада ндн 159 
4:7. Caucby-Buler ВеО а нан нана енне 166 
4.8. Green gui „ганан аьа навра наан анвон нацй 173 
4.8.1 Initial-Value Problems ...................................... 173 
4.8.2 Boundary-Value Problems ......................................... 179 
4.9 Solving Systems of Linear DEs by Elimination ................................ 183 
4.10 Nonlinear Differential Equations „оона h ae rix P nne o eph od 188 


CHAPTER 4 IN REVIEW 193 


Contents 5-8 


5 Modeling with Higher-Order Differential Equations 196 


5.1 Linear Models: Initial-Value Problems ............... een 
5.1.1 Spring/Mass Systems: Free Undamped Motion .......... 197 
5.1.2 Spring/Mass Systems: Free Damped Motion ............. 202 
5.1.3 Spring/Mass Systems: Driven Motion ........................ 204 
5.1.4 Series Circuit Analogue ............................... 207 

5,2 Linear Models: Boundary-Value Problems 1... ee o erra 

5.3 Nonlinear Models oues patuit D OH Ene Fu ныннан 


CHAPTER 5 IN REVIEW 232 


6 Series Solutions of Linear Equations 236 
6.1 Review of Power Series uei in ER edi et cin pati oM edu UE 
6.2 Solutions About Ordinary POTIS. sasescssdsocevesacevansscvacsdesadasenesdiarancvaters 
6.3 Solutions About Singular POS 5uiessco sees ema eu наннан анын eR d 


6:4 Special Functions снин охор а оН 
CHAPTER 6 IN REVIEW 276 


7 TheLaplace Transform 278 


7.1 Definition of Ше Laplace Transform iue em pisei a teneas vade 
7.2 Inverse Transforms and Transforms of Derivatives .......................... 
7.2.1 Inverse Transforms „эзара илин eene 286 
7.2.2 Transforms of Derivatives .................. essen 289 
7.3 Operational Properties I snus meneame 
7.3.1 Translation on the s-Axis ......................лллл... 295 
7.3.2 Translation on the ft-Axis .......................... 298 
74 Operational Propetties TI. «uad ivi p tem ванна ий канына Use а NER 
7.4.1 Derivatives of a Transform .....................eessseeeeeeeee 306 
7.4.2 Transforms of Integrals ................................ 307 
7.4.3 Transforms of a Periodic Function ............................ 313 
7.5 The Dirac: Delta опсо: а нана ыннаны аана 
7.6 Systems of Linear Differential Equations... ceteri tente 


CHAPTER 7 IN REVIEW 327 


8 Systems of Linear First-Order Differential Equations 332 


8.1. Preliminary Theory—Linear Systems „а.а знана назод нада 
5.2 Homoseneous Lineat Systems араван ананан нанне некен eig 
8.2.1 Distinct Real Eigenvalues ........................ esee 341 
8.2.2 Repeated Eigenvalues „анына 344 
8.2.3 Complex Bigetvalues. .6cccaseivscussasevereracevacensesvensracerecesa 348 
8.3 Nonhomogeneous Linear Systems... usce agre non ннен 
8.3.1. Undetermined Coefficients erret ntn 355 
8.3.2 Variation of Parameters ............................................ 357 
8.4 Matrix Exponential „еъ 


CHAPTER 8 IN REVIEW 366 


Contents 9-12 


9 


10 


11 


12 


Numerical Solutions of Ordinary Differential Equations 368 
9.1 Euler Methods and Error Analysis oes iesus enden cher yas НОЯН 
9 Runge-Kutta Methods. лаана ананна 
93: dius dori i c — ыры 
9.4 Higher-Order Equations and Systems <. ssc ccsaccavecansnavecdbceexssavseansedacees 


9.5 Second-Order Boundatry- Value Problems 1... oon ottiene mensus 
CHAPTER 9 IN REVIEW 389 


Systems of Nonlinear First-Order Differential Equations 390 
10.1 Autonomous УВЕЛИ еннен наин инее ренина ене е нани 
10.2. Stability o£ Са Э ystems: енне еннан nya erre n атаан nap кыы 
10.3 Linearization and Local Stability „аенын t etta 


10.4 Autonomous Systems as Mathematical Models .............................. 
CHAPTER 10 IN REVIEW 422 


Fourier Series 424 

11.1. -Orthogonal PHBCUODS. ыссыкы ины нынын ннен на ERR SÉ 

11:2 Fourier Series чыгышны ovni Renier dices cinis Goode Greca 

153 Fourier Cosme aud Sine Series cies accesses cess ышанын Онан 

11.4. Sturm-Liouville Problem 1. tn rhon euni tn inan enun nan ndn enun 

Tlie Bessel anl Lepenute Венев аа онна ненае utum nd s Utd) 
11.5.1 Fourier-Bessel Series «osse ri eere aera en 452 


11.5.2 FPourner-Legendre Series osse tertia revu tin 455 
CHAPTER 11 IN REVIEW 458 


Boundary-Value Problems in Rectangular Coordinates 460 

12.1 Separable Partial Differential Equations оаа a ena do tana 
12.2 Classical PDEs and Boundary-Value Problems .............................. 
12:3 Heat ЕЧ@айо wr —À 
12.4- Wave Едй@айпоп. WT ——————— Á— 
12.5 Laplace S Equation deserosoan ыйнаан ранын шыбы: 
12.6 Nonhomogeneous Boundary-Value Problems ................................ 
12,7 Orthogonal Series Expansions „а.н авон 


12.8 Higher-Dimensional Problems. „ныннан trea xo agas) 
CHAPTER 12 IN REVIEW 499 


Preface 


TO THE STUDENT 


Authors of books live with the hope that someone actually reads them. Contrary to 
what you might believe, almost everything in a typical college-level mathematics text 
is written for you and not the instructor. True, the topics covered in the text are chosen 
to appeal to instructors because they make the decision on whether to use it in their 
classes, but everything written in it is aimed directly at you, the student. So I want 

to encourage you—no, actually I want to tell you—to read this textbook! But do not 
read this text as you would a novel; you should not read it fast and you should not skip 
anything. Think of it as a workbook. By this I mean that mathematics should always 

be read with pencil and paper at the ready because, most likely, you will have to work 
your way through the examples and the discussion. Before attempting any problems in 
the section exercise sets, work through all the examples in that section. The examples 
are constructed to illustrate what I consider the most important aspects of the section, 
and therefore, reflect the procedures necessary to work most of the problems. When 
reading an example, copy it down on a piece of paper and do not look at the solution in 
the book. Try working it, then compare your results against the solution given, and, if 
necessary resolve any differences. I have tried to include most of the important steps in 
each example, but if something is not clear you should always try—and here is where 
the pencil and paper come in again—to fill in the details or missing steps. This may not 
be easy, but it is part of the learning process. The accumulation of facts followed by 
the slow assimilation of understanding simply cannot be achieved without a struggle. 


Specifically for you, a Student Solutions Manual (SSM) is available as an optional 
supplement. In addition to containing solutions of selected problems from the 
exercises sets, the SSM contains hints for solving problems, extra examples, and a 
review of those areas of algebra and calculus that I feel are particularly important 

to the successful study of differential equations. Bear in mind you do not have to 
purchase the SSM; also, you should review the appropriate mathematics from your old 
precalculus or calculus texts. 


In conclusion, I wish you good luck and success. I hope you enjoy the text and 


the course you are about to embark on—as an undergraduate math major it was one 
of my favorites because I liked mathematics that connected with the physical world. 
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Differential Equations as Mathematical Models 
CHAPTER 1 IN REVIEW 


he words differential and equations suggest solving some kind of 

equation that contains derivatives y’, у”,... . Analogous to a course in 

algebra, in which a good amount of time is spent solving equations such 
as х2 + 5x + 4 = 0 for the unknown number x, in this course one of our tasks 


will be to solve differential equations such as y" + 2y' + y = 0 for an unknown 


function у = ф(х). As the course unfolds, you will see there is more to the study of 


differential equations than just mastering methods that mathematicians over past 
centuries devised to solve them. But first things first. In order to read, study, and be 
conversant in a specialized subject you have to learn some of the terminology of that 
discipline. This is the thrust of the first two sections of this chapter. In the last section 


we briefly examine the link between differential equations and the real world. 
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1.1 DEFINITIONS AND TERMINOLOGY 3 


1.1 Definitions and Terminology 


INTRODUCTION The derivative dy/dx of a function у = (x) is itself another 
function $'(x) found by an appropriate rule. The exponential function y = ele’ is 
differentiable on the interval (—~, ©) and by the Chain Rule its first derivative is 
dy/dx — 0.2xe"", If we replace e°-” on the right-hand side of the last equation by 


the symbol y, the derivative becomes 


d _o2 (1) 
— = 0.2xy. 

dx К 
Now imagine that a friend of yours simply hands you equation (1)—you have no idea 
how it was constructed—and asks, What is the function represented by the symbol y? 
You are now face to face with one of the basic problems in this course: 


How do you solve an equation such as (1) for the function y = (x)? 
A DEFINITION The equation that we made up in (1) is called a differential 


equation. Before proceeding any further, let us consider a more precise definition 
of this concept. 


An equation containing the derivatives of one or more unknown functions (or 
dependent variables), with respect to one or more independent variables, is 
said to be a differential equation (DE). 


To talk about them, we shall classify differential equations according to type, order, 
and linearity. 


CLASSIFICATION BY TYPE If a differential equation contains only ordinary 
derivatives of one or more unknown functions with respect to a single independent 
variable, it is said to be an ordinary differential equation (ODE). An equation 
involving partial derivatives of one or more unknown functions of two or more inde- 
pendent variables is called a partial differential equation (PDE). Our first example 
illustrates several of each type of differential equation. 


[EXAMPLE 1 | Types of Differential Equations 


(a) The equations 
an ODE can contain more 
than one unknown function 


l l 
dy . d'y ау х ау 
+ 5у = ех, —— + бу = 0, d —+—=2x+ 2 
аа?” f^ d а 7 oe D ELI _ 
are examples of ordinary differential equations. 
(b) The following equations are partial differential equations:” 
ди д? Pu д? ðu ð ð 
Foa aan ш =. G) 
Ox oy Ox дї Ot ду Ox 


*Except for this introductory section, only ordinary differential equations are considered in A First Course 
in Differential Equations with Modeling Applications, Eleventh Edition. In that text the word equation 
and the abbreviation DE refer only to ODEs. Partial differential equations or PDEs are considered in the 
expanded volume Differential Equations with Boundary-Value Problems, Ninth Edition. 
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INTRODUCTION TO DIFFERENTIAL EQUATIONS 


Notice in the third equation that there are two unknown functions and two indepen- 
dent variables in the PDE. This means и and v must be functions of two or more 
independent variables. E 


NOTATION Throughout this text ordinary derivatives will be written by using 
either the Leibniz notation dy/dx, d?y/dx?, d*y/dx°, . . . or the prime notation у’, y", 
y”,.... By using the latter notation, the first two differential equations in (2) can be 
written a little more compactly as y’ + 5y = e* and y" — y' + 6y = 0. Actually, the 
prime notation is used to denote only the first three derivatives; the fourth derivative 
is written y instead of y". In general, the nth derivative of y is written d"y/dx" or 
у“). Although less convenient to write and to typeset, the Leibniz notation has an 
advantage over the prime notation in that it clearly displays both the dependent and 
independent variables. For example, in the equation 


unknown function 
or dependent variable 


1. independent variable 


it is immediately seen that the symbol x now represents a dependent variable, 
whereas the independent variable is t£. You should also be aware that in physical 
sciences and engineering, Newton’s dot notation (derogatorily referred to by some 
as the "flyspeck" notation) is sometimes used to denote derivatives with respect 
to time т. Thus the differential equation d?s/dt? = —32 becomes ï = —32. Partial 
derivatives are often denoted by a subscript notation indicating the indepen- 
dent variables. For example, with the subscript notation the second equation in (3) 
becomes Uy, = Uy — 2и. 


CLASSIFICATION BY ORDER The order of a differential equation (either ODE 
or PDE) is the order of the highest derivative in the equation. For example, 


second order У F first order 
а?у dy 
mda) mun 


is a second-order ordinary differential equation. In Example 1, the first and third 
equations in (2) are first-order ODEs, whereas in (3) the first two equations are 
second-order PDEs. A first-order ordinary differential equation is sometimes written 
in the differential form 


М(х, y) dx + N(x, y) dy = 0. 


[EXAMPLE 2 | Differential Form of a First-Order ODE 


If we assume that y is the dependent variable in a first-order ODE, then recall from 
calculus that the differential dy is defined to be dy = y'dx. 


(a) By dividing by the differential dx an alternative form of the equation 
(y — x) dx + 4xdy = 0 is given by 


dy А ау 
y—x+4x—=0  orequivalently 4x— + у = x. 
ах ах 
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1.1 DEFINITIONS AND TERMINOLOGY 5 
(b) By multiplying the differential equation 
d 
6xy 2 +02 +y = 0 
ах 


by dx we see that ће equation has the alternative differential form 


(x? + y?) dx + 6xy dy = 0. [ 


In symbols we can express an nth-order ordinary differential equation in one 
dependent variable by the general form 


Е(х, у, у',...,у%)у = 0, (4) 


where F is a real-valued function of n + 2 variables: x, y, у',..., y. For both 
practical and theoretical reasons we shall also make the assumption hereafter that 
it is possible to solve an ordinary differential equation in the form (4) uniquely 
for the highest derivative y" in terms of the remaining n + 1 variables. The dif- 
ferential equation 


d" 
dx n 


where fis a real-valued continuous function, is referred to as the normal form of (4). 
Thus when it suits our purposes, we shall use the normal forms 


Sy aes), (5) 


dy d?y 
de des md теди, y, y^) 
X 


to represent general first- and second-order ordinary differential equations. 


[EXAMPLE 3 | Normal Form of an ODE 


(a) By solving for the derivative dy/dx the normal form of the first-order differential 
equation 
d d = 
4х = +y=x is сле. E 
dx dx 4x 


(b) By solving for the derivative y" the normal form of the second-order differential 
equation 


у-у *t6-20 15 у= у — бу. E] 


CLASSIFICATION BY LINEARITY An nth-order ordinary differential equation (4) 
is said to be linear if F is linear in y, y', . . . , у). This means that an nth-order ODE 
is linear when (4) is a,(x)y + a, 40)y "P + +++ + аубду' + andy — g(x) = Оог 


n nl 


а"у ау ау 
an) о s T sax) tr do +: + dx) det ао(х)у = g(x). (6) 
x 


Two important special cases of (6) are linear first-order (n — 1) and linear second- 
order (n — 2) DEs: 

dy а?у 
а(х) rs + ao(x)y = g(x) and a(x) —— dé $ a)? с ао(х)у = g(x). (7) 


In the additive combination on the left-hand side of equation a we see that the char- 
acteristic two properties of a linear ODE are as follows: 


* The dependent variable y and all its derivatives у’, y", . . . , y are of the 
first degree, that is, the power of each term involving y is 1. 
• The coefficients ао, a1, ..., an of y, y, ..., y? depend at most on the 


independent variable x. 
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A nonlinear ordinary differential equation is simply one that is not linear. Nonlinear 
functions of the dependent variable or its derivatives, such as sin y or е”, cannot 
appear in a linear equation. 


[EXAMPLE 4 Linear and Nonlinear ODEs 


(a) The equations 


Фу ау 
tx—-—5y2g 
do ^de ” 


(y—x)dx+4xdy=0, y"-2y+y=0, x 
are, in turn, linear first-, second-, and third-order ordinary differential equations. We 
have just demonstrated in part (a) of Example 2 that the first equation is linear in the 


variable y by writing it in the alternative form Axy' + y = x. 


(b) The equations 


nonlinear term: nonlinear term: nonlinear term: 
coefficient depends on y nonlinear function of y power not 1 
| в! 5| 
У А У 
1 = у)у + 22у = еу  —-siny-20, and = +у2= 0 
(1 — у)у + 2y dà 1 PEE 


are examples of nonlinear first-, second-, and fourth-order ordinary differential equa- 
tions, respectively. ш 


SOLUTIONS As was stated on page 2, one of the goals in this course is to solve, 
or find solutions of, differential equations. In the next definition we consider the con- 
cept of a solution of an ordinary differential equation. 


Any function ф, defined on an interval / and possessing at least n derivatives 
that are continuous on J, which when substituted into an nth-order ordinary 
differential equation reduces the equation to an identity, is said to be a solution 
of the equation on the interval. 


In other words, a solution of an nth-order ordinary differential equation (4) is a 
function ¢ that possesses at least n derivatives and for which 


F(x, Ф(х), ф'(х),..., (x) = 0 forall xin J. 


We say that ф satisfies the differential equation on /. For our purposes we shall also 
assume that a solution ф is a real-valued function. In our introductory discussion we 
saw that y — e° is a solution of dy/dx = 0.2xy on the interval (— 2, oc). 

Occasionally, it will be convenient to denote a solution by the alternative 
symbol y(x). 


INTERVAL OF DEFINITION You cannot think solution of an ordinary differential 
equation without simultaneously thinking interval. The interval / in Definition 1.1.2 
is variously called the interval of definition, the interval of existence, the interval 
of validity, or the domain of the solution and can be an open interval (a, b), a closed 
interval [a, b], an infinite interval (а, ©), and so on. 
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У 


(a) function y = 1/x, x #0 


(b) solution y = 1/x, (0, ©) 


FIGURE 1.1.1 In Example 6 the function 
y = 1/x is not the same as the solution 
у= 1/х 
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[EXAMPLE 5. Verification of a Solution 


Verify that the indicated function is a solution of the given differential equation on 
the interval (— оо, оо). 

dy |. l4 " ] Ede yoga 
а) с =лху > у= тх (b) у" = 2у +у= 0; у= хе 


SOLUTION Опе way of verifying that the given function is a solution is to see, after 
substituting, whether each side of the equation is the same for every x in the interval. 


(a) From 
left-hand side: = 4 X = Xs 


П ae 1 1 
right-hand side: xy? =x- | x) =x: | °| =— 3x3 


we see that each side of the equation is the same for every real number x. Note that 


у= ix is, by definition, the nonnegative square root of mn xt 


(b) From the derivatives y' = xe* + e* and y" = xe* + 2e* we have, for every real 
number x, 


left-hand side: y" — 2у + y = (xe* + 2e?) — 2(xe* + ех) + xe” = 0, 


right-hand side: 0. oO 


Note, too, that each differential equation in Example 5 possesses the constant 
solution y = 0, —® < х < ©, A solution of a differential equation that is identically 
zero on an interval / is said to be a trivial solution. 


SOLUTION CURVE The graph of a solution ф of an ODE is called a solution 
curve. Since ф is a differentiable function, it is continuous on its interval J of defini- 
tion. Thus there may be a difference between the graph of the function ф and the 
graph of the solution ф. Put another way, the domain of the function $ need not 
be the same as the interval J of definition (or domain) of the solution ф. Example 6 
illustrates the difference. 


[EXAMPLE 6 | Function versus Solution 


(a) The domain of y = 1/x, considered simply as a function, is the set of all 
real numbers x except 0. When we graph y = 1/x, we plot points in the xy-plane 
corresponding to a judicious sampling of numbers taken from its domain. The 
rational function y = 1/x is discontinuous at 0, and its graph, in a neighborhood 
of the origin, is given in Figure 1.1.1(a). The function y = 1/x is not differen- 
tiable at x = 0, since the y-axis (whose equation is x = 0) is a vertical asymptote 
of the graph. 


(b) Now y = 1/x is also a solution of the linear first-order differential equation 
xy’ + y = 0. (Verify.) But when we say that y = 1/x is a solution of this DE, we 
mean that it is a function defined on an interval J on which it is differentiable and 
satisfies the equation. In other words, y = 1/x is a solution of the DE on any interval 
that does not contain 0, such as (—3, —1), (1, 10), (— о, 0), ог (0, ©). Because the 
solution curves defined by у = 1/x for —3 < х < —1 and l « x < 10 are simply 
segments, or pieces, of the solution curves defined by y = 1/x for —% < x < 0 and 
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0 < x < ©, respectively, it makes sense to take the interval J to be as large as pos- 
sible. Thus we take / to be either (—™, 0) or (0, ©). The solution curve on (0, ©) is 
shown in Figure 1.1.1(b). E 


EXPLICIT AND IMPLICIT SOLUTIONS You should be familiar with the terms 
explicit functions and implicit functions from your study of calculus. A solution 
in which the dependent variable is expressed solely in terms of the independent 
variable and constants is said to be an explicit solution. For our purposes, let us 
think of an explicit solution as an explicit formula у = ф(х) that we can manipulate, 
evaluate, and differentiate using the standard rules. We have just seen in the last 
two examples that y = k, y = xe“, and y = 1/х are, in turn, explicit solutions 
of dy/dx = ху!?, y" — 2у' + y = 0, and xy’ + y = 0. Moreover, the trivial solu- 
tion y = 0 is an explicit solution of all three equations. When we get down to the 
business of actually solving some ordinary differential equations, you will see that 
methods of solution do not always lead directly to an explicit solution y = ф(х). 
This is particularly true when we attempt to solve nonlinear first-order differential 
equations. Often we have to be content with a relation or expression G(x, у) = 0 that 
defines a solution $ implicitly. 


ШЕСТ d 


relation G(x, у) = O is said to be an implicit solution of an ordinary differen- 
tial equation (4) on an interval /, provided that there exists at least one function 
ф that satisfies the relation as well as the differential equation on /. 


It is beyond the scope of this course to investigate the conditions under which a 
relation G(x, y) = 0 defines a differentiable function ф. So we shall assume that if 
the formal implementation of a method of solution leads to a relation G(x, y) — 0, 
then there exists at least one function ф that satisfies both the relation (that is, 
G(x, o (x)) = 0) and the differential equation on an interval /. If the implicit solution 
G(x, y) = 0 is fairly simple, we may be able to solve for y in terms of x and obtain 
one or more explicit solutions. See (iv) in the Remarks. 


[EXAMPLE 7 | Verification of an Implicit Solution 


The relation x? + y? = 25 is an implicit solution of the differential equation 


dy x 
— = –— 8 
ce (8) 
on the open interval (—5, 5). By implicit differentiation we obtain 
d d d dy 
xX + 2 = — 25 2x + 2y — = 0. 9 
dx dx и ах or "oou dx 9» 


Solving the last equation in (9) for the symbol dy/dx gives (8). Moreover, solving 
xX + у” = 25 for y in terms of x yields y = +V25 — x2. The two functions 
у = ф(х) = V25 — x? and y = p(x) = —V25 — x? satisfy the relation (that is, 
№ + ф? = 25 and xà + 5 = 25) and are explicit solutions defined on the interval 
(—5, 5). The solution curves given in Figures 1.1.2(b) and 1.1.2(c) are segments of the 
graph of the implicit solution in Figure 1.1.2(a). 
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FIGURE 1.1.3 Some solutions of DE in 
part (a) of Example 8 


V 


FIGURE 1.1.4 Some solutions of DE in 
part (b) of Example 8 
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ya ya 
5 5. 
5 T 5 
x 
(a) implicit solution (b) explicit solution (c) explicit solution 
х + у? = 25 у = №25 – х2, -5 <х<5 у, = №25 – х, -5 < х < 5 
FIGURE 1.1.2 An implicit solution and two explicit solutions of (8) in Example 7 |) 


Because the distinction between an explicit solution and an implicit solution 
should be intuitively clear, we will not belabor the issue by always saying, “Here is 
an explicit (implicit) solution.” 


FAMILIES OF SOLUTIONS The study of differential equations is similar to 
that of integral calculus. When evaluating an antiderivative or indefinite integral 
in calculus, we use a single constant c of integration. Analogously, we shall see 
in Chapter 2 that when solving a first-order differential equation F(x, y, y') = 0 
we usually obtain a solution containing a single constant or parameter c. A solu- 
tion of F(x, у, у’) = 0 containing a constant c is a set of solutions G(x, у, c) = 0 
called a one-parameter family of solutions. When solving an nth-order differen- 
tial equation F(x, y, y',..., y?) = 0 we seek an n-parameter family of solutions 
G(x, y, C1, C2, ..., Cn) = 0. This means that a single differential equation can possess 
an infinite number of solutions corresponding to an unlimited number of choices for 
the parameter(s). A solution of a differential equation that is free of parameters is 
called a particular solution. 

The parameters in a family of solutions such as G(x, y, сі, с2,..., Cn) = 0 are 
arbitrary up to a point. For example, proceeding as in (9) a relation x? + y? = c 
formally satisfies (8) for any constant c. However, it is understood that the relation 
should always make sense in the real number system; thus, if c — —25 we cannot say 
that x? + y? = —25 is an implicit solution of the differential equation. 


[EXAMPLE 8| 3 Particular Solutions 


(a) For all real values of c, the one-parameter family y — cx — x cos x is an explicit 
solution of the linear first-order equation 


xy —y-xsinx 
on the interval (—%, о). (Verify.) Figure 1.1.3 shows the graphs of some particular 
solutions in this family for various choices of с. The solution y = —x cos x, the blue 
graph in the figure, is a particular solution corresponding to c — 0. 


(b) The two-parameter family y = се" + coxe” is an explicit solution of the linear 
second-order equation 


y'—-2y +у= 0 


in part (b) of Example 5. (Verify.) In Figure 1.1.4 we have shown seven of the “dou- 
ble infinity" of solutions in the family. The solution curves in red, green, and blue 
are the graphs of the particular solutions у = 5xe* (с = 0, c? = 5), у = Зе" (с = 3, 
c2 = 0), and у = 5e* — 2хе* (су = 5, c? = 2), respectively. E 
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(a) two explicit solutions 


yh 


(b) piecewise-defined solution 


FIGURE 1.1.5 Some solutions of DE in 
Example 10 


Sometimes a differential equation possesses a solution that is not a member of 
a family of solutions of the equation—that is, a solution that cannot be obtained by 
specializing any of the parameters in the family of solutions. Such an extra solution 
is called a singular solution. For example, we have seen that y = b x* and y = 0 
are solutions of the differential equation dy/dx = ху!? on (—%, х). In Section 2.2 
we shall demonstrate, by actually solving it, that the differential equation dy/dx = xy"? 
possesses the one-parameter family of solutions y — (1 xb cf, c > 0. When c = 0, 
the resulting particular solution is y — b x^. But notice that the trivial solution y = 0 
is a singular solution since it is not a member of the family y = (1 xb с); there is 
no way of assigning a value to the constant c to obtain y = 0. 

In all the preceding examples we used x and y to denote the independent and 
dependent variables, respectively. But you should become accustomed to seeing 
and working with other symbols to denote these variables. For example, we could 
denote the independent variable by г and the dependent variable by x. 


[EXAMPLE 9 Using Different Symbols 


The functions x = c; cos 4t and x = c» sin 4t, where c, and c» are arbitrary constants 
or parameters, are both solutions of the linear differential equation 


x" + 16x = 0. 
For x = c; cos 4t the first two derivatives with respect to f are x" = —4c, sin 4t 
and x" = —16c, cos 4t. Substituting x" and x then gives 


x" + 16x = —16c; cos 4t + 16(с cos 4t) = 0. 
In like manner, for x = с» sin 4t we have x" = —16c2 sin 4t, and so 
x" + 16x = —16c2 sin 4t + 16(c» sin 47) = 0. 


Finally, it is straightforward to verify that the linear combination of solutions, or the 
two-parameter family x = c, cos 4t + сә sin 47, is also a solution of the differential 
equation. E] 


The next example shows that a solution of a differential equation can be a 
piecewise-defined function. 


[EXAMPLE 10. Piecewise-Defined Solution 


The one-parameter family of quartic monomial functions y — cx* 


tion of the linear first-order equation 


is an explicit solu- 


ху —4y = 0 
on the interval (—%, ©), (Verify.) The blue and red solution curves shown іп 
Figure 1.1.5(a) are the graphs of у = x^ and у = —x* and correspond to the choices 
c = 1 апа с = — 1, respectively. 


The piecewise-defined differentiable function 


=x, х<0 
y= 
х, x>0 


is also a solution of the differential equation but cannot be obtained from the family 
у = cx* by a single choice of c. As seen in Figure 1.1.5(b) the solution is constructed 
from the family by choosing с = —1 for x < 0 and c = 1 for x = 0. L1 


SYSTEMS OF DIFFERENTIAL EQUATIONS Up to this point we have been dis- 
cussing single differential equations containing one unknown function. But often 
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in theory, as well as in many applications, we must deal with systems of differ- 
ential equations. A system of ordinary differential equations is two or more 
equations involving the derivatives of two or more unknown functions of a single 
independent variable. For example, if x and y denote dependent variables and 
t denotes the independent variable, then a system of two first-order differential 
equations is given by 


=f ai») 
(10) 


dx 
dt 
È qt xs) 
dt ене 

A solution of a system such as (10) is a pair of differentiable functions x = ф (0), 


у = (t), defined on a common interval /, that satisfy each equation of the system 
on this interval. 


REMARKS 


(i) It might not be apparent whether a first-order ODE written in differential 
form M(x, y)dx + N(x, y)dy = 0 is linear or nonlinear because there is 
nothing in this form that tells us which symbol denotes the dependent variable. 
See Problems 9 and 10 in Exercises 1.1. 


(ii) We will see in the chapters that follow that a solution of a differential equa- 
tion may involve an integral-defined function. One way of defining a function 
F of a single variable x by means of a definite integral is: 


F(x) = | T dt. (11) 


If the integrand g in (11) is continuous оп an interval [a, b] anda = x = b, then 
the derivative form of the Fundamental Theorem of Calculus states that F is 
differentiable on (a, b) and 


E 

A= af g(t)dt = g(x) (12) 
dx Ja 

The integral in (11) is often nonelementary, that is, an integral of a function g 

that does not have an elementary-function antiderivative. Elementary functions 

include the familiar functions studied in a typical precalculus course: 


constant, polynomial, rational, exponential, logarithmic, trigonometric, 
and inverse trigonometric functions, 


as well as rational powers of these functions; finite combinations of these func- 
tions using addition, subtraction, multiplication, division; and function com- 
positions. For example, even though et, VI + Р, and cos 2 are elementary 
functions, the integrals fe^ dt, f V1 + 2 dt, and f cos 2 dt are nonelementary. 
See Problems 25—28 in Exercises 1.1. Also see Appendix A. 


(її) Although the concept of a solution of a differential equation has been 
emphasized in this section, you should be aware that a DE does not necessarily 
have to possess a solution. See Problem 43 in Exercises 1.1. The question of 
whether a solution exists will be touched on in the next section. 


(continued) 
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(iv) A few last words about implicit solutions of differential equations are in 
order. In Example 7 we were able to solve the relation x? + y? = 25 for y in terms 
of x to get two explicit solutions, ф(х) = V25 — x? and p(x) = —V25 — x, 
of the differential equation (8). But don’t read too much into this one example. 
Unless it is easy or important or you are instructed to, there is usually no need 
to try to solve an implicit solution G(x, y) = 0 for y explicitly in terms of x. Also 
do not misinterpret the second sentence following Definition 1.1.3. An implicit 
solution G(x, у) = 0 can define a perfectly good differentiable function ф that is 
a solution of a DE, yet we might not be able to solve G(x, y) = 0 using analyti- 
cal methods such as algebra. The solution curve of p may be a segment or piece 
of the graph of G(x, y) = 0. See Problems 49 and 50 in Exercises 1.1. Also, 
read the discussion following Example 4 in Section 2.2. 


(v) It might not seem like a big deal to assume that F(x, y, у',.. 


тое 


can Бе solved for y™, but one should be a little bit careful here. There 
are exceptions, and there certainly are some problems connected with this 
assumption. See Problems 56 and 57 in Exercises 1.1. 


(vi) If every solution of an nth-order ODE F(x, y, у',.. 
val / can be obtained from an n-parameter family G(x, y, сі, C2, . . . 


., y) = 0 on an inter- 
‚сһ) = O by 


appropriate choices of the parameters су, i = 1, 2,..., n, we then say that the 
family is the general solution of the DE. In solving linear ODEs, we shall im- 
pose relatively simple restrictions on the coefficients of the equation; with these 
restrictions one can be assured that not only does a solution exist on an interval 
but also that a family of solutions yields all possible solutions. Nonlinear ODEs, 
with the exception of some first-order equations, are usually difficult or impos- 
sible to solve in terms of elementary functions. Furthermore, if we happen to 
obtain a family of solutions for a nonlinear equation, it is not obvious whether 
this family contains all solutions. On a practical level, then, the designation 
"general solution" is applied only to linear ODEs. Don't be concerned about 
this concept at this point, but store the words "general solution" in the back 
of your mind —we will come back to this notion in Section 2.3 and again in 


Chapter 4. 


EXERCISES 1 .1 Answers to selected odd-numbered problems begin on page ANS-1. 


In Problems 1—8 state the order of the given ordinary differential 
equation. Determine whether the equation is linear or nonlinear by 
matching it with (6). 


n" 


@ (1 — y" — 4ху'+ 5y = cos x 
азу dy\* 
2. H 0 
"i (2 y 
3. py — py" + бу =0 
А au , du , NS 
. T ги сог ти 
а? d 
а?у dyV 
e: (2 
вА 
аг R? 


@ (ш 0)y" — (cos Ө)у' = 2 


Е x^. 
вао 


In Problems 9 and 10 determine whether the given first-order dif- 
ferential equation is linear in the indicated dependent variable by 
matching it with the first differential equation given in (7). 


9. (у? — 1) dx + x dy = 0; in y; in x 
10. u dv + (v + uv 


ue") du = 0; in v; in u 


In Problems 11—14 verify that the indicated function is an explicit 
solution of the given differential equation. Assume an appropriate 
interval / of definition for each solution. 


e» + y=0; yore 
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12. — +2 24; 20; 
а а 

13. у" - 6y' + 13у = 0; у = е? cos 2x 


14. у + у = (арх; y = —(cos x) In(sec x + tan x) 


In Problems 15-18 verify that the indicated function у = ф(х) is an 
explicit solution of the given first-order differential equation. Pro- 
ceed as in Example 6, by considering ф simply as a function and give 
its domain. Then by considering ф as a solution of the differential 
equation, give at least one interval / of definition. 


15. (y = х)у = у 8; у= х+4ух + 2 
16. у = 25 + у; у = 5 tan 5х 
eM» - 2:7; y=1/4- 


18. 2у' = y? cosx; у = (1 — sin х) 2 


X3 


In Problems 19 and 20 verify that the indicated expression is an im- 
plicit solution of the given first-order differential equation. Find at 
least one explicit solution y = ф(х) in each case. Use a graphing util- 
ity to obtain the graph of an explicit solution. Give an interval / of 
definition of each solution ф. 

2X — 1 

In = 
Х= 1 


2x?y } у? = 1 


ах 
ФВ =x- 0а - 2%); 


20. 2xy dx + (x? — у) ау = 0; 


In Problems 21—24 verify that the indicated family of functions is a 
solution of the given differential equation. Assume an appropriate 
interval / of definition for each solution. 


dP cje 
21. — - P1 - р); P= 
dt 1+ ce 


d 5 
22. - + 4ху = 8x; у= 2x — 1+ сет? 
x 


d? d 
e. 4 т t+ 4у = 0; у= cie? + exe 
Фу Фу ау 
24. x? + 2x? Hy = 12x?; 
х dx? И ах? ах 7 " 
у= сух! H сох + cax In x + 4 


In Problems 25-28 use (12) to verify that the indicated function is 
a solution of the given differential equation. Assume an appropriate 
interval / of definition of each solution. 


d post 
25. х 4 3xy = 1; ye] e dt 
dx 1 ¢ 
а “cos t 
96.09 p= Dyess y= val = dt 
X 4 


d Vi 


dy 5 10 [*sint 
27. 22 + ху = 10 sin x; ‚›=5+10[ A 
dx X x J, t 
dy me a * 
28. Б 2ху = 1; y=e* +е | edt 
ах 0 
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29. Verify that the piecewise-defined function 


u —xh x«0 
y 0, x=0 
is a solution of the differential equation xy’ — 2y = 0 on 


(—œ, оо), 


30. In Example 7 we saw that y = ф(х) = \/25 — x? and 
y = ф(х) = 25 — x? are solutions of dy/dx = —x/y on the 
interval (—5, 5). Explain why the piecewise-defined function 


—5«x«0 
0=х< 5 


is not a solution of the differential equation on the interval (— 5, 5). 


NX + 


In Problems 31—34 find values of m so that the function y = e"" is а 


solution of the given differential equation. 
6D у +2y=0 
[ й = 5y' +бу=0 


In Problems 35 and 36 find values of m so that the function y = x” is 
a solution of the given differential equation. 


32. 5y’ = 2y 


34. 2у" + Ty’ - 4y = 0 


35. xy" + 2y' = 0 
36. х2у" — 7xy' + 15у = 0 


In Problems 37-40 use the concept that y = с, —% < х < о, isa 
constant function if and only if у” = 0 to determine whether the given 
differential equation possesses constant solutions. 


37. Зху' + 5y = 10 38. у =y? + 2у – 3 


39. (у — ру = 1 40. y" + 4у' + бу = 10 
In Problems 41 and 42 verify that the indicated pair of functions is а 
solution of the given system of differential equations on the interval 


(—, х). 


@ -+ EL ag 
ae © у a е 
dt d dà 

dy d?y 

P 5x + Зу; d 4x — е!; 


x = cos 21 + sin 21 + 1e, 


у = —cos 2t — sin2t — 1e 


Discussion Problems 


43. Make up a differential equation that does not possess any real 
solutions. 


44. Make up a differential equation that you feel confident 
possesses only the trivial solution y — 0. Explain your 
reasoning. 


45. What function do you know from calculus is such that its first 
derivative is itself? Its first derivative is a constant multiple k of 
itself? Write each answer in the form of a first-order differential 
equation with a solution. 


46. What function (or functions) do you know from calculus is such 
that its second derivative is itself? Its second derivative is the 
negative of itself? Write each answer in the form of a second- 
order differential equation with a solution. 
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47. The function y = sin Л is an explicit solution of the first-order 
differential equation = \/ 1 — y?. Find an interval J of 
x 


definition. [Hint: I is not the interval (—%, о).] 


48. Discuss why it makes intuitive sense to presume that the linear 
differential equation y" + 2y' + 4y = 5 sin t has a solution of 
the form y = A sin t + B cos t, where A and B are constants. 
Then find specific constants А and B so that y = A sin t + B cost 
is a particular solution of the DE. 


In Problems 49 and 50 the given figure represents the graph 
of an implicit solution G(x, y) = 0 of a differential equation 
dy/dx = f(x, y). In each case the relation G(x, y) = 0 implicitly de- 
fines several solutions of the DE. Carefully reproduce each figure 
on a piece of paper. Use different colored pencils to mark off seg- 
ments, or pieces, on each graph that correspond to graphs of so- 
lutions. Keep in mind that a solution @ must be a function and 
differentiable. Use the solution curve to estimate an interval J of 
definition of each solution ф. 


49. yi 50. » 


=Y 


1 


FIGURE 1.1.6 Graph for FIGURE 1.1.7 Graph for 
Problem 49 Problem 50 


51. The graphs of members of the one-parameter family 
x? + y? = Зсху are called folia of Descartes. Verify that this 
family is an implicit solution of the first-order differential 
equation 
dy убу? — 2») 
dx  xQy — x3)’ 


52. The graph in Figure 1.1.7 is the member of the family of folia in 
Problem 51 corresponding to c = 1. Discuss: How can the DE in 
Problem 51 help in finding points on the graph of x? + y? = 3xy 
where the tangent line is vertical? How does knowing where 
a tangent line is vertical help in determining an interval J of 
definition of a solution ф of the DE? Carry out your ideas 
and compare with your estimates of the intervals in Problem 50. 


53. In Example 7 the largest interval / over which the explicit 
solutions у = $(x) and у = $»(x) are defined is the open 
interval (—5, 5). Why can’t the interval / of definition be the 
closed interval [—5, 5]? 


54. In Problem 21 a one-parameter family of solutions of the DE 
Р' = P(1 — Р) is given. Does any solution curve pass through 
the point (0, 3)? Through the point (0, 1)? 


55. Discuss, and illustrate with examples, how to solve differential 
equations of the forms dy/dx — f(x) and d?y/dx? — f(x). 


56. The differential equation x(y')? — 4y' — 12x? = 0 has the form 
given in (4). Determine whether the equation can be put into the 
normal form dy/dx = f(x, y). 


57. 


58. 


59. 


60. 


61. 


62. 


The normal form (5) of an nth-order differential equation 

is equivalent to (4) whenever both forms have exactly the 
same solutions. Make up a first-order differential equation 
for which F(x, y, y’) = 0 is not equivalent to the normal form 


dy/dx = f(x, y). 


Find a linear second-order differential equation F(x, y, y', y") = 0 
for which у = сух + cox? is a two-parameter family of solutions. 
Make sure that your equation is free of the arbitrary parameters 
cı and c». 


Qualitative information about a solution y = ф(х) of a 
differential equation can often be obtained from the equation 
itself. Before working Problems 59—62, recall the geometric 
significance of the derivatives dy/dx апа d?y/dx?. 


Consider the differential equation dy/dx — e”, 
(a) Explain why a solution of the DE must be an increasing 
function on any interval of the x-axis. 


(b) What are lim dy/dx and lim dy/dx? What does this 
suggest about a solution curve as x > +0? 


(c) Determine an interval over which a solution curve is 
concave down and an interval over which the curve is 
concave up. 


(d) Sketch the graph of a solution у = ф(х) of the differential 
equation whose shape is suggested by parts (a) — (c). 


Consider the differential equation dy/dx = 5 — y. 


(a) Either by inspection or by the method suggested in 
Problems 37—40, find a constant solution of the DE. 


(b) Using only the differential equation, find intervals on the 
y-axis on which a nonconstant solution y = ф(х) is 
increasing. Find intervals on the y-axis on which y = ф(х) 
is decreasing. 


Consider the differential equation dy/dx — y(a — by), where 
a and b are positive constants. 


(a) Either by inspection or by the method suggested in 
Problems 37—40, find two constant solutions of the DE. 


(b) Using only the differential equation, find intervals on the 
y-axis on which a nonconstant solution y = ф(х) is increas- 
ing. Find intervals on which y = ф(х) is decreasing. 


(c) Using only the differential equation, explain why 
y = a/2b is the y-coordinate of a point of inflection of the 
graph of a nonconstant solution y = ф(х). 


(d) On the same coordinate axes, sketch the graphs of the 
two constant solutions found in part (a). These constant 
solutions partition the xy-plane into three regions. In 
each region, sketch the graph of a nonconstant solution 
y = ф(х) whose shape is suggested by the results in 
parts (b) and (c). 


Consider the differential equation y' = y? + 4. 
(a) Explain why there exist no constant solutions of the DE. 


(b) Describe the graph of a solution y = ф(х). For example, 
can a solution curve have any relative extrema? 
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(с) Explain why у = 0 is the y-coordinate of a point of 


inflection of a solution curve. 


(d) Sketch the graph of a solution y = ф(х) of the differential 


1.2 INITIAL-VALUE PROBLEMS 15 


the indicated function is a particular solution of the given 
differential equation. 


63. y? — 20у” + 158y" — 580y' + 841у = 0; 


equation whose shape is suggested by parts (a)—(c). 5 


Computer Lab Assignments 


In Problems 63 and 64 use a CAS to compute all derivatives 


y = хе? cos 2x 


64. x3 y"  2x?y" + 20xy' 


78y = 0; 


cos(5 In x) 3 sin(5 In x) 


y= 


and to carry out the simplifications needed to verify that x x 


d 1.2 


solutions of the DE 


FIGURE 1.2.1 Solution curve of 
first-order IVP 


solutions of the DE 


ша 


x 


| <] = 


FIGURE 1.2.2 Solution curve of 
second-order ТУР 


Initial-Value Problems 


INTRODUCTION Weare often interested in problems in which we seek a solution y(x) 
of a differential equation so that y(x) also satisfies certain prescribed side conditions, 
that is, conditions that are imposed on the unknown function y(x) and its derivatives 
at a number хо. On some interval / containing xo the problem of solving an nth-order 
differential equation subject to n side conditions specified at xo: 


n 


d"y 
FON cay >) 
dx (1) 


Solve: 


Subject to: у(хо) = yo, у (хо) = yv... У" P(xo) = уһ, 


where yo, Yi, ..., Yn—1 are arbitrary constants, is called an nth-order initial-value 
problem (IVP). The values of у(х) and its first n—1 derivatives at xo, y(xo) = yo, 
y'(xo) = yi, ..., Y" (О) = ул—1 are called initial conditions (IC). 

Solving an nth-order initial-value problem such as (1) frequently entails first 
finding an n-parameter family of solutions of the differential equation and then using 
the initial conditions at xo to determine the n constants in this family. The resulting 
particular solution is defined on some interval / containing the number x. 


GEOMETRIC INTERPRETATION The cases n = 1 and n = 2 in (1), 


Solve: Es = f(x, y) 
& 
(2) 
Subject to: y(xo) = yo 
and 
Sol Р hand 
ve: = f(x, у, 
i ye ee (3) 
Subject to: у(хо) = уо, у'(%) = yı 


аге examples of first- and second-order initial-value problems, respectively. These 
two problems are easy to interpret in geometric terms. For (2) we are seeking a 
solution у(х) of the differential equation y' = f(x, y) on an interval / containing xo so 
that its graph passes through the specified point (xo, yo). A solution curve is shown 
in blue in Figure 1.2.1. For (3) we want to find a solution y(x) of the differential 
equation y" — f(x, y, y') on an interval / containing xo so that its graph not only 
passes through (xo, yo) but the slope of the curve at this point is the number yı. A 
solution curve is shown in blue in Figure 1.2.2. The words initial conditions derive 
from physical systems where the independent variable is time t and where y(to) = yo 
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FIGURE 1.2.3 Solution curves of two 
IVPs in Example 1 


(a) function defined for all x except x = +1 


yA 


(0, —1) 


(b) solution defined on interval containing x = 0 


FIGURE 1.2.4 Graphs of function and 
solution of ТУР in Example 2 


and y'(fo) = yı represent the position and velocity, respectively, of an object at some 
beginning, or initial, time fo. 


[EXAMPLE 1 | Two First-Order IVPs 


(a) In Problem 45 in Exercises 1.1 you were asked to deduce that y = се* is a one- 
parameter family of solutions of the simple first-order equation y’ = y. All the so- 
lutions in this family are defined on the interval (—~, ©), If we impose an initial 
condition, say, y(0) = 3, then substituting x = 0, y = 3 in the family determines the 
constant 3 = се? = c. Thus у = 3e" is a solution of the IVP 


y =y, у(0) = 3. 


(b) Now if we demand that a solution curve pass through the point (1, —2) rather 
than (0, 3), then y(1) = —2 will yield —2 = ce or c = —2e7! In this case y = -2e*! 
is a solution of the IVP 


y y ydye-2. 


The two solution curves are shown in dark blue and dark red in Figure 1.2.3. 8 


The next example illustrates another first-order initial-value problem. In this ех- 
ample notice how the interval / of definition of the solution у(х) depends on the initial 
condition y(xo) — yo. 


[EXAMPLE 2| Interval / of Definition of a Solution 


In Problem 6 of Exercises 2.2 you will be asked to show that a one-parameter family 
of solutions of the first-order differential equation y' + 2xy? = 0 is y = 1/(х2 + с). 
If we impose the initial condition у(0) = —1, then substituting x = 0 and y = —1 
into the family of solutions gives —1 = 1/c orc = —1. Thus y = | /(x? — 1). We 
now emphasize the following three distinctions: 


* Considered as a function, the domain of y = 1/(x? — 1) is the set of real 
numbers x for which y(x) is defined; this is the set of all real numbers 
except x = —1 and x = 1. See Figure 1.2.4(a). 

e Considered as a solution of the differential equation y' + 2xy? = 0, the 
interval J of definition of y = 1/(x? — 1) could be taken to be any 
interval over which y(x) is defined and differentiable. As can be seen in 
Figure 1.2.4(a), the largest intervals on which y = 1/ (х2 — 1) is a solution 
are (—95,— 1), (— 1, 1), and (1, ©). 

e Considered as a solution of the initial-value problem у + 2xy? = 0, 

y(0) = —1, the interval / of definition of y = 1/(x? — 1) could be taken to 
be any interval over which y(x) is defined, differentiable, and contains the 
initial point x — 0; the largest interval for which this is true is (— 1, 1). See 
the red curve in Figure 1.2.4(b). [| 


See Problems 3—6 in Exercises 1.2 for a continuation of Example 2. 


[EXAMPLE 3 Second-Order IVP 


In Example 9 of Section 1.1 we saw that x = cı cos 4t + сә sin 4t is a two- 
parameter family of solutions of x” + 16x = 0. Find a solution of the initial-value 
problem 


"+16x=0, x(=])=-2, х|—|= (4) 
x х LE, » x15 А 
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FIGURE 1.2.5 Two solution curves of the 
same IVP in Example 4 
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SOLUTION We first apply x(77/2) = —2 to the given family of solutions: c; cos 27 + 
сә sin 27 = —2.Since cos 27 = 1 and sin 27 = 0, we find that c; = —2. We next apply 
x'(1/2) = 1 to the one-parameter family x(f) = —2 cos 4t + сә sin 4t. Differentiating 
and then setting t = 7/2 and x' = 1 gives 8 sin 27 + 4c» cos 27 = 1, from which we 
see that c2 = 1. Hence x = —2 cos 4t + I sin 4f is a solution of (4). ш 


EXISTENCE AND UNIQUENESS Two fundamental questions arise in considering 
an initial-value problem: 


Does a solution of the problem exist? If a solution exists, is it unique? 


For the first-order initial-value problem (2) we ask: 


Existence Does the differential equation dy/dx = f(x, y) possess solutions? 
Do any of the solution curves pass through the point (xo, yo)? 


Uniqueness | When can we be certain that there is precisely one solution curve 
passing through the point (xo, yo)? 


Note that in Examples 1 and 3 the phrase “а solution" is used rather than “the solution” 
of the problem. The indefinite article “а” is used deliberately to suggest the 
possibility that other solutions may exist. At this point it has not been demonstrated 
that there is a single solution of each problem. The next example illustrates an initial- 
value problem with two solutions. 


[EXAMPLE 4 | An IVP Can Have Several Solutions 


Each of the functions y — 0 and у= kx satisfies the differential equation 


dy/dx = xy" and the initial condition у(0) = 0, so the initial-value problem 
E Vm ху!?, y(0) = 0 
x 


has at least two solutions. As illustrated in Figure 1.2.5, the graphs of both functions, 
shown in red and blue pass through the same point (0, 0). E 


Within the safe confines of a formal course in differential equations one can be 
fairly confident that most differential equations will have solutions and that solu- 
tions of initial-value problems will probably be unique. Real life, however, is not so 
idyllic. Therefore it is desirable to know in advance of trying to solve an initial-value 
problem whether a solution exists and, when it does, whether it is the only solution 
of the problem. Since we are going to consider first-order differential equations in 
the next two chapters, we state here without proof a straightforward theorem that 
gives conditions that are sufficient to guarantee the existence and uniqueness of a 
solution of a first-order initial-value problem of the form given in (2). We shall wait 
until Chapter 4 to address the question of existence and uniqueness of a second-order 
initial-value problem. 


Let R be a rectangular region in the xy-plane defined by a S x S b,c Sy S d 
that contains the point (хо, yo) in its interior. If f(x, у) and ðf /ðy are continuous 
on R, then there exists some interval Ip: (хо — Л, xo + h), h > 0, contained in 
[а, b], and a unique function y(x), defined on Jo, that is a solution of the initial- 
value problem (2). 
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Ya 
d 


(х0, Yo) 


> 


а 1—1 bx 


FIGURE 1.2.6 Rectangular region R 


The foregoing result is one of the most popular existence and uniqueness theo- 
rems for first-order differential equations because the criteria of continuity of f(x, y) 
and df/dy are relatively easy to check. The geometry of Theorem 1.2.1 is illustrated 
in Figure 1.2.6. 


[EXAMPLE 5. Example 4 Revisited 


We saw in Example 4 that the differential equation dy/dx = xy!? possesses at least 
two solutions whose graphs pass through (0, 0). Inspection of the functions 
of x 


= 12 zw. 
y= and = 
Fx, у) = ху Z. 


shows that they are continuous in the upper half-plane defined by y > 0. Hence 
Theorem 1.2.1 enables us to conclude that through any point (хо, yo), yo > O in the 
upper half-plane there is some interval centered at x9 on which the given differential 
equation has a unique solution. Thus, for example, even without solving it, we know 
that there exists some interval centered at 2 on which the initial-value problem 
dy/dx = xy, y(2) = 1 has a unique solution. а 


In Example 1, Theorem 1.2.1 guarantees that there аге no other solutions of the 
initial-value problems y' = y, у(0) = 3 and y' = y, y(1) = —2 other than y = 3e* 
and y = —2e* !, respectively. This follows from the fact that f(x, y) = y and 
0f/ày = 1 are continuous throughout the entire xy-plane. It can be further shown that 
the interval J on which each solution is defined is (— о, o»). 


INTERVAL OF EXISTENCE/UNIQUENESS Suppose y(x) represents a solution 
of the initial-value problem (2). The following three sets on the real x-axis may 
not be the same: the domain of the function y(x), the interval / over which the solu- 
tion y(x) is defined or exists, and the interval Jọ of existence and uniqueness. Ex- 
ample 6 of Section 1.1 illustrated the difference between the domain of a function 
and the interval / of definition. Now suppose (хо, yo) is a point in the interior of 
the rectangular region Ё in Theorem 1.2.1. It turns out that the continuity of the 
function f(x, y) on R by itself is sufficient to guarantee the existence of at least one 
solution of dy/dx = f(x, y), у(хо) = yo, defined on some interval 7. The interval 7 
of definition for this initial-value problem is usually taken to be the largest interval 
containing xo over which the solution y(x) is defined and differentiable. The interval 
I depends on both f(x, y) and the initial condition у(хо) = yo. See Problems 31—34 in 
Exercises 1.2. The extra condition of continuity of the first partial derivative df/dy 
on R enables us to say that not only does a solution exist on some interval Jp con- 
taining xo, but it is the only solution satisfying y(xo) = yo. However, Theorem 1.2.1 
does not give any indication of the sizes of intervals J and Io; the interval I of 
definition need not be as wide as the region R, and the interval Io of existence and 
uniqueness may not be as large as I. The number Л > 0 that defines the interval 
Io: (xo — h, xo + h) could be very small, so it is best to think that the solution у(х) 
is unique in a local sense—that is, a solution defined near the point (xo, yo). See 
Problem 51 in Exercises 1.2. 


| (i) The conditions in Theorem 1.2.1 are sufficient but not necessary. This means 


that when f(x, y) and df/dy are continuous on a rectangular region R, it must 
always follow that a solution of (2) exists and is unique whenever (xo, yo) is 
a point interior to R. However, if the conditions stated in the hypothesis of 
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Theorem 1.2.1 do not hold, then anything could happen: Problem (2) may still 
have a solution and this solution may be unique, or (2) may have several solu- 
tions, or it may have no solution at all. A rereading of Example 5 reveals that 
the hypotheses of Theorem 1.2.1 do not hold on the line y = 0 for the differen- 
tial equation dy/dx = xy", so it is not surprising, as we saw in Example 4 of 
this section, that there are two solutions defined on a common interval (—h, h) 
satisfying y(0) — 0. On the other hand, the hypotheses of Theorem 1.2.1 do not 
hold on the line у= 1 for the differential equation dy/dx = |y — Ц. 
Nevertheless it can be proved that the solution of the initial-value problem 
dy/dx = |y = 1|, (0) = 1, is unique. Can you guess this solution? 

(ii) You are encouraged to read, think about, work, and then keep in mind 
Problem 50 in Exercises 1.2. 


(iii) Initial conditions are prescribed at a single point хо. But we are also 
interested in solving differential equations that are subject to conditions 
specified on у(х) or its derivative at two different points хо and xı. Condi- 
tions such as 

yd) = 0, y(5)=0 or у(т/2) = 0, у'(т)=1 
are called boundary conditions (ВС). A differential equation together with 
boundary conditions is called a boundary-value problem (BVP). For example, 


i YO y= yms 


is a boundary-value problem. See Problems 39—44 in Exercises 1.2. 

When we start to solve differential equations in Chapter 2 we will solve 
only first-order equations and first-order initial-value problems. The math- 
ematical description of many problems in science and engineering involve 
second-order IVPs or two-point BVPs. We will examine some of these 


19 


problems in Chapters 4 and 5. 


EXERCISES 1 2 Answers to selected odd-numbered problems begin on page ANS-1. 


In Problems 1 and 2, у = 1/(1 + сце") is a one-parameter family 
of solutions of the first-order DE y’ = y — y’. Find a solution of the 
first-order ТУР consisting of this differential equation and the given 
initial condition. 


Ly@=-3 2.(-0 = 2 


In Problems 3-6, y = 1/(x* + с) is a one-parameter family of so- 
lutions of the first-order DE y' + 2xy? = 0. Find a solution of the 
first-order IVP consisting of this differential equation and the given 
initial condition. Give the largest interval J over which the solution 
is defined. 


12-1 
5. (0 = 1 


4. y-2 = 5 
6. y(4) = —4 


In Problems 7-10, x = cı cos f + сә sint is a two-parameter family 
of solutions of the second-order DE x" + x = 0. Find a solution of 


the second-order IVP consisting of this differential equation and the 
given initial conditions. 


@x(0)=-1, x(0-8 
8.x(7/2) = 0, х'(т/2)=1 
8/97 x(w/6-0 

10. x(7/4) = V2, x'(m/4) = 2V2 


In Problems 11-14, y = се" + coe * is a two-parameter family of 
solutions of the second-order DE y" — y = 0. Find a solution of the 
second-order IVP consisting of this differential equation and the 
given initial conditions. 


11. 0 = 1, у(0) = 2 
12. (0 = 0, у() = е 
€ 1-5, y1) = –5 
14. y(0) = 0, у'(0) = 0 
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In Problems 15 and 16 determine by inspection at least two solutions 


CHAPTER 1 


of the given first-order IVP. 


15. у = 3y/^,. у(0) = 0 


16. xy’ = 2y, 


In Problems 17—24 determine a region of the xy-plane for which 
the given differential equation would have a unique solution whose 


y(0) = 0 


graph passes through a point (хо, yo) in the region. 


dy dy 
17. = y^ 18. — = 

ах y dx Уху 

ау dy 

19. x — = 20.—-y= 

" ах y dx y 
21. (4 – уду =? 22. (1 + yy = х2 
23. (2 + уђу = y? 24. (у = х)у =ytx 


In Problems 25—28 determine whether Theorem 1.2.1 guarantees that 
the differential equation y' = Vy — 9 possesses a unique solution 


through the given point. 


25. 
27. 
29. 


30. 


31. 


(1, 4) 
(2, —3) 


(a) 


(b) 


(c) 


(a) 


(b) 


(c) 


(a) 


(b) 


26. (5, 3) 
28. (—1, 1) 


By inspection find a one-parameter family of solutions of 
the differential equation xy’ = y. Verify that each member 
of the family is a solution of the initial-value problem 

xy’ = y, y(0) = 0. 


Explain part (a) by determining a region R in the xy-plane 
for which the differential equation xy’ = y would have a 
unique solution through a point (хо, yo) in R. 


Verify that the piecewise-defined function 


t 
у= 
X, 


satisfies the condition y(0) = 0. Determine whether this 
function is also a solution of the initial-value problem in 
part (a). 


x«0 


x=0 


Verify that y = tan (x + c) is a one-parameter family of 
solutions of the differential equation у’ = 1 + у>. 


Since f(x, у) = 1 + y? and df/dy = 2y are continuous ev- 
erywhere, the region R in Theorem 1.2.1 can be taken to 
be the entire xy-plane. Use the family of solutions in part 
(a) to find an explicit solution of the first-order initial-value 
problem y' = 1 + у?, у(0) = 0. Even though хо = 0 is in 
the interval (—2, 2), explain why the solution is not defined 
on this interval. 


Determine the largest interval / of definition for the solution 
of the initial-value problem in part (b). 


Verify that y = —1/(x + c) is a one-parameter family of 
solutions of the differential equation y' — y?. 


Since f(x, y) = y? and д//ду = 2y are continuous every- 
where, the region R in Theorem 1.2.1 can be taken to be 
the entire xy-plane. Find a solution from the family in 
part (a) that satisfies y(0) — 1. Then find a solution from 
the family in part (a) that satisfies y(0) — —1. Determine 
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(с) 


32. (а) 


(b) 


(c) 
33. (a) 


(b) 


(c 


— 


34. (a) 


(b) 


the largest interval / of definition for the solution of each 
initial-value problem. 


Determine the largest interval / of definition for the solution 
of the first-order initial-value problem у’ = y?, у(0) = 0. 
(Hint: The solution is not a member of the family of 
solutions in part (a).] 


Show that a solution from the family in part (a) of Problem 31 
that satisfies y' = уг, у(1) = 1, is y = 1/(2 — x). 


Then show that a solution from the family in part (a) 
of Problem 31 that satisfies у’ = у”, у(3) = —1, is 
у= 1/Q - 5). 


Are the solutions in parts (a) and (b) the same? 


Verify that 33? — y? = c is a one-parameter family of 
solutions of the differential equation y dy/dx — 3x. 


By hand, sketch the graph of the implicit solution 

3x? — y? = 3. Find all explicit solutions y = ф(х) of the 
DE in part (a) defined by this relation. Give the interval 7 
of definition of each explicit solution. 


The point (—2, 3) is on the graph of 3x? — у? = 3, 
but which of the explicit solutions in part (b) satisfies 
x-2)23? 


Use the family of solutions in part (a) of Problem 33 to 
find an implicit solution of the initial-value problem 
ydy/dx = 3x, y(2) = —4. Then, by hand, sketch the 
graph of the explicit solution of this problem and give its 
interval J of definition. 


Are there any explicit solutions of y dy/dx = 3x that pass 
through the origin? 


In Problems 35—38 the graph of a member of a family of solutions 
of a second-order differential equation dy/dx? = f(x, у, y’) is given. 
Match the solution curve with at least one pair of the following initial 


conditions. 
(a) у(1) = 1, y(D--2 
(b) y(-D-79. у(—1)=—4 
(c) xD-1L yd) =2 
(d у(0) = -1, у'(0)=2 
(e) у(0) 2-1 у'(0=0 
(f) yO) = 


FIGURE 1.2.7 Graph for Problem 35 
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—5 + 


FIGURE 1.2.9 Graph for Problem 37 


У 
38. 


FIGURE 1.2.10 Graph for Problem 38 


In Problems 39-44, у = cı cos2x + сә sin 2x is a two-parameter 
family of solutions of the second-order DE у” + 4y = 0. If possible, 
find a solution of the differential equation that satisfies the given side 
conditions. The conditions specified at two different points are called 
boundary conditions. 


39. y(0) = 0, у(т/4) = 3 
41. у'(0) = 0, y'(7/6) = 0 
43. у(0) = 0, y(7) = 2 


40. y(0) = 0, y(7) = 0 
42. y(0) = l.y'(m) = 5 
44. у'(т/2) = 1, у (т) = 0 


Discussion Problems 


In Problems 45 and 46 use Problem 55 in Exercises 1.1 and (2) and 
(3) of this section. 


45. Find a function whose graph at each point (x, y) has the slope 
given by 8е2* + бх and has the y-intercept (0, 9). 
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46. Find a function whose second derivative is y" — 12x — 2 at 
each point (x, y) on its graph and y = —x + 5 is tangent to the 
graph at the point corresponding to x = 1. 


47. Consider the initial-value problem y' = x — 2y, у(0) = І 
Determine which of the two curves shown in Figure 1.2.11 is 
the only plausible solution curve. Explain your reasoning. 


Ya 


FIGURE 1.2.11 Graphs for Problem 47 


48. Show that 


»^ | 
x= | ———dt 
[ VP +1 
is an implicit solution of the initial-value problem 
а?у 5 
2—5 — 3у = 0, у(0) = 0, y'(0)- I. 
ах 
Assume that у = 0. [Hint: The integral is nonelementary. See 
(ii) in the Remarks at the end of Section 1.1.] 


49. Determine a plausible value of xo for which the graph of the 
solution of the initial-value problem у’ + 2y = 3x — б, y(xo) = 0 
is tangent to the x-axis at (xo, 0). Explain your reasoning. 


50. Suppose that the first-order differential equation dy/dx = f(x, y) 
possesses a one-parameter family of solutions and that f(x, y) 
satisfies the hypotheses of Theorem 1.2.1 in some rectangular 
region R of the xy-plane. Explain why two different solution 
curves cannot intersect or be tangent to each other at a point 
(хо, yo) in R. 


51. The functions у(х) = tk x^, —® < x < o and 


0, 
x» А 


16 X^ 


х<0 
х2 0 


have the same domain but are clearly different. See 

Figures 1.2.12(a) and 1.2.12(b), respectively. Show that 

both functions are solutions of the initial-value problem 
dy/dx = ху!?, у(2) = 1 on the interval (—%, ©), Resolve the 
apparent contradiction between this fact and the last sentence 
in Example 5. 


(a) (b) 
FIGURE 1.2.12 Two solutions of the IVP in Problem 51 
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1.3 


Differential Equations as Mathematical Models 


INTRODUCTION In this section we introduce the notion of a differential equation 
as a mathematical model and discuss some specific models in biology, chemistry, and 
physics. Once we have studied some methods for solving differential equations in 
Chapters 2 and 4, we return to and solve some of these models in Chapters 3 and 5. 


MATHEMATICAL MODELS It is often desirable to describe the behavior of 
some real-life system or a phenomenon—whether physical, sociological, or even 
economic—in mathematical terms. The mathematical description of a system or a 
phenomenon is called a mathematical model and is constructed with certain goals 
in mind. For example, we may wish to understand the mechanisms of a certain eco- 
system by studying the growth of animal populations in that system, or we may wish 
to date fossils by means of analyzing the decay of a radioactive substance, either in 
the fossil or in the stratum in which it was discovered. 
Construction of a mathematical model of a system starts with 


(i) identification of the variables that are responsible for changing the sys- 
tem. We may choose not to incorporate all these variables into the model 
at first. In this step we are specifying the level of resolution of the model. 


Next 


(ii) we make a set of reasonable assumptions, or hypotheses, about the 
system we are trying to describe. These assumptions will also include 
any empirical laws that may be applicable to the system. 


For some purposes it may be perfectly within reason to be content with low- 
resolution models. For example, you may already be aware that in beginning 
physics courses, the retarding force of air friction is sometimes ignored in modeling 
the motion of a body falling near the surface of the Earth, but if you are a scientist 
whose job it is to accurately predict the flight path of a long-range projectile, you have 
to take into account air resistance and other factors such as the curvature of the Earth. 

Since the assumptions made about a system frequently involve a rate of change 
of one or more of the variables, the mathematical depiction of all these assumptions 
may be one or more equations involving derivatives. In other words, the mathemati- 
cal model may be a differential equation or a system of differential equations. 

Once we have formulated a mathematical model that is either a differential equa- 
tion or a system of differential equations, we are faced with the not insignificant 
problem of trying to solve it. /f we can solve it, then we deem the model to be reason- 
able if its solution is consistent with either experimental data or known facts about 
the behavior of the system. But if the predictions produced by the solution are poor, 
we can either increase the level of resolution of the model or make alternative as- 
sumptions about the mechanisms for change in the system. The steps of the model- 
ing process are then repeated, as shown in the diagram in Figure 1.3.1. 


Assumptions Express assumptions Mathematical 
| и 


and hypotheses in terms of DEs formulation 
If necessary, | 
mil assumptions Solve the DEs 
or increase resolution 
of model | 
Check model Display predictions : 
Hes f Obtain 
predictions with |«———— — of model 1—4 Sou 
known facts (e.g., graphically) 


FIGURE 1.3.1 Steps in the modeling process with differential equations 
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Of course, by increasing the resolution, we add to the complexity of the mathemati- 
cal model and increase the likelihood that we cannot obtain an explicit solution of 
the differential equation. 

A mathematical model of a physical system will often involve the variable time f. 
A solution of the model then gives the state of the system; in other words, the values 
of the dependent variable (or variables) for appropriate values of г describe the system 
in the past, present, and future. 


POPULATION DYNAMICS One of the earliest attempts to model human 
population growth by means of mathematics was by the English clergyman and 
economist Thomas Malthus (1766—1834) in 1798. Basically, the idea behind the 
Malthusian model is the assumption that the rate at which the population of a country 
grows at a certain time is proportional’ to the total population of the country at that 
time. In other words, the more people there are at time f, the more there are going to be 
in the future. In mathematical terms, if P(t) denotes the total population at time t, then 
this assumption can be expressed as 


dP dP 
— «p or === КР, (1) 
dt dt 

where К is a constant of proportionality. This simple model, which fails to take into 
account many factors that can influence human populations to either grow or decline 
(immigration and emigration, for example), nevertheless turned out to be fairly accu- 
rate in predicting the population of the United States during the years 1790—1860. 
Populations that grow at a rate described by (1) are rare; nevertheless, (1) is still used 
to model growth of small populations over short intervals of time (bacteria growing 
in a petri dish, for example). 


RADIOACTIVE DECAY The nucleus of an atom consists of combinations of protons 
and neutrons. Many of these combinations of protons and neutrons are unstable —that 
is, the atoms decay or transmute into atoms of another substance. Such nuclei are 
said to be radioactive. For example, over time the highly radioactive radium, Ra-226, 
transmutes into the radioactive gas radon, Rn-222. To model the phenomenon of 
radioactive decay, it is assumed that the rate dA /dt at which the nuclei of a sub- 
stance decay is proportional to the amount (more precisely, the number of nuclei) 
A(t) of the substance remaining at time f: 


ES aA or E = kA. (2) 
dt dt 
Of course, equations (1) and (2) are exactly the same; the difference is only in the in- 
terpretation of the symbols and the constants of proportionality. For growth, as we 
expect in (1), k — 0, and for decay, as in (2), k « 0. 

The model (1) for growth can also be seen as the equation dS/dt = rS, which 
describes the growth of capital 5 when an annual rate of interest r is compounded 
continuously. The model (2) for decay also occurs in biological applications such 
as determining the half-life of а drug —the time that it takes for 50% of a drug 
to be eliminated from a body by excretion or metabolism. In chemistry the decay 
model (2) appears in the mathematical description of a first-order chemical reaction. 
The point is this: 


A single differential equation can serve as a mathematical model for 
many different phenomena. 
*If two quantities u and v are proportional, we write и с v. This means that one quantity is a constant 


multiple of the other: u — kv. 
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Mathematical models are often accompanied by certain side conditions. For ex- 
ample, in (1) and (2) we would expect to know, in turn, the initial population Ре and 
the initial amount of radioactive substance Ag on hand. If the initial point in time is 
taken to be т = 0, then we know that P(0) = Po and A(0) = Ao. In other words, a 
mathematical model can consist of either an initial-value problem or, as we shall see 
later on in Section 5.2, a boundary-value problem. 


NEWTON'S LAW OF COOLING/WARMING According to Newton's empirical 
law of cooling/warming, the rate at which the temperature of a body changes is pro- 
portional to the difference between the temperature of the body and the temperature 
of the surrounding medium, the so-called ambient temperature. If T(t) represents the 
temperature of a body at time t, Т„ the temperature of the surrounding medium, and 
dT/ dt the rate at which the temperature of the body changes, then Newton's law of 
cooling/warming translates into the mathematical statement 

z « T — T, BE. КО = Т; 3 
dt m or dt E: ( т), ( ) 
where К is a constant of proportionality. In either case, cooling or warming, if T, is а 
constant, it stands to reason that k < 0. 


SPREAD OF A DISEASE A contagious disease—for example, a flu virus—is 
spread throughout a community by people coming into contact with other people. Let 
x(t) denote the number of people who have contracted the disease and y(t) denote the 
number of people who have not yet been exposed. It seems reasonable to assume that 
the rate dx/dt at which the disease spreads is proportional to the number of encoun- 
ters, or interactions, between these two groups of people. If we assume that the num- 
ber of interactions is jointly proportional to x(f) and y(t}—that is, proportional to the 
product xy—then 

= = kxy, (4) 
where k is the usual constant of proportionality. Suppose a small community has a 
fixed population of n people. If one infected person is introduced into this commu- 
nity, then it could be argued that x(t) and у(?) are related by x + y =n + 1. Using 
this last equation to eliminate y in (4) gives us the model 


= = kx(n + 1 — x). (5) 
dt 


An obvious initial condition accompanying equation (5) is x(0) — 1. 


CHEMICAL REACTIONS The disintegration of a radioactive substance, governed 
by the differential equation (1), is said to be a first-order reaction. In chemistry 
a few reactions follow this same empirical law: If the molecules of substance A 
decompose into smaller molecules, it is a natural assumption that the rate at which 
this decomposition takes place is proportional to the amount of the first substance 
that has not undergone conversion; that is, if X(f) is the amount of substance A 
remaining at any time, then dX/dt = kX, where k is a negative constant since X is 
decreasing. An example of a first-order chemical reaction is the conversion of t-butyl 
chloride, (CH3)3CCl, into t-butyl alcohol, (CH3)3COH: 


(CH3)3CCl + NaOH > (CH;);COH + NaCl. 


Only the concentration of the t-butyl chloride controls the rate of reaction. But in the 
reaction 


CH3Cl + NaOH  CH30H + NaCl 


one molecule of sodium hydroxide, NaOH, is consumed for every molecule of 
methyl chloride, CH3Cl, thus forming one molecule of methyl alcohol, CH3OH, and 
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input rate of brine 
3 gal/min 


constant 
300 gal 


output rate of brine 
3 gal/min 


FIGURE 1.3.2 Mixing tank 
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one molecule of sodium chloride, NaCl. In this case the rate at which the reaction 
proceeds is proportional to the product of the remaining concentrations of CH3Cl and 
NaOH. To describe this second reaction in general, let us suppose one molecule of a 
substance A combines with one molecule of a substance B to form one molecule of a 
substance C. If X denotes the amount of chemical C formed at time ѓ and if œ and B 
are, in turn, the amounts of the two chemicals A and B at t = 0 (the initial amounts), 
then the instantaneous amounts of A and B not converted to chemical C are a — X 
and 8 — X, respectively. Hence the rate of formation of C is given by 

dX 

— = ka — Х(В — X), (6) 

dt 
where К is a constant of proportionality. A reaction whose model is equation (6) is 
said to be a second-order reaction. 


MIXTURES The mixing of two salt solutions of differing concentrations gives 
rise to a first-order differential equation for the amount of salt contained in the mix- 
ture. Let us suppose that a large mixing tank initially holds 300 gallons of brine (that 
is, water in which a certain number of pounds of salt has been dissolved). Another 
brine solution is pumped into the large tank at a rate of 3 gallons per minute; the 
concentration of the salt in this inflow is 2 pounds per gallon. When the solution in 
the tank is well stirred, it is pumped out at the same rate as the entering solution. See 
Figure 1.3.2. If A(t) denotes the amount of salt (measured in pounds) in the tank at 
time f, then the rate at which A(t) changes is a net rate: 


dA input rate output rate 
= | | x | | = Rin — Кош. (7) 


dt of salt of salt 


The input rate R;, at which salt enters the tank is the product of the inflow concentra- 
tion of salt and the inflow rate of fluid. Note that Rin is measured in pounds per 
minute: 


concentration 


of salt input rate input rate 
in inflow of brine of salt 


К = (21b/gal) · (3 gal/min) = (6 Ib/min). 


Now, since the solution is being pumped out of the tank at the same rate that it 
is pumped in, the number of gallons of brine in the tank at time t is a constant 
300 gallons. Hence the concentration of the salt in the tank as well as in the outflow 
is c(t) = A(t)/300 Ib/gal, so the output rate R,,,; of salt is 


concentration 
of salt output rate ^ output rate 
in outflow of brine of salt 
| } l 
[АО | SM J.-C 
Row = E ва) (3 gal/min) = 100 Ib/min. 
The net rate (7) then becomes 

dA A dA 1 
“вш = А = 6. 
à 9? wo = а 10046 i 


If rj, and кош denote general input and output rates of the brine solutions,* then 
there are three possibilities: rin = Fouts Fin > ro," and Fin < кош. In the analysis lead- 
ing to (8) we have assumed that rin = Four. In the latter two cases the number of gal- 
lons of brine in the tank is either increasing (rin > Fout) or decreasing (Fin < Fout) at the 
net rate rin — Fout. See Problems 10—12 in Exercises 1.3. 


*Don't confuse these symbols with R;n and Rou, which are input and output rates of salt. 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


26 CHAPTER 1 INTRODUCTION TO DIFFERENTIAL EQUATIONS 


FIGURE 1.3.3 Draining tank 


(a) LRC-series circuit 


Inductor 

inductance L: henries (h) 
di 
dt 


L 


voltage drop across: L 


Resistor 
resistance R: ohms (О) 
voltage drop across: iR 


Capacitor 
capacitance C: farads (f) 


voltage drop across: І 


С 
ч — 
(b) 


FIGURE 1.3.4 Symbols, units, and 
voltages. Current i(f) and charge q(t) are 
measured in amperes (A) and coulombs 
(C), respectively 


DRAINING A TANK In hydrodynamics, Torricelli's law states that the speed v of 
efflux of water though a sharp-edged hole at the bottom of a tank filled to a depth Л 
is the same as the speed that a body (in this case a drop of water) would acquire 
in falling freely from a height л — that is, v = V2gh, where g is the acceleration 
due to gravity. This last expression comes from equating the kinetic energy imv? 
with the potential energy mgh and solving for v. Suppose a tank filled with water 
is allowed to drain through a hole under the influence of gravity. We would like to 
find the depth h of water remaining in the tank at time т. Consider the tank shown 
in Figure 1.3.3. If the area of the hole is A; (in ft?) and the speed of the water leav- 
ing the tank is v — V 2gh (in ft/s), then the volume of water leaving the tank per 
second is A; V/2gh (in ft?/s). Thus if V(t) denotes the volume of water in the tank 
at time f, then 

ЦЕ -АһУ 281, (9) 
dt 
where the minus sign indicates that V is decreasing. Note here that we are ignoring 
the possibility of friction at the hole that might cause a reduction of the rate of flow 
there. Now if the tank is such that the volume of water in it at time ¢ can be written 
V(t) = АА, where A,, (in ft?) is the constant area of the upper surface of the water 
(see Figure 1.3.3), then dV/dt = A, dh/dt. Substituting this last expression into (9) 
gives us the desired differential equation for the height of the water at time t: 


un V 2gh. (10) 


It is interesting to note that (10) remains valid even when A,, is not constant. In this 
case we must express the upper surface area of the water as a function of л — that is, 
А, = A(h). See Problem 14 in Exercises 1.3. 


SERIES CIRCUITS Consider the single-loop LRC-series circuit shown in Fig- 
ure 1.3.4(a), containing an inductor, resistor, and capacitor. The current in a circuit 
after a switch is closed is denoted by i(t); the charge on a capacitor at time t is denoted 
by q(t). The letters L, R, and C are known as inductance, resistance, and capacitance, 
respectively, and are generally constants. Now according to Kirchhoff's second law, 
the impressed voltage E(t) on a closed loop must equal the sum of the voltage drops 
in the loop. Figure 1.3.4(b) shows the symbols and the formulas for the respective 
voltage drops across an inductor, a capacitor, and a resistor. Since current i(f) is 
related to charge q(f) on the capacitor by i = dq/dt, adding the three voltages 


inductor resistor capacitor 
di аа | dq 1 
L—=L—, iR=R—, and —@ 
dt аё а С 


and equating the sum to the impressed voltage yields a second-order differential 
equation 


d 1 
L +К==+ = E(t). 11 
doa ct nd 
We will examine a differential equation analogous to (11) in great detail in 
Section 5.1. 


FALLING BODIES To construct a mathematical model of the motion of a body 
moving in a force field, one often starts with the laws of motion formulated by the 
English mathematician Isaac Newton (1643-1727). Recall from elementary phys- 
ics that Newton's first law of motion states that a body either will remain at rest 
or will continue to move with a constant velocity unless acted on by an external 
force. In each case this is equivalent to saying that when the sum of the forces 
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FIGURE 1.3.5 Position of rock measured 
from ground level 


kv 
positive | air resistance 
direction @ 
| gravity 
mg 


FIGURE 1.3.6 Falling body of mass m 
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F = X F,—that is, the net or resultant force — acting on the body is zero, then the 
acceleration a of the body is zero. Newton's second law of motion indicates that 
when the net force acting on a body is not zero, then the net force is proportional 
to its acceleration a or, more precisely, F — ma, where m is the mass of the body. 

Now suppose a rock is tossed upward from the roof of a building as illustrated 
in Figure 1.3.5. What is the position 5(7) of the rock relative to the ground at time t? 
The acceleration of the rock is the second derivative 225/42. If we assume that the 
upward direction is positive and that no force acts on the rock other than the force of 
gravity, then Newton's second law gives 


d?s d?s 
— a = —е, 12 
m de mg or 12 g (12) 
In other words, the net force is simply the weight F = Е = —W of the rock near 


the surface of the Earth. Recall that the magnitude of the weight is W = mg, where 
m is the mass of the body and g is the acceleration due to gravity. The minus 
sign in (12) is used because the weight of the rock is a force directed downward, 
which is opposite to the positive direction. If the height of the building is sọ and 
the initial velocity of the rock is vo, then s is determined from the second-order 
initial-value problem 


d?s 


di^ c8 50) = 50, 5) = vo. (13) 


Although we have not been stressing solutions of the equations we have con- 
structed, note that (13) can be solved by integrating the constant —g twice with 
respect to т. The initial conditions determine the two constants of integration. 
From elementary physics you might recognize the solution of (13) as the formula 
s(t) = —Zgt? + vot + so. 


FALLING BODIES AND AIR RESISTANCE Before the famous experiment by 
the Italian mathematician and physicist Galileo Galilei (1564—1642) from the 
leaning tower of Pisa, it was generally believed that heavier objects in free fall, 
such as a cannonball, fell with a greater acceleration than lighter objects, such as 
a feather. Obviously, a cannonball and a feather when dropped simultaneously 
from the same height do fall at different rates, but it is not because a cannonball 
is heavier. The difference in rates is due to air resistance. The resistive force of air 
was ignored in the model given in (13). Under some circumstances a falling body 
of mass m, such as a feather with low density and irregular shape, encounters air 
resistance proportional to its instantaneous velocity v. If we take, in this circum- 
stance, the positive direction to be oriented downward, then the net force acting 
on the mass is given by F = Е + F = mg — kv, where the weight Е = mg of 
the body is force acting in the positive direction and air resistance F} = —kv is 
a force, called viscous damping, acting in the opposite or upward direction. See 
Figure 1.3.6. Now since v is related to acceleration a by a = dv/dt, Newton’s 
second law becomes F = ma = m dv/dt. By equating the net force to this form of 
Newton’s second law, we obtain a first-order differential equation for the velocity 
v(t) of the body at time f, 


S s = (14) 
т ст mg V. 


Here k is a positive constant of proportionality. If s(¢) is the distance the body falls in 
time t from its initial point of release, then v = ds/dt and a = dv/dt = d?s/dt*. In 
terms of s, (14) is a second-order differential equation 


d? d. d* d. 
=н ог т + К = mg. (15) 
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= = 2 


(a) suspension bridge cable 


(b) telephone wires 


FIGURE 1.3.7 Cables suspended between 
vertical supports 


Q0 — x 


FIGURE 1.3.8 Element of cable 


SUSPENDED CABLES Suppose a flexible cable, wire, or heavy rope is suspended 
between two vertical supports. Physical examples of this could be one of the two 
cables supporting the roadbed of a suspension bridge as shown in Figure 1.3.7(a) 
or a long telephone wire strung between two posts as shown in Figure 1.3.7(b). Our 
goal is to construct a mathematical model that describes the shape that such a cable 
assumes. 

To begin, let's agree to examine only a portion or element of the cable between 
its lowest point P, and any arbitrary point P». As drawn in blue in Figure 1.3.8, this 
element of the cable is the curve in a rectangular coordinate system with y-axis cho- 
sen to pass through the lowest point P, on the curve and the x-axis chosen a units 
below Pj. Three forces are acting on the cable: the tensions Т, and T; in the ca- 
ble that are tangent to the cable at P, and Р», respectively, and the portion W of 
the total vertical load between the points P, and P». Let T, = |T,|, 7 = |T;|, and 
W = |W| denote the magnitudes of these vectors. Now the tension T» resolves into 
horizontal and vertical components (scalar quantities) T) cos Ө and T» sin Ө. Because 
of static equilibrium we can write 


Т = Тә cos 0 and W = Т» sin Ө. 


By dividing the last equation by the first, we eliminate T» and get tan 0 = W/T. But 
because dy/dx = tan Ө, we arrive at 


BEL 
dx Т, ` 
This simple first-order differential equation serves as a model for both the shape of a 
flexible wire such as a telephone wire hanging under its own weight and the shape of 


the cables that support the roadbed of a suspension bridge. We will come back to 
equation (16) in Exercises 2.2 and Section 5.3. 


(16) 


WHAT LIES AHEAD Throughout this text you will see three different types of 
approaches to, or analyses of, differential equations. Over the centuries differential 
equations would often spring from the efforts of a scientist or engineer to describe 
some physical phenomenon or to translate an empirical or experimental law into 
mathematical terms. As a consequence, a scientist, engineer, or mathematician would 
often spend many years of his or her life trying to find the solutions of a DE. With a 
solution in hand, the study of its properties then followed. This quest for solutions 
is called by some the analytical approach to differential equations. Once they real- 
ized that explicit solutions are at best difficult to obtain and at worst impossible to 
obtain, mathematicians learned that a differential equation itself could be a font of 
valuable information. It is possible, in some instances, to glean directly from the dif- 
ferential equation answers to questions such as 


Does the DE actually have solutions? If a solution of the DE exists and 
satisfies an initial condition, is it the only such solution? What are some of the 
properties of the unknown solutions? What can we say about the geometry of 
the solution curves? 


Such an approach is qualitative analysis. Finally, if a differential equation cannot be 
solved by analytical methods, yet we can prove that a solution exists, the next logical 
query is 


Can we somehow approximate the values of an unknown solution? 


Here we enter the realm of numerical analysis. An affirmative answer to the last 
question stems from the fact that a differential equation can be used as a cornerstone 
for constructing very accurate approximation algorithms. In Chapter 2 we start with 
qualitative considerations of first-order ODEs, then examine analytical stratagems 
for solving some special first-order equations, and conclude with an introduction to 
an elementary numerical method. See Figure 1.3.9. 
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(b) qualitative (c) numerical 


FIGURE 1.3.9 Different approaches to the study of differential equations 


REMARKS 


Each example in this section has described a dynamical system —a system that 
changes or evolves with the flow of time t. Since the study of dynamical systems 
is a branch of mathematics currently in vogue, we shall occasionally relate the 
terminology of that field to the discussion at hand. 

In more precise terms, a dynamical system consists of a set of time- 
dependent variables, called state variables, together with a rule that 
enables us to determine (without ambiguity) the state of the system (this 
may be a past, present, or future state) in terms of a state prescribed at some 
time £g. Dynamical systems are classified as either discrete-time systems or 
continuous-time systems. In this course we shall be concerned only with 
continuous-time systems — systems in which all variables are defined over a 
continuous range of time. The rule, or mathematical model, in a continuous- 
time dynamical system is a differential equation or a system of differential 
equations. The state of the system at a time ż is the value of the state vari- 
ables at that time; the specified state of the system at a time to is simply the 
initial conditions that accompany the mathematical model. The solution of 
the initial-value problem is referred to as the response of the system. For 
example, in the case of radioactive decay, the rule is dA/dt — kA. Now if the 
quantity of a radioactive substance at some time fo is known, say A(fo) = Ao, 
then by solving the rule we find that the response of the system for t = tọ 
is A(t) = Age"? (see Section 3.1). The response A(f) is the single state 
variable for this system. In the case of the rock tossed from the roof of a 
building, the response of the system — the solution of the differential equa- 
tion d?s/dt? = —g, subject to the initial state s(0) = so, s'(0) = vo, is the 
function s(f) — 152 + vot + 50, 0 St T, where T represents the time 
when the rock hits the ground. The state variables are s(t) and 5'(7), which 
are the vertical position of the rock above ground and its velocity at time f, 
respectively. The acceleration 5”(ї) is not a state variable, since we have to 
know only any initial position and initial velocity at a time tọ to uniquely 
determine the rock’s position s(t) and velocity s’(t) = v(t) for any time in the 
interval tg = t < T. The acceleration s"(f) = a(t) is, of course, given by the 
differential equation s"(f) = —g,0<t<T. 

One last point: Not every system studied in this text is a dynamical system. 
We shall also examine some static systems in which the model is a differential 
equation. 
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CHAPTER 1 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


EXERCISES 1 :3 Answers to selected odd-numbered problems begin on page ANS-1. 


Population Dynamics 


@ Under the same assumptions that underlie the model in (1), 


determine a differential equation for the population P(t) of 
a country when individuals are allowed to immigrate into 
the country at a constant rate r — 0. What is the differential 
equation for the population P(t) of the country when 
individuals are allowed to emigrate from the country at a 
constant rate r > 0? 


. The population model given in (1) fails to take death into 


consideration; the growth rate equals the birth rate. In 
another model of a changing population of a community 
it is assumed that the rate at which the population changes 
is a net rate—that is, the difference between the rate of 
births and the rate of deaths in the community. Determine 
a model for the population P(t) if both the birth rate and 
the death rate are proportional to the population present 
at time т> 0. 


@ Using the concept of net rate introduced in Problem 2, 


determine a model for a population P(t) if the birth rate is 
proportional to the population present at time т but the death 
rate is proportional to the square of the population present at 
time f. 


. Modify the model in Problem 3 for net rate at which the 


population P(t) of a certain kind of fish changes by also 
assuming that the fish are harvested at a constant rate 
h > 0. 


Newton's Law of Cooling/Warming 


Өл cup of coffee cools according to Newton’s law of cooling (3). 


Use data from the graph of the temperature T(t) in Figure 1.3.10 
to estimate the constants T,,,, To, and k in a model of the form 

of a first-order initial-value problem: dT/dt = k(T — Tn), 

T(0) = To. 


T4 
200 + 
1504 
100 + 
507 
0 25 50 75 100 T 
minutes 


FIGURE 1.3.10 Cooling curve in Problem 5 


. The ambient temperature T, in (3) could be a function of time t. 


Suppose that in an artificially controlled environment, T,,(f) is 
periodic with a 24-hour period, as illustrated in Figure 1.3.11. 
Devise a mathematical model for the temperature T(t) of a body 
within this environment. 


Tí) + 
120 + 


100+ 
80+ 
60 4 


48 t 
midnight noon midnight noon midnight 


FIGURE 1.3.11 Ambient temperature in Problem 6 


Spread of a Disease/Technology 


@ Suppose a student carrying a flu virus returns to an isolated 


college campus of 1000 students. Determine a differential 
equation for the number of people x(t) who have contracted the 
flu if the rate at which the disease spreads is proportional to the 
number of interactions between the number of students who 
have the flu and the number of students who have not yet been 
exposed to it. 


. At a time denoted as г = 0 a technological innovation is 


introduced into a community that has a fixed population of 

n people. Determine a differential equation for the number of 
people x(t) who have adopted the innovation at time f if it is 
assumed that the rate at which the innovations spread through 
the community is jointly proportional to the number of people 
who have adopted it and the number of people who have not 
adopted it. 


Mixtures 


(8) Suppose that a large mixing tank initially holds 300 gallons 


10. 


12. 


of water in which 50 pounds of salt have been dissolved. Pure 
water is pumped into the tank at a rate of 3 gal/min, and when 
the solution is well stirred, it is then pumped out at the same 
rate. Determine a differential equation for the amount of salt 
A(t) in the tank at time t > 0. What is A(0)? 


Suppose that a large mixing tank initially holds 300 gallons 
of water in which 50 pounds of salt have been dissolved. 
Another brine solution is pumped into the tank at a rate 

of 3 gal/min, and when the solution is well stirred, it 

is then pumped out at a slower rate of 2 gal/min. If the 
concentration of the solution entering is 2 Ib/gal, determine 
a differential equation for the amount of salt A(f) in the tank 
at time ż > 0. 


(119 What is the differential equation in Problem 10, if the well- 


stirred solution is pumped out at a faster rate of 3.5 gal/min? 


Generalize the model given in equation (8) of this section by 
assuming that the large tank initially contains No number of 
gallons of brine, rj, and Four are the input and output rates of the 
brine, respectively (measured in gallons per minute), Cin is the 
concentration of the salt in the inflow, c(r) the concentration of 
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the salt in the tank as well as in the outflow at time t (measured 
in pounds of salt per gallon), and A(f) is the amount of salt in 
the tank at time г > 0. 


Draining a Tank 


(13) Suppose water is leaking from a tank through a circular hole of 
area A, at its bottom. When water leaks through a hole, friction and 
contraction of the stream near the hole reduce the volume of water 
leaving the tank per second to cA; V 2gh, where c (0 < c < 1) 
is an empirical constant. Determine a differential equation for 
the height Л of water at time ft for the cubical tank shown in 
Figure 1.3.12. The radius of the hole is 2 in., and g = 32 ft/s”. 


circular 
hole 


FIGURE 1.3.12 Cubical tank in Problem 13 
14. The right-circular conical tank shown in Figure 1.3.13 
loses water out of a circular hole at its bottom. Determine a 
differential equation for the height of the water h at time t > 0. 


The radius of the hole is 2 in., g = 32 ft/s?, and the friction/ 
contraction factor introduced in Problem 13 is c — 0.6. 


circular hole 


IN 
4 


FIGURE 1.3.13 Conical tank in Problem 14 


Series Circuits 


[ ^ series circuit contains a resistor and an inductor as shown in 
Figure 1.3.14. Determine a differential equation for the current 
i(t) if the resistance is R, the inductance is L, and the impressed 
voltage is E(t). 


© 


ANN 
R 


FIGURE 1.3.14 LR-series circuit in Problem 15 


16. A series circuit contains a resistor and a capacitor as shown in 
Figure 1.3.15. Determine a differential equation for the charge 
q(t) on the capacitor if the resistance is R, the capacitance is C, 
and the impressed voltage is E(t). 
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FIGURE 1.3.15 RC-series circuit in Problem 16 


Falling Bodies and Air Resistance 


(073 For high-speed motion through the air—such as the skydiver 
shown in Figure 1.3.16, falling before the parachute is 
opened—air resistance is closer to a power of the instantaneous 
velocity v(t). Determine a differential equation for the velocity 
v(t) of a falling body of mass m if air resistance is proportional 
to the square of the instantaneous velocity. Assume the 
downward direction is positive. 


FIGURE 1.3.16 Air resistance proportional to square of velocity in 
Problem 17 


Newton's Second Law and Archimedes’ Principle 


18. A cylindrical barrel s feet in diameter of weight w Ib is 
floating in water as shown in Figure 1.3.17(a). After an initial 
depression the barrel exhibits an up-and-down bobbing motion 
along a vertical line. Using Figure 1.3.17(b), determine a 
differential equation for the vertical displacement y(t) if the 
origin is taken to be on the vertical axis at the surface of the 
water when the barrel is at rest. Use Archimedes’ principle: 
Buoyancy, or upward force of the water on the barrel, is 
equal to the weight of the water displaced. Assume that the 
downward direction is positive, that the weight density of water 
is 62.4 Ib/ft?, and that there is no resistance between the barrel 
and the water. 


(b) 
FIGURE 1.3.17 Bobbing motion of floating barrel in Problem 18 
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CHAPTER 1 


Newton's Second Law and Hooke's Law 


(19) After a mass mis attached to a spring, it stretches it s units 


20. 


and then hangs at rest in the equilibrium position as shown in 
Figure 1.3.18(b). After the spring/mass system has been set in 
motion, let x(t) denote the directed distance of the mass beyond 
the equilibrium position. As indicated in Figure 1.3.18(c), 
assume that the downward direction is positive, that the motion 
takes place in a vertical straight line through the center of gravity 
of the mass, and that the only forces acting on the system are 
the weight of the mass and the restoring force of the stretched 
spring. Use Hooke’s law: The restoring force of a spring is 
proportional to its total elongation. Determine a differential 
equation for the displacement х(7) at time t > 0. 


unstretched nU x(t) <0 
spring J -—-1-x-0 
equilibrium Ф * > 0 
position d 
(a) (b (o 


FIGURE 1.3.18 Spring/mass system in Problem 19 


In Problem 19, what is a differential equation for the 
displacement x(t) if the motion takes place in a medium that 
imparts a damping force on the spring/mass system that is 
proportional to the instantaneous velocity of the mass and acts 
in a direction opposite to that of motion? 


Newton's Second Law and Variable Mass 


When the mass m of a body is changing with time, Newton's second 
law of motion becomes 


F= © тә), (17) 


t 


where F is the net force acting on the body and ту is its momentum. 
Use (17) in Problems 21 and 22. 


21. 


A small single-stage rocket is launched vertically as shown 
in Figure 1.3.19. Once launched, the rocket consumes its 


James L. Davidson/Shutterstock.com 


FIGURE 1.3.19 Single-stage rocket in Problem 21 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


22. 


24. 


fuel, and so its total mass m(t) varies with time t > 0). If it is 
assumed that the positive direction is upward, air resistance 

is proportional to the instantaneous velocity v of the rocket, 
and R is the upward thrust or force generated by the propulsion 
system, then construct a mathematical model for the velocity 
v(t) of the rocket. [Hint: See (14) in Section 1.3.] 


In Problem 21, the mass m(t) is the sum of three different 
masses: m(t) = my + m, + my(t), where m, is the constant mass 
of the payload, m, is the constant mass of the vehicle, and m; (f) 
is the variable amount of fuel. 


(a) Show that the rate at which the total mass m(t) of the rocket 
changes is the same as the rate at which the mass m(t) of 
the fuel changes. 


(b) If the rocket consumes its fuel at a constant rate A, find 
m(t). Then rewrite the differential equation in Problem 21 


in terms of A and the initial total mass m(0) = то. 


(c) Under the assumption in part (b), show that the burnout 
time tp, > 0 of the rocket, or the time at which all the fuel is 
consumed, is t, = my(0)/A, where mj(0) is the initial mass 


of the fuel. 


Newton’s Second Law and the Law 
of Universal Gravitation 


(933 By Newton's universal law of gravitation the free-fall 


acceleration a of a body, such as the satellite shown in 

Figure 1.3.20, falling a great distance to the surface is not the 
constant g. Rather, the acceleration a is inversely proportional 
to the square of the distance from the center of the Earth, 

a = k/r), where К is the constant of proportionality. Use 

the fact that at the surface of the Earth r = R and a = g to 
determine K. If the positive direction is upward, use Newton's 
second law and his universal law of gravitation to find a 
differential equation for the distance r. 


satellite of 
mass m T 


im 


FIGURE 1.3.20 Satellite in Problem 23 


Suppose a hole is drilled through the center of the Earth and a 
bowling ball of mass m is dropped into the hole, as shown in 
Figure 1.3.21. Construct a mathematical model that describes the 


surface 


FIGURE 1.3.21 Hole through Earth in Problem 24 
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motion of the ball. At time 7 let r denote the distance from the 
center of the Earth to the mass m, M denote the mass of the Earth, 
M, denote the mass of that portion of the Earth within a sphere of 
radius г, and б denote the constant density of the Earth. 


Additional Mathematical Models 


25. Learning Theory In the theory of learning, the rate at which 
a subject is memorized is assumed to be proportional to the 
amount that is left to be memorized. Suppose M denotes the 
total amount of a subject to be memorized and A(t) is the 
amount memorized in time t > 0. Determine a differential 
equation for the amount A(t). 


26. Forgetfulness In Problem 25 assume that the rate at which 
material is forgotten is proportional to the amount memorized 
in time t > 0. Determine a differential equation for the amount 
A(t) when forgetfulness is taken into account. 


27. Infusion of a Drug A drug is infused into a patient's 
bloodstream at a constant rate of r grams per second. 
Simultaneously, the drug is removed at a rate proportional 
to the amount x(t) of the drug present at time t. Determine a 
differential equation for the amount x(t). 


28. Tractrix A motorboat starts at the origin and moves in the 
direction of the positive x-axis, pulling a waterskier along a 
curve C called a tractrix. See Figure 1.3.22. The waterskier, 
initially located on the y-axis at the point (0, a), is pulled by 
a rope of constant length a that is kept taut throughout the 
motion. At time f > 0 the waterskier is at point P(x, y). Assume 
that the rope is always tangent to C. Use the concept of slope to 
determine a differential equation for the path C of motion. 


waterskier 


нф ——-———— 
M 


motorboat 


FIGURE 1.3.22 Waterskier in Problem 28 


G9) Reflecting Surface Assume that when the plane curve С 
shown in Figure 1.3.23 is revolved about the x-axis, it generates 


tangent 


Y4 


A 


=y 


FIGURE 1.3.23 Reflecting surface in Problem 29 
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a surface of revolution with the property that all light rays L 
parallel to the x-axis striking the surface are reflected to a single 
point O (the origin). Use the fact that the angle of incidence 

is equal to the angle of reflection to determine a differential 
equation that describes the shape of the curve C. Such a curve 
C is important in applications ranging from construction of 
telescopes to satellite antennas, automobile headlights, and 
solar collectors. [Hint: Inspection of the figure shows that we 
can write ф = 20. Why? Now use an appropriate trigonometric 
identity. ] 


Discussion Problems 


30. 


31. 


32. 


33. 


34. 


Reread Problem 45 in Exercises 1.1 and then give an explicit 
solution P(t) for equation (1). Find a one-parameter family of 
solutions of (1). 


Reread the sentence following equation (3) and assume that Tm 
is a positive constant. Discuss why we would expect k < 0 in 
(3) in both cases of cooling and warming. You might start by 
interpreting, say, T(t) > Т, in a graphical manner. 


Reread the discussion leading up to equation (8). If we assume 
that initially the tank holds, say, 50 Ib of salt, it stands to reason 
that because salt is being added to the tank continuously for 

t > 0, A(t) should be an increasing function. Discuss how you 
might determine from the DE, without actually solving it, the 
number of pounds of salt in the tank after a long period of time. 


dP 
Population Model The differential equation Pig (k cos ӨР, 


where k is a positive constant, is a model of human population 
P(t) of a certain community. Discuss an interpretation for 

the solution of this equation. In other words, what kind of 
population do you think the differential equation describes? 


Rotating Fluid As shown in Figure 1.3.24(a), a right- 
circular cylinder partially filled with fluid is rotated with a 
constant angular velocity w about a vertical y-axis through its 
center. The rotating fluid forms a surface of revolution S. To 
identify S, we first establish a coordinate system consisting of 
a vertical plane determined by the y-axis and an x-axis drawn 
perpendicular to the y-axis such that the point of intersection 
of the axes (the origin) is located at the lowest point on the 
surface S. We then seek a function у = f(x) that represents 

the curve C of intersection of the surface S and the vertical 
coordinate plane. Let the point P(x, y) denote the position of a 
particle of the rotating fluid of mass m in the coordinate plane. 
See Figure 1.3.24(b). 


curve C of 

intersection 
of xy-plane 
and surface У F 
of revolution 


tangent line to 
curve Cat P 


(a) (b) 


FIGURE 1.3.24 Rotating fluid in Problem 34 
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(a) At P there is a reaction force of magnitude F due to the 
other particles of the fluid which is normal to the surface S. 
By Newton’s second law the magnitude of the net force act- 
ing on the particle is mw”x. What is this force? Use Figure 
1.3.24(b) to discuss the nature and origin of the equations 


2 


F cos 0 — mg, F sin 0 = max. 


(b) Use part (a) to find a first-order differential equation that 
defines the function y — f(x). 


35. Falling Body In Problem 23, suppose г = R + s, where s is 
the distance from the surface of the Earth to the falling body. 
What does the differential equation obtained in Problem 23 
become when s is very small in comparison to R? [Hint: Think 


binomial series for 

(R + s)? = R°? (1 + s/R)?] 
36. Raindrops Keep Falling In meteorology the term virga refers 
to falling raindrops or ice particles that evaporate before they 
reach the ground. Assume that a typical raindrop is spherical. 
Starting at some time, which we can designate as t = 0, the 
raindrop of radius го falls from rest from a cloud and begins to 
evaporate. 


(a) If it is assumed that a raindrop evaporates in such a manner 
that its shape remains spherical, then it also makes sense to 
assume that the rate at which the raindrop evaporates—that 
is, the rate at which it loses mass—is proportional to its 
surface area. Show that this latter assumption implies that 
the rate at which the radius r of the raindrop decreases is a 
constant. Find r(t). [Hint: See Problem 55 in Exercises 1.1.] 


Chapter 1 In Review 


In Problems 1 and 2 fill in the blank and then write this result as a 
linear first-order differential equation that is free of the symbol c; and 
has the form dy/dx = f(x, y). The symbol c; represents a constant. 
10x — 


d 
1. — се 
dx 


2.205 + де) 
em ce ^)— 
dx | 


In Problems 3 and 4 fill in the blank and then write this result as a 
linear second-order differential equation that is free of the symbols 
cı and c» and has the form F(y, y") = 0. The symbols сі, c», and k 
represent constants. 

2 


З; dà (cı cos kx + сә sin kx) = 


d? 
4. dà (cı cosh kx + c» sinh kx) = 
x 


In Problems 5 and 6 compute y' and y" and then combine these de- 
rivatives with y as a linear second-order differential equation that is 
free of the symbols c, and c? and has the form F(y, y’ y") = 0. The 
symbols с and c» represent constants. 


5. y = cje” + coxe* 6. y = се“ cos x + сое" sin x 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


(b) If the positive direction is downward, construct a 
mathematical model for the velocity v of the falling 
raindrop at time t > 0. Ignore air resistance. [Hint: Use 
the form of Newton's second law of motion given in (17).] 


37. Let It Snow The “snowplow problem" is a classic and appears 
in many differential equations texts, but it was probably made 


famous by Ralph Palmer Agnew: 


One day it started snowing at a heavy and steady rate. A 
snowplow started out at noon, going 2 miles the first hour 
and 1 mile the second hour. What time did it start snowing? 


Find the textbook Differential Equations, Ralph Palmer Agnew, 
McGraw-Hill Book Co., and then discuss the construction and 
solution of the mathematical model. 


38. Population Dynamics Suppose that dP/dt = 0.15 P(t) 
represents a mathematical model for the growth of a certain 
cell culture, where P(f) is the size of the culture (measured in 
millions of cells) at time t > 0 (measured in hours). How fast 
is the culture growing at the time when the size of the culture 


reaches 2 million cells? 


39. Radioactive Decay Suppose that dA/dt = —0.0004332 A(t) 
represents a mathematical model for the decay of radium-226, 
where A(t) is the amount of radium (measured in grams) 
remaining at time t > 0 (measured in years). How much of the 
radium sample remains at the time when the sample is decaying 


at a rate of 0.002 grams per year? 


40. Reread this section and classify each mathematical model as 


linear or nonlinear. 


Answers to selected odd-numbered problems begin on page ANS-1. 


In Problems 7—12 match each of the given differential equations with 
one or more of these solutions: 


(a) y = 0, (b) у= 2, (c) y = 2x, (d) y = 2x7. 
7. ху = 2y 8.у'=2 
9. у 22y - 4 10. xy’ = y 


11. y" + 9y = 18 12. xy" - y' 20 


In Problems 13 and 14 determine by inspection at least one solution 
of the given differential equation. 


13. у" = у 14. y' = у(у - 3) 


In Problems 15 and 16 interpret each statement as a differential 
equation. 


15. On the graph of у = ф(х) the slope of the tangent line at a 
point P(x, y) is the square of the distance from P(x, y) to the 
origin. 


16. On the graph of у = ф(х) the rate at which the slope changes 
with respect to x at a point P(x, y) is the negative of the slope of 
the tangent line at P(x, y). 
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17. (a) Give the domain of the function у = x25. 


(b) Give the largest interval / of definition over which y — x25 


is a solution of the differential equation 3xy' — 2y = 0. 


18. (a) Verify that the one-parameter family y? — 2y = x? - x + с 
is an implicit solution of the differential equation 


(2y -2)y' 22x - 1. 


(b) Find a member of the one-parameter family in part (a) that 
satisfies the initial condition y(0) — 1. 


(c) Use your result in part (b) to find an explicit function 
y = (x) that satisfies y(0) = 1. Give the domain of the 
function $. Is y = ф(х) a solution of the initial-value prob- 
lem? If so, give its interval Г of definition; if not, explain. 


19. The function y = x — 2/x is a solution of the DE xy’ + y = 2x. 
Find xo and the largest interval / for which y(x) is a solution of 
the first-order IVP xy’ + y = 2x, y(xo) = 1. 


20. Suppose that y(x) denotes a solution of the first-order IVP 
y = x? + y?, y(1) = —1 and that y(x) possesses at least 
а second derivative at x = 1. In some neighborhood of 
x = 1 use the DE to determine whether у(х) is increasing 
or decreasing and whether the graph y(x) is concave up or 
concave down. 


21. A differential equation may possess more than one family of 
solutions. 


(a) Plot different members of the families y = ф(х) = x? + сі 
and y = ф(х) = —x? + с. 


(b) Verify that y = ф(х) and y = ф(х) are two solutions of the 
nonlinear first-order differential equation (y')? = 4x?. 


(c) Construct a piecewise-defined function that is a solution of 
the nonlinear DE in part (b) but is not a member of either 
family of solutions in part (a). 


22. What is the slope of the tangent line to the graph of a solution 
of y! = 6V/y + 5x that passes through (— 1, 4)? 


In Problems 23—26 verify that the indicated function is an explicit 
solution of the given differential equation. Give an interval of defini- 
tion J for each solution. 


23. y"+y=2cosx—2sinx; y=xsinx+xcosx 


24. y” + y = secx; у = xsinx + (cos x)In(cos x) 


25. xy” + xy’ +у=0; y= sin(In x) 


26. xy" + xy’ + y = sec(In x); 
y = cos(ln x) In(cos(In x)) + (In x) sin(ln x) 


In Problems 27—30 use (12) of Section 1.1 to verify that the indicated 
function is a solution of the given differential equation. Assume an 
appropriate interval / of definition of each solution. 


dy |. ds 
27. F(sinx) =x; у = е5] те 90% dt 
dx 0 


dy 2 * 42 
28. 2ху = е y-e'|etdt 
ах 0 
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Xo t 


29. 32y" + (2 d 


xy +d-xy=0; y-x 


1 


Я x 
30. у" +у= е"; у= ѕіп [| e" costdt — cos [| е! sintdt 
0 0 


In Problems 31—34 verify that the indicated expression is an implicit 
solution of the given differential equation. 


d 1 
31. x 2 y > ху = +1 
ах у“ 
dy\? 1 5 
32 H1 ; 5)? + у? = 1 
(2) Г (кх — 5) +y 


33. y" = 29); y + 3y = 1 — 3x 


34. (1 ху)у = у; у= е 


X 


In Problems 35-38, у = cje?" + coe * — 2x is a two-parameter fam- 
Пу of the second-order DE y" — 2y' — Зу = 6x + 4. Find a solution 
of the second-order IVP consisting of this differential equation and 
the given initial conditions. 


35. y (0) = 0, y'(0) = 0 
37. y (1) = 4 y) = -2 


36. y (0) = 1, y'(0) = -3 
38. у(—1) = 0, y (-D =1 


39. The graph of a solution of a second-order initial-value problem 
а?у/ах? = f(x, у, y’), y(2) = yo, y'Q) = yı, is given in 
Figure 1.R.1. Use the graph to estimate the values of yo and yj. 


FIGURE 1.R.1 Graph for Problem 39 


40. A tank in the form of a right-circular cylinder of radius 2 feet 
and height 10 feet is standing on end. If the tank is initially full 
of water and water leaks from a circular hole of radius 5 inch at 
its bottom, determine a differential equation for the height Л of 
the water at time f > 0. Ignore friction and contraction of water 
at the hole. 
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Solution Curves Without a Solution 


Separable Equations 
Linear Equations 

Exact Equations 

Solutions by Substitutions 
A Numerical Method 


CHAPTER 2 IN REVIEW 


he history of mathematics is rife with stories of persons who devoted much 

of their lives to solving equations—algebraic equations at first and then 

eventually differential equations. In Sections 2.2—2.5 we will study some of 
the important analytical methods for solving first-order DEs. But before we start 


solving anything, you should be aware of two facts: A differential equation may 


have no solutions, and a differential equation may possess solutions yet there might 


not exist any analytical method for solving it. In Sections 2.1 and 2.6 we do not 
solve any DEs but show how to glean information about its solutions directly from 
the equation itself. 
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slope =1.2 


2.1 


(a) lineal element at a point 


УА 


solution 
curve 


(2, 3) 


tangent 


(b) lineal element is tangent to 
solution curve that passes 
through the point 


FIGURE 2.1.1 A solution curve is tangent 


to lineal element at (2, 3) 
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Solution Curves Without a Solution 


INTRODUCTION  Letus imagine for the moment that we have in front of us a first- 
order differential equation dy/dx = f(x, y), and that we can neither find a solution 
nor invent a method for solving it analytically. This is not as bad a predicament as 
one might think, since the differential equation itself can be a fount of information 
about how its solutions “behave.” 

We begin our study of first-order differential equations with two ways of analyzing 
a DE qualitatively. Both of these ways enable us to determine, in an approximate sense, 
what a solution curve must look like without actually solving the equation. 


2.1.1 DIRECTION FIELDS 


SOME FUNDAMENTAL QUESTIONS We saw in Section 1.2 that whenever 
f(x, y) and df/dy satisfy certain continuity conditions, qualitative questions about 
existence and uniqueness of solutions can be answered. In this section we shall see 
that other qualitative questions about properties of solutions—How does a solution 
behave near a certain point? How does a solution behave as x — ©?—can often be 
answered when the function f depends solely on the variable y. We begin, however, 
with a simple concept from calculus: 


A derivative dy/dx of a differentiable function y = у(х) gives slopes of 
tangent lines at points on its graph. 


SLOPE Because a solution y — y(x) of a first-order differential equation 


ay _ l 
a mu (1) 


is necessarily a differentiable function on its interval Z of definition, it must also 
be continuous on 7. Thus the corresponding solution curve on J must have no breaks 
and must possess a tangent line at each point (x, y(x)). The function fin the normal 
form (1) is called the slope function or rate function. The slope of the tangent line 
at (x, y(x)) on a solution curve is the value of the first derivative dy/dx at this point, 
and we know from (1) that this is the value of the slope function f(x, y(x)). Now 
suppose that (x, y) represents any point in a region of the xy-plane over which the 
function f is defined. The value f(x, y) that the function f assigns to the point rep- 
resents the slope of a line or, as we shall envision it, a line segment called a lineal 
element. For example, consider the equation dy/dx = 0.2xy, where f(x, y) = 0.2xy. 
At, say, the point (2, 3) the slope of a lineal element is f(2, 3) = 0.2(2)(3) = 1.2. 
Figure 2.1.1(a) shows a line segment with slope 1.2 passing though (2, 3). As shown 
in Figure 2.1.1(b), if a solution curve also passes through the point (2, 3), it does so 
tangent to this line segment; in other words, the lineal element is a miniature tangent 
line at that point. 


DIRECTION FIELD If we systematically evaluate f over a rectangular grid of 
points in the xy-plane and draw a line element at each point (x, y) of the grid with 
slope f(x, y), then the collection of all these line elements is called a direction field 
or a slope field of the differential equation dy/dx — f(x, y). Visually, the direction 
field suggests the appearance or shape of a family of solution curves of the dif- 
ferential equation, and consequently, it may be possible to see at a glance certain 
qualitative aspects of the solutions—regions in the plane, for example, in which а 
solution exhibits an unusual behavior. A single solution curve that passes through 
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FIGURE 2.1.2 Solution curves following 
flow of a direction field 
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(a) direction field for 
dyldx — 0.2xy 


—4 -2 2 4 
(b) some solution curves in the 
family y = се?" 


FIGURE 2.1.3 Direction field and solution 
curves in Example 1 


FIRST-ORDER DIFFERENTIAL EQUATIONS 


a direction field must follow the flow pattern of the field; it is tangent to a lineal 
element when it intersects a point in the grid. Figure 2.1.2 shows a computer- 
generated direction field of the differential equation dy/dx = sin(x + y) over a 
region of the xy-plane. Note how the three solution curves shown in color follow 
the flow of the field. 


[EXAMPLE 1 | Direction Field 


The direction field for the differential equation dy/dx = 0.2xy shown in Figure 2.1.3(a) 
was obtained by using computer software in which a 5 X 5 grid of points (mh, nh), 
m and n integers, was defined by letting —5 = m = 5, -5 = п = 5,and h = 1. Notice 
in Figure 2.1.3(a) that at any point along the x-axis (y — 0) and the y-axis (x — 0), 
the slopes are f(x, 0) = 0 and f(0, y) = 0, respectively, so the lineal elements are 
horizontal. Moreover, observe in the first quadrant that for a fixed value of x the 
values of f(x, y) = 0.2xy increase as y increases; similarly, for a fixed y the values of 


f(x, y) = 0.2xy increase as x increases. This means that as both x and y increase, the 


lineal elements almost become vertical and have positive slope (f(x, у) = 0.2ху > 0 
for x > 0, y > 0). In the second quadrant, |f(x, y)| increases as |x| and y increase, so 
the lineal elements again become almost vertical but this time have negative slope 
(f(x, y) = 0.2xy < 0 for x « 0, y > 0). Reading from left to right, imagine a solu- 
tion curve that starts at a point in the second quadrant, moves steeply downward, 
becomes flat as it passes through the y-axis, and then, as it enters the first quadrant, 
moves steeply upward—in other words, its shape would be concave upward and 
similar to a horseshoe. From this it could be surmised that y — ® as x — +, Now 
in the third and fourth quadrants, since f(x, y) = 0.2xy > 0 and f(x, y) = 0.2xy « 0, 
respectively, the situation is reversed: A solution curve increases and then decreases 
as we move from left to right. 

We saw in (1) of Section 1.1 that y = e is an explicit solution of the dif- 
ferential equation dy/dx — 0.2xy; you should verify that a one-parameter family of 
solutions of the same equation is given by y — се! For purposes of comparison 
with Figure 2.1.3(a) some representative graphs of members of this family are shown 
in Figure 2.1.3(b). n 


0.1x? 


[EXAMPLE 2 | Direction Field 


Use a direction field to sketch an approximate solution curve for the initial-value 
problem dy/dx = sin у, у(0) = —3. 


SOLUTION Before proceeding, recall that from the continuity of f(x, y) = sin y and 
ðf/ðy = cos y, Theorem 1.2.1 guarantees the existence of a unique solution curve 
passing through any specified point (xo, yo) in the plane. Now we set our computer 
software again for a 5 X 5 rectangular region and specify (because of the initial con- 
dition) points in that region with vertical and horizontal separation of 5 unit—that is, 
at points (mh, nh), h = 1, m and n integers such that — 10 =m = 10, – 10 =n = 10. 
The result is shown in Figure 2.1.4. Because the right-hand side of dy/dx = sin y is 0 


aty = 0, and at y = —7, the lineal elements are horizontal at all points whose second 
coordinates are y = 0 or y = — т. It makes sense then that a solution curve passing 
through the initial point (0, -3) has the shape shown in the figure. E 


INCREASING/DECREASING [Interpretation of the derivative dy/dx as a function 
that gives slope plays the key role in the construction of a direction field. Another 
telling property of the first derivative will be used next, namely, if dy/dx > 0 (or 
dy/dx < 0) for all x in an interval J, then a differentiable function y = y(x) is 
increasing (or decreasing) on J. 
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FIGURE 2.1.4 Direction field in 


Example 2 on page 38 


2.1 SOLUTION CURVES WITHOUT A SOLUTION 39 


Sketching a direction field by hand is straightforward but time consuming; 
it is probably one of those tasks about which an argument can be made for 
doing it once or twice in a lifetime, but it is overall most efficiently carried 
out by means of computer software. Before calculators, PCs, and software 
the method of isoclines was used to facilitate sketching a direction field 
by hand. For the DE dy/dx — f(x, y), any member of the family of curves 
f(x,y) = c, ca constant, is called an isocline. Lineal elements drawn through 
points on a specific isocline, say, f(x, y) = c; all have the same slope с. In 
Problem 15 in Exercises 2.1 you have your two opportunities to sketch a 
direction field by hand. 


2.1.2 AUTONOMOUS FIRST-ORDER DEs 


AUTONOMOUS FIRST-ORDER DEs In Section 1.1 we divided the class of 
ordinary differential equations into two types: linear and nonlinear. We now consider 
briefly another kind of classification of ordinary differential equations, a classifica- 
tion that is of particular importance in the qualitative investigation of differential 
equations. Ап ordinary differential equation in which the independent variable does 
not appear explicitly is said to be autonomous. If the symbol x denotes the indepen- 
dent variable, then an autonomous first-order differential equation can be written as 
ЈО, у') = 0 or in normal form as 


dy 
кєл ы fO». (2) 
x 
We shall assume throughout that the function f in (2) and its derivative f" are contin- 
uous functions of y on some interval /. The first-order equations 


f) f(x, y) 
l l 
dy dy 
——=1+)у? d —=02 
ах d п ах d 


are autonomous and nonautonomous, respectively. 

Many differential equations encountered in applications or equations that are 
models of physical laws that do not change over time are autonomous. As we have 
already seen in Section 1.3, in an applied context, symbols other than y and x are rou- 
tinely used to represent the dependent and independent variables. For example, if t 
represents time then inspection of 


207 E cauto a _ WT T,) б | 
a ш е » gt "> dt i 
where k, n, and Tm are constants, shows that each equation is time independent. 
Indeed, all of the first-order differential equations introduced in Section 1.3 are time 
independent and so are autonomous. 


CRITICAL POINTS The zeros of the function fin (2) are of special importance. We 
say that a real number c is a critical point of the autonomous differential equation (2) 
if it is a zero of f—that is, f(c) = 0. A critical point is also called an equilibrium 
point or stationary point. Now observe that if we substitute the constant function 
y(x) = c into (2), then both sides of the equation are zero. This means: 


If c is a critical point of (2), then у(х) = c is a constant solution of the 
autonomous differential equation. 
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FIGURE 2.1.5 Phase portrait of the DE 
in Example 3 


(a) region R 


(b) subregions R4, Ro, and Аз of R 


FIGURE 2.1.6 Lines у(х) = c; and 
у(х) = c» partition R into three horizontal 
subregions 


FIRST-ORDER DIFFERENTIAL EQUATIONS 


A constant solution у(х) = c of (2) is called an equilibrium solution; equilibria are 
the only constant solutions of (2). 

As was already mentioned, we can tell when a nonconstant solution y — y(x) of 
(2) is increasing or decreasing by determining the algebraic sign of the derivative 
dy/dx; in the case of (2) we do this by identifying intervals on the y-axis over which 
the function f(y) is positive or negative. 


|ЕХАМРІЕ З. An Autonomous ОЕ 


The differential equation 
dP 
— = Р(а — БР), 
dt 


where a and b are positive constants, has the normal form dP/dt = f(P), which is (2) 
with t and P playing the parts of x and y, respectively, and hence is autonomous. 
From f(P) = P(a — bP) = 0 we see that O and a/b are critical points of the equa- 
tion, so the equilibrium solutions are P(t) = 0 and P(t) = a/b. By putting the critical 
points on a vertical line, we divide the line into three intervals defined by -~ < P < 0, 
0 < P<a/b, a/b < P < c. The arrows on the line shown in Figure 2.1.5 indicate the 
algebraic sign off(P) = P(a — bP) on these intervals and whether a nonconstant solution 
P(t) is increasing or decreasing on an interval. The following table explains the figure. 


Interval Sign of f(P) P(t) Arrow 

(—%, 0) minus decreasing points down 

(0, а/Ь) plus increasing points up 

(a/b, ©) minus decreasing points down = 


Figure 2.1.5 is called a one-dimensional phase portrait, or simply phase 
portrait, of the differential equation dP/dt = P(a — bP). The vertical line is called a 
phase line. 


SOLUTION CURVES Without solving an autonomous differential equation, we 
can usually say a great deal about its solution curves. Since the function f in (2) is 
independent of the variable x, we may consider f defined for ~œ% < x < © or for 
0 X x < о. Also, since f and its derivative f' are continuous functions of y on some 
interval / of the y-axis, the fundamental results of Theorem 1.2.1 hold in some hori- 
zontal strip or region R in the xy-plane corresponding to Z, and so through any point 
(Xo, yo) in R there passes only one solution curve of (2). See Figure 2.1.6(a). For the 
sake of discussion, let us suppose that (2) possesses exactly two critical points cı and 
c? and that c, < c». The graphs of the equilibrium solutions y(x) = cı and у(х) = c2 
are horizontal lines, and these lines partition the region R into three subregions А], 
Ro, and Кз, as illustrated in Figure 2.1.6(b). Without proof here are some conclusions 
that we can draw about a nonconstant solution y(x) of (2): 


• [f (xo, yo) is in a subregion R; i = 1, 2, 3, and y(x) is a solution whose 
graph passes through this point, then у(х) remains in the subregion R; for 
all x. As illustrated in Figure 2.1.6(b), the solution у(х) in Кэ is bounded 
below by c, and above by c», that is, c < у(х) < c» for all x. The solution 
curve stays within R» for all x because the graph of a nonconstant solution 
of (2) cannot cross the graph of either equilibrium solution у(х) = c; or 
у(х) = c». See Problem 33 in Exercises 2.1. 

e By continuity of f we must then have either f(y) > 0 or f(y) < О for all x in 
a subregion Rj, i = 1, 2, 3. In other words, f(y) cannot change signs in a 
subregion. See Problem 33 in Exercises 2.1. 
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FIGURE 2.1.7 Phase portrait and solution 
curves in Example 4 
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* Since dy/dx = f(y(x)) is either positive or negative in a subregion R; i = 1, 
2, 3, a solution y(x) is strictly monotonic—that is, y(x) is either increasing 
or decreasing in the subregion R;. Therefore y(x) cannot be oscillatory, nor 
can it have a relative extremum (maximum or minimum). See Problem 33 
in Exercises 2.1. 

• If у(х) is bounded above by a critical point c; (as in subregion А where 
у(х) € c for all x), then the graph of у(х) must approach the graph of the 
equilibrium solution y(x) = c, either as x — © or as х — —%. If y(x) is 
bounded—that is, bounded above and below by two consecutive critical 
points (as in subregion R» where c, < у(х) < c» for all x)—then the graph 
of у(х) must approach the graphs of the equilibrium solutions y(x) = cı and 
у(х) = c», one as x — % and the other as x — —. If y(x) is bounded below 
by a critical point (as in subregion R5 where с) < y(x) for all x), then the 
graph of y(x) must approach the graph of the equilibrium solution у(х) = c2 
either as x — о or as x > — cc. See Problem 34 in Exercises 2.1. 


With the foregoing facts in mind, let us reexamine the differential equation in 
Example 3. 


[EXAMPLE 4 Example 3 Revisited 


The three intervals determined on the P-axis or phase line by the critical points 0 and 
a/b now correspond in the tP-plane to three subregions defined by: 


Ry; —=<рР<0, К: 0 « P <a/b, and Ез: a/b < P < c, 


where — 00 < t < ©, The phase portrait in Figure 2.1.7 tells us that P(t) is decreasing 
in Rj, increasing in А, and decreasing in Аз. If P(0) = Po is an initial value, then in 
Rj, Ro, and Аз we have, respectively, the following: 


(i) For Po < 0, P(t) is bounded above. Since P(t) is decreasing, P(t) 
decreases without bound for increasing f, and so P(t) > 0 as t — — co. 
This means that the negative t-axis, the graph of the equilibrium solution 
P(t) = 0, is a horizontal asymptote for a solution curve. 

(ii) For 0 < Po < a/b, P(t) is bounded. Since P(t) is increasing, P(t) > a/b 
as t — © and P(t) > 0 as г > —. The graphs of the two equilibrium 
solutions, P(t) = 0 and P(t) = a/b, are horizontal lines that are horizon- 
tal asymptotes for any solution curve starting in this subregion. 

(iii) For Po > a/b, P(t) is bounded below. Since P(t) is decreasing, 

P(t) > a/b as t— ©. The graph of the equilibrium solution P(t) = a/b 
is a horizontal asymptote for a solution curve. 


In Figure 2.1.7 the phase line is the P-axis in the ¢P-plane. For clarity the original 
phase line from Figure 2.1.5 is reproduced to the left of the plane in which the subre- 
gions Rj, А, and Ёз are shaded. The graphs of the equilibrium solutions P(t) = a/b 
and P(t) = 0 (the t-axis) are shown in the figure as blue dashed lines; the solid graphs 
represent typical graphs of P(t) illustrating the three cases just discussed. E 


In a subregion such as R; in Example 4, where P(t) is decreasing and unbounded 
below, we must necessarily have P(t) — —~. Do not interpret this last statement to 
mean P(t) — —^ as t — 00; we could have P(t) — — 2 as t —^ T, where T> 0 is а 
finite number that depends on the initial condition P(to) = Po. Thinking in dynamic 
terms, P(t) could “blow up” in finite time; thinking graphically, P(t) could have a 
vertical asymptote at = T > 0. A similar remark holds for the subregion Аз. 

The differential equation dy/dx — sin y in Example 2 is autonomous and has an 
infinite number of critical points, since sin у = 0 at y = пт, n an integer. Moreover, 
we now know that because the solution y(x) that passes through (0, —3) is bounded 
above and below by two consecutive critical points (—7 < у(х) < 0) and is 
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FIGURE 2.1.9 Critical point c is an 
attractor in (a), a repeller in (b), and 
semi-stable in (c) and (d). 


decreasing (sin y < 0 for —7 « y < 0), the graph of у(х) must approach the graphs 
of the equilibrium solutions as horizontal asymptotes: у(х) — —7a as x > and 
у(х) > 0 as x — — о. 


Solution Curves of an Autonomous DE 


The autonomous equation dy/dx — (y — 1)? possesses the single critical point 1. 
From the phase portrait in Figure 2.1.8(a) we conclude that a solution y(x) is an 
increasing function in the subregions defined by —® < y < 1 and 1 < y < c, where 
—% < х < ©, For an initial condition y(0) = yo < 1, a solution y(x) is increasing and 
bounded above by 1, and so у(х) — 1 as x — ©; for y(0) = yo > 1 a solution у(х) is 
increasing and unbounded. 

Now у(х) = 1 — 1/(x + c) is a one-parameter family of solutions of the differ- 
ential equation. (See Problem 4 in Exercises 2.2.) A given initial condition deter- 
mines a value for c. For the initial conditions, say, y(0) = —1 « 1 and y(0) = 2 > 1, 
we find, in turn, that у(х) = 1 — 1/(x + 4), and у(х) = 1 — 1/( — 1). As shown in 
Figures 2.1.8(b) and 2.1.8(c), the graph of each of these rational functions possesses 


^ increasing 


а 2 


^ increasing 


(a) phase line (b) xy-plane (c) xy-plane 
y(0) <1 у(0) >1 


FIGURE 2.1.8 Behavior of solutions near y — 1 in Example 5 


a vertical asymptote. But bear in mind that the solutions of the IVPs 


dy dy 
== (у= D? у(0) = –1 апа — = (у = 1), у(0) = 2 
ах ах 


аге defined on special intervals. The two solutions аге, respectively, 


1 
te 28 -t<x<0% and y(x) = 1 - — , —o «x«l. 
Йй х +» m 


The solution curves are the portions of the graphs in Figures 2.1.8(b) and 
2.1.8(c) shown in blue. As predicted by the phase portrait, for the solution curve 
in Figure 2.1.8(b), у(х) — 1 as x >; for the solution curve in Figure 2.1.8(c), 
у(х) — © as x — 1 from the left. [Bi 


ATTRACTORS AND REPELLERS Suppose that y(x) is a nonconstant solution 
of the autonomous differential equation given in (1) and that c is a critical point 
of the DE. There are basically three types of behavior that y(x) can exhibit near c. 
In Figure 2.1.9 we have placed c on four vertical phase lines. When both arrow- 
heads on either side of the dot labeled c point toward c, as in Figure 2.1.9(a), all 
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FIGURE 2.1.10 Direction field for an 
autonomous DE 
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2.1 SOLUTION CURVES WITHOUT A SOLUTION 43 
solutions y(x) of (1) that start from an initial point (xo, yo) sufficiently near c exhibit 
the asymptotic behavior lim, у(х) = c. For this reason the critical point c is said 
to be asymptotically stable. Using a physical analogy, a solution that starts near c 
is like a charged particle that, over time, is drawn to a particle of opposite charge, 
and so c is also referred to as an attractor. When both arrowheads on either side of 
the dot labeled c point away from c, as in Figure 2.1.9(b), all solutions y(x) of (1) 
that start from an initial point (xo, yo) move away from c as x increases. In this case 
the critical point c is said to be unstable. An unstable critical point is also called 
a repeller, for obvious reasons. The critical point c illustrated in Figures 2.1.9(c) 
and 2.1.9(d) is neither an attractor nor a repeller. But since c exhibits characteristics 
of both an attractor and a repeller—that is, a solution starting from an initial point 
(Xo, yo) sufficiently near c is attracted to c from one side and repelled from the other 
side—we say that the critical point c is semi-stable. In Example 3 the critical point 
a/b is asymptotically stable (an attractor) and the critical point 0 is unstable (a repel- 
ler). The critical point 1 in Example 5 is semi-stable. 


AUTONOMOUS DEs AND DIRECTION FIELDS If a first-order differential 
equation is autonomous, then we see from the right-hand side of its normal form 
dy/dx = f(y) that slopes of lineal elements through points in the rectangular grid 
used to construct a direction field for the DE depend solely on the y-coordinate of 
the points. Put another way, lineal elements passing through points on any horizontal 
line must all have the same slope and therefore are parallel; slopes of lineal elements 
along any vertical line will, of course, vary. These facts are apparent from inspec- 
tion of the horizontal yellow strip and vertical blue strip in Figure 2.1.10. The figure 
exhibits a direction field for the autonomous equation dy/dx — 2(y — 1). The red 
lineal elements in Figure 2.1.10 have zero slope because they lie along the graph of 
the equilibrium solution y — 1. 


TRANSLATION PROPERTY You may recall from precalculus mathemat- 
ics that the graph of a function y = f(x — К), where К is a constant, is the graph of 
y = f(x) rigidly translated or shifted horizontally along the x-axis by an amount |А; 
the translation is to the right if k > 0 and to the left if k < 0. It turns out that under the 
conditions stipulated for (2), solution curves of an autonomous first-order DE are re- 
lated by the concept of translation. To see this, let’s consider the differential equation 
dy/dx = y(3 — y), which is a special case of the autonomous equation considered in 
Examples 3 and 4. Because y = 0 and y = 3 are equilibrium solutions of the DE, their 
graphs divide the xy-plane into three subregions А, Ro, and Rs: 


R: -~<y<0, Ro O<y<3, and Аз: 3 <у< ә. 

In Figure 2.1.11 we have superimposed on a direction field of the DE six solutions 
curves. The figure illustrates that all solution curves of the same color, that is, solu- 
tion curves lying within a particular subregion Rj, look alike. This is no coincidence 
but is a natural consequence of the fact that lineal elements passing through points 
on any horizontal line are parallel. That said, the following translation property of 
an automonous DE should make sense: 


If y(x) is a solution of an autonomous differential equation dy/dx = f(y), 
then y\(x) = у(х — k), ka constant, is also a solution. 


Thus, if y(x) is a solution of the initial-value problem dy/dx = f(y), y(0) = yo, then 
yiQ) = у(х — хо) is a solution of the IVP dy/dx = f(y), y(xo) = yo. For example, 
it is easy to verify that у(х) = e*, —9» < x < co, is a solution of the IVP dy/dx = y, 
y(0) = 1 and so a solution у(х) of, say, dy/dx = y, у(5) = 1 is у(х) = e" translated 
5 units to the right: 


лб) = у(х — 5) = e* 3, —e < x < о, 
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EXERCISES 2: 1 Answers to selected odd-numbered problems begin оп page ANS-1. 


2.1.1 Direction Fields y 
А 7 AEE EPL ELL FPSSAVAG 
In Problems 1—4 reproduce the given computer-generated direc- КЕКЖАЛ SLA YY | a | 
tion field. Then sketch, by hand, an approximate solution curve that | А | / | И den : \ : | | 
passes through each of the indicated points. Use different colored 2 | | И ; i / ; j = i | | | | \ 
pencils for each solution curve. PELL LL о \ 
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зт FIGURE 2.1.14 Direction field for Problem 3 
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FIGURE 2.1.12 Direction field for Problem 1 С 
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(c) у(0) = —4 (d) у(8) = —4 рес етене ачаа 
-4 -2 B. 4 
FIGURE 2.1.15 Direction field for Problem 4 
E | Ep In Problems 5-12 use computer software to obtain a direction field 
8 | | | | | i for the given differential equation. By hand, sketch an approximate 
Р | | | | | ; ; ; solution curve passing through each of the given points. 
Т Б.у =x ГЕСЕК 
ЛУЛУУЛУУЛУУУЛУЛУЛЛУУ УУУ И 
VEYVEVVY ELE лдык (a) у(0) =0 (а) y(—2) = 2 
ELIT ae 
-AHttttttizs (b) x0) = —3 (b) yd) = —3 
ЩИ 
= | ия ау dy 1 
ККА?» 7.y—=-x в cec 
PIETATIS dx dx y 
-8 -4 4 8 
(а) xD = 1 (a) (0 = 1 
FIGURE 2.1.13 Direction field for Problem 2 
(b) (0) = 4 (b) x(-2 = -1 
dy dy ) dy 
~=] 9. 7 = 0.2x° + 10. — = хе” 
3. dx 1 — xy ds y di 
(a) y(0) = 0 (b) y(-1) = 0 (а) y(0) 2i (a) y(0) = —2 
(с) x2) = 2 (d) y(0) = —4 (b) (2) = -1 (b) y(1) = 2.5 
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11. у = y — cos — 12. 8 24.7 
‚у' ple ou x 
(a) y(2) = 2 (а) »(-3) = 2 
(b) (-1) =0 (b) y(3) = 0 


In Problems 13 and 14 the given figure represents the graph of f(y) 
and f(x), respectively. By hand, sketch a direction field over an appro- 
priate grid for dy/dx = f(y) (Problem 13) and then for dy/dx = f(x) 
(Problem 14). 


13. 


ay 


FIGURE 2.1.17 Graph for Problem 14 


15. In parts (a) and (b) sketch isoclines f(x, y) = c (see the Remarks 
on page 39) for the given differential equation using the 
indicated values of c. Construct a direction field over a grid by 
carefully drawing lineal elements with the appropriate slope 
at chosen points on each isocline. In each case, use this rough 
direction field to sketch an approximate solution curve for 
the IVP consisting of the DE and the initial condition y(0) = 1. 


(a) dy/dx = x + y; с an integer satisfying -5 = c < 5 


(b) dy/dx = х + у; с Lc lc $c 4 


Discussion Problems 


16. (a) Consider the direction field of the differential equation 
dy/dx = x(y — 4)° — 2, but do not use technology to obtain 
it. Describe the slopes of the lineal elements on the lines 
х= 0, у = 3, у = 4, апау = 5. 


(b) Consider the IVP dy/dx = х(у — 4)? — 2, у(0) = yo, where 
yo < 4. Can a solution у(х) — © as x — ©? Based on the 
information in part (a), discuss. 


2.1 SOLUTION CURVES WITHOUT A SOLUTION 45 


17. For a first-order DE dy/dx = f(x, y) a curve in the plane 
defined by f(x, y) = 0 is called a nullcline of the equation, 
since a lineal element at a point on the curve has zero slope. 
Use computer software to obtain a direction field over a 
rectangular grid of points for dy/dx = x? — 2y, and then 
superimpose the graph of the nullcline y = ix? over the 
direction field. Discuss the behavior of solution curves in 
regions of the plane defined by y < ix and by y > Ix 
Sketch some approximate solution curves. Try to generalize 
your observations. 


18. (a) Identify the nullclines (see Problem 17) in Problems 1, 3, 
and 4. With a colored pencil, circle any lineal elements in 
Figures 2.1.12, 2.1.14, and 2.1.15 that you think may be a 
lineal element at a point on a nullcline. 


(b) What are the nullclines of an autonomous first-order DE? 


2.1.2 Autonomous First-Order DEs 


19. Consider the autonomous first-order differential equation 
dy/dx — y — y? and the initial condition y(0) — yo. By hand, 
sketch the graph of a typical solution y(x) when yo has the given 


values. 
(а) yo» 1 (b) 0 < yo «1 
(с) –1 <у «0 (d) yo € —1 


20. Consider the autonomous first-order differential equation 
dy/dx — y? — y^ and the initial condition y(0) — yo. By hand, 
sketch the graph of a typical solution y(x) when yo has the 
given values. 


(a) yo > 1 


() —1<»<0 


(b) 0<y <1 
(d) y<-l 


In Problems 21—28 find the critical points and phase portrait of the 
given autonomous first-order differential equation. Classify each 
critical point as asymptotically stable, unstable, or semi-stable. By 
hand, sketch typical solution curves in the regions in the xy-plane 
determined by the graphs of the equilibrium solutions. 


dy dy 
21. — = 2-3 329.0555 =з 
dx 4 2 dx di. 
d d 
23. > = (y - 9 24 D 21043y- y? 
dx dx 


dy dy 
25. my — y’) 26. — = у(2 — у)(4 — у) 
ах ах 
dy dy уе” – 9y 
27. — = y] +2 28. — = ———— 
лу ee +?) dx 2 


In Problems 29 and 30 consider the autonomous differential equation 
dy/dx — f(y), where the graph of f is given. Use the graph to locate 
the critical points of each differential equation. Sketch a phase por- 
trait of each differential equation. By hand, sketch typical solution 
curves in the subregions in the xy-plane determined by the graphs of 
the equilibrium solutions. 
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29. 


30. 
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fA 


^ 
<7 


FIGURE 2.1.18 Graph for Problem 29 


sey 


FIGURE 2.1.19 Graph for Problem 30 


Discussion Problems 


31. 


32. 


33. 


34. 


35. 


36. 


Consider the autonomous DE dy/dx = (2/m)y — sin y. 
Determine the critical points of the equation. Discuss a way of 
obtaining a phase portrait of the equation. Classify the critical 
points as asymptotically stable, unstable, or semi-stable. 


A critical point c of an autonomous first-order DE is said to be 
isolated if there exists some open interval that contains c but no 
other critical point. Can there exist an autonomous DE of the 
form given in (2) for which every critical point is nonisolated? 
Discuss; do not think profound thoughts. 


Suppose that y(x) is a nonconstant solution of the autonomous 
equation dy/dx = f(y) and that c is a critical point of the DE. 
Discuss: Why can’t the graph of y(x) cross the graph of the 
equilibrium solution y = c? Why can’t f(y) change signs in 
one of the subregions discussed on page 40? Why can’t y(x) 
be oscillatory or have a relative extremum (maximum 

or minimum)? 


Suppose that y(x) is a solution of the autonomous equation 
dy/dx = f(y) and is bounded above and below by two 
consecutive critical points cı < c», as in subregion R» of 


Figure 2.1.6(b). If f(y) > 0 in the region, then lim, ,« у(х) = с. 


Discuss why there cannot exist a number L < c» such that 
lim,» у(х) = L. As part of your discussion, consider what 
happens to y'(x) as x > ©, 


Using the autonomous equation (2), discuss how it is possible 
to obtain information about the location of points of inflection 
of a solution curve. 


Consider the autonomous DE dy/dx — y? — y — 6. Use your 
ideas from Problem 35 to find intervals on the y-axis for which 
solution curves are concave up and intervals for which solution 


37. 


curves are concave down. Discuss why each solution curve 

of an initial-value problem of the form dy/dx — y? — y — 6, 
у(0) = yo, where —2 < yo < 3, has a point of inflection with the 
same y-coordinate. What is that y-coordinate? Carefully sketch 
the solution curve for which y(0) = —1. Repeat for y(2) = 2. 


Suppose the autonomous DE in (2) has no critical points. 
Discuss the behavior of the solutions. 


Mathematical Models 


38. 


39. 


40. 


41. 


42. 


Population Model The differential equation in Example 3 is a 
well-known population model. Suppose the DE is changed to 


ap P(aP — b) 
— = P(aP — b), 
dt 


where a and b are positive constants. Discuss what happens to 
the population P as time f increases. 


Population Model Another population model is given by 


dP 
—-kP-h 
dt á 


where h and k are positive constants. For what initial values 
P(0) = Po does this model predict that the population will go 
extinct? 


Terminal Velocity In Section 1.3 we saw that the autonomous 
differential equation 


dv 
каен — kv, 
m di mg y 


where k is a positive constant and g is the acceleration due to 
gravity, is a model for the velocity v of a body of mass m that is 
falling under the influence of gravity. Because the term —kv rep- 
resents air resistance, the velocity of a body falling from a great 
height does not increase without bound as time ft increases. Use а 
phase portrait of the differential equation to find the limiting, or 
terminal, velocity of the body. Explain your reasoning. 


Suppose the model in Problem 40 is modified so that air 
resistance is proportional to v?, that is, 


d 
m = mg — kv’. 


See Problem 17 in Exercises 1.3. Use a phase portrait to find the 
terminal velocity of the body. Explain your reasoning. 


Chemical Reactions When certain kinds of chemicals are 
combined, the rate at which the new compound is formed is 
modeled by the autonomous differential equation 


а d XyB-x 
a C (B =X), 
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where k > 0 is a constant of proportionality and В > a > 0. (c) Verify that an explicit solution of the DE in the case when 
Here X(t) denotes the number of grams of the new compound К = L and a = Bis X(t) = а — 1/(t + c). Find a solution 


formed in time f. 


(a) Use a phase portrait of the differential equation to predict 


the behavior of X(t) as t — oc. 


that satisfies X(0) = a/2. Then find a solution that 
satisfies X(0) — 2a. Graph these two solutions. Does 
the behavior of the solutions as t — ^» agree with your 
answers to part (b)? 


(b) Consider the case when a = В. Use a phase portrait of 
the differential equation to predict the behavior of X(t) as 
t — o when Х(0) < a. When X(0) > a. 


di 2.2 


Separable Equations 


INTRODUCTION We begin our study of solution methods with the simplest of 
all differential equations: first-order equations with separable variables. Because the 
method discussed in this section and many other methods for solving differential 
equations involve integration, you are urged to refresh your memory on important 
formulas (such as f du/u) and techniques (such as integration by parts) by consulting 
a calculus text. 


SOLUTION BY INTEGRATION Consider the first-order differential equation 
dy/dx = f(x, y). When f does not depend on the variable y, that is, f(x, y) = g(x), the 
differential equation 


a 
qoo 80) (1) 


can be solved by integration. If g(x) is a continuous function, then integrating 
both sides of (1) gives у = fg(x) dx = G(x) + c, where G(x) is an antiderivative 
(indefinite integral) of g(x). For example, if dy/dx = 1 + e**, then its solution is 
y = fü + e?) dxory = x + łe” + c. 


A DEFINITION Equation (1), as well as its method of solution, is just a special 
case when the function f in the normal form dy/dx — f(x, y) can be factored into a 
function of x times a function of y. 


A first-order differential equation of the form 


dy = )h 
um g(x)h(y) 


is said to be separable or to have separable variables. 


For example, the equations 


d 
= у?хе 


ах 


3x+4y 
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are separable and nonseparable, respectively. In the first equation we can factor 
f(x, y) — ухе? as 


g(x) Му) 
P y) == yxg tra = (xe*)(y2e^"), 


but in the second equation there is no way of expressing y + sin x as a product of a 
function of x times a function of y. 

Observe that by dividing by the function A(y), we can write a separable equation 
dy/dx — g(x)h(y) as 


dy 
pO) de 8(9), (2) 
Ж 
where, for convenience, we have denoted 1/h(y) by p(y). From this last form we can 
see immediately that (2) reduces to (1) when /(y) = 1. 


Now if y = ф(х) represents a solution of (2), we must have р(ф(х))ф'(х) = g(x), 
and therefore 


| р(ф (х))ф' Ох) dx = | g(x) dx. (3) 


But dy = ф'(х) dx, and so (3) is the same as 


| p(y) dy = | 50) ах o Н(уу=С(х)+с, (4) 
where H(y) and G(x) are antiderivatives of p(y) = 1/h(y) and g(x), respectively. 


METHOD OF SOLUTION Equation (4) indicates the procedure for solving 
separable equations. A one-parameter family of solutions, usually given implicitly, is 
obtained by integrating both sides of p(y) dy = g(x) dx. 


NOTE There is no need to use two constants in the integration of a separable equa- 
tion, because if we write H(y) + сү = G(x) + со, then the difference сә — c; can be 
replaced by a single constant c, as in (4). In many instances throughout the chapters 
that follow, we will relabel constants in a manner convenient to a given equation. 
For example, multiples of constants or combinations of constants can sometimes be 
replaced by a single constant. 


[EXAMPLE 1 | Solving a Separable DE 


Solve (1 + x) dy — y dx = 0. 


SOLUTION Dividing by (1 + x)y, we can write dy/y = dx/(1 + x), from which it 


follows that 
ale 
y ly 


In|y| = In|1 + x| + ci 


elall+a| к= elall+a| '€^ — — laws of exponents 


|у| = 


[1 + x| e” E ==] 
= 


у= e(l + х). H*x-2-ü*3. х<-1 


Relabeling +e“ as c then gives у = c(1 + x). E] 
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IVP in Example 2 
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In the solution of Example | because each integral results in a logarithm, a judicious 
choice for the constant of integration is In|c| rather than c. Rewriting the second 
line of the solution as In|y| = In|1 + x| + In|c| enables us to combine the terms on 
the right-hand side by the properties of logarithms. From In|y| = In|c(1 + x)| we 
immediately get у = c(1 + x). Even if the indefinite integrals are not all logarithms, 
it may still be advantageous to use In|c|. However, no firm rule can be given. 

In Section 1.1 we saw that a solution curve may be only a segment or an arc of 
the graph of an implicit solution G(x, y) — 0. 


[EXAMPLE 2 | Solution Curve 


d 
Solve the initial-value problem E = E y(4) = —3. 
x y 


SOLUTION Rewriting the equation as y dy — —x dx, we get 


| а | а d y x + 
= — an — = —— * 
ydy xdx 2 5 СІ 


We can write the result of the integration as x^ + у” = c^ by replacing the constant 
2c; by c?. This solution of the differential equation represents a one-parameter family 
of concentric circles centered at the origin. 

Now when x = 4, y = —3, so 16 + 9 = 25 = c?. Thus the initial-value problem 
determines the circle x? + y? = 25 with radius 5. Because of its simplicity we can 
solve this implicit solution for an explicit solution that satisfies the initial condition. 
We saw this solution as у = фә(х) or y = —\/25 — x', —5 < x < 5 in Example 7 of 
Section 1.1. A solution curve is the graph of a differentiable function. In this case the 
solution curve is the lower semicircle, shown in dark blue in Figure 2.2.1 containing 
the point (4, —3). Oo 


LOSING A SOLUTION Some care should be exercised in separating variables, since 
the variable divisors could be zero at a point. Specifically, if r is a zero of the function 
Һу), then substituting y = r into dy/dx = g(x)h(y) makes both sides zero; in other 
words, у = ris a constant solution of the differential equation. 


d 
But after variables are separated, the left-hand side of n = g(x) dx is undefined at r. 
y 


As a consequence, y = r might not show up in the family of solutions that are 
obtained after integration and simplification. Recall that such a solution is called a 
singular solution. 


[EXAMPLE 3 | Losing a Solution 


d 
Solve oY _ y? — 4. 
dx 


SOLUTION We put the equation in the form 


nr en 7 i ду (5) 
у – 4 y-2 у+2 У : 


The second equation in (5) is the result of using partial fractions on the left-hand side 
of the first equation. Integrating and using the laws of logarithms gives 


1 1 
4 Inl - 2| - Qni + 2 = ох + с| 


y-2 


In 


| = 4х + сә ог = tta 
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FIGURE 2.2.2 Level curves of 


y 


G(x, у) = е + ye? +e%+2cosx 


J 


—2 -1 1 


FIGURE 2.2.3 Level curves c = 2 
and c = 4 


„ 
2 


FIRST-ORDER DIFFERENTIAL EQUATIONS 


Here we have replaced 4c, by c». Finally, after replacing +e® by c and solving the 
last equation for y, we get the one-parameter family of solutions 


1 + ce* 


yes "m (6) 


1 — ce 


Now if we factor the right-hand side of the differential equation as 
dy/dx = (y — 2)(у + 2), we know from the discussion of critical points in 


Section 2.1 that y = 2 and y = —2 are two constant (equilibrium) solutions. The 
solution y = 2 is a member of the family of solutions defined by (6) corresponding 
to the value c = 0. However, y = —2 is a singular solution; it cannot be obtained 


from (6) for any choice of the parameter c. This latter solution was lost early on 
in the solution process. Inspection of (5) clearly indicates that we must preclude 
y = +2 in these steps. a 


[EXAMPLE 4 An Initial-Value Problem 


d 
Solve (e? — у) cos x 7 = e'sin2x, у(0) = 0. 


SOLUTION Dividing the equation by е? cos х gives 


sin 2x 


e» — у 
е? У cosx 

Before integrating, we use termwise division on the left-hand side and the trigono- 

metric identity sin 2x = 2 sin x cos x on the right-hand side. Then 


integration by parts > | (е? — уе >) ау =2 | sin x dx 


yields е? + уе У+ е у= —2 соѕх + с. (7) 


The initial condition у = 0 when x = 0 implies c = 4. Thus a solution of the initial- 
value problem is 


(3) E 


е + ye” +e” = 4 — 2 соѕ х. 


USE OF COMPUTERS The Remarks at the end of Section 1.1 mentioned 
that it may be difficult to use an implicit solution G(x, y) = 0 to find an explicit 
solution у = ф(х). Equation (8) shows that the task of solving for y in terms of x may 
present more problems than just the drudgery of symbol pushing—sometimes it sim- 
ply cannot be done! Implicit solutions such as (8) are somewhat frustrating; nei- 
ther the graph of the equation nor an interval over which a solution satisfying y(0) = 0 
is defined is apparent. The problem of "seeing" what an implicit solution looks 
like can be overcome in some cases by means of technology. One way* of pro- 
ceeding is to use the contour plot application of a computer algebra system (CAS). 
Recall from multivariate calculus that for a function of two variables z = G(x, y) 
the two-dimensional curves defined by G(x, y) = c, where c is constant, are called 
the level curves of the function. With the aid of a CAS, some of the level curves 
of the function G(x, y) = e + уе? + e? + 2 cos x have been reproduced in 
Figure 2.2.2. The family of solutions defined by (7) is the level curves G(x, y) = c. 
Figure 2.2.3 illustrates the level curve G(x, y) = 4, which is the particular solution (8), 
in blue color. The other curve in Figure 2.2.3 is the level curve G(x, y) — 2, which is 
the member of the family G(x, y) = c that satisfies y(7/2) = 0. 


*In Section 2.6 we will discuss several other ways of proceeding that are based on the concept of 
a numerical solver. 
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a=0 а>0 


(0, 0) X 


FIGURE 2.2.4 Piecewise-defined 
solutions of (9) 
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If an initial condition leads to a particular solution by yielding a specific value 
of the parameter c in a family of solutions for a first-order differential equation, 
there is a natural inclination for most students (and instructors) to relax and be con- 
tent. However, a solution of an initial-value problem might not be unique. We saw in 
Example 4 of Section 1.2 that the initial-value problem 


dy 
de ху!?, у(0) = 0 (9) 
X 


has at least two solutions, y — 0 and y — n x^. We are now in a position to solve the 
equation. Separating variables and integrating y~"? dy = хах gives 2y!? = 1х2 + сі. 
Solving for у and replacing lc by c yields 


y- [ie + c) (10) 
J 4 Е 


Each of the functions in the family given in (10) is a solution of ће DE defined on 


the interval (—°, ©) provided we take с = 0. See Problem 52 in Exercises 2.2. Now 


when we substitute x = 0, у = 0 in (10) we see that с = 0. Therefore y = ee is 


a solution of the IVP. The trivial solution y = 0 was lost by dividing by у!?. The 
initial-value problem (9) actually possesses many more solutions, since for any 
choice of the parameter a = 0 the piecewise-defined function 


= JO, х<а 
y iG - a, х=а 


satisfies both the differential equation and the initial condition. See Figure 2.2.4. 


AN INTEGRAL-DEFINED FUNCTION In (ii) of the Remarks at the end of 
Section 1.1 it was pointed out that a solution method for a certain kind of differential 
equation may lead to an integral-defined function. This is especially true for separa- 
ble differential equations because integration is the method of solution. For example, 
if g is continuous on some interval / containing xo and x, then a solution of the simple 
initial-value problem dy/dx = g(x), у(хо) = yo, defined on /, is given by 


у) = + | "i 


Xo 
To see this, we have immediately from (12) of Section 1.1 that dy/dx = g(x) and 
y(xo) = yo because li MO) dt = 0. When fg(t)dt is nonelementary—that is, cannot 
be expressed in terms of elementary functions—the form y(x) = yo + Ј н g(t) dt may 
be the best we can do in obtaining an explicit solution of an IVP. The next example 
illustrates this idea. 


[EXAMPLE 5 | An Initial-Value Problem 


dy _» 
Solve = е", у(3) = 5. 
ах 


SOLUTION The function g(x) = е is continuous on (— ©, со), but its antiderivative 
is not an elementary function. Using t as dummy variable of integration, we can write 


xq x А 
| S de | e? di 
3 dt 3 


xo = fera 


3 
x 


у(х) – y3) = | e dt 


3 


у(х) = y(3) + fera 
3 
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Using the initial condition y(3) = 5, we obtain the solution 


у(х) = 5 + | e dt. El 


3 


The procedure demonstrated in Example 5 works equally well on separable 
equations dy/dx = g(x) f(y) where, say, f(y) possesses an elementary antiderivative 
but g(x) does not possess an elementary antiderivative. See Problems 29 and 30 in 


Exercises 2.2. 


EXERCISES 2.2 


In Problems 1—22 solve the given differential equation by separation 
of variables. 


1. — = sin 5x EAEE 
' dx ` dx 
Өл + сау = 0 4. dy — (y - 12ах= 0 
ау ау 
—=4 .— + Qxy? = 
5 PT y 6 dx ху = 0 
e? 3x42y 8 еху —— = еу + e ?* y 
dx d. 
dx ytl 2 dy 2y + 3\? 
Inx — = 10. — = 
e, | х | dx \4х+5 
@ сус у dx + sec?x dy = 0 
12. sin 3x dx + 2у cos*3x dy = 0 
13. (е? + 1e? dx + (e  1ye * ау = 0 
14. x(1 + y’)? dx = y(1 + х2)12 dy 
dS dQ 
15. — = kS 16. — = k(Q — 70 
dr dt © ) 
Р 
17. p.p 18. © + м = ме? 
dt dt 


dy xyt+3x-y-3 


dy xyt2y-x-2 
e - - = 
dx ху- 2х + 4у – 8 


ах xy—3y+x-3 


Answers to selected odd-numbered problems begin оп page ANS-1. 


d 
22. (е + e ?) Yo y 
dx 
In Problems 23—28 find an explicit solution of the given initial-value 


problem. 


e =407 +1), х(т/4)=1 


dy y 
24. — = . y(2)=2 
ах xX-— ¥@) 
dy 
@r—= ; 1)=-1 
da lT? у(—1) 
dy 5 
26.—+2y=1, у(0) = > 
d^ y(0) 2 


3 
27. V1 — y! dx - V1 24у = 0, yo) = ¥3 
28. (1 + x*) dy + х(1 + 4) dx =0, y(0 = 0 


In Problems 29 and 30 proceed as in Example 5 and find an explicit 
solution of the given initial-value problem. 


d 
29. Е = уе, у(4) = 1 


а 1 
30. Е =y*sinx, у(-2) = * 
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In Problems 31—34 find an explicit solution of the given initial-value 
problem. Determine the exact interval / of definition by analytical 
methods. Use a graphing utility to plot the graph of the solution. 


dy 2х+1 
dx 2y 


31. , (2) = –1 


а 
32. (2y — 2) "RES FAx-2, у(1) = -2 
X 


33.e'dx —e "dy = 0, у(0) = 0 
34. sin хах + ydy = 0, у(0) = 1 


35. (a) Find a solution of the initial-value problem consisting of the 
differential equation in Example 3 and each of the initial- 
conditions: y(0) = 2, y(0) = —2, and y(4) =], 


(b) Find the solution of the differential equation in Example 3 
when In c; is used as the constant of integration on the 
left-hand side in the solution and 4 In c, is replaced by In c. 
Then solve the same initial-value problems in part (a). 


d 
36. Find a solution of x ^ — y? — y that passes through 
x 


the indicated points. 
(а) (0,1) (060 09 (3,5) a (2.1) 
37. Find a singular solution of Problem 21. Of Problem 22. 
38. Show that an implicit solution of 
2x sin? y dx — (х2 + 10) cosy dy = 0 


is given by ln(x? + 10) + csc y = c. Find the constant solutions, 
if any, that were lost in the solution of the differential equation. 


Often a radical change in the form of the solution of a differential equa- 

tion corresponds to a very small change in either the initial condition or 

the equation itself. In Problems 39—42 find an explicit solution of the 

given initial-value problem. Use a graphing utility to plot the graph of 

each solution. Compare each solution curve in a neighborhood of (0, 1). 
dy 


EE oque = 
39.7 (у= 1%, yO)=1 


dy _ 2 _ 
40. = (у = 1}, y(0) = 1.01 
dx 


dy 
41. = (у = 1? + 001, у(0) = 1 
ах 


dy _ 2 _ 
42. — = (у = 1} — 001, y(0)=1 
dx 


43. Every autonomous first-order equation dy/dx — f(y) is 
separable. Find explicit solutions уџ(х), у(х), уз(х), and y4(x) 
of the differential equation dy/dx — y — y? that satisfy, in turn, 
the initial conditions y;(0) = 2, у2(0) = 1, y3(0) = -4 and 
y4(0) = —2. Use a graphing utility to plot the graphs of each 
solution. Compare these graphs with those predicted in 
Problem 19 of Exercises 2.1. Give the exact interval of 
definition for each solution. 


44. (a) The autonomous first-order differential equation 
dy/dx = 1/(y — 3) has no critical points. Nevertheless, 
place 3 on the phase line and obtain a phase portrait of the 
equation. Compute d*y/dx? to determine where solution 
curves are concave up and where they are concave down 
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(see Problems 35 and 36 in Exercises 2.1). Use the phase 
portrait and concavity to sketch, by hand, some typical 
solution curves. 


(b) Find explicit solutions y;(x), yo(x), уз(х), and y4(x) of the 
differential equation in part (a) that satisfy, in turn, the initial 
conditions y,(0) = 4, y2(0) = 2, y3(1) = 2, and y4(— 1) = 4. 
Graph each solution and compare with your sketches in 
part (a). Give the exact interval of definition for each 
solution. 


In Problems 45—50 use a technique of integration or a substitution to 
find an explicit solution of the given differential equation or initial- 
value problem. 


PL NND E ag, 2. — sin V 
dx 1+sinx dx Vy 
d d 
а. (Мх) yy 48, = -y 
dx dx 
dy e" dy xtan !x 
49. = у(1)=4 50. — = ‚ 0) 23 
dx у dx y 


Discussion Problems 


51. (a) Explain why the interval of definition of the explicit 
solution y = ф(х) of the initial-value problem in 
Example 2 is the open interval (—5, 5). 


(b) Can any solution of the differential equation cross the 
x-axis? Do you think that x? + y? = 1 is an implicit solution 
of the initial-value problem dy/dx = —x/y, y(1) = 0? 


52. On page 51 we showed that a one-parameter family of 
solutions of the first-order differential equation dy/dx = xy"? 
isy= (x4 + cy for с = 0. Each solution in this family is 
defined on (— °, ©). The last statement is not true if we choose 
c to be negative. For c = —1, explain why y = (b^ = 1) 
is not a solution of the DE оп the interval (—oo, o»). Find ап 
interval of definition / on which y — (ixt = iy is a solution 


of the DE. 


53. In Problems 43 and 44 we saw that every autonomous first- 
order differential equation dy/dx = f(y) is separable. Does 


this fact help in the solution of the initial-value problem 

d 

2 = VlI-cysimy у(0) = 1? Discuss. Sketch, by hand, a 
x 


plausible solution curve of the problem. 


54. (a) Solve the two initial-value problems: 


m 0)=1 
dco y0) = 
and 
dy y 
+ 2 = 1. 
dx y хах xo 


(b) Show that there are more than 1.65 million digits in the 
y-coordinate of the point of intersection of the two solution 
curves in part (a). 
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55. Find a function whose square plus the square of its derivative is 1. | Computer Lab Assignments 


56. (a) The differential equation in Problem 27 is equivalent to the 58. (a) Use a CAS and the concept of level curves to plot 


normal form 


dy fl—y 
dx — 1-— x? 


in the square region in the xy-plane defined by |x| < 1, |у < 1. 
But the quantity under the radical is nonnegative also in the 
regions defined by |x| > 1, |y| > 1. Sketch all regions in the 
xy-plane for which this differential equation possesses real 
solutions. 


(b) Solve the DE in part (a) in the regions defined 
by |x| > 1, |У > 1. Then find an implicit and an explicit 
solution of the differential equation subject to y(2) = 2. 


Mathematical Model 
57. Suspension Bridge In (16) of Section 1.3 we saw that a 


mathematical model for the shape of a flexible cable strung 
between two vertical supports is 


dy W 
dx z Т,” a H 
where W denotes the portion of the total vertical load between 
the points P, and P» shown in Figure 1.3.7. The DE (11) 
is separable under the following conditions that describe a 
suspension bridge. 

Let us assume that the x- and y-axes are as shown in Figure 
2.2.5—that is, the x-axis runs along the horizontal roadbed, and 
the y-axis passes through (0, a), which is the lowest point on 
one cable over the span of the bridge, coinciding with the inter- 
val [-L/2, 1/2]. In the case of a suspension bridge, the usual 
assumption is that the vertical load in (11) is only a uniform 
roadbed distributed along the horizontal axis. In other words, 
it is assumed that the weight of all cables is negligible in com- 
parison to the weight of the roadbed and that the weight per unit 
length of the roadbed (say, pounds per horizontal foot) is a con- 
stant p. Use this information to set up and solve an appropriate 
initial-value problem from which the shape (a curve with equa- 
tion у = ф(х)) of each of the two cables in a suspension bridge 
is determined. Express your solution of the IVP in terms of the 
sag h and span L. See Figure 2.2.5. 


span p 
roadbed (load) 


FIGURE 2.2.5 Shape of a cable in Problem 57 


representative graphs of members of the family of solutions 


d 8х +5 
of the differential equation c 

dx Зу? +1 
with different numbers of level curves as well as various 
rectangular regions defined by a = х = b, c S y S d. 


. Experiment 


(b) On separate coordinate axes plot the graphs of the 
particular solutions corresponding to the initial conditions: 
x0) = —1;у(0) = 2; у(—1) = 4; у(—1) = —3. 


59. (a) Find an implicit solution of the ТУР 


(2y + 2) dy — (40 + бх) dx = 0, y(0) = —3. 


(b) Use part (a) to find an explicit solution у = ф(х) of 
the IVP. 


(c) Consider your answer to part (b) as a function only. Use a 
graphing utility or a CAS to graph this function, and then 
use the graph to estimate its domain. 


(d 


= 


With the aid of а root-finding application of a CAS, 
determine the approximate largest interval / of definition 
of the solution у = (x) in part (b). Use a graphing utility 
or a CAS to graph the solution curve for the IVP on this 
interval. 


60. (a) Use a CAS and the concept of level curves to plot 


representative graphs of members of the family of solutions 
of the differential equation 


dy | x-y 
dx — у(—2 + y) 


Experiment with different numbers of level curves as well 
as various rectangular regions in the xy-plane until your 
result resembles Figure 2.2.6. 


(b) On separate coordinate axes, plot the graph of the implicit 
solution corresponding to the initial condition y(0) = 3 
Use a colored pencil to mark off that segment of the graph 
that corresponds to the solution curve of a solution ф that 
satisfies the initial condition. With the aid of a root- 
finding application of a CAS, determine the approximate 
largest interval / of definition of the solution @. [Hint: 
First find the points on the curve in part (a) where the 
tangent is vertical.] 


(c) Repeat part (b) for the initial condition y(0) = —2. 


FIGURE 2.2.6 Level curves in Problem 60 
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2.3 Linear Equations 


INTRODUCTION We continue our quest for solutions of first-order differential 
equations by next examining linear equations. Linear differential equations are an 
especially "friendly" family of differential equations, in that, given a linear equation, 
whether first order or a higher-order kin, there is always a good possibility that we can 
find some sort of solution of the equation that we can examine. 


A DEFINITION The form of a linear first-order DE was first given in (7) of 
Section 1.1. This form, in the case when n — 1 in (6) of that section, is reproduced 
here for convenience. 


| A first-order differential equation of the form 


е І 
ay(x) un ао(х)у = g(x); (1) 


is said to be a linear equation in the variable y. 


STANDARD FORM Ву dividing both sides of (1) by the lead coefficient а(х), we 
obtain a more useful form, the standard form, of a linear equation: 


dy 
2 P(x)y = Јо). (2) 
x 

We seek a solution of (2) on an interval / for which both coefficient functions P and 
fare continuous. 

Before we examine a general procedure for solving equations of form (2) we 
note that in some instances (2) can be solved by separation of variables. For example, 
you should verify that the equations 


| dy dy 
We match each equation with (2). — + Ixy = 0 and —-—y45 
In the first equation P(x) — 2x, ә ах i dx ? 
0) = Cand in tne second are both linear and separable, but that the linear equation 
P(x) = —1, f(x) = 5. 
dy 
dx P 


is not separable. 


METHOD OF SOLUTION The method for solving (2) hinges on a remarkable fact 
that the left-hand side of the equation can be recast into the form of the exact deriva- 
tive of a product by multiplying the both sides of (2) by a special function u(x). It is 
relatively easy to find the function u(x) because we want 


left-hand side of 
product product rule (2) multipled by p(x) 


—— р А—54 
“шоу = и + у= цё + рр 
de M am de xr M y. 

===) 


these must be equal 
The equality is true provided that 
du _ 


P. 
dx H 
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The last equation can be solved by separation of variables. Integrating 


d 
A = Рах andsolving —In|u(x)| = Í Р(х)ах + ei 


gives u(x) = cel? wdx. Even though there are infinite choices of u(x) (all constant 
cine » multiples of e/?)4*), all produce the same desired result. Hence we can simplify life 


inE ises 2.3 : 
Ия and choose c» = 1. The function 


що) = ef Pas (3) 


is called an integrating factor for equation (2). 

Here is what we have so far: We multiplied both sides of (2) by (3) and, by 
construction, the left-hand side is the derivative of a product of the integrating factor 
and y: 


eroa Z EE P(x)el P0 dx у= el P(x) dx f(x) 
x 


d 
EA [el Pæ а y] - e PO) dx f), 


Finally, we discover why (3) is called an integrating factor. We can integrate both 
sides of the last equation, 


eP у — [erro ex ах ^c 


and solve for у. The result is a one-parameter family of solutions of (2): 


y= e SPO) dx | el Pde f(y) dx + ce SPO dx, (4) 


We emphasize that you should not memorize formula (4). The following 
procedure should be worked through each time. 


| (i) Remember to put a linear equation into the standard form (2). 


(ii) From the standard form of the equation identify Р(х) and then find the 
integrating factor c/^ ^, No constant need be used in evaluating the 
indefinite integral f P(x)dx. 


(її) Multiply the both sides of the standard form equation by the integrating 
factor. The left-hand side of the resulting equation is automatically the 
derivative of the product of the integrating factor e/? апа y: 


d | 
lem (5) 


(iv) Integrate both sides of the last equation and solve for y. 


[EXAMPLE 1 | Solving a Linear Equation 


dy 
Solve — — 3y = 0. 
dx 


SOLUTION This linear equation can be solved by separation of variables. Alter- 
natively, since the differential equation is already in standard form (2), we identify 
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in Example 2 
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Р(х) = —3, and so the integrating factor is e/ C ?4* = e~3*, We then multiply the 
given equation by this factor and recognize that 


x.o is the same as — [e ?* y] = 0. 


Integration of the last equation, 


d | 
| [e ? y] dx = Jo dx 
X 


then yields e ?*y = c or y = ce*, —9% < x < о, L1 


[EXAMPLE 2 | Solving a Linear Equation 


dy 
Solve — — Зу = 6. 
dx 


SOLUTION This linear equation, like the one in Example 1, is already in standard 


form with P(x) = —3. Thus the integrating factor is again e ?". This time multiplying 
the given equation by this factor gives 
d І ? а : 
p a 3e 9 у = бе ^ and so — [е ?* y] = 6e?" 
dx dx 


Integrating the last equation, 


d —3x IA 1 3x Bo 
ra y] dx = 6|е ^ dx gives e у= —6 PG 
or y = —2 + ce™, —o < x < оо, BH 


When а, ao, and g in (1) are constants, the differential equation is autono- 
mous. In Example 2 you can verify from the normal form dy/dx = 3(y + 2) 
that —2 is a critical point and that it is unstable (a repeller). Thus a solution curve 
with an initial point either above or below the graph of the equilibrium solution 
y — —2 pushes away from this horizontal line as x increases. Figure 2.3.1, obtained 
with the aid of a graphing utility, shows the graph of y = —2 along with some 
additional solution curves. 


GENERAL SOLUTION Suppose again that the functions P and f in (2) are con- 
tinuous on a common interval /. In the steps leading to (4) we showed that if (2) has 
a solution on /, then it must be of the form given in (4). Conversely, it is a straight- 
forward exercise in differentiation to verify that any function of the form given in 
(4) is a solution of the differential equation (2) on Z. In other words, (4) is a one- 
parameter family of solutions of equation (2) and every solution of (2) defined on I is a 
member of this family. Therefore we call (4) the general solution of the differential 
equation on the interval Z. (See the Remarks at the end of Section 1.1.) Now by writ- 
ing (2) in the normal form y' = F(x, y), we can identify F(x, y) = —P(x)y + f(x) and 
ðF/ðy = —P(x). From the continuity of P and f on the interval J we see that F and 
ðF/ðy are also continuous оп /. With Theorem 1.2.1 as our justification, we conclude 
that there exists one and only one solution of the first-order initial-value problem 


dy 
dx + Р(х)у = f(x), убу) = yo (6) 
X 


defined on some interval Jp containing xo. But when хо is in /, finding a solution of (6) 
is just a matter of finding an appropriate value of c in (4)—that is, to each xo in / there 
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In case you are wondering why 
the interval (0, оо) is important in 
Example 3, read this paragraph 
and the paragraph following 
Example 4. 


corresponds a distinct c. In other words, the interval Jọ of existence and uniqueness 
in Theorem 1.2.1 for the initial-value problem (6) is the entire interval /. 


[EXAMPLE 3 | General Solution 


d 
Solve x m Ay = xe". 
dx 


SOLUTION Dividing by x, the standard form of the given DE is 
—— – – у = ех, (7) 


From this form we identify Р(х) = —4/x and f(x) = x?e* and further observe that 
P and f are continuous on (0, ©). Hence the integrating factor is 


we can use In x instead of In Ixl since x > 0 


} 


T ч E " —4 = 
e Af dxix e 40 x elnx x 4 


Here we have used the basic identity b28" = N, N > 0. Now we multiply (7) by 
x ^ and rewrite 
d 
xc? zs — 4x Jy = хе? as ds ey] = хе”. 

It follows from integration by parts that the general solution defined on the interval 
(0, ©) is x *y = xe — е + согу = хех — хќеї + cx’. oO 

Except in the case in which the lead coefficient is 1, the recasting of equation (1) 
into the standard form (2) requires division by а(х). Values of x for which а(х) = 0 
are called singular points of the equation. Singular points are potentially trouble- 


some. Specifically, in (2), if Р(х) (formed by dividing ao(x) by аџ(х)) is discontinuous 
at a point, the discontinuity may carry over to solutions of the differential equation. 


[EXAMPLE 4 General Solution 


d 
Find the general solution of (х2 — 9) К + ху = 0. 
х 


SOLUTION We write the differential equation in standard form 


d 
y | x 


=0 8 
dx 287. (8) 


and identify P(x) = x/ (х2 — 9). Although Р is continuous on (— 2, —3), (—3, 3), and 
(3, ©), we shall solve the equation on the first and third intervals. On these intervals 
the integrating factor is 


; e. суб us 
el* dx/K(x^—9) _ el? 2x ахх 9) = £2 In[2-9| — x2 = 9. 


After multiplying the standard form (8) by this factor, we get 


4 IE =o. 


Integrating both sides of the last equation gives Vx? — 9 y = c. Thus on either 


(— 2, —3) or (3, ©) the general solution of the equation is y = а а 
x 
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Notice in Example 4 that x = 3 and x = —3 are singular points of the equation 
and that every function in the general solution y = c/V x? — 9 is discontinuous at 
these points. On the other hand, x = 0 is a singular point of the differential equation 
in Example 3, but the general solution y = x?e* — x*e* + cx^ is noteworthy in that 
every function in this one-parameter family is continuous at x = 0 and is defined 
on the interval (—%, ©) and not just on (0, ©), as stated in the solution. However, 
the family y = x?e* — x'e” + cxt defined on (—%, ©) cannot be considered the 
general solution of the DE, since the singular point x = 0 still causes a problem. 
See Problems 50 and 51 in Exercises 2.3. 


[EXAMPLE 5 | An Initial-Value Problem 


dy 
Solve — + y = х, у(0) = 4. 
ах 


SOLUTION The equation is in standard form, and Р(х) = 1 and f(x) = х are contin- 
uous on (—%, oo). The integrating factor is e/ = e", so integrating 


eas 


gives е*у = xe* — e” + c. Solving this last equation for y yields the general solution 
y—x-— l + се“, But from the initial condition we know that у = 4 when x = 0. 
Substituting these values into the general solution implies that c — 5. Hence the 
solution of the problem on the interval (— o, ©) is 


y=x— 1+ 5e™. о HN 


Figure 2.3.2, obtained with the aid of a graphing utility, shows the graph of 
the solution (9) in dark blue along with the graphs of other members of the one- 
parameter family of solutions y = x — 1 + ce ™. It is interesting to observe that as х 
increases, the graphs of all members of this family are close to the graph of the solu- 
tion y = x — 1. The last solution corresponds to c = 0 in the family and is shown in 
dark green in Figure 2.3.2. This asymptotic behavior of solutions is due to the fact 
that the contribution of ce *, с # 0, becomes negligible for increasing values of x. 
We say that ce “is a transient term, since e * — 0 as x — о. While this behavior 
is not characteristic of all general solutions of linear equations (see Example 2), the 
notion of a transient is often important in applied problems. 


PIECEWISE-LINEAR DIFFERENTIAL EQUATION In the construction of math- 
ematical models (especially in the biological sciences and engineering) it can happen 
that one or more coefficients in a differential equation is a piecewise-defined func- 
tion. In particular, when either P(x) or f(x) in (2) is a piecewise-defined function the 
equation is then referred to as a piecewise-linear differential equation. In the next 
example, f(x) is piecewise continuous on the interval [0, œ) with a single jump dis- 
continuity at x — 1. The basic idea is to solve the initial-value problem in two parts 
corresponding to the two intervals over which f(x) is defined; each part consists of a 
linear equation solvable by the method of this section. As we will see, it is then pos- 
sible to piece the two solutions together at x = 1 so that y(x) is continuous on [0, оо). 
See Problems 37-42 in Exercises 2.3. 


[EXAMPLE 6 | Ап Initial-Value Problem 


1, O=x=1 


dy 
Solve + y=f@), yO)=0 where f(x) = Б x1 
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Va 

1-—e 
<A 
1 x 


FIGURE 2.3.3 Discontinuous f(x) 
in Example 6 


FIGURE 2.3.4 Graph of (10) 
in Example 6 


SOLUTION The graph of the discontinuous function f is shown in Figure 2.3.3. We 
solve the DE for y(x) first on the interval [0, 1] and then on the interval (1, ©). For 
0 =x = 1 we have 


dy d | 
—+y=1 or, equivalently, — [ey] = æ. 
dx dx 
Integrating this last equation and solving for y gives у = 1 + се *. Since у(0) = 0, 
we must have с = —1, and therefore y = 1 — e *,0 = х = I. Then for x > 1 the 
equation 
dy 
—-+y=0 
dx 7 


leads to y = coe *. Hence we can write 
_jl-e™*, 0=х51 
У се ^, х > 1. 


Ву appealing to the definition of continuity at a point, it is possible to determine 
c2 so that the foregoing function is continuous at x = 1. The requirement that 
lim,1+ y(x) = y(1) implies that ce !=1-—e! or c =e-1. As seen in 
Figure 2.3.4, the function 


(10) 
is continuous on (0, ©). E 


It is worthwhile to think about (10) and Figure 2.3.4 a little bit; you are urged to 
read and answer Problem 53 in Exercises 2.3. 


ERROR FUNCTION In mathematics, science, and engineering some important 
functions are defined in terms of nonelementary integrals. Two such special func- 
tions are the error function and complementary error function: 


x 


P 2 Z qu 
——| е га and erfc(x) = 2) e di. 11 
2) ©) мт), VS 


From the known result pe dt = МУ т/2* we can write о/м) ета = 1. 


erf(x) = 


Using the additive interval property of definite integrals f » = f M =F li E we can 
rewrite the last result in the alternative form 


PR. m — 


whe x E fira cae [о me 


It is seen from (12) that the error function erf(x) and complementary error function 
erfc(x) are related by the identity 


erf(x) + erfc(x) = 1. 


Because of its importance in probability, statistics, and applied partial differential 
equations, the error function has been extensively tabulated. Note that erf(0) = 
is one obvious function value. Numerical values of erf(x) can also be found using a 
CAS such as Mathematica. 


*This result is proved in Appendix A. 
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FIGURE 2.3.5 Graph of (15) in 
Example 7 
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If we are solving an initial-value problem (6) and recognize that indefinite inte- 
gration of the right-hand side of (5) would lead to a nonelementary integral, then as 
we saw in Example 5 of Section 2.2 it is convenient to use instead definite integration 
over the interval [xo, x]. The last example illustrates that this procedure automatically 
incorporates the initial condition at ху into the solution of the DE; in other words, we 
do not have to solve for the constant c in its general solution. 


[EXAMPLE 7 | The Error Function 


d 
Solve the initial-value problem os —2xy22, у(0) = 1. 
х 


SOLUTION The differential equation is already in standard form, and so we see that 


x 


the integrating factor is e 7*4? = e7 н Multiplying both sides of the equation by 


х2 


ау 2 : А 
this factor then gives e" dx — 2xe* y —2e * , which is the same as 
x 


[ev] =e. (13) 


Because indefinite integration of both sides of equation (13) leads to the nonelemen- 
tary integral fe * dx we identify хо = 0 and use definite integration over the interval 
[0, x]: 


X 


“dye СЕ. E -P 
3 у@)а=2| edt or етуд) – y(0) = 2| edt. 
o at 0 0 


Using the initial condition y(0) = 1 the last expression yields the solution 


у= е + | e^ dt. (14) 
0 


Then by inserting the factor V/z/ V/r into this solution in the following manner— 


erf(x) 
pae a, 
2 2 T 2 2 2 * 2 
у= е" exe dt=e"|1+Va | e ‘dt 
0 Мт Jo 


we see from (11) that (14) сап be rewritten in terms of the error function as 
y=e"[1+ утен). (15) 


The graph of solution (15), obtained with the aid of a CAS, is given in 
Figure 2.3.5. 1 


See Problems 43-48 in Exercises 2.3. 


USE OF COMPUTERS The computer algebra systems Mathematica and Maple 
are capable of producing implicit or explicit solutions for some kinds of differential 
equations using their dsolve commands.* 


*Certain commands have the same spelling, but in Mathematica commands begin with a capital letter 
(DSolve), whereas in Maple the same command begins with a lower case letter (dsolve). When 
discussing such common syntax, we compromise and write, for example, dsolve. See the Student 
Resource Manual for the complete input commands used to solve a linear first-order DE. 
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(i) Occasionally, a first-order differential equation is not linear in one variable 
but is linear in the other variable. For example, the differential equation 


dy 1 
dx x+y 


is not linear in the variable y. But its reciprocal 


——x-c 2) pc m pr 
dy agr or X=Y 


is recognized as linear in the variable x. You should verify that the integrating 
factor eDV = e^ and integration by parts yield the explicit solution 
x = —y’ — 2y — 2 + ce" for the second equation. This expression is then an 
implicit solution of the first equation. 


(ii) Mathematicians have adopted as their own certain words from engi- 
neering, which they found appropriately descriptive. The word transient, 
used earlier, is one of these terms. In future discussions the words input and 
output will occasionally pop up. The function f in (2) is called the input or 
driving function; a solution y(x) of the differential equation for a given input 
is called the output or response. 


(iii) The term special functions mentioned in conjunction with the error 
function also applies to the sine integral function and the Fresnel sine integral 
introduced in Problems 47 and 48 in Exercises 2.3. “Special Functions” is 
actually a well-defined branch of mathematics. More special functions are 
studied in Section 6.4. 


EXERCISES 2.3 Answers to selected odd-numbered problems begin on page ANS-2. 


In Problems 1—24 find the general solution of the given differential 16. y dx = (ye — 2x) dy 
equation. Give the largest interval J over which the general solution 

is defined. Determine whether there are any transient terms in the 82 cos x dy + (sinx)y = 1 
general solution. x 


>. dy oe 
1, 2 5 ^ LT 0 тА q 
„= EM = = x 
dx y dx y 
dy - 
B scs T T 19. х) + (+ Dy = е" 
ах ое 7 dx у= 
к Sie ' 3 20 a =5-8y-4 
Ө + 3х2у = 22 6. у + 2ху = x (© Ps y Xy 
Law + ху=1 8. у = 2у +2 +5 Р 
21. — + кес 0 = соѕ 0 
4 а 
@х—-у=2ыпх 10. xZ + 2у 23 ud 
d dx p 
d d 22. T F2IP —P *4t—2 
ie tess 12. (1+ х) 2 ху=х+ 2 
ах dx , 
У Oe 
13. xy’ + x(x + 2)у = ех Gx 5+ Get Dy=e 


14. xy’ + (1 + x)y =e * sin 2x 


24. (x? — 1) B + 2y = (x + 1}? 
15. y dx — 4(х + уб) dy =0 dx 
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In Problems 25—36 solve the given initial-value problem. Give the 
largest interval J over which the solution is defined. 


dy 
25. — = х + 5y, у(0) = 3 
ах 


ау = ЕС 
26. — = 2х — Зу, у(0) = з 
ах 


г +y=4, y(1) = 2 


ах 2 
28. y— —x=2y, у(1)=5 
dy 
29. i + Кї = Е, i(0)— io L,R, Е, і) constants 
dT 
30. um = kT — Tm), Т(О) = To, К, Tm, To constants 


dy 
31.x —-y-4xctl у(1)=8 
dx 


32. у + 4ху = xe", y(0) = —1 


d 
69: - DA +y=Inx, y()-10 
X 


dy 
34. xXx + 1) — + xy = 1, у(е) = 1 
dx 


35. у’ — (ѕіп х)у =2sinx, у(т/2)=1 
36. y’ + (tanx)y = co?x, у(0) = —1 
In Problems 37—40 proceed as in Example 6 to solve the given іпі- 


tial-value problem. Use a graphing utility to graph the continuous 
function y(x). 


d 
37. — + 2y =, у(0) = 0, where 
X 


d. 
ғо) 1, 0=х=3 
X == 
0, x 3 
dy 
38. — + у= (х), y0) = 1, where 
dx 
1, 0zxzl 
swih мз 


4 
з9. = + 2ху = f(x), у) = 2, where 
X 


TI x, 0=х<1 
fa 0, =l 
», dY 
40. (1 + х dr + 2xy = f(x), y(0)- 0, where 
x 


x; 0=х<1 


X, xml 


r=] 
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In Problems 41 and 42 proceed as in Example 6 to solve the given 
initial-value problem. Use a graphing utility to graph the continuous 
function y(x). 


d 
41. Es + P(x)y = 4x, y(0) = 3, where 
x 


Р(х) = 2 


а 
42. л + Р(х)у = 0, y(0) = 4, where 
ах 
1, 0€xx2 


r= к: 


In Problems 43 and 44 proceed as in Example 7 and express the solu- 
tion of the given initial-value problem in terms of erf(x) (Problem 43) 
and erfc(x) (Problem 44). 


dy 


43. 
dx 


— 2ху = 1, у(1)=1 


а 
44. - —2xy=-1, y0) = Vm/2 
X 


In Problems 45 and 46 proceed as in Example 7 and express the 
solution of the given initial-value problem in terms of an integral- 
defined function. 


dy 
45.—+ey=1, у(0) = 1 
ах 


ау 
46. х2—— – у= х?, у() = 0 
ах 
47. The sine integral function is defined as 
. * sint 
Si(x) = | —dt, 
0 t 


where the integrand is defined to be 1 at x = О. See Appendix A. 
Express the solution of the initial-value problem 


d 
p + 222у = 10sinx, y(1) = 0 
ах 


in terms of Si(x). 


48. The Fresnel sine integral function is defined as 


EMT LU 
S(x) J sol Ee), 


See Appendix A. Express the solution of the initial-value problem 
d 

Z- Gi?) =0, (0) = 5 

dx 


in terms of S(x). 


Discussion Problems 


49. Reread the discussion following Example 2. Construct a linear 
first-order differential equation for which all nonconstant 
solutions approach the horizontal asymptote у = 4 as x — oc. 
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50. Reread Example 3 and then discuss, with reference to 
Theorem 1.2.1, the existence and uniqueness of a solution 
of the initial-value problem consisting of xy’ — 4y = x$e 


and the given initial condition. 
(a) y(0) = 0 

(b) у(0) = yo, yo > 0 

(c) y(xo) = уо, Xo > 0, yo > 0 


51. Reread Example 4 and then find the general solution of the 
differential equation on the interval (—3, 3). 


52. Reread the discussion following Example 5. Construct a linear 
first-order differential equation for which all solutions are 
asymptotic to the line y = 3x — 5 as x > ™, 


53. Reread Example 6 and then discuss why it is technically 
incorrect to say that the function in (10) is a "solution" of the 
IVP on the interval [0, o»). 


54. (a) Construct a linear first-order differential equation of the 


form xy’ + Зу = g(x) for which y = x? + с/х? is its general 


solution. Give an interval / of definition of this solution. 


(b) Give an initial condition y(xo) — yo for the DE found in part 
(a) so that the solution of the IVP is y = x? — 1/x?. Repeat 
if the solution is y = x? + 2/x°. Give an interval J of defini- 


tion of each of these solutions. Graph the solution curves. 
Is there an initial-value problem whose solution is defined 
on (—%, 20)? 


(c) Is each IVP found in part (b) unique? That is, can there be 


more than one IVP for which, say, y — 3-1 /x, x in some 


interval Г, is the solution? 


55. In determining the integrating factor (3), we did not use 
a constant of integration in the evaluation of f P(x) dx. 
Explain why using /Р(х) dx + c; has no effect on the 
solution of (2). 


56. Suppose P(x) is continuous on some interval / and a is a 
number in /. What can be said about the solution of the 
initial-value problem y' + P(x)y = 0, y(a) = 0? 


Mathematical Models 
57. Radioactive Decay Series Тһе following system of 


differential equations is encountered in the study of the decay 
of a special type of radioactive series of elements: 


S ecd 

dt " 

dy 

—— = Мх — Аәу, 
dt " 2y 


where A, and A» are constants. Discuss how to solve this system 
subject to x(0) = xo, у(0) = yo. Carry out your ideas. 


. Heart Pacemaker А heart pacemaker consists of a switch, 


a battery of constant voltage Eo, a capacitor with constant 
capacitance C, and the heart as a resistor with constant 
resistance R. When the switch is closed, the capacitor charges; 
when the switch is open, the capacitor discharges, sending an 
electrical stimulus to the heart. During the time the heart is 
being stimulated, the voltage E across the heart satisfies the 
linear differential equation 


Solve the DE, subject to E(4) = Eo. 


Computer Lab Assignments 
59. (a) Use a CAS to graph the solution curve of the initial-value 


problem in Problem 44 on the interval (—°, со), 


(b) Use tables or a CAS to value the value y(2). 


60. (a) Use a CAS to graph the solution curve of the initial-value 


problem in Problem 47 on the interval [0, oc). 


(b) Use a CAS to find the value of the absolute maximum of 
the solution y(x) on the interval. 


61. (a) Use a CAS to graph the solution curve of the initial-value 


problem in Problem 48 on the interval (— 0, со), 


(b) It is known that Fresnel sine integral S(x) > i as x > oo 
and S(x) > —} as х > —%. What does the solution у(х) 
approach as x > 2? As х > — o0? 


(c) Use a CAS to find the values of the absolute maximum and 
the absolute minimum of the solution y(x) on the interval. 


á 2.4 Exact Equations 


INTRODUCTION Although the simple first-order differential equation 


ydx + хау = 0 


is both separable and linear, we can solve the equation by an alternative manner by 
recognizing that the expression on the left-hand side of the equality is the differential 
of the function f(x, y) = xy; that is, 


d(xy) = ydx + xdy. 


In this section we examine first-order equations written in differential form 
M(x, y)dx + N(x, y)dy = 0. By applying a simple test to the coefficients M and N, 
we can determine whether M(x, y) dx + N(x, y)dy is the differential of a function 
f(x, y). If the answer is yes, we can construct f by partial integration. 
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DIFFERENTIAL OF A FUNCTION OF TWO VARIABLES If z = f(x, y) is a func- 
tion of two variables with continuous first partial derivatives in a region R of the 
xy-plane, then recall from calculus that its differential is defined to be 


dz = —dx- —dy. (1) 
У 


In the special case when f(x, у) = с, where с is a constant, then (1) gives 


д д 
f ax + S as = 0. (2) 
Ox ду 


In other words, given a one-parameter family of functions f(x, у) = с, we can gener- 
ate a first-order differential equation by computing the differential of both sides of 
the equality. For example, if x? — 5xy + y? = c, then (2) gives the first-order DE 


(2x — 5y) dx + (—5х + Зу?) dy = 0. (3) 


A DEFINITION Of course, not every first-order DE written in differential form 
M(x, y)dx + N(x, y)dy = 0 corresponds to a differential of f(x, y) = c. So for our 
purposes it is more important to turn the foregoing example around; namely, if 
we are given a first-order DE such as (3), is there some way we can recognize 
that the differential expression (2x — 5y)dx + (—5x + 3y?)dy is the differential 
d(x? — 5xy + уз)? If there is, then an implicit solution of (3) is x? — 5xy + y? = c. 
We answer this question after the next definition. 


| A differential expression М(х, у) dx + N(x, у) dy is an exact differential in a 


region R of the xy-plane if it corresponds to the differential of some function 
f(x, y) defined in R. A first-order differential equation of the form 


М(х, у) dx + N(x, у) dy = 0 


is said to be an exact equation if the expression on the left-hand side is an 
exact differential. 


For example, xy? dx + xy? dy = 0 is an exact equation, because its left-hand 
side is an exact differential: 


d (4 х y) = xy dx + xy! dy. 


Notice that if we make the identifications M(x, y) = xy? and N(x, у) = xy’, then 
ӘМ/ду = Зх2у? = 8N/àx. Theorem 2.4.1, given next, shows that the equality of the 
partial derivatives 0M/dy and д№/дх is no coincidence. 


| Let М(х, y) and N(x, у) be continuous and have continuous first partial 


derivatives in a rectangular region R defined by a < x < b, c < y < d. Then a 
necessary and sufficient condition that M(x, y) dx + N(x, y) dy be an exact 
differential is 

aM _ aN 


ду ox" e 
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СНАРТЕВ 2 


FIRST-ORDER DIFFERENTIAL EQUATIONS 


PROOF OF THE NECESSITY For simplicity let us assume that M(x, y) and 
N(x, y) have continuous first partial derivatives for all (x, y). Now if the expression 
M(x, y) dx + N(x, y) dy is exact, there exists some function f such that for all x in R, 


of of 
М(х, у) dx + N(x, y) dy = — dx + — dy. 
Ox ду 
af of 
Therefore М(х, у) == N(x, у) == 
ox ду 


апа 


әм _ ә{/\_ of  o[af| әм 
ду ду \Ox ду дх дх\ду ax 


The equality of the mixed partials is a consequence of the continuity of the first 
partial derivatives of M(x, y) and N(x, y). El 


The sufficiency part of Theorem 2.4.1 consists of showing that there exists a 
function f for which df/dx = M(x, y) and д//ду = N(x, y) whenever (4) holds. The 
construction of the function f actually reflects a basic procedure for solving exact 
equations. 


METHOD OF SOLUTION Given an equation in the differential form 
M(x, y) dx + N(x, y) dy = 0, determine whether the equality in (4) holds. If it does, 
then there exists a function f for which 


д 
= М(х, у). 


We can find f by integrating М(х, у) with respect to x while holding у constant: 


о, у) = | me. y) dx + gy), (5) 


where the arbitrary function g(y) is the “constant” of integration. Now differentiate 
(5) with respect to y and assume that df/dy = N(x, y): 


of 9 : 
EM = — ILS y) dx + g'(y) = N(x, y). 
y ду 


This gives g'(y) = Мо, y) — 2 [nes y) dx. (6) 


Finally, integrate (6) with respect to y and substitute the result in (5). The implicit 
solution of the equation is f(x, y) = c. 

Some observations are in order. First, it is important to realize that the expres- 
sion N(x, у) — (8/8y) f M(x, y) dx in (6) is independent of x, because 


9 д м ala aN әм 
“м - 2 eoa - 2-22 Mey) dx) = S - M0 
дх ду ax ду\дх " 


Second, we could just as well start the foregoing procedure with the assumption that 
0f/ ду = N(x, y). After integrating N with respect to y and then differentiating that 
result, we would find the analogues of (5) and (6) to be, respectively, 


E 
fG у) = хо. у) dy + h(x) and h'(x) = М(х, у) – 2 [we y) dy. 


In either case none of these formulas should be memorized. 
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[EXAMPLE 1 | Solving an Exact DE 


Solve 2xy dx + (x? — 1) dy = 0. 


SOLUTION With M(x, у) = 2xy and N(x, у) = x? — 1 we have 


oM oN 
—— = 2x = — 
ду Ox 
Thus the equation is exact, and so by Theorem 2.4.1 there exists a function f(x, y) 
such that 
д д 
Ж апа E 53 
дх ду 


From the first of these equations we obtain, after integrating, 


Рб, у) = xy + g). 


Taking the partial derivative of the last expression with respect to y and setting the 
result equal to N(x, y) gives 


д 
T lgrgoy-s- 1. =М у) 
y 


It follows that g'(y) = —1 and g(y) = —y. Hence f(x, y) = x?y — y, so the solution 
of the equation in implicit form is x^y — у = c. The explicit form of the solution is 
easily seen to be y = c/(x* — 1) and is defined on any interval not containing either 
x=lorx=-1. E 


NOTE The solution of the DE in Example 1 is not f(x, у) = xy — y. Rather, it 
is f(x, y) = c; if a constant is used in the integration of g'(y), we can then write the 
solution as f(x, y) = 0. 


[EXAMPLE 2 | Solving an Exact DE 


Solve (e? — y cos xy) dx + Qxe?' — x cos xy + 2y) dy = 0. 


SOLUTION The equation is exact because 


Mg, | aN 
— = 2e” + xy sin xy — cos xy = —. 
ду Ox 


Hence a function f(x, y) exists for which 


д д 
M(x, у) = z and N(x, y) = - 


Now, for variety, we shall start with the assumption that df/dy = N(x, y); that is, 
af 


—— = 2xe? — x cos xy + 2y 
ду 


РО, y) = 2x Je dy = х ] os xy dy +2 Ь dy + h(x). 


Remember, the reason x can come out in front of the symbol f is that in the integra- 
tion with respect to y, x is treated as an ordinary constant. It follows that 


f(x, у) = xe? — sin ху + y? + h(x) 


LM cos xy + h'(x) = e” — < М(х, y) 
a y y X)—e y COS xy, X, y 
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FIGURE 2.4.1 Solution curves of DE 
in Example 3 


and so h'(x) = 0 or h(x) = c. Hence a family of solutions is 


xe? — sin xy +y +c =0. L1 


[EXAMPLE 3 | An Initial-Value Problem 


dy ху? — cos xsin х 
dx yad — x?) 


Solve ‚ y(O) = 2. 


SOLUTION By writing the differential equation in the form 


(cos x sin x — xy?) dx + y(1 — x?) dy = 0, 


we recognize that the equation is exact because 


oM oN 
= —2ху = —_. 
ду дх 
д 
Now of = у(1 – x) 
ду 


у? 
До, у) = 5 9 = x°) FG 


T —xy? + h'(x) = cos x sin x — xy’. 
x 


The last equation implies that h'(x) = cos x sin x. Integrating gives 


h(x) = - | (cos x)(—sin x dx) = — 5 cos x. 


1 
Thus : Q-3)-;cx-n or (Lx) – сох =e, (7) 


where 2c has been replaced by c. The initial condition y = 2 when x = 0 demands 
that 4(1) — cos? (0) = c, and so c = 3. An implicit solution of the problem is then 
yl — х2) — cos? x = 3. 

The solution curve of the IVP is the curve drawn in blue in Figure 2.4.1; it is part 
of an interesting family of curves. The graphs of the members of the one-parameter 
family of solutions given in (7) can be obtained in several ways, two of which are 
using software to graph level curves (as discussed in Section 2.2) and using a graph- 
ing utility to carefully graph the explicit functions obtained for various values of c by 
solving y? = (с + cos? x)/(1 — x?) for y. E 


INTEGRATING FACTORS Recall from Section 2.3 that the left-hand side of 
the linear equation y' + P(x)y = f(x) can be transformed into a derivative when 
we multiply the equation by an integrating factor. The same basic idea sometimes 
works for a nonexact differential equation M(x, y) dx + N(x, y) dy = 0. That is, it is 
sometimes possible to find an integrating factor u(x, y) so that after multiplying, 
the left-hand side of 


u(x, у)М(х, y) dx + w(x, y)NGG y) dy = 0 (8) 


is an exact differential. In an attempt to find u, we turn to the criterion (4) for exact- 
ness. Equation (8) is exact if and only if (uM), = (wN),, where the subscripts denote 
partial derivatives. By the Product Rule of differentiation the last equation is the 
same as uM, + рМ = uN; + uN or 


HN — ШМ = (My = Np. (9) 
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Although М, М, Му, and №, are known functions of x and y, the difficulty here in 
determining the unknown p(x, y) from (9) is that we must solve a partial differential 
equation. Since we are not prepared to do that, we make a simplifying assumption. 
Suppose wu is a function of one variable; for example, say that u depends only on x. 
In this case, uy = du/dx and шу = 0, so (9) can be written as 


du Му = № 


. 10 
as x B (10) 


We are still at an impasse if the quotient (M, — N,)/N depends on both x and y. 
However, if after all obvious algebraic simplifications are made, the quotient 
(M, — N,)/N turns out to depend solely on the variable x, then (10) is a first- 
order ordinary differential equation. We can finally determine и because (10) is 
separable as well as linear. It follows from either Section 2.2 or Section 2.3 that 


p(x) = ef“ Мах Th like manner, it follows from (9) that if u depends only on 
the variable y, then 


du _ Ny — M; 


: 11 
7" м” (11) 


In this case, if (Ny — My)/M is a function of у only, then we can solve (11) for д. 
We summarize the results for the differential equation 


M(x, y) dx + N(x, у) dy = 0. (12) 
* If (M, — N,)/N is a function of x alone, then an integrating factor for (12) is 


[ M,-N, 


ро) = el ns 13) 
* If (N, — M,)/M is a function of y alone, then an integrating factor for (12) is 


uo) = este, (14) 


[EXAMPLE 4 A Nonexact DE Made Exact 


The nonlinear first-order differential equation 
xy dx + (2x2 + Зу? — 20) dy = 0 


is not exact. With the identifications M = xy, N = 2x? + зу? — 20, we find the 
partial derivatives M, = x and N, = 4x. The first quotient from (13) gets us nowhere, 
since 


Му = № x — 4x =3х 
N 2x? + 3y? — 20 2x? + 3y? — 20 


depends on x and y. However, (14) yields a quotient that depends only on y: 


N.- My 4x-x Зх 3 


M xy ху у 


The integrating factor is then е/3ФУ = еЗ!" = ет» = y*. After we multiply the given 


DE by u(y) = y^, the resulting equation is 
xy^ dx + (22у? + Зу? — 20у?) dy = 0. 


You should verify that the last equation is now exact as well as show, using the 
method of this section, that a family of solutions is ixi + - y$-5y*- с. Е 
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EXERCISES 2 


In Problems 1—20 determine whether the given differential equation 


is exact. If it is exact, solve it. 
1. (2x — D dx + Gy + 7) ау = 0 
2. (2x + y) dx — (x + 6y) dy =0 
Ө (5x + 4y) ах + (4x — 8y*) dy =0 
4. (sin y — y sin x) dx + (cos х + x cos y — y)dy = 0 
5. 2x? — 3) dx + (22у + 4) dy =0 


1 а 
в. (2 : | cos 3] ae = 


dx x2 
@о?- y) dx (2 2xy)dy = 0 


4 + Зу sin Зх = 0 


8. ( kinza а= Inx) dy 


Өс — y? + y? sin x) dx = (3ху + 2y cos x) dy 
10. О? + у?) dx + 3xy? dy = 0 


1 
11. (my ce dee (xmv o 


12. (3x2y + е?) dx + (х + xe” — 2y) dy = 0 


13. x — = 2xe* — y + 6x? 
dx 
dy 3 
14. [1 + Ку = 1 
| | dx ^ x 


1 d. 
15. [eo aims y-20 


16. (Sy — 2х)у' -2y = 0 


17. (tan x — sin x sin y) dx + cos x cosy dy = 0 


Answers to selected odd-numbered problems begin on page ANS-2. 


18. (2y sin x cos x — у + 2y?e^) dx 
= (x — sin? x — Axye*”’) dy 


19. (4Py — 152 — y) dt + (f + 3 — dy = 0 


1 1 y t 
20. | dt 4 У + dy =0 
E р a be Zr 
In Problems 21—26 solve the given initial-value problem. 


Da +y? dr + Оху+?2—1)ау=0, yD-1 
22. (€ + y) dx + (2 + х + уе?) ау = 0, y(0)=1 


23. (4y + 2r— S) dt + (6y + 4t 1) у= 0, y-D022 
3y — P\d 
24, (2, |+ L =0, yl) = 1 
y dt 2y 


B cos x — зу — 2x) dx 
+ (2y sinx — х + In y)dy 20, y0) =e 


1 d 
26. z + cos x — 2xy „= y(y + sinx), y(0)=1 
1+у 


ах 


In Problems 27 and 28 find the value of k so that the given differential 


equation is exact. 
27. (у + kxy* — 2x) dx + (3ху? + 2023) dy = 0 
28. (бху? + cos y) dx + (2kx?y? — x sin y) dy = 0 


In Problems 29 and 30 verify that the given differential equation is not 
exact. Multiply the given differential equation by the indicated inte- 
grating factor u(x, y) and verify that the new equation is exact. Solve. 


е9 y sin x + 2y cos x) dx + 2x cos x dy = 0; 
ur, y) = xy 
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30. (х2 + 2ху — y?) dx + (у? + 2xy — х2) dy = 0; 
шх, у) = (х + yy? 


In Problems 31—36 solve the given differential equation by finding, 
as in Example 4, an appropriate integrating factor. 


31. Qy? + Зх) dx + 2xy dy = 0 
32. у(х + y d 
833 oxy dx + (4y + 92) dy = 0 


1) dx + (x + 2y) dy =0 


2 
34. cos x dx + [ «2 sinx dy = 0 


35. (10 — бу + е7?) dx — 2 dy = 0 


36. (y? + ху?) dx + (Sy? — xy + у? sin y) dy = 0 


In Problems 37 and 38 solve the given initial-value problem by 
finding, as in Example 4, an appropriate integrating factor. 

@« dx + (xy + Ay dy =0, y(4) = 0 

38. (х2 + y? — 5) dx = (y + ху) dy, у(0) = 1 


39. (a) Show that a one-parameter family of solutions of the 
equation 


(4xy + 332) dx + Оу + 222) dy = 0 


isi + 22у + у? = с. 


(b) Show that the initial conditions у(0) = —2 and 
y(1) = 1 determine the same implicit solution. 


(c) Find explicit solutions у(х) and у(х) of the differential 
equation in part (a) such that y,(0) = —2 and у(1) = 1. 
Use a graphing utility to graph у(х) and y2(x). 


Discussion Problems 


40. Consider the concept of an integrating factor used in 
Problems 29—38. Are the two equations M dx + N dy = 0 
and uM dx + uN dy = 0 necessarily equivalent in the sense 
that a solution of one is also a solution of the other? Discuss. 


41. Reread Example 3 and then discuss why we can conclude that 
the interval of definition of the explicit solution of the IVP (the 
blue curve in Figure 2.4.1) is (— 1, 1). 


42. Discuss how the functions M(x, y) and N(x, y) can be found so 
that each differential equation is exact. Carry out your ideas. 


1 
x 


(a) M(x, y) dx 4 e + 2xy d Jay=0 


(b) [ery + m _ dx + N(x, y)dy = 0 


43. Differential equations are sometimes solved by having a 
clever idea. Here is a little exercise in cleverness: Although 
the differential equation (x — Vx? + y?) dx + y dy =0 
is not exact, show how the rearrangement 
(x dx + у dy)/ V x + y? = dx and the observation 
ia + y?) = x dx + y dy can lead to a solution. 
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44. True or False: Every separable first-order equation 


dy/dx — g(x)h(y) is exact. 


Mathematical Model 


45. Falling Chain A portion of a uniform chain of length 8 ft is 
loosely coiled around a peg at the edge of a high horizontal 
platform, and the remaining portion of the chain hangs at rest over 
the edge of the platform. See Figure 2.4.2. Suppose that the length 
of the overhanging chain is 3 ft, that the chain weighs 2 Ib/ft, and 
that the positive direction is downward. Starting at t = 0 seconds, 
the weight of the overhanging portion causes the chain on the 
table to uncoil smoothly and to fall to the floor. If x(r) denotes 
the length of the chain overhanging the table at time t > 0, then 
v = dx/dtis its velocity. When all resistive forces are ignored, it 
can be shown that a mathematical model relating v to x is given by 


E +2 = 32 
AVY == Xe 
dx у 


(a) Rewrite this model in differential form. Proceed as in 
Problems 31—36 and solve the DE for v in terms of x by 
finding an appropriate integrating factor. Find an explicit 
solution v(x). 


(b) Determine the velocity with which the chain leaves the 
platform. 


peg 


platform edge 


FIGURE 2.4.2 Uncoiling chain in Problem 45 


Computer Lab Assignments 
46. Streamlines 


(a) The solution of the differential equation 


20. are acd eo 
(2+ yy ч © 2+ yy y 


is a family of curves that can be interpreted as streamlines 
of a fluid flow around a circular object whose boundary is 
described by the equation x? + у? = 1. Solve this DE and 
note the solution f(x, y) = c forc = 0. 


(b) Use a CAS to plot the streamlines for c = 0, +0.2, 0.4, 
X 0.6, and 0.8 in three different ways. First, use the 
contourplot of a CAS. Second, solve for x in terms of 
the variable y. Plot the resulting two functions of y 
for the given values of c, and then combine the graphs. 
Third, use the CAS to solve a cubic equation for y 
in terms of x. 
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CHAPTER 2 


FIRST-ORDER DIFFERENTIAL EQUATIONS 


2.5 


Solutions by Substitutions 


INTRODUCTION We usually solve a differential equation by recognizing it as a 
certain kind of equation (say, separable, linear, exact, and so on) and then carrying 
out a procedure consisting of equation-specific mathematical steps (say, separating 
variables and integrating) that yields a solution of the equation. But it is not 
uncommon to be stumped by a differential equation because it does not fall into one 
of the classes of equations that we know how to solve. The substitution procedures 
that are discussed in this section may be helpful in this situation. 


SUBSTITUTIONS Often the first step in solving a differential equation con- 
sists of transforming it into another differential equation by means of a substi- 
tution. For example, suppose we wish to transform the first-order differential 
equation dy/dx — f(x, y) by the substitution y — g(x, u), where u is regarded 
as a function of the variable x. If g possesses first-partial derivatives, then the 
Chain Rule 


dy Og dx , 0g du 
dx дх ах  Oudx 


: dy du 
gives — = g(x, u) + gy, и) —. 
dx dx 


If we replace dy/dx by the foregoing derivative and replace y in f(x, y) by g(x, и), then 
d 
the DE dy/dx = f(x, y) becomes g,(x, и) + g,(x, u) d. = f(x, g(x, u)), which, solved 
х 
а 
for du/dx, has Һе form - = F(x, и). If we can determine a solution и = ф(х) of this 
x 


last equation, then a solution of the original differential equation is y = g(x, ф(х)). 
In the discussion that follows we examine three different kinds of first-order 
differential equations that are solvable by means of a substitution. 


HOMOGENEOUS EQUATIONS If a function f possesses the property f(tx, ty) = 
t“f(x, y) for some real number o, then f is said to be a homogeneous function of 
degree a. For example, f(x, y) = x? + у? is a homogeneous function of degree 3, 
since 


f(tx, ty) = (tx) + (у) = бо + уЗ) = Ff у), 


whereas f(x, y) = x? + у? + 1 is not homogeneous. A first-order DE in differential 
form 


M(x, y) dx + N(x, y) dy = 0 (1) 


is said to be homogeneous if both coefficient functions М and N are homogeneous 
functions of the same degree. In other words, (1) is homogeneous if 


M(tx, ty) = М(х, у) and N(tx, ty) = М(х, y). 
In addition, if М and N are homogeneous functions of degree a, we can also write 
М(х, у) = x*M(1, и) and N(x, у) = x“N(1, u), where u = y/x, (2) 
and 
М(х, y) = y“M(v, 1) and N(x, у) = y*N(v, 1), where v = x/y. (3) 


See Problem 31 in Exercises 2.5. Properties (2) and (3) suggest the substitutions 
that can be used to solve a homogeneous differential equation. Specifically, either 
of the substitutions y = ux or x = vy, where u and v are new dependent vari- 
ables, will reduce a homogeneous equation to a separable first-order differential 
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equation. To show this, observe that as a consequence of (2) a homogeneous equation 
M(x, y) dx + N(x, y) dy = 0 сап be rewritten as 

x“M(1, и) dx + x*N(1, и) dy = 0 or M(1, и) dx + N(1, u) dy = 0, 


where u = y/x or y = ux. By substituting the differential dy = u dx + x du into the 
last equation and gathering terms, we obtain a separable DE in the variables и and x: 


Md, и) dx + N(1, и)[и dx + x du] = 0 
[M(1, и) + uN(1, u)] dx + xN(1, u) du = 0 


dx М1, и) du 
x М(1, и) + uN(1, и) 


or 


At this point we offer the same advice as in the preceding sections: Do not memorize 
anything here (especially the last formula); rather, work through the procedure each 
time. The proof that the substitutions x = vy and dx = v dy + y dv also lead to a 
separable equation follows in an analogous manner from (3). 


[EXAMPLE 1 | Solving a Homogeneous DE 


Solve (x? + y?) dx + (02 — xy) dy = 0. 


SOLUTION Inspection of M(x, y) =x? + y? and M(x, y) =x? — xy shows that 
these coefficients are homogeneous functions of degree 2. If we let у = ux, then 
dy = u dx + x du, so after substituting, the given equation becomes 


Q + и?х?) dx + (2 — ux’)[u dx + x du] = 0 


02(1 + и) dx x1 — u) du = 0 


TEE ей ivisi 
ite и y S < long division 


After integration the last line gives 


—u + 2]n|1 + u| + In|x| = In|c| 


401 
X 


I+ ы + In|x| = Шш|с|. — — resubstituting u = y/x 


Using the properties of logarithms, we can write the preceding solution as 


(х + у)? 
Cx 


= , or (x + у)? = cxe"". Oo 


In 


Although either of the indicated substitutions can be used for every homoge- 
neous differential equation, in practice we try x = vy whenever the function M(x, y) 
is simpler than N(x, y). Also it could happen that after using one substitution, we may 
encounter integrals that are difficult or impossible to evaluate in closed form; switch- 
ing substitutions may result in an easier problem. 


BERNOULLI’S EQUATION The differential equation 
ay n 
a. ee (4) 
x 
where л is any real number, is called Bernoulli’s equation. Note that for п = 0 and 
n = 1, equation (4) is linear. For n # О and n 7 1 the substitution u = у!" reduces 


any equation of form (4) to a linear equation. 
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СНАРТЕВ 2 


FIRST-ORDER DIFFERENTIAL EQUATIONS 


[EXAMPLE 2 | Solving a Bernoulli DE 


d 
Solve x e + у = ху, 
ах 


SOLUTION We begin by rewriting the equation іп the form given in (4) by dividing 
by x: 
dy 1 


= + у = xy’, 
Дух? Y 


With n = 2 we have и = у! or y = u` !. We then substitute 


dy dy du 25 du 
dx даах “ dx 


< Chain Rule 


into the given equation and simplify. The result is 


e | dx e "* en хі x. 
. d —1 
Integrating — [xu] = -1 
dx 
gives x lu = —x + coru = —x? + cx. Since u = y^ !, we have у = 1/u, so a solu- 
tion of the given equation is у = 1/(—x? + cx). L1 


Note that we have not obtained the general solution of the original nonlinear dif- 
ferential equation in Example 2, since y = 0 is a singular solution of the equation. 


REDUCTION TO SEPARATION OF VARIABLES A differential equation of the 
form 


dy 
— = f(Ax + By + C) (5) 
dx 


can always be reduced to an equation with separable variables by means of the sub- 
stitution и = Ax + By + С, B = 0. Example 3 illustrates the technique. 


|ЕХАМРІЕ З. Ап Initial-Value Problem 


dy _ 2 = 
Solve — = (-2x + y)?-7, у(0) = 0. 
dx 


SOLUTION If we let и = —2x + y, then du/dx = —2 + dy/dx, so the differential 
equation is transformed into 


The last equation is separable. Using partial fractions 


d = 
- e u-3 и+ 3З 


йи _ 1[ 1 1 
(и = 3)(и +3) _ 6 


Гаа 
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y and then integrating yields 
1 и – 3 u—3 
6 n = | =xt+c or "EN 3 = g6xt6c = себх, «— replace e^! by c 
u u 


FIGURE 2.5.1 Solutions of DE 
in Example 3 


За + ce) 


the particular solution у = 2x + 


Solving the last equation for u and then resubstituting gives the solution 


6x 
3(1 + zi ) (6) 


ог = 2x + 
1 — ce&* x 1— ce 


Finally, applying the initial condition y(0) = 0 to the last equation in (6) gives 
c — —]. Figure 2.5.1, obtained with the aid of a graphing utility, shows the graph of 


30 9 
+ ебх 


in blue, along with the graphs of some 


other members of the family of solutions (6). ш 


EXERCISES 2.5 


Answers to selected odd-numbered problems begin on page ANS-2. 


Each DE in Problems 1—14 is homogeneous. 


In Problems 1—10 solve the given differential equation by using an 
appropriate substitution. 


1. (х= у) ах + хау = 0 
@x dx + O- 2x) dy = 0 
5. O? + yx) dx = х2 dy =0 
6. (у? + yx) dx + х2 dy =0 


2. (xt+y)dx+xdy=0 
4. y dx = 2(x + y) dy 


dy y-x 
dx ytx 
dy x+3y 
ах Зх+у 


9. —y dx + (x + Уху) dy = 0 


а 
10. x = y + Vx? — y? x0 
x 
In Problems 11—14 solve the given initial-value problem. 


dy 
(v, =›>—-=, уп)=2 


ах 
12. (? + 2) ay 9 у(—1) =1 


13. (x + ye) dx = хе?“ ау = 0, у(1) = 0 
1) 4у= 0, у) =е 


14. y dx + x(In x — In y 


Each DE in Problems 15—22 is a Bernoulli equation. 


In Problems 15-20 solve the given differential equation by using ап 
appropriate substitution. 
dy 


1 ау : 
15.x—+y=35 16. ——y- ey 
хах? у? ах d 


dy à dy А 
—— = == a —— — + = 
e, y(xy 1) 18 ЫТ. (1 + x)y = xy 


ay 
dt 


19. 2 


а 
+ у? =гу 20. 3(1 + 2) i 21у(у? — 1) 


In Problems 21 and 22 solve the given initial-value problem. 
dy 
QB? ——2ху=зу\, 0-7; 
d 
22, 22 4 2=1, yO) =4 
dx 


Each DE in Problems 23—30 is of the form given in (5). 
In Problems 23—28 solve the given differential equation by using an 
appropriate substitution. 

dy 

dx 


d l= 
23. — =(t+y+1) ы 


ах x+y 


dy , ау. 
25. — = tan*(x + y) 26. — = sin(x + у) 
ах ах 


а а 
@% У=2+\/у—2х+3 28. Z = 1+ ots 
dx dx 


In Problems 29 and 30 solve the given initial-value problem. 


d 

29. 27 = cos(x + y), y0) = 7/4 
dx 
d ax + 2 

зо. ^7 = J #1 


ах 3x+2y+2’ 


Discussion Problems 


31. Explain why it is always possible to express any homogeneous 
differential equation M(x, y) dx + N(x, y) dy = 0 in the form 


dy JY 
dx ң2) 


You might start by proving that 
M(x, у) = x* M(1, y/x) N(x, у) = x*N(1, y/x). 
32. Put the homogeneous differential equation 
(5х2 — 2?) dx — худу = 0 
into the form given in Problem 31. 


and 
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33. 


34. 


35. 


CHAPTER2 FIRST-ORDER DIFFERENTIAL EQUATIONS 


(a) Determine two singular solutions of the DE in Problem 10. 


(b) If the initial condition y(5) = 0 is as prescribed in 
Problem 10, then what is the largest interval J over which 
the solution is defined? Use a graphing utility to graph the 
solution curve for the IVP. 


In Example 3 the solution y(x) becomes unbounded as х > +оо. 
Nevertheless, y(x) is asymptotic to a curve as x — —% and to 

a different curve as x — oc. What are the equations of these 
curves? 


The differential equation dy/dx = P(x) + О(х)у + R(x)y? is 
known as Riccati’s equation. 


(a) A Riccati equation can be solved by a succession of two 
substitutions provided that we know a particular solution 
yı of the equation. Show that the substitution у = у + u 
reduces Riccati’s equation to a Bernoulli equation (4) with 
n = 2. The Bernoulli equation can then be reduced to a 


linear equation by the substitution w = и !. 


(b) Find a one-parameter family of solutions for the differential 
equation 


dy 4 1 
— = ———`>y+ 2 
dx х2 y? 


where y; = 2/x is a known solution of the equation. 


36. 


Determine an appropriate substitution to solve 


xy’ = y ш(ху). 


Mathematical Models 


37. 


38. 


Falling Chain In Problem 45 in Exercises 2.4 we saw that a 
mathematical model for the velocity v of a chain slipping off 
the edge of a high horizontal platform is 


0 у= 30 
xv = X. 
id 14 


In that problem you were asked to solve the DE by converting 
it into an exact equation using an integrating factor. This time 
solve the DE using the fact that it is a Bernoulli equation. 


Population Growth In the study of population dynamics 
one of the most famous models for a growing but bounded 
population is the logistic equation 


cum P bP 

dt = (a ), 
where a and b are positive constants. Although we will come 
back to this equation and solve it by an alternative method in 
Section 3.2, solve the DE this first time using the fact that it is a 
Bernoulli equation. 


2.6 ANumerical Method 


INTRODUCTION A differential equation can be a source of information. We 
started this chapter by observing that we could garner qualitative information from 
a first-order DE about its solutions even before we attempted to solve the equation. 
Then in Sections 2.2-2.5 we examined first-order DEs analytically—that is, we 
developed some procedures for obtaining explicit and implicit solutions. But a 
differential equation can possess a solution and yet it may not be possible to obtain 
it analytically. So to round out the picture of the different types of analyses of 
differential equations, we conclude this chapter with a method by which we can 
"solve" the differential equation numerically; this means that the DE is used as the 
foundation on which we construct an algorithm for approximating the unknown 
solution. 

In this section we are going to develop only the simplest of numerical 
methods—a method that utilizes the idea that a tangent line can be used to approxi- 
mate the values of a function in a small neighborhood of the point of tangency. A 
more extensive treatment of numerical methods for ordinary differential equations is 
given in Chapter 9. 


USING THE TANGENT LINE Let us assume that the first-order initial-value 
problem 


y = fœ, у), yo) = уо (1) 


possesses a solution. One way of approximating this solution is to use tangent 
lines. For example, let y(x) denote the unknown solution of the first-order initial- 
value problem у’ = 0.1 V/y + 0.422, у(2) = 4. The nonlinear differential equa- 
tion in this IVP cannot be solved directly by any of the methods considered in 
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solution curve 


FIGURE 2.6.2 Approximating у(х!) using 


a tangent line 


> 
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Sections 2.2, 2.4, and 2.5; nevertheless, we can still find approximate numerical 
values of the unknown у(х). Specifically, suppose we wish to know the value of 
y(2.5). The IVP has a solution, and as the flow of the direction field of the DE in 
Figure 2.6.1(a) suggests, a solution curve must have a shape similar to the curve 
shown in blue. 

The direction field in Figure 2.6.1(a) was generated with lineal elements pass- 
ing through points in a grid with integer coordinates. As the solution curve passes 
through the initial point (2, 4), the lineal element at this point is a tangent line with 
slope given by f(2, 4) = 0.1/4 + 0.4(2)? = 1.8. As is apparent in Figure 2.6.1(a) 
and the “zoom in” in Figure 2.6.1(b), when x is close to 2, the points on the solu- 
tion curve are close to the points on the tangent line (the lineal element). Using the 
point (2, 4), the slope f(2, 4) = 1.8, and the point-slope form of a line, we find that 
an equation of the tangent line is y = L(x), where L(x) = 1.8x + 0.4. This last equa- 
tion, called a linearization of y(x) at x = 2, can be used to approximate values of 
y(x) within a small neighborhood of x = 2. If y; = ху) denotes the y-coordinate on 
the tangent line and у(х) is the y-coordinate on the solution curve corresponding to 
an x-coordinate x; that is close to x = 2, then у(х) = yı. If we choose, say, xı = 2.1, 
then y; = L(2.1) = 1.8(2.1) + 0.4 = 4.18, so y(2.1) == 4.18. 


] a7 pr x = 
И Ao solution 


(a) direction field for y = 0 


(b) lineal element at (2, 4) 


FIGURE 2.6.1 Magnification of a neighborhood about the point (2, 4) 


EULER’S METHOD To generalize the procedure just illustrated, we use the 
linearization of the unknown solution у(х) of (1) at x = xo: 


L(x) = yo + f (xo. уо)(х — xo). (2) 


The graph of this linearization is a straight line tangent to the graph of у = у(х) at 
the point (xo, yo). We now let Л be a positive increment of the x-axis, as shown in 
Figure 2.6.2. Then by replacing x by x; = xo + h in (2), we get 


LG) = yo + (хо, yo)(xo + h — xo) or yi = yo + hf, yı), 


where y; = L(x). The point (xi, yı) on the tangent line is an approximation to the 
point (xi, y(x1)) on the solution curve. Of course, the accuracy of the approxima- 
tion (ху) = у(х) or y; = у(х) depends heavily on the size of the increment h. 
Usually, we must choose this step size to be “reasonably small.” We now repeat the 
process using a second “tangent line" at (x), y1).* By identifying the new starting 


*This is not an actual tangent line, since (х, у) lies on the first tangent and not on the solution curve. 
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TABLE 2.6.1 h=0.1 


Xn 


2.00 
2.10 
2.20 
2.30 
2.40 
2.50 


Уп 


4.0000 
4.1800 
4.3768 
4.5914 
4.8244 
5.0768 


TABLE 2.6.2 h=0.05 


Xn 


2.00 
2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.40 
2.45 
2.50 


Yn 


4.0000 
4.0900 
4.1842 
4.2826 
4.3854 
4.4927 
4.6045 
4.7210 
4.8423 
4.9686 
5.0997 


point as (xj, y1) with (xo, yo) in the above discussion, we obtain an approximation 
уз = y(x2) corresponding to two steps of length A from хо, that is, x; = xı +h = 
хо + 2h, and 


убо) = y(xo + 2h) = у(х + h) = у = yi + hf Ge, yi). 


Continuing in this manner, we see that yj, y», y3,..., can be defined recursively by 
the general formula 


Yn+1 = Yn 3 hf (xs, Yn). (3) 


where x, = xo + nh, n = 0, 1, 2, .... This procedure of using successive “tangent 
lines" is called Euler's method. 


[EXAMPLE 1 | Euler’s Method 


Consider the initial-value problem y' = 0.1Vy + 0.4х2, y(2) = 4. Use Euler's 
method to obtain an approximation of y(2.5) using first h = 0.1 and then h = 0.05. 


SOLUTION With the identification f(x, y) = 0.1V/y + 0.4x?, (3) becomes 


Yatı = Yn + B(01 y, + 04x). 
Then for Л = 0.1, xo = 2, yo = 4, and n = 0 we find 
yi = yo + (0.1 V/yo + 0.430) = 4 + 0.1(0.1V4 + 0.4(2)?) = 4.18, 


which, as we have already seen, is an estimate to the value of y(2.1). However, if we 
use the smaller step size Л = 0.05, it takes two steps to reach x = 2.1. From 


yi = 4 + 0.05(0.1N/4 + 0.4(2)) = 4.09 


y» = 4.09 + 0.05(0.1N/4.09 + 0.4(2.05)) = 4.18416187 


we have y; = y(2.05) and у = y(2.1). The remainder of the calculations were 
carried out by using software. The results are summarized in Tables 2.6.1 and 2.6.2, 
where each entry has been rounded to four decimal places. We see in Tables 2.6.1 and 
2.6.2 that it takes five steps with Л = 0.1 and 10 steps with Л = 0.05, respectively, 
to get to x = 2.5. Intuitively, we would expect that уу = 5.0997 corresponding to 
h — 0.05 is the better approximation of y(2.5) than the value ys — 5.0768 corre- 
sponding to h = 0.1. E 


In Example 2 we apply Euler’s method to a differential equation for which we 
have already found a solution. We do this to compare the values of the approxima- 
tions y, at each step with the true or actual values of the solution y(x;) of the initial- 
value problem. 


[EXAMPLE 2 | Comparison of Approximate and Actual Values 


Consider the initial-value problem y' = 0.2xy, у(1) = 1. Use Euler’s method to 
obtain an approximation of y(1.5) using first h = 0.1 and then Л = 0.05. 


SOLUTION With the identification f(x, y) = 0.2xy, (3) becomes 


Yn+1 = Yn + h(0.2x, Yn) 


where хо = 1 and yo = 1. Again with the aid of computer software we obtain the 
values in Tables 2.6.3 and 2.6.4 on page 79. 

In Example 1 the true or actual values were calculated from the known solution 
y = е010°—1), (Verify.) The absolute error is defined to be 


| actual value — approximation |. 
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TABLE 2.6.3 һ=01 


Xn 


1.00 
1.10 
1.20 
1.30 
1.40 
1.50 


Уп 


1.0000 
1.0200 
1.0424 
1.0675 
1.0952 
1.1259 


Actual value 


1.0000 
1.0212 
1.0450 
1.0714 
1.1008 
1.1331 
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TABLE 2.6.4 һ = 0.05 


Abs. error ^46 Rel. error X Yn Actual value Abs. error % Rel. error 
0.0000 0.00 1.00 1.0000 1.0000 0.0000 0.00 
0.0012 0.12 1.05 1.0100 1.0103 0.0003 0.03 
0.0025 0.24 1.10 1.0206 1.0212 0.0006 0.06 
0.0040 0.37 1.15 1.0318 1.0328 0.0009 0.09 
0.0055 0.50 1.20 1.0437 1.0450 0.0013 0.12 
0.0073 0.64 1.25 1.0562 1.0579 0.0016 0.16 

1.80 1.0694 1.0714 0.0020 0.19 
1.35 1.0833 1.0857 0.0024 0.22 
1.40 1.0980 1.1008 0.0028 0.25 
1.45 1.1133 1.1166 0.0032 0.29 
1.50 1.1295 1.1331 0.0037 0.32 


The relative error and percentage relative error are, in turn, 


absolute error absolute error 
o ТОО, 


ап 
| actual value | |actual value | 


It is apparent from Tables 2.6.3 and 2.6.4 that the accuracy of the approximations 
improves as the step size Л decreases. Also, we see that even though the percentage 
relative error is growing with each step, it does not appear to be that bad. But you 
should not be deceived by one example. If we simply change the coefficient of the 
right side of the DE in Example 2 from 0.2 to 2, then at x, = 1.5 the percentage 
relative errors increase dramatically. See Problem 4 in Exercises 2.6. 


А CAVEAT  Euler's method is just one of many different ways in which a solution 
of a differential equation can be approximated. Although attractive for its sim- 
plicity, Euler’s method is seldom used in serious calculations. It was introduced 
here simply to give you a first taste of numerical methods. We will go into greater 
detail in discussing numerical methods that give significantly greater accuracy, 
notably the fourth order Runge-Kutta method, referred to as the RK4 method, 
in Chapter 9. 


NUMERICAL SOLVERS Regardless of whether we can actually find an explicit 
or implicit solution, if a solution of a differential equation exists, it represents a 
smooth curve in the Cartesian plane. The basic idea behind any numerical method 
for first-order ordinary differential equations is to somehow approximate the 
y-values of a solution for preselected values of x. We start at a specified initial 
point (xo, yo) on a solution curve and proceed to calculate in a step-by-step fashion 
a sequence of points (xi, у), (х, уо), ..., (Xn, Yn) whose y-coordinates y; approxi- 
mate the y-coordinates y(x;) of points (хі, y(xi)), (х, убхо)), ..., Xn, Y(Xn)) that 
lie on the graph of the usually unknown solution y(x). By taking the x-coordi- 
nates close together (that is, for small values of Л) and by joining the points (x1, 
YD. (х, Уә), ..., (Xn, Yn) with short line segments, we obtain a polygonal curve 
whose qualitative characteristics we hope are close to those of an actual solution 
curve. Drawing curves is something that is well suited to a computer. А computer 
program written to either implement a numerical method or render a visual rep- 
resentation of an approximate solution curve fitting the numerical data produced 
by this method is referred to as a numerical solver. Many different numerical 
solvers are commercially available, either embedded in a larger software package, 
such as a computer algebra system, or provided as a stand-alone package. Some 
software packages simply plot the generated numerical approximations, whereas 
others generate hard numerical data as well as the corresponding approximate or 
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numerical solution curves. By way of illustration of the connect-the-dots nature 
of the graphs produced by a numerical solver, the two colored polygonal graphs 
in Figure 2.6.3 are the numerical solution curves for the initial-value problem 
y’ = 0.2xy, у(0) = 1 on the interval [0, 4] obtained from Euler’s method and 
the RK4 method using the step size h = 1. The blue smooth curve is the graph of 
the exact solution y = e°-” of the IVP. Notice in Figure 2.6.3 that, even with the 
ridiculously large step size of h = 1, the RK4 method produces the more believable 
“solution curve.” The numerical solution curve obtained from the RK4 method is 
indistinguishable from the actual solution curve on the interval [0, 4] when a more 


y 
5 SN 
RK4 
4 method 
exact 

3 solution 

2 

11091) 

method 
typical step size of h = 0.1 is used. 

=i / 

= 1 2 3 4 5 


FIGURE 2.6.3 Comparison of the 
Runge-Kutta (RK4) and Euler methods 


N 09 FUND 


=2; = 1 1 2 3 4 5 


FIGURE 2.6.4 A not-very helpful 
numerical solution curve 


EXERCISES 2.6 


USING A NUMERICAL SOLVER Knowledge of the various numerical methods is 
not necessary in order to use a numerical solver. A solver usually requires that 
the differential equation be expressed in normal form dy/dx — f(x, y). Numerical 
solvers that generate only curves usually require that you supply f(x, y) and the 
initial data хо and yo and specify the desired numerical method. If the idea is to 
approximate the numerical value of y(a), then a solver may additionally require 
that you state a value for h or, equivalently, give the number of steps that you want 
to take to get from x — xo to x — a. For example, if we wanted to approximate y(4) 
for the IVP illustrated in Figure 2.6.3, then, starting at x = 0 it would take four 
steps to reach x = 4 with a step size of h = 1; 40 steps is equivalent to a step size 
of h = 0.1. Although we will not delve here into the many problems that one can 
encounter when attempting to approximate mathematical quantities, you should at 
least be aware of the fact that a numerical solver may break down near certain 
points or give an incomplete or misleading picture when applied to some first-order 
differential equations in the normal form. Figure 2.6.4 illustrates the graph 
obtained by applying Euler's method to a certain first-order initial-value problem 
dy/dx = f(x, y), y(0) = 1. Equivalent results were obtained using three different 
commercial numerical solvers, yet the graph is hardly a plausible solution curve. 
(Why?) There are several avenues of recourse when a numerical solver has difficul- 
ties; three of the more obvious are decrease the step size, use another numerical 
method, and try a different numerical solver. 


Answers to selected odd-numbered problems begin on page ANS-2. 


In Problems 1 and 2 use Euler's method to obtain a four-decimal 
approximation of the indicated value. Carry out the recursion of 
(3) by hand, first using Л = 0.1 and then using h = 0.05. 


1. y 22x -3y +1, у(1)=5; y(12) 
2.y'=x+y, у(0) = 0; у(0.2) 


In Problems 3 and 4 use Euler’s method to obtain а four-decimal 
approximation of the indicated value. First use h = 0.1 and then use 
h = 0.05. Find an explicit solution for each initial-value problem and 
then construct tables similar to Tables 2.6.3 and 2.6.4. 


3.у = у, у(0=1; y(1.0) 
4. у = 2ху, у() = 1; (1.5) 


In Problems 5—10 use a numerical solver and Euler’s method to ob- 
tain a four-decimal approximation of the indicated value. First use 
h = 0.1 and then use h = 0.05. 


5.y' =e, y(0 = 0; y(05) 


6.y =x? + у2, у(0) = 1; (0.5) 
7.у = (х = у), у(0) = 0.5; (0.5) 
8. у = ху + Vy, у(0) = 1; у(0.5) 


ў y 
9. у = xy? e XD-bL yds) 


10. у =y- у2, y0)=0.5; у(0.5) 


In Problems 11 and 12 use a numerical solver to obtain a numerical 
solution curve for the given initial-value problem. First use Euler’s 
method and then the RK4 method. Use h = 0.25 in each case. 
Superimpose both solution curves on the same coordinate axes. If 
possible, use a different color for each curve. Repeat, using h = 0.1 
and Л = 0.05. 


11. у = 2(соѕ х)у, y(0)=1 
12. y' = y(10 — 2y), y(0)=1 
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Discussion Problems Computer Lab Assignments 

13. Use a numerical solver and Euler’s method to approximate 14. (a) Use a numerical solver and the RK4 method to graph 
y(1.0), where у(х) is the solution to у’ = 2xy’, у(0) = 1. First the solution of the initial-value problem y' = —2xy + 1, 
use Л = 0.1 and then use Л = 0.05. Repeat, using the RK4 у(0) = 0. 


method. Discuss what might cause the approximations to y(1.0) 


to differ so greatly. (b) Solve the initial-value problem by one of the analytic 


procedures developed earlier in this chapter. 


(c) Use the analytic solution y(x) found in part (b) and a CAS 
to find the coordinates of all relative extrema. 


Ch a pter 2 l n Revi ew Answers to selected odd-numbered problems begin on page ANS-3. 
Answer Problems 1—12 without referring back to the text. Fill in the 13. y 14. y 

blanks or answer true or false. n $ 
14 

1. The linear DE, y' — ky = A, where К and A are constants, TS | 
is autonomous. The critical point __________ of the equation А 19 

is a(n) _________ (attractor or repeller) for k > 0 and 11 y 
a(n) ______ (attractor or repeller) for k < 0. | +0 

A 


dy 
2. The initial-value problem x d 4y = 0, y(0) = k, has an 
x 
FIGURE 2.R.1 Graph for FIGURE 2.R.2 Graph for 
infinite number of solutions fork = _________ and no Problem 13 Problem 14 
solution for k = 


3. The linear DE, y' + у = ky, where kı and kp are nonzero 15 


. . The number 0 is a critical point of the autonomous differential 
constants, always possesses a constant solution. 


equation dx/dt = x", where n is a positive integer. For what 


4. The linear DE, a,(x)y’ + ao(x)y = 0 is also separable. values of n is 0 asymptotically stable? Semi-stable? Unstable? 
Repeat for the differential equation dx/dt = —x". 


5. An example of a nonlinear third-order differential equation 16. Consider the differential equation dP/dt = f(P), where 


in normal form is f(P) = —0.5P? — 17Р + 34. 


dr Е 
6. The first-order DE, do = 18 + т + 0 + Lis not separable. The function f(P) has one real zero, as shown in Figure 2.R.3. 


Without attempting to solve the differential equation, estimate 


7. Every autonomous DE dy/dx = f(y) is separable. the value of іт, P(t). 


8. By inspection, two solutions of the differential equation 


y + |y| = 2 are 


9. If y' = e*y, then y = 


10. If a differentiable function у(х) satisfies y' = |х|, y(—1) = 2, 


then у(х) = 


x 
11. y = e95* | te *55! dt is a solution of the linear first-order 
0 


differential equation 


12. An example of an autonomous linear first-order DE with FIGURE 2.R.3 Graph for Problem 16 


a single critical point —3 is _____, whereas an 
autonomous nonlinear first-order DE with a single critical 
point —3 is : 17. Figure 2.R.4 is a portion of a direction field of a differential 
equation dy/dx — f(x, y). By hand, sketch two different 
In Problems 13 and 14 construct an autonomous first-order solution curves—one that is tangent to the lineal element 
differential equation dy/dx — f(y) whose phase portrait is consistent shown in black and one that is tangent to the lineal element 
with the given figure. shown in red. 
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FIGURE 2.R.4 Portion of а direction field for Problem 17 


Classify each differential equation as separable, exact, linear, 
homogeneous, or Bernoulli. Some equations may be more than 
one kind. Do not solve. 


dy x-y dy 1 
(а) dx x MES усу 
dy dy 1 
+1)——=-у+1 d) — 
ia ) dx pom i" dx — x(x — y) 
dy yty dy E 
uc MN A SW erg 
(e) dx x +x (9 ах YEY 


(9) y dx = (y — ху?) dy 
(i) xy y! + y? = 2x () 2хуу + y = 2x? 


(k) y dx + хау =0 


2 
(1) [e+ Jar (3 — In x2) dy 


dy 
еты 
dx y x 


y dy 34 y2 
п) = + 2xbyt 0 
п x? ах ‹ 


In Problems 19—26 solve the given differential equation. 


19. 
20. 


21. 


22. 


23. 


24. 
25. 
26. 


(у? + 1) dx = y sec? x dy 

y(In x — In y) dx = (x ln x — x In y у) dy 
dy 

(6x + 1)y? — + 302 42 = 0 
dx 

ах _ 4y + бху 

ау 3y? + 2x 

dQ 

1 +0 = 1+ 

dt Ө " 

(2х + у + ру = 1 


(x? + 4) dy = (2х — 8xy) dx 


(2r? cos Ө sin Ө + r cos Ө) 40 
+ (Ar + sin 0 — 2r cos? 0) dr = 0 


In Problems 27—30 express the solution of the given initial-value 
problem in terms of an integral-defined function. 


27. 


28. 


dy 
2— + (4 соѕ х)у = х, у(0)=1 
ах 
а 
== 4ху = sinx*, y(0)=7 
ах 


dy 2 
29. x — + 2y=xe*, y(1)=3 
dx 
ау. 
.x—— + (зїп х)у = 0, yO) = 10 


In Problems 31 and 32 solve the given initial-value problem. 


31. 


32. 


dy 
= + у = р(х), у(0) = 5, where 
ах 
_je*% 0=х<1 
fœ = [a с 


dy 
— + P(x)y = е, у(0) = —1, where 
dx 


О0=х<1 


xc 


, 


һо |1, 


In Problems 33 апа 34 solve the given initial-value problem and give 
the largest interval J on which the solution is defined. 


33. 


34. 


35. 


36. 


37. 


d 
sin x Es + (соѕ х)у = 0, у(7т/6) = –2 
x 


dy А i 
x 2(t + 0у =0, yO) = -5 


(a) Without solving, explain why the initial-value problem 


dy _ 
dec ch 


у(х) = yo 
has no solution for yo « 0. 


(b) Solve the initial-value problem in part (a) for yo > 0 and 
find the largest interval / on which the solution is defined. 


(a) Find an implicit solution of the initial-value problem 


dy 
dx 


Dy 3 
уг = х 
=: ‚ y0) = -V2. 
xy 
(b) Find an explicit solution of the problem in part (a) and give 
the largest interval / over which the solution is defined. A 
graphing utility may be helpful here. 


Graphs of some members of a family of solutions for a first-order 
differential equation dy/dx = f(x, y) are shown in Figure 2.R.5. 
The graphs of two implicit solutions, one that passes through the 
point (1, — 1) and one that passes through (— 1, 3), are shown 

in blue. Reproduce the figure on a piece of paper. With colored 
pencils trace out the solution curves for the solutions y = у(х) 
and y = у(х) defined by the implicit solutions such that 


FIGURE 2.R.5 Graph for Problem 37 
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y,(1) = —1 and yx(— 1) = 3, respectively. Estimate the intervals 
on which the solutions y = уџ(х) and y = у(х) are defined. 


38. Use Euler's method with step size Л = 0.1 to approximate 
y(1.2), where у(х) is a solution of the initial-value problem 
y —1 + хуу, у(1) = 9. 


In Problems 39 and 40 each figure represents a portion of a direction 
field of an autonomous first-order differential equation dy/dx — f(y). 
Reproduce the figure on a separate piece of paper and then com- 
plete the direction field over the grid. The points of the grid are 
(mh, nh), where h = 1, m and n integers, 7 =m=7,-7SnS7. 
In each direction field, sketch by hand an approximate solution curve 
that passes through each of the solid points shown in red. Discuss: 
Does it appear that the DE possesses critical points in the interval 
—3.5 = y x 3.5? If so, classify the critical points as asymptotically 
stable, unstable, or semi-stable. 


39. y 
(С 


ы 
37—211 1-23 


FIGURE 2.R.6 Portion of a direction field for Problem 39 


40. 
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шы 


=з —2-] 1 2 3 
FIGURE 2.R.7 Portion of a direction field for Problem 40 
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Linear Models 
Nonlinear Models 
Modeling with Systems of First-Order DEs 


CHAPTER 3 IN REVIEW 


п Section 1.3 we saw how a first-order differential equation could be used as 

a mathematical model in the study of population growth, radioactive decay, 

cooling of bodies, mixtures, chemical reactions, fluid draining from a tank, 
velocity of a falling body, and current in a series circuit. Using the methods 
discussed in Chapter 2, we are now able to solve some of the linear DEs in 


Section 3.1 and nonlinear DEs in Section 3.2 that frequently appear in applications. 


P(t) = pge04055t 


FIGURE 3.1.1 Time in which population 
triples in Example 1 
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Linear Models 


INTRODUCTION In this section we solve some of the linear first-order models 
that were introduced in Section 1.3. 


GROWTH AND DECAY The initial-value problem 


dx _ а 
T kx, x(fo) = Xo, (1) 
where k is a constant of proportionality, serves as a model for diverse phenomena 
involving either growth or decay. We saw in Section 1.3 that in biological applica- 
tions the rate of growth of certain populations (bacteria, small animals) over short 
periods of time is proportional to the population present at time t. Knowing the popu- 
lation at some arbitrary initial time fy, we can then use the solution of (1) to predict 
the population in the future—that is, at times f > tọ. The constant of proportionality 
k in (1) can be determined from the solution of the initial-value problem, using a 
subsequent measurement of x at a time f, > tọ. In physics and chemistry (1) is seen 
in the form of a first-order reaction—that is, a reaction whose rate, or velocity, dx/dt 
is directly proportional to the amount x of a substance that is unconverted or remain- 
ing at time t. The decomposition, or decay, of U-238 (uranium) by radioactivity into 
Th-234 (thorium) is a first-order reaction. 


[EXAMPLE 1 | Bacterial Growth 


A culture initially has Py number of bacteria. At t = 1 h the number of bacteria 
is measured to be 3 Ps. If the rate of growth is proportional to the number of bac- 
teria P(t) present at time t, determine the time necessary for the number of bacteria 
to triple. 


SOLUTION We first solve the differential equation in (1), with the symbol x replaced 
by P. With шю = 0 the initial condition is P(0) = Ро. We then use the empirical 
observation that P(1) — 3 Po to determine the constant of proportionality К. 

Notice that the differential equation dP/dt = KP is both separable and linear. 
When it is put in the standard form of a linear first-order DE, 


P 
d РӘ, 
dt 


we can see by inspection that the integrating factor is е“. Multiplying both sides of 
the equation by this term and integrating gives, in turn, 


d 
di [e "P] = 0 and e "P = с. 


Therefore P(t) = ce". At t = 0 it follows that Po = ce? = c, so P(t) = Poe". Att = 1 
we have Po = Poe or e = я. From the last equation we get К = In 5 = 0.4055, so 
P(t) = Poe? 5' To find the time at which the number of bacteria has tripled, we 
solve ЗРо = Poe?" for t. It follows that 0.40551 = In 3, or 


"" In 3 
0.4055 


= 2.7] h. 


See Figure 3.1.1. E] 
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FIGURE 3.1.2 Growth (k > 0) and 
decay (k « 0) 


FIGURE 3.1.3 Willard Libby (1908-1980) 


Jack Fields/Science Source 


Notice in Example 1 that the actual number Ро of bacteria present at time t = 0 
played no part in determining the time required for the number in the culture to triple. 
The time necessary for an initial population of, say, 100 or 1,000,000 bacteria to 
triple is still approximately 2.71 hours. 

As shown in Figure 3.1.2, the exponential function e" increases as f increases 
for k > 0 and decreases as г increases for k < 0. Thus problems describing growth 
(whether of populations, bacteria, or even capital) are characterized by a positive 
value of k, whereas problems involving decay (as in radioactive disintegration) yield 
a negative k value. Accordingly, we say that k is either a growth constant (k > 0) or 
a decay constant (k < 0). 


ki 


HALF-LIFE In physics the half-life is a measure of the stability of a radioactive 
substance. The half-life is simply the time it takes for one-half of the atoms in 
an initial amount Ap to disintegrate, or transmute, into the atoms of another 
element. The longer the half-life of a substance, the more stable it is. For example, 
the half-life of highly radioactive radium, Ra-226, is about 1700 years. In 1700 
years one-half of a given quantity of Ra-226 is transmuted into radon, Rn-222. The 
most commonly occurring uranium isotope, U-238, has a half-life of approximately 
4,500,000,000 years. In about 4.5 billion years, one-half of a quantity of U-238 is 
transmuted into lead, Pb-206. 


[EXAMPLE 2 | Half-Life of Plutonium 


A breeder reactor converts relatively stable uranium-238 into the isotope plutonium- 
239. After 15 years it is determined that 0.043% of the initial amount A, of plutonium 
has disintegrated. Find the half-life of this isotope if the rate of disintegration is 
proportional to the amount remaining. 


SOLUTION Let A(t) denote the amount of plutonium remaining at time t. As in 
Example 1 the solution of the initial-value problem 


Е kA, А(0) = А 

di , A(0) = Ао 
is A(t) = Ape”. If 0.043% of the atoms of Ао have disintegrated, then 99.957% of the 
substance remains. To find the decay constant К, we use 0.99957A, = A(15)—that is, 
0.999574 = Ауе!“ Solving for k then gives k = 15 In 0.99957 = —0.00002867. 
Hence A(t) = Age 0000028671 Now the half-life is the corresponding value of time at 
which A(t) = 5 Ao. Solving for t gives 5 Ao = Age 900002867: or =@ 0000028675 The 
last equation yields 


In 2 


[LM = 24,180 yr. EI 
0.00002867 


CARBON DATING About 1950, a team of scientists at the University of Chicago 
led by the chemist Willard Libby devised a method using a radioactive isotope 
of carbon as a means of determining the approximate ages of carbonaceous fossil- 
ized matter. See Figure 3.1.3. The theory of carbon dating is based on the fact that 
the radioisotope carbon-14 is produced in the atmosphere by the action of cosmic 
radiation on nitrogen-14. The ratio of the amount of C-14 to the stable C-12 in the 
atmosphere appears to be a constant, and as a consequence the proportionate amount 
of the isotope present in all living organisms is the same as that in the atmosphere. 
When a living organism dies, the absorption of C-14, by breathing, eating, or photo- 
synthesis, ceases. By comparing the proportionate amount of C-14, say, in a fossil 
with the constant amount ratio found in the atmosphere, it is possible to obtain a 
reasonable estimation of its age. The method is based on the knowledge of the 
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FIGURE 3.1.4 A page of the Gnostic 
Gospel of Judas 


The size and location of the (>) 


sample caused major difficulties 
when a team of scientists were 
invited to use carbon-14 dating 
on the Shroud of Turin in 1988. 


The half-life of uranium-238 (>) 


is about 4.47 billion years. 


Kenneth Garrett/National Geographic Creative 
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half-life of C-14. Libby’s calculated value of the half-life of C-14 was approximately 
5600 years, and is called the Libby half-life. Today the commonly accepted value 
for the half-life of C-14 is the Cambridge half-life that is close to 5730 years. For 
his work, Libby was awarded the Nobel Prize for chemistry in 1960. Libby’s method 
has been used to date wooden furniture found in Egyptian tombs, the woven flax 
wrappings of the Dead Sea Scrolls, a recently discovered copy of the Gnostic Gospel 
of Judas written on papyrus, and the cloth of the enigmatic Shroud of Turin. See 
Figure 3.1.4 and Problem 12 in Exercises 3.1. 


[EXAMPLE 3 | Age of a Fossil 


A fossilized bone is found to contain 0.1% of its original amount of C-14. Determine 
the age of the fossil. 


SOLUTION As in Example 2 the starting point is A(t) = Age". To determine the value 
of the decay constant k we use the fact that І Ao — A(5730) or i Ao = Age’. The 
last equation implies 5730k = In 1 = —In 2 and so we get К = —(1п 2)/5730 = 
—0.00012097. Therefore A(t) = Age 09907209?7 With A(t) = 0.00149 we have 
0.00140 = Age 00012997 and —0.00012097r = In(0.001) = —In 1000. Thus 


In 1000 


jt uni i а 
0.00012097 ^ >/7100 years 


The age found in Example 3 is really at the border of accuracy of this method. 
The usual carbon-14 technique is limited to about 10 half-lives of the isotope, or 
roughly 60,000 years. One fundamental reason for this limitation is the relatively 
short half-life of C-14. There are other problems as well: The chemical analysis 
needed to obtain an accurate measurement of the remaining C-14 becomes somewhat 
formidable around the point 0.0014. Moreover, this analysis requires the destruc- 
tion of a rather large sample of the specimen. If this measurement is accomplished 
indirectly, based on the actual radioactivity of the specimen, then it is very diffi- 
cult to distinguish between the radiation from the specimen and the normal back- 
ground radiation. But recently the use of a particle accelerator has enabled scientists 
to separate the C-14 from the stable C-12 directly. When the precise value of the 
ratio of C-14 to C-12 is computed, the accuracy of the dating method can be ex- 
tended to 70,000—100,000 years. For these reasons and the fact that the C-14 dating 
is restricted to organic materials, this method is used mainly by archeologists. On the 
other hand, geologists who are interested in questions about the age of rocks or the 
age of the Earth use radiometric-dating techniques. Radiometric dating, invented 
by the physicist chemist Ernest Rutherford (1871—1937) around 1905, is based on 
the radioactive decay of a naturally occurring radioactive isotope with a very long 
half-life and a comparison between a measured quantity of this decaying isotope 
and one of its decay products using known decay rates. Radiometric methods using 
potassium-argon, rubidium-strontium, or uranium-lead can give ages of certain kinds 
of rocks of several billion years. See Problems 5 and 6 in Exercises 3.3 for a brief 
discussion of the potassium-argon method of dating. 


NEWTON'S LAW OF COOLING/WARMING In equation (3) of Section 1.3 we saw 
that the mathematical formulation of Newton's empirical law of cooling/warming of 
an object is given by the linear first-order differential equation 


dT 

Py = k(T ~ Т); (2) 
where k is a constant of proportionality, 7(t) is the temperature of the object for t > 0, 
and T,, is the ambient temperature—that is, the temperature of the medium around 
the object. In Example 4 we assume that 7,, is constant. 
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15 30 t 

(a) 
TW) t (min) 
75° 20.1 
74° 21.3 
73° 22.8 
72° 24.9 
Ti? 28.6 
70.5° 32.3 

(b) 


FIGURE 3.1.5 Temperature of cooling 


cake in Example 4 


[EXAMPLE 4 | Cooling of a Cake 


When a cake is removed from an oven, its temperature is measured at 300° F. Three 
minutes later its temperature is 200° F. How long will it take for the cake to cool off 
to a room temperature of 70° F? 


SOLUTION In (2) we make the identification Т„ = 70. We must then solve the 
initial-value problem 


dT 
2 k(T — 70), Т(О) = 300 (3) 


and determine the value of К so that 7(3) = 200. 
Equation (3) is both linear and separable. If we separate variables, 


dT 
T — 70 
yields In |T — 70| = kt + cj, and so T = 70 + coe“. When г = 0, T = 300, so 


300 = 70 + c» gives c2 = 230; therefore T = 70 + 230e", Finally, the measurement 
T(3) = 200 leads to e% = 33, or k = £ In 8 = —0.19018. Thus 


T(t) = 70 + 2309 919018 (4) 


We note that (4) furnishes no finite solution to 7(f) = 70, since lim;s~.7 (ft) = 70. 
Yet we intuitively expect the cake to reach room temperature after a reasonably long 
period of time. How long is "long"? Of course, we should not be disturbed by the fact 
that the model (3) does not quite live up to our physical intuition. Parts (a) and (b) of 
Figure 3.1.5 clearly show that the cake will be approximately at room temperature in 
about one-half hour. E 


The ambient temperature in (2) need not be a constant but could be a function 
T,»(t) of time t. See Problem 18 in Exercises 3.1. 


MIXTURES The mixing of two fluids sometimes gives rise to a linear first-order 
differential equation. When we discussed the mixing of two brine solutions in 
Section 1.3, we assumed that the rate A’ (f) at which the amount of salt in the mixing 
tank changes was a net rate: 


dA 
єп = (input rate of salt) — (output rate of salt) = Rin — Rout- (5) 


In Example 5 we solve equation (8) on page 25 of Section 1.3. 


[EXAMPLE 5 | Mixture of Two Salt Solutions 


Recall that the large tank considered in Section 1.3 held 300 gallons of a brine 
solution. Salt was entering and leaving the tank; a brine solution was being 
pumped into the tank at the rate of 3 gal/min; it mixed with the solution there, 
and then the mixture was pumped out at the rate of 3 gal/min. The concentration 
of the salt in the inflow, or solution entering, was 2 Ib/gal, so salt was entering 
the tank at the rate Rin = (2 Ib/gal) - (3 gal/min) = 6 Ib/min and leaving the tank 
at the rate Ro = (A/300 Ib/gal) - (3 gal/min) = A/100 Ib/min. From this data and 
(5) we get equation (8) of Section 1.3. Let us pose the question: If 50 pounds of 
salt were dissolved initially in the 300 gallons, how much salt is in the tank after 
a long time? 
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A — 600 


a 
(a) 
t (min) A (Ib) 
50 266.41 
100 39767 
150 47727 
200 525.57 
300 572.62. 
400 589.93 
(b) 


FIGURE 3.1.6 Pounds of salt in the tank 


in Example 5 
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SOLUTION To find the amount of salt A(f) in the tank at time /, we solve the 
initial-value problem 


Е ded A(0) = 50 
dt 100 i f 


Note here that the side condition is the initial amount of salt A(0) = 50 in the tank 
and not the initial amount of liquid in the tank. Now since the integrating factor 
of the linear differential equation is e”!, we can write the equation as 


d 
ae [e/1904] — 6/100. 
dt 


Integrating the last equation and solving for A gives the general solution 
A(t) = 600 + ce "99 When t = 0, A = 50, so we find that c = —550. Thus the 
amount of salt in the tank at time f is given by 


A(t) = 600 — 550е 10, (6) 


The solution (6) was used to construct the table in Figure 3.1.6(b). Also, it can be 
seen from (6) and Figure 3.1.6(a) that A(t) — 600 as t — œ. Of course, this is what 
we would intuitively expect; over a long time the number of pounds of salt in the 
solution must be (300 gal)(2 Ib/gal) — 600 Ib. E 


In Example 5 we assumed that the rate at which the solution was pumped in was 
the same as the rate at which the solution was pumped out. However, this need not be 
the case; the mixed brine solution could be pumped out at a rate Fou that is faster 
or slower than the rate r;, at which the other brine solution is pumped in. The next 
example illustrates the case when the mixture is pumped out at rate that is slower 
than the rate at which the brine solution is being pumped into the tank. 


[EXAMPLE 6 | Example 5 Revisited 


If the well-stirred solution in Example 5 is pumped out at a slower rate of, say, 
Fout = 2 gal/min, then liquid will accumulate in the tank at the rate of 
Yin — Тош = (3 = 2) gal/min = 1 gal/min. 
After t minutes, 
(1 gal/min) - (t min) = t gal 
will accumulate, so the tank will contain 300 + : gallons of brine. The concentration 


of the outflow is then c(t) = A/(300 + т) Ib/gal, and the output rate of salt is Row: = 
c(t) * Tout, ОТ 


A 2A 
Кош = | —— а! | - (2 gal/min) = —— — lb/min. 
t i "e a] (2 gal/min) 30041 /min 
Hence equation (5) becomes 


dA 2A dA 2 
=6 or + A=6 
dt 300 + t dt 300+; 


The integrating factor for the last equation is 
oJ 2at/(300+2) = e? MBO+) = QInG00*7* — (300 + p? 


and so after multiplying by the factor the equation is cast into the form 


“(зоо + 02 A] = 6(300 + »?. 
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500 + 


250 + 


FIGURE 3.1.7 Graph of A(r) in Example 6 


©: 


FIGURE 3.1.8 LR-series circuit 


FIGURE 3.1.9 RC-series circuit 


Integrating the last equation gives (300 + 0А = 2(300 + 0)? + с. By ap- 
plying the initial condition A(0) = 50 and solving for A yields the solution 
A(t) = 600 + 2t — (4.95 х 107)(300 + 072. As Figure 3.1.7 shows, not unexpect- 
edly, salt builds up in the tank over time, that is, А — o» as ѓ — oc. E 


SERIES CIRCUITS For a series circuit containing only a resistor and an inductor, 
Kirchhoff’s second law states that the sum of the voltage drop across the inductor 
(L(di/dt)) and the voltage drop across the resistor (iR) is the same as the impressed 
voltage (Е(7)) on the circuit. See Figure 3.1.8. 

Thus we obtain the linear differential equation for the current i(f), 


LÀ 4 gi = EW (7) 
dt i > 


where L and R are known as the inductance and the resistance, respectively. The cur- 
rent i(t) is also called the response of the system. 

The voltage drop across a capacitor with capacitance C is given by q(t)/C, where 
q is the charge on the capacitor. Hence, for the series circuit shown in Figure 3.1.9, 
Kirchhoff's second law gives 


Ri + ca = E(f). (8) 


But current i and charge q are related by i = dq/dt, so (8) becomes the linear differ- 
ential equation 


FERR (9) 
sc! 


[EXAMPLE 7 | LR-Series Circuit 


A 12-volt battery is connected to a series circuit in which the inductance is 5 henry 
and the resistance is 10 ohms. Determine the current i if the initial current is zero. 


SOLUTION From (7) we see that we must solve the equation 


1 di . 
— — + 10i = 12, 
2 dt 


subject to i(0) = 0. First, we multiply the differential equation by 2 and read off the 
integrating factor е2". We then obtain 


d ош 

== j| = 24 201. 

di [e^i] e 
Integrating each side of the last equation and solving for i gives i(t) = 5 + се 20, 
Now i(0) = 0 implies that 0 = £ +еоге= -$ Therefore the response is 
(fy -5.5.2-2 
ift) -3—5e ^. E 


From (4) of Section 2.3 we can write a general solution of (7): 


eg (RID 


i(t) = 7 dt + ce (Dr. (10) 
In particular, when E(t) = Ep is a constant, (10) becomes 


E 
i(t) = Р, + ce RN, (11) 
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Note that as t — ©, the second term in equation (11) approaches zero. Such a term 
is usually called a transient term; any remaining terms are called the steady-state 
part of the solution. In this case Eo/R is also called the steady-state current; for 
large values of time it appears that the current in the circuit is simply governed by 
Ohm's law (E = iR). 


Pa 
Р j | 
oT 1d I 
E 
| | 
| | 
| | 
| | 
| | 
— m 
(a) 


(b) (с) 


FIGURE 3.1.10 Population growth is a discrete process 


EXERCISES 3.1 


Answers to selected odd-numbered problems begin on page ANS-3. 


Growth and Decay 


1. The population of a community is known to increase at a rate 
proportional to the number of people present at time t. If an 
initial population Po has doubled in 5 years, how long will it 
take to triple? To quadruple? 


2. Suppose it is known that the population of the community 
in Problem 1 is 10,000 after 3 years. What was the initial 
population Po? What will be the population in 10 years? How 
fast is the population growing at t = 10? 


@ The population of a town grows at a rate proportional to the 
population present at time ¢. The initial population of 500 
increases by 15% in 10 years. What will be the population in 
30 years? How fast is the population growing at t = 30? 


4. The population of bacteria in a culture grows at a rate 


proportional to the number of bacteria present at time t. After 

3 hours it is observed that 400 bacteria are present. After 

10 hours 2000 bacteria are present. What was the initial number 
of bacteria? 


Өт radioactive isotope of lead, Pb-209, decays at a rate 


proportional to the amount present at time f and has a half-life 
of 3.3 hours. If 1 gram of this isotope is present initially, how 
long will it take for 90% of the lead to decay? 


. Initially 100 milligrams of a radioactive substance was present. 


After 6 hours the mass had decreased by 3%. If the rate of 
decay is proportional to the amount of the substance present at 
time f, find the amount remaining after 24 hours. 
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7. Determine the half-life of the radioactive substance described in 
Problem 6. 


8. (a) Consider the initial-value problem dA/dt = kA, A(0) = Ao 
as the model for the decay of a radioactive substance. 
Show that, in general, the half-life T of the substance is 
T = —(In 2)/k. 


(b) Show that the solution of the initial-value problem in part 
(a) can be written A(t) = Ag2 "7. 


(c) If a radioactive substance has the half-life T given in part (a), 
how long will it take an initial amount Ao of the substance to 
decay to ГА? 


@ When a vertical beam of light passes through a transparent 
medium, the rate at which its intensity / decreases is proportional 
to /(f), where t represents the thickness of the medium (in feet). 
In clear seawater, the intensity 3 feet below the surface is 2596 of 
the initial intensity /o of the incident beam. What 15 the intensity 
of the beam 15 feet below the surface? 


10. When interest is compounded continuously, the amount of money 
increases at a rate proportional to the amount S present at time f, 
that is, dS/dt = rS, where r is the annual rate of interest. 


(a) Find the amount of money accrued at the end of 5 years 
when $5000 is deposited in a savings account drawing 
52% annual interest compounded continuously. 


Source: Wikipedia.org 


(b) In how many years will the initial sum deposited have doubled? FIGURE S12 -Shroud image овие 


(c) Use a calculator to compare the amount obtained in part (a) : : : 
with the amount 5 = 5000(1 + 140.0575)? that is accrued Newton's Law of Cooling/Warming 
when interest is compounded quarterly. 13. A thermometer is removed from a room where the temperature 
is 70? F and is taken outside, where the air temperature is 10? F. 
After one-half minute the thermometer reads 50? F. What is the 
reading of the thermometer at t = 1 min? How long will it take 
($09 Archaeologists used pieces of burned wood, or charcoal, found for the thermometer to reach 15? F? 
at the site to date prehistoric paintings and drawings on walls 
and ceilings of a cave in Lascaux, France. See Figure 3.1.11. 
Use the information on page 87 to determine the approximate 
age of a piece of burned wood, if it was found that 85.596 of the 
C-14 found in living trees of the same type had decayed. 


Carbon Dating 


14. A thermometer is taken from an inside room to the outside, 
where the air temperature is 5? F. After 1 minute the 
thermometer reads 55? F, and after 5 minutes it reads 30? F. 
What is the initial temperature of the inside room? 


@a small metal bar, whose initial temperature was 20° C, is dropped 
into a large container of boiling water. How long will it take the bar 
to reach 90° C if it is known that its temperature increases 2° in 
1 second? How long will it take the bar to reach 98° C? 


16. Two large containers A and B of the same size are filled with 
different fluids. The fluids in containers A and B are maintained 
at 0° C and 100° C, respectively. A small metal bar, whose 
initial temperature is 100° C, is lowered into container A. After 
1 minute the temperature of the bar is 90° C. After 2 minutes 
the bar is removed and instantly transferred to the other 


17000 вс (cave painting), Prehistoric/Caves 
of Lascaux, Dordogne, France/Bridgeman 


Rock painting showing a horse and a cow, c. 
Images 


FIGURE 3.1.11 Cave wall painting in Problem 11 container. After 1 minute in container В the temperature of the 
bar rises 10°. How long, measured from the start of the entire 
12. The Shroud of Turin, which shows the negative image of the process, will it take the bar to reach 99.9° C? 


body of a man who appears to have been crucified, is believed 

by many to be the burial shroud of Jesus of Nazareth. See 

Figure 3.1.12. In 1988 the Vatican granted permission to 

have the shroud carbon-dated. Three independent scientific 
laboratories analyzed the cloth and concluded that the shroud was 
approximately 660 years old, an age consistent with its historical 18. At t = 0 a sealed test tube containing a chemical is immersed 
appearance. Using this age, determine what percentage of the in a liquid bath. The initial temperature of the chemical 
original amount of C-14 remained in the cloth as of 1988. in the test tube is 80° F. The liquid bath has a controlled 


@a thermometer reading 70° F is placed in an oven preheated to a 
constant temperature. Through a glass window in the oven door, 
an observer records that the thermometer reads 110° F after 


+ minute and 145° F after 1 minute. How hot is the oven? 
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temperature (measured in degrees Fahrenheit) given by 
T(t) = 100 — 40e 9^, t = 0, where t is measured in minutes. 


(a) Assume that k = —0.1 in (2). Before solving the IVP, 
describe in words what you expect the temperature T(t) of 
the chemical to be like in the short term. In the long term. 


(b) Solve the initial-value problem. Use a graphing utility to 
plot the graph of 7(r) on time intervals of various lengths. 
Do the graphs agree with your predictions in part (a)? 


(19) A dead body was found within a closed room of a house where 


20. 


the temperature was a constant 70? F. At the time of discovery the 
core temperature of the body was determined to be 85? F. One hour 
later a second measurement showed that the core temperature of 
the body was 80? F. Assume that the time of death corresponds 

to t — O and that the core temperature at that time was 98.6? F. 
Determine how many hours elapsed before the body was found. 
[Hint: Let t; > 0 denote the time that the body was discovered.] 


The rate at which a body cools also depends on its exposed 
surface area $. If S is a constant, then a modification of (2) is 


E. kS(T — T, 

d ( m). 
where k < 0 and T,, is a constant. Suppose that two cups A and В 
are filled with coffee at the same time. Initially, the temperature of 
the coffee is 150? Е The exposed surface area of the coffee in cup 
B is twice the surface area of the coffee in cup A. After 30 min the 
temperature of the coffee in cup A is 100? F. If T, = 70? F, then 
what is the temperature of the coffee in cup B after 30 min? 


Mixtures 
9 tank contains 200 liters of fluid in which 30 grams of salt 


22. 
23. 


24. 


25. 


26. 


is dissolved. Brine containing 1 gram of salt per liter is then 
pumped into the tank at a rate of 4 L/min; the well-mixed 
solution is pumped out at the same rate. Find the number A(t) of 
grams of salt in the tank at time f. 


Solve Problem 21 assuming that pure water is pumped into the tank. 


A large tank is filled to capacity with 500 gallons of pure water. 
Brine containing 2 pounds of salt per gallon is pumped into the 
tank at a rate of 5 gal/min. The well-mixed solution is pumped 
out at the same rate. Find the number A(t) of pounds of salt in 
the tank at time t. 


In Problem 23, what is the concentration c(t) of the salt in the 
tank at time /? At t = 5 min? What is the concentration of the 
salt in the tank after a long time, that is, as t — 20? At what time 
is the concentration of the salt in the tank equal to one-half this 
limiting value? 


Solve Problem 23 under the assumption that the solution is 
pumped out at a faster rate of 10 gal/min. When is the tank empty? 


Determine the amount of salt in the tank at time t in Example 5 
if the concentration of salt in the inflow is variable and given 
by Cin(t) = 2 + sin(t/4) Ib/gal. Without actually graphing, 
conjecture what the solution curve of the IVP should look like. 
Then use a graphing utility to plot the graph of the solution 

on the interval [0, 300]. Repeat for the interval [0, 600] and 
compare your graph with that in Figure 3.1.6(a). 


09 large tank is partially filled with 100 gallons of fluid in which 


10 pounds of salt is dissolved. Brine containing + pound of salt 


28. 
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per gallon is pumped into the tank at a rate of 6 gal/min. The well- 
mixed solution is then pumped out at a slower rate of 4 gal/min. 
Find the number of pounds of salt in the tank after 30 minutes. 


In Example 5 the size of the tank containing the salt mixture 
was not given. Suppose, as in the discussion following 
Example 5, that the rate at which brine is pumped into the 

tank is 3 gal/min but that the well-stirred solution is pumped 
out at a rate of 2 gal/min. It stands to reason that since brine is 
accumulating in the tank at the rate of 1 gal/min, any finite tank 
must eventually overflow. Now suppose that the tank has an 
open top and has a total capacity of 400 gallons. 


(a) When will the tank overflow? 


(b) What will be the number of pounds of salt in the tank at the 
instant it overflows? 


(c) Assume that although the tank is overflowing, brine solution 
continues to be pumped in at a rate of 3 gal/min and the 
well-stirred solution continues to be pumped out at a rate of 
2 gal/min. Devise a method for determining the number of 
pounds of salt in the tank at t — 150 minutes. 


(d) 


Determine the number of pounds of salt in the tank as 
t — ©, Does your answer agree with your intuition? 


(e) Use a graphing utility to plot the graph of A(f) on the 


interval [0, 500). 


Series Circuits 


(29) ^ 30-volt electromotive force is applied to an LR-series circuit 


30. 


in which the inductance is 0.1 henry and the resistance is 
50 ohms. Find the current i(t) if (0) = 0. Determine the current 
as [> о, 


Solve equation (7) under the assumption that E(t) = Eo sin wt 
and i(0) = io. 


an^ 100-volt electromotive force is applied to an RC-series 


32. 


33. 


34. 


circuit in which the resistance is 200 ohms and the capacitance 
is 10^ farad. Find the charge q(t) on the capacitor if q(0) = 0. 
Find the current i(t). 


A 200-volt electromotive force is applied to an RC-series 
circuit in which the resistance is 1000 ohms and the capacitance 
is 5 X 10  farad. Find the charge g(t) on the capacitor if 

i(0) = 0.4. Determine the charge and current at t = 0.005 s. 
Determine the charge as t > oc. 


An electromotive force 


120 Sts 2 
E(t) = «9 n 
0, t > 20 


is applied to an LR-series circuit in which the inductance is 


20 henries and the resistance is 2 ohms. Find the current i(f) if 
i(0) = 0. 


An LR-series circuit has a variable inductor with the inductance 
defined by 


1-5, 0=1t<10 
L(t) = 
0, t> 10. 


Find the current 1(7) if the resistance is 0.2 ohm, the impressed 
voltage is E(t) = 4, and i(0) = 0. Graph i(t). 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


94 


CHAPTER3 MODELING WITH FIRST-ORDER DIFFERENTIAL EQUATIONS 


Additional Linear Models 


35. 


36. 


37. 


Air Resistance In (14) of Section 1.3 we saw that a differential 
equation describing the velocity v of a falling mass subject to air 
resistance proportional to the instantaneous velocity is 


do, 
т == тё у, 


where k > 0 is a constant of proportionality. The positive 
direction is downward. 


(a) Solve the equation subject to the initial condition v(0) = vo. 


(b) Use the solution in part (a) to determine the limiting, or 
terminal, velocity of the mass. We saw how to determine the 
terminal velocity without solving the DE in Problem 40 in 
Exercises 2.1. 


(c) If the distance s, measured from the point where the mass was 
released above ground, is related to velocity v by ds/dt = v(t), 
find an explicit expression for s(t) if 5(0) = 0. 


How High?—No Air Resistance Suppose a small cannonball 
weighing 16 pounds is shot vertically upward, as shown in 
Figure 3.1.13, with an initial velocity vo = 300 ft/s. The answer 
to the question “How high does the cannonball go?" depends on 
whether we take air resistance into account. 


(a) Suppose air resistance is ignored. If the positive direction 
is upward, then a model for the state of the cannonball is 
given by d?s/d?? = —g (equation (12) of Section 1.3). Since 
ds/dt = v(t) the last differential equation is the same as 
dv/dt = —g, where we take g = 32 ft/s”. Find the velocity 
v(t) of the cannonball at time t. 


(b) Use the result obtained in part (a) to determine the height 
s(t) of the cannonball measured from ground level. Find the 


maximum height attained by the cannonball. 


ground 
level © 


FIGURE 3.1.13 Find the maximum height of the cannonball in 
Problem 36 


How High?—Linear Air Resistance Repeat Problem 36, 

but this time assume that air resistance is proportional to 
instantaneous velocity. It stands to reason that the maximum 
height attained by the cannonball must be /ess than that in part (b) 
of Problem 36. Show this by supposing that the constant of 
proportionality is k — 0.0025. [Hint: Slightly modify the 
differential equation in Problem 35.] 


G8) Skydiving А skydiver weighs 125 pounds, and her parachute 


and equipment combined weigh another 35 pounds. After 


39. 


40. 


exiting from a plane at an altitude of 15,000 feet, she waits 

15 seconds and opens her parachute. Assume that the constant 
of proportionality in the model in Problem 35 has the value 

k = 0.5 during free fall and k = 10 after the parachute is 
opened. Assume that her initial velocity on leaving the plane 
is zero. What is her velocity and how far has she traveled 

20 seconds after leaving the plane? See Figure 3.1.14. How 
does her velocity at 20 seconds compare with her terminal 
velocity? How long does it take her to reach the ground? 
[Hint: Think in terms of two distinct IVPs.] 


free fall 


“ыд 


air resistance is 0.5v 


—— 


parachute opens 


air resistance is 10v | 


FIGURE 3.1.14 Find the time to reach the ground in Problem 38 


Rocket Motion Suppose a small single-stage rocket of 

total mass m(t) is launched vertically, the positive direction is 
upward, the air resistance is linear, and the rocket consumes its 
fuel at a constant rate. In Problem 22 of Exercises 1.3 you were 
asked to use Newton’s second law of motion in the form given 
in (17) of that exercise set to show that a mathematical model 
for the velocity v(t) of the rocket is given by 


dv | 


к= А R 
T у = 
dt | mg—At 


g і 


mo — At 


where К is the air resistance constant of proportionality, A is 
the constant rate at which fuel is consumed, R is the thrust of 
the rocket, m(t) = mo — At, mo is the total mass of the rocket at 
t = 0, and g is the acceleration due to gravity. 


(a) Find the velocity v(t) of the rocket if то = 200 kg, А = 2000 N, 
Л = 1 kg/s, g = 9.8 m/s, k = 3 kg/s, and v(0) = 0. 


(b) Use ds/dt = v and the result in part (a) to find the height s(7) 
of the rocket at time f. 


Rocket Motion—Continued In Problem 39 suppose of the 
rocket's initial mass то that 50 kg is the mass of the fuel. 


(a) What is the burnout time fj, or the time at which all the fuel 
is consumed? 


(b) What is the velocity of the rocket at burnout? 
(c) What is the height of the rocket at burnout? 


(d) Why would you expect the rocket to attain an altitude higher 
than the number in part (b)? 


(e) After burnout what is a mathematical model for the velocity 
of the rocket? 
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42. 


43. 


44. 


45. 


Evaporating Raindrop As a raindrop falls, it evaporates 

while retaining its spherical shape. If we make the further 

assumptions that the rate at which the raindrop evaporates 

is proportional to its surface area and that air resistance is 

negligible, then a model for the velocity v(t) of the raindrop is 
dv | 3(k/p) _ 
dt (k/p)t + D. 


Here p is the density of water, rọ is the radius of the raindrop 
at t = 0, k < 0 is the constant of proportionality, and the 
downward direction is taken to be the positive direction. 


(a) Solve for v(t) if the raindrop falls from rest. 


(b) Reread Problem 36 of Exercises 1.3 and then show that the 
radius of the raindrop at time f is r(t) = (k/p)t + ro. 


(c) If ry = 0.01 ft and r = 0.007 ft 10 seconds after the raindrop 
falls from a cloud, determine the time at which the raindrop 
has evaporated completely. 


Fluctuating Population The differential equation 

dP/dt = (k cos t)P, where k is a positive constant, is a 
mathematical model for a population P(t) that undergoes yearly 
seasonal fluctuations. Solve the equation subject to P(0) = Po. 
Use a graphing utility to graph the solution for different choices 
of P, 0- 


Population Model In one model of the changing population 
P(t) of a community, it is assumed that 


dP dB aD 
dt’ 


dt dt 


where dB/dt and ар/а are the birth and death rates, 
respectively. 


(a) Solve for P(t) if dB/dt = К,Р and dD/dt = ЮР. 
(b) Analyze the cases kı > ky, Кү = Ко, and ky < ko. 


Constant-Harvest Model A model that describes the 
population of a fishery in which harvesting takes place at a 
constant rate is given by 


dP 
—=kP—h, 
dt k 


where k and Л are positive constants. 
(a) Solve the DE subject to P(0) = Po. 


(b) Describe the behavior of the population P(t) for 
increasing time in the three cases Ро > h/k, Ру = h/k, and 
0 < Po < А/К. 


(c) Use the results from part (b) to determine whether the 
fish population will ever go extinct in finite time, that is, 
whether there exists a time T 2 0 such that P(T) = 0. the 


population goes extinct, then find T. 
Drug Dissemination A mathematical model for the rate at 


which a drug disseminates into the bloodstream is given by 


dx 
ici аЙ kx, 
dt r 


46. 
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where r and k are positive constants. The function x(t) describes 
the concentration of the drug in the bloodstream at time f. 


(a) Since the DE is autonomous, use the phase portrait concept 
of Section 2.1 to find the limiting value of x(t) as t — ©, 


(b) Solve the DE subject to x(0) = 0. Sketch the graph of x(a) 
and verify your prediction in part (a). At what time is the 
concentration one-half this limiting value? 


Memorization When forgetfulness is taken into account, the 
rate of memorization of a subject is given by 


dA 

— = (М — А) – ЮА, 

x i( 2 
where kı > 0, Кә > 0, A(t) is the amount memorized in time f, 
M is the total amount to be memorized, and M — A is the 
amount remaining to be memorized. 


(a) Since the DE is autonomous, use the phase portrait concept 
of Section 2.1 to find the limiting value of А(ї) as t — oc. 
Interpret the result. 


(b) Solve the DE subject to A(0) = 0. Sketch the graph of A(t) 
and verify your prediction in part (a). 


47. Heart Pacemaker А heart pacemaker, shown in Figure 3.1.15, 


consists of a switch, a battery, a capacitor, and the heart as a 
resistor. When the switch $ is at P, the capacitor charges; when 
S is at О, the capacitor discharges, sending an electrical stimulus 
to the heart. In Problem 58 in Exercises 2.3 we saw that during 
this time the electrical stimulus is being applied to the heart, the 
voltage Е across the heart satisfies the linear DE 


(a) Let us assume that over the time interval of length 
f, 0 € rt, the switch 5 is at position P shown in 
Figure 3.1.15 and the capacitor is being charged. When the 
switch is moved to position О at time rj the capacitor dis- 
charges, sending an impulse to the heart over the time interval 
of length h: ti = t< fj + Р. Thus over the initial charging/ 
discharging interval 0 < t < f; + f» the voltage to the heart is 
actually modeled by the piecewise-linear differential equation 
0, Ost<t 
dE _ 


dt |-—E 


й E< t F hb. 
RC 


By moving S between P and Q, the charging and 
discharging over time intervals of lengths / and f is 


..Q 
S : Pu — 


С 


© 


FIGURE 3.1.15 Model of a pacemaker in Problem 47 
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(b) 


48. Sliding Box 


(b) 


CHAPTER3 MODELING WITH FIRST-ORDER DIFFERENTIAL EQUATIONS 


repeated indefinitely. Suppose t; = 4s, t; = 2s, Ey = 12 V, 
and E(0) = 0, E(4) = 12, E(6) = 0, E(10) = 12, 


E(12) = 0, and so on. Solve for E(t) for 0 = t = 24. 


Suppose for the sake of illustration that R — C — 1. Usea 
graphing utility to graph the solution for the IVP in part (a) 
for 0 x т = 24. 


(a) A box of mass m slides down an inclined 
plane that makes an angle Ө with the horizontal as shown in 
Figure 3.1.16. Find a differential equation for the velocity 
v(t) of the box at time г in each of the following three cases: 


(i) No sliding friction and no air resistance 
(й) With sliding friction and no air resistance 
(iii) With sliding friction and air resistance 


In cases (ii) and (iii), use the fact that the force of friction 
opposing the motion of the box is uN, where u is the 
coefficient of sliding friction and N is the normal component 
of the weight of the box. In case (iii) assume that air 
resistance is proportional to the instantaneous velocity. 


In part (a), suppose that the box weighs 96 pounds, that 

the angle of inclination of the plane is Ө = 30°, that the 
coefficient of sliding friction is Ju. = V/3/4, and that the 
additional retarding force due to air resistance is numerically 
equal to iv. Solve the differential equation in each of the 
three cases, assuming that the box starts from rest from the 
highest point 50 ft above ground. 


friction 


motion 


50 ft 


FIGURE 3.1.16 Box sliding down inclined plane in Problem 48 


3.2 


49. Sliding Box—Continued 


(b) 


(c) 


(d) 


50. What GoesUp... 


(b) 


(a) In Problem 48 let s(t) be 

the distance measured down the inclined plane from the 
highest point. Use ds/dt = v(t) and the solution for each 
of the three cases in part (b) of Problem 48 to find the 

time that it takes the box to slide completely down the 
inclined plane. A root-finding application of a CAS may be 
useful here. 


In the case in which there is friction (u # 0) but no 
air resistance, explain why the box will not slide down 
the plane starting from rest from the highest point 
above ground when the inclination angle 0 satisfies 
tan 0 = д. 


The box will slide downward on the plane when tan 0 = u 
if itis given an initial velocity v(0) = vo > 0. Suppose that 
u = V3/4 and 0 = 23°. Verify that tan 0 = д. How far 
will the box slide down the plane if vo — 1 ft/s? 


Using the values u = V3/4 and 0 = 23°, approxi- 

mate the smallest initial velocity vo that can be given to 
the box so that, starting at the highest point 50 ft above 
ground, it will slide completely down the inclined plane. 
Then find the corresponding time it takes to slide down the 
plane. 


(a) It is well known that the model in 
which air resistance is ignored, part (a) of Problem 36, 
predicts that the time f, it takes the cannonball to attain 

its maximum height is the same as the time tf, it takes the 
cannonball to fall from the maximum height to the ground. 
Moreover, the magnitude of the impact velocity v; will be 
the same as the initial velocity vo of the cannonball. Verify 
both of these results. 


Then, using the model in Problem 37 that takes air resis- 
tance into account, compare the value of tą with ty and 
the value of the magnitude of v; with vo. A root-finding 
application of a CAS (or graphic calculator) may be 
useful here. 


Nonlinear Models 


INTRODUCTION We finish our study of single first-order differential equations 
with an examination of some nonlinear models. 


POPULATION DYNAMICS If P(t) denotes the size of a population at time f, the 
model for exponential growth begins with the assumption that dP/dt — kP for some 
k > 0. In this model, the relative, or specific, growth rate defined by 


dP/dt 
P 


(1) 


is a constant k. True cases of exponential growth over long periods of time are hard 
to find because the limited resources of the environment will at some time exert 
restrictions on the growth of a population. Thus for other models, (1) can be expected 
to decrease as the population P increases in size. 
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FIGURE 3.2.1 Simplest assumption for 
f(P) is a straight line (blue color) 
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The assumption that the rate at which a population grows (or decreases) is 
dependent only on the number P present and not on any time-dependent mechanisms 
such as seasonal phenomena (see Problem 33 in Exercises 1.3) can be stated as 


аа — py Z РР) Q) 
—— = or — = Я 
Р аі 
The differential equation іп (2), which is widely assumed in models of animal 
populations, is called the density-dependent hypothesis. 


LOGISTIC EQUATION Suppose an environment is capable of sustaining no more 
than a fixed number K of individuals in its population. The quantity K is called 
the carrying capacity of the environment. Hence for the function f in (2) we have 
f(K) = 0, and we simply let (0) = r. Figure 3.2.1 shows three functions f that sat- 
isfy these two conditions. The simplest assumption that we can make is that f(P) is 
linear—that 15, (Р) = cıP + сә. If we use the conditions f(0) = r and f(K) = 0, we 
find, in turn, c2 = r and сү = —r/K, and so f takes on the form f(P) = r — (r/K)P. 
Equation (2) becomes 


dP P r pP (3) 
— = Ріг – —Р |. 
аі К 
With constants relabeled, the nonlinear equation (3) is the same as 
P = Pla — bP) (4) 
P a Е 


Around 1840 the Belgian mathematician-biologist Р. Е. Verhulst (1804—1849) 
was concerned with mathematical models for predicting the human populations of 
various countries. One of the equations he studied was (4), where a > 0 and b > 0. 
Equation (4) came to be known as the logistic equation, and its solution is called the 
logistic function. The graph of a logistic function is called a logistic curve. 

The linear differential equation dP/dt = kP does not provide a very accurate 
model for population when the population itself is very large. Overcrowded condi- 
tions, with the resulting detrimental effects on the environment such as pollution and 
excessive and competitive demands for food and fuel, can have an inhibiting effect 
on population growth. As we shall now see, the solution of (4) is bounded as t > oc. 
If we rewrite (4) as dP/dt = aP — bP?, the nonlinear term —bP?, b > 0, can be in- 
terpreted as an "inhibition" or “competition” term. Also, in most applications the 
positive constant a is much larger than the constant b. 

Logistic curves have proved to be quite accurate in predicting the growth patterns, 
in a limited space, of certain types of bacteria, protozoa, water fleas (Daphnia), and 
fruit flies (Drosophila). 


SOLUTION OF THE LOGISTIC EQUATION One method of solving (4) is separa- 
tion of variables. Decomposing the left side of dP/P(a — bP) — dt into partial frac- 
tions and integrating gives 


1 b 
Pg, UE Ба 
Р a — bP 


1 1 
In| P| Inja—bP|=t+c 
a a 


In | = ar + ac 


a — bP 
P 
a — bP 


= суе“, 
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It follows from the last equation that 
ace _ acı 
1 + рсе“! bey te” 


If P(O) = Ро, Po = a/b, we find c, = Po/(a — bPo), and so after substituting and 
simplifying, the solution becomes 


P(t) = 


_ aPo 
bPo + (a = bPo)e “ 


P(t) (5) 


GRAPHS OF P(t) The basic shape of the graph of the logistic function P(r) сап 
be obtained without too much effort. Although the variable t usually represents time 
and we are seldom concerned with applications in which f < 0, it is nonetheless of 
some interest to include this interval in displaying the various graphs of P. From (5) 
we see that 


pss" t d P(0—0 t 
>— = — as t>o an >0 as t —ec. 

bPo b 
The dashed line P = a/2b shown in Figure 3.2.2 corresponds to the ordinate of a 
point of inflection of the logistic curve. To show this, we differentiate (4) by the 
Product Rule: 


dP ар 
dt dt 
= P(a — ЬР)(а — 2bP) 


-aree pe-a) 


From calculus recall that the points where d?P/df? = 0 are possible points of inflec- 
tion, but P = 0 and P = a/b can obviously be ruled out. Hence Р = a/2b is the only 
possible ordinate value at which the concavity of the graph can change. For 
0 < Р < a/2bit follows that Р” > 0, and a/2b < P < a/b implies that P" < 0. Thus, 
as we read from left to right, the graph changes from concave up to concave down at 
the point corresponding to Р = a/2b. When the initial value satisfies 0 < Po < a/2b, 
the graph of P(t) assumes the shape of an S, as we see in Figure 3.2.2(b). For 
a/2b < Po < a/b the graph is still S-shaped, but the point of inflection occurs at a 
negative value of t, as shown in Figure 3.2.2(c). 


d?P dP 
b (a — 2bP) 


+ (a — bP 
dt? А (а ) 


Pa 
жоюы ые d alb 
al2b 
1 

(a) (b) 


FIGURE 3.2.2 Logistic curves for different initial conditions 


We have already seen equation (4) in (5) of Section 1.3 in the form 
dx/dt = kx(n + 1 — x), К> 0. This differential equation provides a reasonable 
model for describing the spread of an epidemic brought about initially by introduc- 
ing an infected individual into a static population. The solution x(¢) represents the 
number of individuals infected with the disease at time f. 
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t (days) x (number infected) 


50 (observed) 
124 
276 
507 
735 
882 
953 
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(b) 


FIGURE 3.2.3 Number of infected 
students in Example 1 
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[EXAMPLE 1 | Logistic Growth 


Suppose a student carrying a flu virus returns to an isolated college campus of 1000 
students. If it is assumed that the rate at which the virus spreads is proportional not 
only to the number x of infected students but also to the number of students not 
infected, determine the number of infected students after 6 days if it is further 
observed that after 4 days x(4) = 50. 


SOLUTION Assuming that no one leaves the campus throughout the duration of the 
disease, we must solve the initial-value problem 


dx 


P7 = kx(1000 — х), x(0)= 1. 


By making the identification a = 1000k and b = k, we have immediately from 
(5) that 


1000k _ 1000 
k + 999ke™ WOH 1 + 999¢71000kr 


x(t) = 


Now, using the information x(4) = 50, we determine k from 


| 100 
1 + 999¢7 4000k 


We find — 1000k = } In go; = —0.9906. Thus 


1000 
1+ 999, -0-9906r 


x(t) = 


_ 1000 
1 + 99де ees 


Finally, x(6) = 276 students. 
Additional calculated values of x(f) are given in the table in Figure 3.2.3(b). Note that 
the number of infected students x(t) approaches 1000 as f increases. E 


MODIFICATIONS OF THE LOGISTIC EQUATION There are many variations of 
the logistic equation. For example, the differential equations 


dP dP 

— = P(a — bP) - h and — = P(a — bP) + ћ (6) 

dt dt 
could serve, in turn, as models for the population in a fishery where fish are 
harvested or are restocked at rate h. When h > 0 is a constant, the DEs in (6) 
can be readily analyzed qualitatively or solved analytically by separation of vari- 
ables. The equations in (6) could also serve as models of the human population 
decreased by emigration or increased by immigration, respectively. The rate Л in 
(6) could be a function of time t or could be population dependent; for example, 
harvesting might be done periodically over time or might be done at a rate propor- 
tional to the population P at time f. In the latter instance, the model would look like 
P' = P(a — bP) — cP,c > 0. The human population of a community might change 
because of immigration in such a manner that the contribution due to immigration 
was large when the population P of the community was itself small but small when 
P was large; a reasonable model for the population of the community would then be 
P= Р(а— bP) + ce V, с> 0, К> 0. See Problem 24 in Exercises 3.2. Another 
equation of the form given in (2), 


SE LE — bln P) (7) 
dt И „2 
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is a modification of the logistic equation known as the Gompertz differential 
equation named after the English mathematician Benjamin Gompertz (1779-1865). 
This DE is sometimes used as a model in the study of the growth or decline of pop- 
ulations, the growth of solid tumors, and certain kinds of actuarial predictions. See 
Problem 8 in Exercises 3.2. 


CHEMICAL REACTIONS Suppose that a grams of chemical A are combined with 
b grams of chemical B. If there are M parts of A and N parts of B formed in the compound 
and Х(ї) is the number of grams of chemical C formed, then the number of grams of 
chemical A and the number of grams of chemical B remaining at time t are, respectively, 


X and р = X. 


М+М М+М 


а = 


The law of mass action states that when no temperature change is involved, the rate 
at which the two substances react is proportional to the product of the amounts of 
A and B that are untransformed (remaining) at time t: 


dX «(a M хь Ш х) (8) 


dt М+М М+М 


If we factor out M/(M + №) from the first factor and N/(M + N) from the second 
and introduce a constant of proportionality k > 0, (8) has the form 


ах 

a Ко — ХВ — X), (9) 
t 

where a = a(M + N)/M and B = b(M + N)/N. Recall from (6) of Section 1.3 that 

a chemical reaction governed by the nonlinear differential equation (9) is said to be 

a second-order reaction. 


[EXAMPLE 2 | Second-Order Chemical Reaction 


A compound C is formed when two chemicals A and B are combined. The resulting 
reaction between the two chemicals is such that for each gram of A, 4 grams of B is used. 
It is observed that 30 grams of the compound C is formed in 10 minutes. Determine the 
amount of C at time t if the rate of the reaction is proportional to the amounts of A and 
B remaining and if initially there are 50 grams of A and 32 grams of B. How much of 
the compound C is present at 15 minutes? Interpret the solution as t > oc. 


SOLUTION Let X(t) denote the number of grams of the compound C present at time t. 
Clearly, X(0) = 0 g and X(10) = 30 g. 

If, for example, 2 grams of compound C is present, we must have used, 
say, a grams of A and b grams of B, so a + b = 2 and b = 4a. Thus we must use 
а= 2 = 201) g of chemical А and b = E = 2(@) g ОЁ В. In general, for Х grams of 
C we must use 


1 4 
5 X grams of A and 5 X grams of B. 
The amounts of A and B remaining at time t are then 
50 : X d 32 = X 
—-X an eX 
5 5 


respectively. 
Now we know that the rate at which compound C is formed satisfies 


= 50 lx 32 A x 
dt 5 5 J 
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To simplify the subsequent algebra, we factor 1 from the first term and 1 from the 
second and then introduce the constant of proportionality: 


XA 
" dX 
то — = k(250 — X)(40 — X). 
dt 
| By separation of variables and partial fractions we can write 
| 1 1 
210 210 
- - X+ X = kdt. 
IE m ex: e 
10 20 30 40 ' Integrating gives 
250— X 250— X 
(a) In — = 210kt + clc = gp Une 10 
40-Х б “у * a 
t (min) X (8) When г = 0, X = 0, so it follows at this point that c; = 2 Using X = 30 g att = 10, 
we find 210k = 15 In 5$ = 0.1258. With this information we solve the last equation 
10 30 (measured) in (10) for X: 
15 34.78 1 — 67 91258 
20 37.25 X() = 1000 5 ase щш) 
25 38.54 
30 39.22 From (11) we find Х(15) = 34.78 grams. The behavior of X as a function of time 
35 39.59 is displayed in Figure 3.2.4. It is clear from the accompanying table and (11) that 
(b) X — 40 as t — co. This means that 40 grams of compound C is formed, leaving 
1 4 
FIGURE 3.2.4 Number of grams of 50 — —(40) = 42 g of A and 32 — —(40) = Og of B. ш 
compound С in Example 2 5 Э 


STA 
EXERCISES 3.2 Answers to selected odd-numbered problems begin on page ANS-3. 
Logistic Equation procedure over a long period of time. By hand, sketch a 
@тһе number М(ї) of supermarkets throughout the country that solution curve of the given initial-value problem. 
are using a computerized checkout system is described by the (b) Solve the initial-value problem and then use a graphing 
initial-value problem utility to verify the solution curve in part (a). How many 
" companies are expected to adopt the new technology when 
= = Ma = 0.0005), NO) = 1. t= 10? 
2. The number N(t) of people іп a community who are exposed to 
(a) Use the phase portrait concept of Section 2.1 to predict a particular advertisement is governed by the logistic equation. 
how many supermarkets are expected to adopt the new Initially, N(0) = 500, and it is observed that N(1) = 1000. Solve 
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for №) if it is predicted that the limiting number of people in 
the community who will see the advertisement is 50,000. 


g^ model for the population P(t) in a suburb of a large city is 
given by the initial-value problem 


dP - К 
аг. 1 — 1077P), Р(0) = 5000, 


where ft is measured in months. What is the limiting value of the 


population? At what time will the population be equal to one- 
half of this limiting value? 


4. (a) Census data for the United States between 1790 and 1950 
are given in Table 3.2.1. Construct a logistic population 
model using the data from 1790, 1850, and 1910. 


(b) Construct a table comparing actual census population 
with the population predicted by the model in part (a). 
Compute the error and the percentage error for each entry 
pair. 


TABLE 3.2.1 


Year Population (in millions) 
1790 3.929 
1800 5.308 
1810 7.240 
1820 9.638 
1830 12.866 
1840 17.069 
1850 23.192 
1860 31.433 
1870 38.558 
1880 50.156 
1890 62.948 
1900 75.996 
1910 91.972 
1920 105.711 
1930 122.775 
1940 131.669 
1950 150.697 


Modifications of the Logistic Model 


5. (a) If a constant number h of fish are harvested from a fishery 
per unit time, then a model for the population P(t) of the 
fishery at time t is given by 


dP 
quo Ра bP) — №, PCO) = Po, 


where a, b, h, and Po are positive constants. Suppose 
a=5,b=1,andh = 4. Since the DE is autonomous, 
use the phase portrait concept of Section 2.1 to sketch 
representative solution curves corresponding to the cases 
Po > 4, 1 € Po < 4, and 0 € Po < 1. Determine the long- 
term behavior of the population in each case. 


(b) Solve the IVP in part (a). Verify the results of your phase 
portrait in part (a) by using a graphing utility to plot the 


graph of P(t) with an initial condition taken from each of 
the three intervals given. 


(c) Use the information in parts (a) and (b) to determine 
whether the fishery population becomes extinct in finite 
time. If so, find that time. 


6. Investigate the harvesting model in Problem 5 both qualitatively 
and analytically in the case a =5,b=1,h = 2 Determine 
whether the population becomes extinct in finite time. If so, find 
that time. 


7. Repeat Problem 6 in the case a = 5, b = 1, h = 7. 


8. (a) Suppose a = b = 1 in the Gompertz differential 
equation (7). Since the DE is autonomous, use the phase 
portrait concept of Section 2.1 to sketch representative 
solution curves corresponding to the cases Po > e and 
0О< Р 0 < е. 


(b) Suppose a = 1, b = —1 in (7). Use a new phase portrait to 
sketch representative solution curves corresponding to the 
cases Py > е! and 0 < Py < el. 


(c) Find an explicit solution of (7) subject to P(O) = Po. 


Chemical Reactions 


@ Two chemicals A and B are combined to form a chemical C. 
The rate, or velocity, of the reaction is proportional to the 
product of the instantaneous amounts of A and B not converted 
to chemical С. Initially, there are 40 grams of A and 50 grams 
of B, and for each gram of B, 2 grams of A is used. It is 
observed that 10 grams of C is formed in 5 minutes. How much 
is formed in 20 minutes? What is the limiting amount of C 
after a long time? How much of chemicals A and B remains 
after a long time? 


10. Solve Problem 9 if 100 grams of chemical A is present initially. 
At what time is chemical C half-formed? 


Additional Nonlinear Models 


Gi) Leaking Cylindrical Tank А tank in the form of a right- 
circular cylinder standing on end is leaking water through a 
circular hole in its bottom. As we saw in (10) of Section 1.3, 
when friction and contraction of water at the hole are ignored, 
the height h of water in the tank is described by 


ah M ag 
а A, EP 


where A,, and Аһ are the cross-sectional areas of the water and 
the hole, respectively. 


(a) Solve the DE if the initial height of the water is H. By 
hand, sketch the graph of h(t) and give its interval J of 
definition in terms of the symbols A,,, Аһ, and Н. 

Use g = 32 ft/s. 


(b) Suppose the tank is 10 feet high and has radius 2 feet and 
the circular hole has radius 5 inch. If the tank is initially 
full, how long will it take to empty? 
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Leaking Cylindrical Tank—Continued When friction 
and contraction of the water at the hole are taken into account, 
the model in Problem 11 becomes 


dh EU 

— = —c—— V2gh, 

dt Á Aw s 

where 0 < c < 1. How long will it take the tank in Problem 11(b) 
to empty if c — 0.6? See Problem 13 in Exercises 1.3. 


(13) Leaking Conical Tank А tank in the form of a right-circular 


14. 


cone standing on end, vertex down, is leaking water through a 
circular hole in its bottom. 


(a) Suppose the tank is 20 feet high and has radius 8 feet and 
the circular hole has radius 2 inches. In Problem 14 in 
Exercises 1.3 you were asked to show that the differential 
equation governing the height h of water leaking from a 
tank is 


dh_ 5 
dt — 6p 


In this model, friction and contraction of the water at the 
hole were taken into account with c — 0.6, and g was taken 
to be 32 ft/s?. See Figure 1.3.12. If the tank is initially full, 
how long will it take the tank to empty? 


(b 


= 


Suppose the tank has a vertex angle of 60° and the cir- 
cular hole has radius 2 inches. Determine the differential 
equation governing the height h of water. Use c = 0.6 and 
g = 32 ft/s’. If the height of the water is initially 9 feet, 
how long will it take the tank to empty? 


Inverted Conical Tank Suppose that the conical tank in 
Problem 13(a) is inverted, as shown in Figure 3.2.5, and that 
water leaks out a circular hole of radius 2 inches in the center 
of its circular base. Is the time it takes to empty a full tank the 
same as for the tank with vertex down in Problem 13? Take the 
friction/contraction coefficient to be с = 0.6 and g = 32 ft/s”. 


FIGURE 3.2.5 Inverted conical tank in Problem 14 


(fS) Air Resistance А differential equation for the velocity v of 


a falling mass m subjected to air resistance proportional to the 
square of the instantaneous velocity is 


2 
m — = mg — kv’, 


dt 


where k > 0 is a constant of proportionality. The positive 
direction is downward. 


16. 


17. 


18. 


19. Tsunami 
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(a) Solve the equation subject to the initial condition v(0) = vo. 


(b) Use the solution in part (a) to determine the limiting, or 
terminal, velocity of the mass. We saw how to determine 
the terminal velocity without solving the DE in Problem 41 
in Exercises 2.1. 


If the distance s, measured from the point where the 
mass was released above ground, is related to velocity v 
by ds/dt = v(t), find an explicit expression for (тї) if 
s(0) = 0. 


(c 


м 


How High?—Nonlinear Air Resistance Consider the 
16-pound cannonball shot vertically upward in Problems 36 
and 37 in Exercises 3.1 with an initial velocity vo = 300 ft/s. 
Determine the maximum height attained by the cannonball if 
air resistance is assumed to be proportional to the square of the 
instantaneous velocity. Assume that the positive direction is 
upward and take k = 0.0003. [Hint: Slightly modify the DE in 
Problem 15.] 


That Sinking Feeling (a) Determine a differential equation 
for the velocity v(t) of a mass m sinking in water that 
imparts a resistance proportional to the square of the 
instantaneous velocity and also exerts an upward buoyant 
force whose magnitude is given by Archimedes’ principle. 
See Problem 18 in Exercises 1.3. Assume that the positive 
direction is downward. 


(b) 
(c) 


Solve the differential equation in part (a). 


Determine the limiting, or terminal, velocity of the sinking 
mass. 


Solar Collector The differential equation 


dy _ skt М2 + у? 
йх у 


describes the shape of a plane curve C that will reflect all 
incoming light beams to the same point and could be a model 
for the mirror of a reflecting telescope, a satellite antenna, or 
a solar collector. See Problem 29 in Exercises 1.3. There are 
several ways of solving this DE. 


(a) Verify that the differential equation is homogeneous (see 


Section 2.5). Show that the substitution y — ux yields 


u du _ dx 
vici - Vica) x 


Use a CAS (or another judicious substitution) to integrate 
the left-hand side of the equation. Show that the curve C 
must be a parabola with focus at the origin and is symmetric 
with respect to the x-axis. 


(b) Show that the first differential equation can also be solved 
by means of the substitution и = x? + y?. 


(a) A simple model for the shape of a tsunami is 
given by 


dW _ 


ie WN4 -2W, 
X 
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where W(x) > 0 is the height of the wave expressed as 
a function of its position relative to a point offshore. By 
inspection, find all constant solutions of the DE. 


(b) Solve the differential equation in part (a). A CAS may be 
useful for integration. 


(c) Use a graphing utility to obtain the graphs of all solutions 
that satisfy the initial condition W(0) = 2. 


Evaporation An outdoor decorative pond in the shape of a 
hemispherical tank is to be filled with water pumped into the 
tank through an inlet in its bottom. Suppose that the radius of the 
tank is R = 10 ft, that water is pumped in at a rate of 7 ft?/min, 
and that the tank is initially empty. See Figure 3.2.6. As the tank 
fills, it loses water through evaporation. Assume that the rate of 
evaporation is proportional to the area A of the surface of the 
water and that the constant of proportionality is k = 0.01. 


(a) The rate of change dV/dt of the volume of the water at time t 
is a net rate. Use this net rate to determine a differential 
equation for the height Л of the water at time t. The volume 
of the water shown in the figure is V = 7 RI? — irh, 
where R = 10. Express the area of the surface of the water 
А = ar? in terms of h. 


(b) Solve the differential equation in part (a). Graph the solution. 


(c) If there were no evaporation, how long would it take the 
tank to fill? 


(d) With evaporation, what is the depth of the water at the time 
found in part (c)? Will the tank ever be filled? Prove your 
assertion. 


Output: water evaporates 
at rate proportional 
to area A of surface 


Input: water pumped in 
at rate т ft?/min 
(a) hemispherical tank (b) cross-section of tank 


FIGURE 3.2.6 Decorative pond in Problem 20 


Doomsday Equation Consider the differential equation 
ар = kpite 
dt | 


where k > 0 апа с > 0. In Section 3.1 we saw that in 

the case c = 0 the linear differential equation dP/dt = kP 

is a mathematical model of a population P(t) that exhibits 
unbounded growth over the infinite time interval [0, ~), that is, 
P(t) > о as t — cc. See Example 1 on page 85. 


(a) Suppose for c — 0.01 that the nonlinear differential equation 


dP a kp!®! 


k 0, 
dt 


is a mathematical model for a population of small animals, 
where time ¢ is measured in months. Solve the differential 


equation subject to the initial condition P(0) = 10 and the 
fact that the animal population has doubled in 5 months. 


(b) The differential equation in part (a) is called a doomsday 
equation because the population P(t) exhibits unbounded 
growth over a finite time interval (0, 7), that is, there is 
some time T such that P(t) > © ast > T`. Find T. 


(c) From part (a), what is P(50)? P(100)? 


22. Doomsday or Extinction Suppose the population model (4) 


is modified to be 


E Heg 
dt a). 


(a) If a > 0, b > 0 show by means of a phase portrait (see 
page 40) that, depending on the initial condition P(0) = Po, 


the mathematical model could include a doomsday scenario 
(P(t) > ©) or an extinction scenario (P(t) — 0). 


(b) Solve the initial-value problem 


dP 
di — P(0.0005P — 0.1), P(0) — 300. 


Show that this model predicts a doomsday for the population 
in a finite time T. 


Solve the differential equation in part (b) subject to the 
initial condition P(0) — 100. Show that this model predicts 
extinction for the population as t > о. 


(c 


— 


Project Problems 
23. Regression Line 


Read the documentation for your CAS on 
scatter plots (or scatter diagrams) and least-squares linear fit. 
The straight line that best fits a set of data points is called a 
regression line or a least squares line. Your task is to construct 
a logistic model for the population of the United States, 
defining f(P) in (2) as an equation of a regression line based on 
the population data in the table in Problem 4. One way of doing 


1 dP 
this is to approximate the left-hand side Pg of the first 


equation in (2), using the forward difference quotient in 
place of dP/dt: 


1 P(t+h) — P(t) 
~ P(t) h f 


O(n) 


(a) Make a table of the values 7, P(t), and Q(f) using 
t = 0, 10, 20,...,160 апал = 10. For example, the 
first line of the table should contain t = 0, P(0), and Q(0). 
With P(0) = 3.929 and P(10) = 5.308, 


] Р(10) – P(0) 
P(0) 10 


Q(0) — = 0.035. 


Note that Q(160) depends on the 1960 census population 
P(170). Look up this value. 


(b) Use a CAS to obtain a scatter plot of the data (P(A, Q(t) 
computed in part (a). Also use a CAS to find an equation 
of the regression line and to superimpose its graph on the 
scatter plot. 
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(с) Construct a logistic model dP/dt = Pf(P), where f(P) is 
the equation of the regression line found in part (b). 


(d) Solve the model in part (c) using the initial condition 
P(0) = 3.929. 


(e) Use a CAS to obtain another scatter plot, this time of the 
ordered pairs (t, P(t)) from your table in part (a). Use your 
CAS to superimpose the graph of the solution in part (d) on 
the scatter plot. 


(f) Look up the U.S. census data for 1970, 1980, and 1990. 
What population does the logistic model in part (c) predict 
for these years? What does the model predict for the U.S. 
population P(t) as t — oo? 


Immigration Model (a) In Examples 3 and 4 of Section 2.1 
we saw that any solution P(t) of (4) possesses the asymptotic 
behavior P(t) — a/b as t — оо for Ру > a/b and for 
0 « Ру < a/b; as a consequence the equilibrium solution 
Р = a/b is called an attractor. Use a root-finding application 
of a CAS (or a graphic calculator) to approximate the 
equilibrium solution of the immigration model 


ar Р(1 — Р) + 0.3е7? 
— = Je А 
аі 


(b) Use a graphing utility to graph the function 

F(P) = PU — Р) + 03e . Explain how this graph 
can be used to determine whether the number found in 
part (a) is an attractor. 


(c) 


Use a numerical solver to compare the solution curves for 
the IVPs 


dP on — P) 
dt ; 


P(O) = Po 
for Ро = 0.2 and Po = 1.2 with the solution curves for the 
IVPs 


аР рр рә +03 x2 
di Д» Жыр" 


Р(О) = Po 

for Po = 0.2 and Po = 1.2. Superimpose all curves on the 
same coordinate axes but, if possible, use a different color 
for the curves of the second initial-value problem. Over a 
long period of time, what percentage increase does the 
immigration model predict in the population compared 

to the logistic model? 


What Goes Up... In Problem 16 let f, be the time it takes 
the cannonball to attain its maximum height and let ty be the 
time it takes the cannonball to fall from the maximum height 
to the ground. Compare the value of t4 with the value of tg and 
compare the magnitude of the impact velocity v; with the initial 
velocity vo. See Problem 50 in Exercises 3.1. A root-finding 
application of a CAS might be useful here. [Hint: Use the 
model in Problem 15 when the cannonball is falling.] 


Skydiving A skydiver is equipped with a stopwatch and an 
altimeter. As shown in Figure 3.2.7, he opens his parachute 

25 seconds after exiting a plane flying at an altitude of 20,000 feet 
and observes that his altitude is 14,800 feet. Assume that air 
resistance is proportional to the square of the instantaneous 


27. 


28. 
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velocity, his initial velocity on leaving the plane is zero, and 
g = 32 ft/s”. 


(a) Find the distance s(t), measured from the plane, the sky- 
diver has traveled during freefall in time t. [Hint: The con- 
stant of proportionality k in the model given in Problem 15 
is not specified. Use the expression for terminal velocity v; 
obtained in part (b) of Problem 15 to eliminate k from the 
IVP. Then eventually solve for v,.] 


(b) How far does the skydiver fall and what is his velocity at 


ї= 158? 


_»> s(t) 


14,800 ft ih 


FIGURE 3.2.7 Skydiver in Problem 26 


Hitting Bottom A helicopter hovers 500 feet above a large 
open tank full of liquid (not water). A dense compact object 
weighing 160 pounds is dropped (released from rest) from 

the helicopter into the liquid. Assume that air resistance is 
proportional to instantaneous velocity v while the object is 

in the air and that viscous damping is proportional to v? after 
the object has entered the liquid. For air take k = І, and for 

the liquid take k = 0.1. Assume that the positive direction is 
downward. If the tank is 75 feet high, determine the time and 
the impact velocity when the object hits the bottom of the tank. 
[Hint: Think in terms of two distinct IVPs. If you use (13), be 
careful in removing the absolute value sign. You might compare 
the velocity when the object hits the liquid—the initial velocity 
for the second problem—with the terminal velocity v, of the 
object falling through the liquid.] 


Old Man River... In Figure 3.2.8(a) suppose that the y-axis 
and the dashed vertical line x = 1 represent, respectively, the 
straight west and east beaches of a river that is 1 mile wide. 
The river flows northward with a velocity v,, where lv, = v, mi/h 
is a constant. A man enters the current at the point (1, 0) on 
the east shore and swims in a direction and rate relative to the 
river given by the vector v,, where the speed Iv,l = v, mi/h is 
a constant. The man wants to reach the west beach exactly at 
(0, 0) and so swims in such a manner that keeps his velocity 
vector у, always directed toward the point (0, 0). Use 

Figure 3.2.8(b) as an aid in showing that a mathematical 
model for the path of the swimmer in the river is 


dy уу vd + у? 
ах f 


Vs X 


[Hint: The velocity v of the swimmer along the path or curve 
shown in Figure 3.2.8 is the resultant у = v, + v,. Resolve 
v, and v, into components in the x- and y-directions. If 

x = x(t), y = y(t) are parametric equations of the swimmer's 
path, then v = (dx/dt, dy/dt).] 
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y І 
swimmer | 
west east 
beach beach 


mom 


(0, 0) 


(0, 0) xt) 


(1,0) * 
(b) 


FIGURE 3.2.8 Path of swimmer in Problem 28 


(a) Solve the DE in Problem 28 subject to y(1) = 0. For 
convenience let k = v,/v,. 


(b) Determine the values of v, for which the swimmer will 
reach the point (0, 0) by examining lim y(x) in the cases 
k=1,k>l,and0<k<1. iá 


Old Man River Keeps Moving... Suppose the man in 
Problem 28 again enters the current at (1, 0) but this time 
decides to swim so that his velocity vector v, is always directed 
toward the west beach. Assume that the speed lv,! = v, mi/h is 
a constant. Show that a mathematical model for the path of the 
swimmer in the river is now 


dy_ v 


dx Vs. 


The current speed v, of a straight river such as that in 

Problem 28 is usually not a constant. Rather, an approximation 
to the current speed (measured in miles per hour) could be a 
function such as у(х) = 30x(1 — x), 0 = x x 1, whose values 
are small at the shores (in this case, v,(0) = 0 and v1) = 0) 
and largest in the middle of the river. Solve the DE in Problem 
30 subject to у(1) = 0, where v, = 2 mi/h and у(х) is as given. 
When the swimmer makes it across the river, how far will he 
have to walk along the beach to reach the point (0, 0)? 


Raindrops Keep Falling... When a bottle of liquid 
refreshment was opened recently, the following factoid was 
found inside the bottle cap: 


The average velocity of a falling raindrop is 7 miles/hour. 


A quick search of the Internet found that meteorologist 

Jeff Haby offers the additional information that an 

"average" spherical raindrop has a radius of 0.04 in. and 

an approximate volume of 0.000000155 ft. Use this data 
and, if need be, dig up other data and make other reasonable 
assumptions to determine whether "average velocity оў... 

7 mi/h" is consistent with the models in Problems 35 and 36 
in Exercises 3.1 and Problem 15 in this exercise set. Also see 
Problem 36 in Exercises 1.3. 


33. Time Drips By The clepsydra, or water clock, was a device 


that the ancient Egyptians, Greeks, Romans, and Chinese used 
to measure the passage of time by observing the change in the 
height of water that was permitted to flow out of a small hole in 
the bottom of a container or tank. 


(a) Suppose a tank is made of glass and has the shape of a right- 
circular cylinder of radius 1 ft. Assume that (0) = 2 ft cor- 
responds to water filled to the top of the tank, a hole in the 
bottom is circular with radius 5 in., g = 32 ft/s’, and c = 0.6. 
Use the differential equation in Problem 12 to find the height 
h(t) of the water. 


(b) For the tank in part (a), how far up from its bottom should 
a mark be made on its side, as shown in Figure 3.2.9, that 
corresponds to the passage of one hour? Next determine 
where to place the marks corresponding to the passage of 
2 hr, 3 hr,..., 12 hr. Explain why these marks аге not 
evenly spaced. 


FIGURE 3.2.9 Clepsydra in Problem 33 


34. (a) Suppose that a glass tank has the shape of a cone with 


circular cross section as shown in Figure 3.2.10. As in part (a) 
of Problem 33, assume that (0) = 2 ft corresponds to water 
filled to the top of the tank, a hole in the bottom is circular with 
radius i in., g —32 ft/s?, and с = 0.6. Use the differential 
equation in Problem 12 to find the height A(t) of the water. 


(b) Can this water clock measure 12 time intervals of length 
equal to 1 hour? Explain using sound mathematics. 


FIGURE 3.2.10 Clepsydra in Problem 34 


35. Suppose that r = f(h) defines the shape of a water clock for which 


the time marks are equally spaced. Use the differential equation in 
Problem 12 to find f(h) and sketch a typical graph of h as a function 
of r. Assume that the cross-sectional area A; of the hole is constant. 
[Hint: In this situation dh/dt = —a, where a > 0 is a constant.] 
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3.3 Modeling with Systems of First-Order DEs 


INTRODUCTION This section is similar to Section 1.3 in that we are just 
going to discuss certain mathematical models, but instead of a single differential 
equation the models will be systems of first-order differential equations. Although 
some of the models will be based on topics that we explored in the preceding 
two sections, we are not going to develop any general methods for solving 
these systems. There are reasons for this: First, we do not possess the necessary 
mathematical tools for solving systems at this point. Second, some of the systems 
that we discuss— notably the systems of nonlinear first-order DEs—simply cannot 
be solved analytically. We shall examine solution methods for systems of linear 
DEs in Chapters 4, 7, and 8. 


LINEAR/NONLINEAR SYSTEMS We have seen that a single differential equa- 
tion can serve as a mathematical model for a single population in an environment. 
But if there are, say, two interacting and perhaps competing species living in the 
same environment (for example, rabbits and foxes), then a model for their popu- 
lations x(t) and y(t) might be a system of two first-order differential equations 


such as 
] (t, $ ) 
81 1, X, у 
] 82 L X, y в 


When g апа g are linear in ће variables х and y—that is, gı and g» have the forms 
gilt, x, у) = ex + суу + fi(f) and got, x, y) = c3x + cay + fad), 


where the coefficients c; could depend on t—then (1) is said to be a linear system. 
A system of differential equations that is not linear is said to be nonlinear. 


RADIOACTIVE SERIES In the discussion of radioactive decay in Sections 1.3 
and 3.1 we assumed that the rate of decay was proportional to the number A(f) of 
nuclei of the substance present at time t. When a substance decays by radioactiv- 
ity, it usually doesn't just transmute in one step into a stable substance; rather, the 
first substance decays into another radioactive substance, which in turn decays 
into a third substance, and so on. This process, called a radioactive decay series, 
continues until a stable element is reached. For example, the uranium decay 
series is U-238 — Th-234 — - - - — Pb-206, where Pb-206 is a stable isotope of 
lead. The half-lives of the various elements in a radioactive series can range from 
billions of years (4.5 X 10? years for U-238) to a fraction of a second. Suppose a 


radioactive series is described schematically by x4 ү Z, where kj = —A, <0 
and № = А; < 0 are the decay constants for substances X and Y, respectively, and 


Z is a stable element. Suppose, too, that x(f), y(?), and z(t) denote amounts of 
substances X, Y, and Z, respectively, remaining at time f. The decay of element 
X is described by 


whereas the rate at which the second element Y decays is the net rate 


dy 
— = Ах Азу, 
dt К 27 
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since Y is gaining atoms from the decay of X and at the same time losing atoms 
because of its own decay. Since Z is a stable element, it is simply gaining atoms from 
the decay of element Y: 

dz 


— = Ау. 
di 2y 


In other words, a model of the radioactive decay series for three elements is the linear 
system of three first-order differential equations 


dx 

— = —А 

dt а 

dy 

= Мх А 2 
i 1X — №у (2) 
б _ 

dt 2i 


MIXTURES Consider the two tanks shown in Figure 3.3.1. Let us suppose for the 
sake of discussion that tank A contains 50 gallons of water in which 25 pounds of salt 
is dissolved. Suppose tank B contains 50 gallons of pure water. Liquid is pumped 
into and out of the tanks as indicated in the figure; the mixture exchanged between 
the two tanks and the liquid pumped out of tank B are assumed to be well stirred. 
We wish to construct a mathematical model that describes the number of pounds xı (f) 
and x»(t) of salt in tanks A and B, respectively, at time t. 


pure water mixture 
3 gal/min 1 gal/min 


mixture mixture 
4 gal/min 3 gal/min 


FIGURE 3.3.1 Connected mixing tanks 


By an analysis similar to that on page 25 in Section 1.3 and Example 5 of 
Section 3.1 we see that the net rate of change of x(t) for tank A is 


input rate output rate 
of salt of salt 
r ds woo da 5i 
dx, А ; X5 А X 
—- = (3 gal/min) • (0 Ib/gal) + (1 gal/min) * | == Ib/gal| — (4 gal/min) • | = Ib/gal 
dt 50 50 
2 1 
= T55% + 5022 
Similarly, for tank B the net rate of change of x»(1) is 
dr EMO 23.2 1:22 
dt 50 50 50 
не eee 
35 oS 


dx, u 2 F 
dt 251 50% d 
is. 3 2 

X1] — X2. 
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Observe that the foregoing system is accompanied by the initial conditions х1(0) = 25, 
x2(0) = 0. 


A PREDATOR-PREY MODEL Suppose that two different species of animals interact 
within the same environment or ecosystem, and suppose further that the first species eats 
only vegetation and the second eats only the first species. In other words, one species is 
a predator, and the other is a prey. For example, wolves hunt grass-eating caribou, sharks 
devour little fish, and the snowy owl pursues an arctic rodent called the lemming. For the 
sake of discussion, let us imagine that the predators are foxes and the prey are rabbits. 
Let x(t) and y(t) denote the fox and rabbit populations, respectively, at time t. If 

there were no rabbits, then one might expect that the foxes, lacking an adequate food 
supply, would decline in number according to 

dx _ 

dt 
When rabbits are present in the environment, however, it seems reasonable that the 
number of encounters or interactions between these two species per unit time is jointly 
proportional to their populations x and y—that is, proportional to the product xy. Thus 
when rabbits are present, there is a supply of food, so foxes are added to the system at a 
rate bxy, b — 0. Adding this last rate to (4) gives a model for the fox population: 


dx 

X = —ах + bxy. (5) 
On the other hand, if there were no foxes, then the rabbits would, with an added 
assumption of unlimited food supply, grow at a rate that is proportional to the number 


of rabbits present at time г: 


—ax, а> 0. (4) 


ау 

ae dy, d>0. (6) 
But when foxes are present, a model for the rabbit population is (6) decreased by 
сху, с > 0—that is, decreased by the rate at which the rabbits are eaten during their 


encounters with the foxes: 


Yä (7) 
di y — xy. 
Equations (5) and (7) constitute a system of nonlinear differential equations 

а 

< = —ах + bxy = х(-а + by) 

ау 8) 

— = dy — cxy = y(d — cx), 

d Vma y(d — cx) 


where a, b, c, and d are positive constants. This famous system of equations is known 
as the Lotka-Volterra predator-prey model. 

Except for two constant solutions, x(t) = 0, y(t) = 0 and x(r) = а/с, y(t) = a/b, 
the nonlinear system (8) cannot be solved in terms of elementary functions. However, 
we can analyze such systems quantitatively and qualitatively. See Chapter 9, 
“Numerical Solutions of Ordinary Differential Equations,” and Chapter 10, “Systems 
of Nonlinear First-Order Differential Equations.” 


[EXAMPLE 1 | Predator-Prey Model 


Suppose 
— = —0.16x + 0.08xy 


М 
— = 45y — 0.9 
dt у xy 


*Chapters 10-15 are in the expanded version of this text, Differential Equations with Boundary- Value 
Problems. 
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predators 


population 


FIGURE 3.3.2 Populations of predators 
(red) and prey (blue) in Example 1 


represents a predator-prey model. Because we are dealing with populations, we have 
x(t) = 0, y(t) = 0. Figure 3.3.2, obtained with the aid of a numerical solver, shows 
typical population curves of the predators and prey for this model superimposed 
on the same coordinate axes. The initial conditions used were x(0) = 4, у(0) = 4. 
The curve in red represents the population x(t) of the predators (foxes), and the blue 
curve is the population y(t) of the prey (rabbits). Observe that the model seems to 
predict that both populations x(f) and y(t) are periodic in time. This makes intuitive 
sense because as the number of prey decreases, the predator population eventually 
decreases because of a diminished food supply; but attendant to a decrease in the 
number of predators is an increase in the number of prey; this in turn gives rise to an 
increased number of predators, which ultimately brings about another decrease in the 
number of prey. 


COMPETITION MODELS Now suppose two different species of animals occupy 
the same ecosystem, not as predator and prey but rather as competitors for the same 
resources (such as food and living space) in the system. In the absence of the other, 
let us assume that the rate at which each population grows is given by 


d. d 
ЕЯ = ах апа - = су, (9) 
respectively. 
Since the two species compete, another assumption might be that each of these 
rates is diminished simply by the influence, or existence, of the other population. 
Thus a model for the two populations is given by the linear system 


d. 

"pax by " 
"— (10) 
d F” ii 


where a, b, c, and d are positive constants. 

On the other hand, we might assume, as we did in (5), that each growth rate in 
(9) should be reduced by a rate proportional to the number of interactions between 
the two species: 


d. 

=. = ах – Ьху | 
Boece а!) 
кошш. ху 


Inspection shows that this nonlinear system is similar to the Lotka- Volterra predator- 
prey model. Finally, it might be more realistic to replace the rates in (9), which 
indicate that the population of each species in isolation grows exponentially, with 
rates indicating that each population grows logistically (that is, over a long time the 
population is bounded): 


dx dy 

— = — by d — = — boy’. 12 

PL oe an g HP T (12) 
When these new rates are decreased by rates proportional to the number of interac- 


tions, we obtain another nonlinear model: 


= ax — bix? — суху = x(a, — bix — ciy) 
(13) 


СЕ 
dt 
dy 2 

ш у= boy” — оху = yla — boy — сәх), 
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FIGURE 3.3.3 Network whose model is 


given in (17) 


B; 


Cy 
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where all coefficients are positive. The linear system (10) and the nonlinear systems 
(11) and (13) are, of course, called competition models. 


NETWORKS An electrical network having more than one loop also gives rise to 
simultaneous differential equations. As shown in Figure 3.3.3, the current i,(f) splits 
in the directions shown at point Bı, called a branch point of the network. By 
Kirchhoff's first law we can write 


iy(t) = i(t) + is(0). (14) 


We can also apply Kirchhoff's second law to each loop. For loop A1B4B5A5A,, 
summing the voltage drops across each part of the loop gives 


| di |. 
E(t) = iR, + тч + К». (15) 


Similarly, for loop A1B1C1C5B5A5A, we find 


: dis 
E(t) = 16 + Lo—. (16) 
dt 
Using (14) to eliminate i; in (15) and (16) yields two linear first-order equations for 
the currents 12(7) and i3(f): 


dis 
Li + E RUE T Ris m EU) 
(17) 
dii 
lg =F 


di Rii + Riis = E(t). 


We leave it as an exercise (see Problem 16 in Exercises 3.3) to show that the 
system of differential equations describing the currents i,(f) and i»(f) in the network 


FIGURE 3.3.4 Network whose model is 
given in (18) 


containing a resistor, an inductor, and a capacitor shown in Figure 3.3.4 is 


p 
Lo +R = Е 
dt 
(18) 
sca iu p 
dt 


EXERCISES 3 3 Answers to selected odd-numbered problems begin on page ANS-4. 


Radioactive Series 


1. We have not discussed methods by which systems of first-order 
differential equations can be solved. Nevertheless, systems such 
as (2) can be solved with no knowledge other than how to solve 
a single linear first-order equation. Find a solution of (2) subject 
to the initial conditions x(0) = xo, y(0) = 0, z(0) = 0. 


2. In Problem 1 suppose that time is measured in days, that the 
decay constants are kj = —0.138629 and Б = —0.004951, and 
that xy — 20. Use a graphing utility to obtain the graphs of the 
solutions х(7), y(t), and 2(7) on the same set of coordinate axes. 
Use the graphs to approximate the half-lives of substances X 
and Y. 


3. Use the graphs in Problem 2 to approximate the times when the 
amounts x(t) and y(t) are the same, the times when the amounts 
x(t) and z(t) are the same, and the times when the amounts y(t) 
and z(f) are the same. Why does the time that is determined when 
the amounts y(t) and z(t) are the same make intuitive sense? 


4. Construct a mathematical model for a radioactive series of four 
elements W, X, Y, and Z, where Z is a stable element. 


5. Potassium-40 Decay The chemical element potassium is a 
soft metal that can be found extensively throughout the Earth's 
crust and oceans. Although potassium occurs naturally in the 
form of three isotopes, only the isotope potassium-40 (K-40) 
is radioactive. This isotope is also unusual in that it decays by 
two different nuclear reactions. Over time, by emitting beta 
particles a great percentage of an initial amount Ko of K-40 
decays into the stable isotope calcium-40 (Ca-40), whereas 
by electron capture a smaller percentage of Ko decays into the 
stable isotope argon-40 (Ar-40). Because the rates at which 
the amounts C(t) of Ca-40 and A(f) of Ar-40 increase are 
proportional to the amount K(f) of potassium present, and the 
rate at which K(t) decays is also proportional to K(t), we obtain 
the system of linear first-order equations 


dC 

— = AK 

dt : 

dA 

—:= ЛК 

а 

ак 

—— = (Ау + Л), 
а 
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where A, and A» are positive constants of proportionality. 
By proceeding as in Problem 1 we can solve the foregoing 
mathematical model. 


(a) From the last equation in the given system of differential 
equations find K(t) if K(0) = Ko. Then use K(f) to find C(t) 
and A(t) from the first and second equations. Assume that 
C(O) = 0 and A(0) = 0. 


(b) It is known that A; = 4.7526 x 107! and A> = 


0.5874 X 107!°. Find the half-life of K-40. 


(c) Use C(t) and A(t) found in part (а) to determine the percent- 
age of an initial amount Ko of K-40 that decays into Ca-40 
and the percentage that decays into Ar-40 over a very long 
period of time. 


. Potassium-Argon Dating The knowledge of how K-40 
decays can be used to determine the age of very old igneous 
rocks. See Figure 3.3.5. 


(a) Use the solutions obtained in part (a) of Problem 5 to find 
the ratio A(7)/K(r). 


(b) Use A(t)/K(t) found in part (а) to show that 


1 A, + А» A(f) 
t= Inj 14 А 
Лу + л л K(t) 


(c) Suppose it is determined that each gram of an igneous 
rock sample contains 8.5 X 1077 grams of Ar-40 and 
5.4 X 107% grams of K-40. Use the result in part (b) to find 
the approximate age of the rock. 


Martin Rietze/Westend61 GmbH/ 


Alamy Stock Photo 


FIGURE 3.3.5 Igneous rocks are formed through solidification 
of volcanic lava 


pure water 
4 gal/min 


10. 
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mixture 
1 gal/min 


mixture 
2 gal/min 


mixture 
4 gal/min 


mixture 
5 gal/min 


mixture 
6 gal/min 


FIGURE 3.3.6 Mixing tanks in Problem 8 


. Two very large tanks A and B are each partially filled with 


100 gallons of brine. Initially, 100 pounds of salt is dissolved in the 
solution in tank A and 50 pounds of salt is dissolved in the solution 
in tank B. The system is closed in that the well-stirred liquid is 
pumped only between the tanks, as shown in Figure 3.3.7. 


(a) Use the information given in the figure to construct a math- 
ematical model for the number of pounds of salt x;(t) and 
x»x(t) at time t in tanks A and B, respectively. 


(b) Find a relationship between the variables x;(f) and x2(f) 
that holds at time t. Explain why this relationship makes 
intuitive sense. Use this relationship to help find the amount 
of salt in tank B at t — 30 min. 


mixture 
3 gal/min 


mixture 
2 gal/min 


FIGURE 3.3.7 Mixing tanks in Problem 9 


Three large tanks contain brine, as shown in Figure 3.3.8. Use 
the information in the figure to construct a mathematical model 
for the number of pounds of salt x,(f), x»(t), and x3(f) at time 

t in tanks A, B, and C, respectively. Without solving the system, 
predict limiting values of х1(ї), хо(ї), and x3(t) as г — oc. 


pure water 
4 gal/min 


Mixtures 


7. Consider two tanks A and B, with liquid being pumped in 
and out at the same rates, as described by the system of 
equations (3). What is the system of differential equations 
if, instead of pure water, a brine solution containing 2 pounds 
of salt per gallon is pumped into tank A? 


@ Use the information given in Figure 3.3.6 to construct 
a mathematical model for the number of pounds of salt 
x(t), x2(t), and x3(f) at time t in tanks A, B, and C, 
respectively. 


mixture 
4 gal/min 


mixture 
4 gal/min 


mixture 
4 gal/min 


FIGURE 3.3.8 Mixing tanks in Problem 10 
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Predator-Prey Models 
11. Consider the Lotka- Volterra predator-prey model defined by 


o = —0.1x + 002xy 


йу o2 0.025 
a .2у .025ху, 
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FIGURE 3.3.9 Network in Problem 14 


where the populations x(f) (predators) and y(t) (prey) are measured (15) Determine a system of first-order differential equations that 


in thousands. Suppose x(0) — 6 and y(0) — 6. Use a numerical 
solver to graph x(t) and y(t). Use the graphs to approximate the 
time f > 0 when the two populations are first equal. Use the 
graphs to approximate the period of each population. 


Competition Models 
12. Consider the competition model defined by 


dX e (2 — 0.4x — 03у) 
mcm cM — Јах = U. 
dt y 


S 1—0.1y — 03 
d Лу = 0.35), 


where the populations x(f) and y(t) аге measured in thousands 


and t in years. Use a numerical solver to analyze the populations 


over a long period of time for each of the following cases: 
(a) x0) = 1.5, у(0) = 3.5 

(b) x0 = 1, у(0)=1 

(c) x09 = 2, у(0) =7 

(9) x(0) = 4.5, y(0) = 0.5 


13. Consider the competition model defined by 


dx cat — 0.1x — 0.05у) 
a M cM IX: — | 
dt У 


оде 1.7 — 0: 0.15 
dr УЧ ly = 0.152), 


where the populations x(f) and y(t) are measured in thousands 


and t in years. Use a numerical solver to analyze the populations 


over a long period of time for each of the following cases: 
(а) x9 = 1, yO)=1 

(b) x(0) = 4, y(0) = 10 

(c) x0) 29, y(0)—4 

(9) x(0) = 5.5, y(0) = 3.5 


Networks 


14. Show that a system of differential equations that describes 
the currents i>(f) and 13(7) in the electrical network shown in 
Figure 3.3.9 is 


LË 192 + кы = EW) 
dt dt 
Ri di t Ro ЧА : ij = 0. 
dt dt Q^ 


describes the currents i>(f) and i3(f) in the electrical network 
shown in Figure 3.3.10. 


FIGURE 3.3.10 Network in Problem 15 


16. Show that the linear system given in (18) describes the currents 11(7) 


and i(t) in the network shown in Figure 3.3.4. [Hint: dq/dt = i3.] 


Additional Nonlinear Models 


17. SIR Model 


18. 


A communicable disease is spread throughout a 
small community, with a fixed population of n people, by contact 
between infected individuals and people who are susceptible to 
the disease. Suppose that everyone is initially susceptible to the 
disease and that no one leaves the community while the epidemic 
is spreading. At time f, let s(t), (7), and r(t) denote, in turn, the 
number of people in the community (measured in hundreds) 

who are susceptible to the disease but not yet infected with it, 

the number of people who are infected with the disease, and the 
number of people who have recovered from the disease. Explain 
why the system of differential equations 


а 
T. = = Кі 


di 
7 = —Кої F kısi 


dr 
— = ki, 
dt z 


where kı (called the infection rate) and kp (called the removal 
rate) are positive constants, is a reasonable mathematical 
model, commonly called a SIR model, for the spread of the 
epidemic throughout the community. Give plausible initial 
conditions associated with this system of equations. 


(a) In Problem 17, explain why it is sufficient to analyze only 
ds 
— = —ks. 
dt uil 
di 
och dd 
dt 
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(b) Suppose kı = 0.2, Кә = 0.7, and n = 10. Choose various 
values of i(0) = ip, 0 < io < 10. Use a numerical solver to 
determine what the model predicts about the epidemic in 
the two cases sọ > Ко/К and so = k2/kı. In the case of an 
epidemic, estimate the number of people who are eventu- 
ally infected. 


19. Concentration of a Nutrient Suppose compartments A and 
B shown in Figure 3.3.11 are filled with fluids and are separated 
by a permeable membrane. The figure is a compartmental 
representation of the exterior and interior of a cell. Suppose, 
too, that a nutrient necessary for cell growth passes through 

the membrane. A model for the concentrations x(t) and y(t) of 
the nutrient in compartments A and B, respectively, at time f is 
given by the linear system of differential equations 


dx 

di v x) 
dy K 

dt v (x — у), 


where V4 and Vz are the volumes of the compartments, and 
к > 0 is a permeability factor. Let x(0) = xo and y(0) = yo 
denote the initial concentrations of the nutrient. Solely on 
the basis of the equations in the system and the assumption 
Xo > yo > 0, sketch, on the same set of coordinate axes, 
possible solution curves of the system. Explain your 
reasoning. Discuss the behavior of the solutions over a long 
period of time. 


fluid at fluid at 
concentration concentration 
x(t) y(t) 


/ 


membrane 


FIGURE 3.3.11 Nutrient flow through a membrane in Problem 19 


Chapter 3 In Review 


Answer Problems 1 and 2 without referring back to the text. Fill in 


the blank or answer true or false. 


1. If P(t) = Рос?! gives the population in an environment at time 
t, then a differential equation satisfied by Р(т) is 


2. If the rate of decay of a radioactive substance is proportional to 
the amount A(t) remaining at time f, then the half-life of the 
substance is necessarily T = — (In 2)/k. The rate of decay of the 
substance at time t = T is one-half the rate of decay at t = 0. 


3. In March 1976 the world population reached 4 billion. At that 
time, a popular news magazine predicted that with an average 
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20. The system in Problem 19, like the system in (2), can be 


solved with no advanced knowledge. Solve for x(t) and y(t) 

and compare their graphs with your sketches in Problem 19. 
Determine the limiting values of x(t) and y(t) as t — х. Explain 
why the answer to the last question makes intuitive sense. 


. Mixtures Solely on the basis of the physical description 


of the mixture problem on page 108 and in Figure 3.3.1, 
discuss the nature of the functions x(t) and x2(t). What is 
the behavior of each function over a long period of time? 
Sketch possible graphs of x;(1) and x(t). Check your 
conjectures by using a numerical solver to obtain numerical 
solution curves of (3) subject to the initial conditions 

х1(0) = 25, x2(0) = 0. 


. Newton’s Law of Cooling/Warming As shown in 


Figure 3.3.12, a small metal bar is placed inside container A, 
and container A then is placed within a much larger container 
B. As the metal bar cools, the ambient temperature T(t) of the 
medium within container A changes according to Newton’s 
law of cooling. As container A cools, the temperature of the 
medium inside container B does not change significantly and 
can be considered to be a constant Тр. Construct a mathematical 
model for the temperatures T(t) and T4(t), where T(t) is 

the temperature of the metal bar inside container A. As in 
Problems 1, 5, and 20, this model can be solved by using prior 
knowledge. Find a solution of the system subject to the initial 
conditions 7(0) = То, ТА(О) = Ti. 


container A 


FIGURE 3.3.12 Container within a container in Problem 22 


Answers to selected odd-numbered problems begin on page ANS-4. 


yearly growth rate of 1.8%, the world population would be 

8 billion in 45 years. How does this value compare with the 
value predicted by the model that assumes that the rate of 
increase in population is proportional to the population present 
at time г? 


. Air containing 0.06% carbon dioxide is pumped into a room 


whose volume is 8000 ft). The air is pumped in at a rate of 
2000 ft/min, and the circulated air is then pumped out at the 
same rate. If there is an initial concentration of 0.296 carbon 
dioxide in the room, determine the subsequent amount in the 
room at time f. What is the concentration of carbon dioxide 
at 10 minutes? What is the steady-state, or equilibrium, 
concentration of carbon dioxide? 
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5. Ötzi the Iceman In September of 1991 two German tourists 
found the well-preserved body of a man partially frozen in a 
glacier in the Otztal Alps on the border between Austria and 
Italy. See Figure 3.R.1. Through the carbon-dating technique 
it was found that the body of Otzi the iceman—as he came to 
be called—contained 53% as much C-14 as found in a living 
person. Assume that the iceman was carbon dated in 1991. Use 
the method illustrated in Example 3 of Section 3.1 to find the 
approximate date of his death. 


Werner Nosko/Reuters/Corbis 


FIGURE 3.R.1 Ötzi the iceman in Problem 5 


. In the treatment of cancer of the thyroid, the radioactive liquid 
Iodine-131 is often used. Suppose that after one day in storage, 
analysis shows that an initial amount A, of iodine-131 in a 
sample has decreased by 8.3%. 


(a) Find the amount of iodine-131 remaining in the sample 
after 8 days. 


(b) Explain the significance of the result in part (a). 


. Solve the differential equation 


dy _ y 


dx E [gh = m 


of the tractrix. See Problem 28 in Exercises 1.3. Assume that 
the initial point on the y-axis in (0, 10) and that the length of the 
rope is x — 10 ft. 


. Suppose a cell is suspended in a solution containing a solute 
of constant concentration C,. Suppose further that the cell has 
constant volume V and that the area of its permeable membrane 
is the constant A. By Fick's law the rate of change of its 
mass т is directly proportional to the area A and the difference 
C, — C(t), where C(t) is the concentration of the solute inside 
the cell at time т. Find C(t) if m = V - C(t) and C(O) = Со. See 
Figure 3.R.2. 


= 


concentration 
C; 


molecules of solute 
EC diffusing through 
k і ~ cell membrane 


FIGURE 3.R.2 Cell in Problem 8 


. Suppose that as a body cools, the temperature of the 
surrounding medium increases because it completely absorbs 
the heat being lost by the body. Let 7(7) and Т,„(7) be the 
temperatures of the body and the medium at time f, respectively. 


10. 


11 


12. 
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If the initial temperature of the body is T, and the initial 
temperature of the medium is Т», then it can be shown in this 
case that Newton’s law of cooling is dT/dt = k(T — Tm), k < 0, 
where Т, = T; + B(T; — Т), B > 0 is a constant. 


(a) The foregoing DE is autonomous. Use the phase portrait 
concept of Section 2.1 to determine the limiting value of 
the temperature T(t) as t — œ. What is the limiting value of 
T,,(t) as t — oo? 


(b) Verify your answers in part (a) by actually solving the 
differential equation. 


(c) Discuss a physical interpretation of your answers in 
part (a). 
According to Stefan's law of radiation the absolute 


temperature T of a body cooling in a medium at constant 
absolute temperature 7,, is given by 


dT 


= k(T^ — Т4), 
d ( ) 


where К is a constant. Stefan's law can be used over a greater 
temperature range than Newton's law of cooling. 


(a) Solve the differential equation. 


(b) Show that when T — Т is small in comparison to T, then 
Newton's law of cooling approximates Stefan's law. [Hint: 
Think binomial series of the right-hand side of the DE.] 


. Suppose an RC-series circuit has a variable resistor. If the 


resistance at time t is defined by R(t) = kı + kot, where kı and 
ky are known positive constants, then the differential equation in 
(9) of Section 3.1 becomes 


(k OL PNE = E(t) 
1 2 dt c? , 


where C is a constant. If E(t) = Ep and q(0) = qo, where Ep and 
qo are constants, then show that 


ky 1/Ck 
7) = Е t E, ; 
q(t) oC + (qo — БС) К+ =) 


A classical problem in the calculus of variations is to find the 
shape of a curve € such that a bead, under the influence of 
gravity, will slide from point A(0, 0) to point B(x;, у) in the 
least time. See Figure 3.R.3. It can be shown that a nonlinear 
differential for the shape y(x) of the path is y[1 + (y')?] = k, 
where k is a constant. First solve for dx in terms of y and 

dy, and then use the substitution y = k sin?0 to obtain a 
parametric form of the solution. The curve @ turns out to be a 
cycloid. 


XY 


Bx, у) 


FIGURE 3.R.3 Sliding bead in Problem 12 
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13. A model for the populations of two interacting species of animals is G(x, у, c) =0 


d. 
ps = kix(a — x) 

dy А tangents 
oo 


Solve for x and y in terms of t. Не, y, c2) =0 
14. Initially, two large tanks A and B each hold 100 gallons of FIGURE 3.R.5 Orthogonal families 
brine. The well-stirred liquid is pumped between the tanks as 
shown in Figure 3.R.4. Use the information given in the figure 
to construct a mathematical model for the number of pounds of 17. y = се" 18. y= 
salt xı(f) and x»(f) at time t in tanks A and B, respectively. хъс 
19. With the identifications a = r, b = r/K, and a/b = К, 
Figures 2.1.7 and 3.2.2 show that the logistic population 
model, (3) of Section 3.2, predicts that for an initial population 
Po, 0 < Po < К, regardless of how small Po is, the population 
increases over time but does not surpass the carrying capacity 
К. Also, for Ро > K the same model predicts that a population 
cannot sustain itself over time, so it decreases but yet never 
falls below the carrying capacity K of the ecosystem. The 
American ecologist Warder Clyde Allee (1885—1955) showed 
that by depleting certain fisheries beyond a certain level, the 
fish population never recovers. How would you modify the 
differential equation (3) to describe a population P that has 
FIGURE 3.R.4 Mixing tanks in Problem 14 these same two characteristics of (3) but additionally has a 
threshold level A, 0 < A < K, below which the population 
cannot sustain itself and approaches extinction over time. 
[Hint: Construct a phase portrait of what you want and then 
form a differential equation. ] 


15. y = сіх 16. х2 – 232 = сі 


2 Ib/gal mixture 
7 gal/min 5 gal/min 


a) 


mixture mixture mixture 
3 gal/min 1 gal/min 4 gal/min 


When all the curves in a family G(x, y, c1) = 0 intersect 
orthogonally all the curves in another family H(x, y, c2) = 0, the 
families are said to be orthogonal trajectories of each other. See 
Figure 3.R.5. If dy/dx — f(x, y) is the differential equation of one 
family, then the differential equation for the orthogonal trajectories 20. Sawing Wood A long uniform piece of wood (cross sections 


of this family is dy/dx = — 1/f(x, у). In Problems 15-18 find are the same) is cut through perpendicular to its length by a 
the differential equation of the given family by computing dy/dx vertical saw blade. See Figure 3.R.6. If the friction between 
and eliminating су from this equation. Then find the orthogonal the sides of the saw blade and the wood through which the 

trajectories of the family. Use a graphing utility to graph both blade passes is ignored, then it can be assumed that the rate 
families on the same set of coordinate axes. at which the saw blade moves through the piece of wood is 


Cutting edge of 
saw blade moving 
left to right 


y 


Cutting edge 
is vertical Cut is made perpendicular to length 4 


x 
(a) cross section (b) log profile (c) cross section 


FIGURE 3.R.6 Sawing a log in Problem 20 
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inversely proportional to the width of the wood in contact 

with its cutting edge. As the blade advances through the wood 
(moving, say, left to right) the width of a cross section changes 
as a nonnegative continuous function w. If a cross section of the 
wood is described as a region in the xy-plane defined over an 
interval [a, b] then, as shown in Figure 3.R.6(c), the position x 
of the saw blade is a function of time ¢ and the vertical cut made 
by the blade can be represented by a vertical line segment. The 
length of this vertical line is the width w(x) of the wood at that 
point. Thus the position x(t) of the saw blade and the rate dx/dt 
at which it moves to the right are related to w(x) by 


(92 c, 0) = 
w(x т^ ‚ х(0) = a. 


Неге К represents the number of square units of the material 
removed by the saw blade per unit time. 


(a) Suppose the saw is computerized and can be programmed 
so that К = 1. Find an implicit solution of the foregoing 
initial-value problem when the piece of wood is a circular 
log. Assume a cross section is a circle of radius 2 centered 
at (0, 0). [Hint: To save time see formula 41 in the table of 
integrals given on the right inside page of the front cover.] 


(b) Solve the implicit solution obtained in part (b) for time г 
as a function of x. Graph the function t(x). With the aid of 
the graph, approximate the time that it takes the saw to cut 
through this piece of wood. Then find the exact value of 


this time. 


21. 


22. 
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Solve the initial-value problem in Problem 20 when a cross 
section of a uniform piece of wood is the triangular region 
given in Figure 3.R.7. Assume again that k — 1. How long does 
it take to cut through this piece of wood? 


y 
v2 
2 


V2 x 


FIGURE 3.R.7 Triangular cross section in Problem 21 


Chemical Kinetics Suppose a gas consists of molecules of 
type A. When the gas is heated a second substance B is formed 
by molecular collision. Let A(r) and B(t) denote, in turn, the 
number of molecules of types A and B present at time t = 0. 

A mathematical model for the rate at which the number of 
molecules of type A decreases is 


dA 


= —kA?, К> 0. 
dt ш 
(a) Determine A(t) if A(0) = Ao. 


(b) Determine the number of molecules of substance B present 
at time f if it is assumed that A(t) + B(t) = Ao. 


(c) By hand, sketch rough graphs of A(t) and B(t) for t = 0. 
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Reduction of Order 
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Cauchy-Euler Equations 
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Solving Systems of Linear DEs by Elimination 

Nonlinear Differential Equations 


CHAPTER 4 IN REVIEW 


e turn now to the solution of ordinary differential equations of order 

two or higher. In the first seven sections of this chapter we examine 

the underlying theory and solution methods for certain kinds of linear 
DEs. The chapter concludes with a brief examination of solution methods for 


nonlinear higher-order equations. 


Reread (vi) of the Remarks in 
Section 1.1 and page 57 of 
Section 2.3. 


4.1 


© 
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Preliminary Theory—Linear Equations 


INTRODUCTION In Chapter 2 we were able to solve a few first-order differential 
equations by recognizing them as separable, linear, exact, or having homogeneous 
coefficients. Even though the solutions obtained were in the form of a one-parameter 
family, this family, with one exception, did not represent the general solution of the 
differential equation. Recall that a general solution is a family of solutions defined 
on some interval / that contains all solutions of the DE that are defined on Z. Only 
in the case of linear first-order differential equations were we able to obtain general 
solutions by paying close attention to certain continuity conditions imposed on 
the coefficients in the equation. Because our primary goal in this chapter is to find 
general solutions of linear higher-order DEs, we first need to examine some of the 
basic theory of linear equations. 


4.1.1 INITIAL-VALUE AND BOUNDARY-VALUE 
PROBLEMS 


INITIAL-VALUE PROBLEM In Section 1.2 we defined an initial-value problem 
for a general nth-order differential equation. For a linear differential equation an 
nth-order initial-value problem (IVP) is 


n nec 


Solve: анх) — — 4d üs-40X) 


dy 
— n Де -— 
dx" dx" a(x) dx ао(х)у g(x) 


(1) 
Subject to: у(хо) = уо, у(х) =у:....,у" Po) = уһ. 


Recall that for a problem such as this one we seek a function defined on some interval 
1, containing xo, that satisfies the differential equation and the л initial conditions 
specified at xo: y(xo) = yo, y'(xo) = yr. ..., y "7 Dx) = у„—1. We have already seen 
that in the case of a second-order initial-value problem a solution curve must pass 
through the point (xo, yo) and have slope y; at this point. 


EXISTENCE AND UNIQUENESS In Section 1.2 we stated a theorem that gave 
conditions under which the existence and uniqueness of a solution of a first-order 
initial-value problem were guaranteed. The theorem that follows gives sufficient 
conditions for the existence of a unique solution of the problem in (1). 


о e 


et anx), ag—1(X), . . . , a1 (x), ао(х) and g(x) be continuous on an interval Гапа let 
a, (x) # 0 for every x in this interval. If x = xo is any point in this interval, then a 
solution y(x) of the initial-value problem (1) exists on the interval and is unique. 


[EXAMPLE 1 | Unique Solution of an IVP 


The initial-value problem 
Зу" + 5у" = у + 7у = 0, у(1)=0, ywd)=0, yd)=0 


possesses the trivial solution у = 0. Because ће third-order equation is linear with 
constant coefficients, it follows that all the conditions of Theorem 4.1.1 are fulfilled. 
Hence у = 0 is the only solution on any interval containing x = 1. [1 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


120 CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS 


solutions of the DE 
n 


x 


FIGURE 4.1.1 Solution curves of a BVP 
that pass through two points 


[EXAMPLE 2 Unique Solution of an IVP 


X 


You should verify that the function y = 3e7* + е” 
value problem 


— 3x is a solution of the initial- 


y'—4y— 12x, y(00—4, y'0)=1. 


Now the differential equation is linear, the coefficients as well as g(x) — 12x are 
continuous, and a»(x) = 1 = 0 on any interval / containing x = 0. We conclude from 
Theorem 4.1.1 that the given function is the unique solution on /. a 


The requirements in Theorem 4.1.1 that а(х), i = 0, 1, 2,..., be continuous 
and a,(x) = О for every x in / are both important. Specifically, if a,(x) = 0 for some 
x in the interval, then the solution of a linear initial-value problem may not be unique 
or even exist. For example, you should verify that the function y = cx? + x + 3isa 
solution of the initial-value problem 


xy" – 2ху + 2y=6, у(0) = 3, у'(0)=1 


оп the interval (— 2, o») for any choice of ће parameter с. In other words, there is no 
unique solution of the problem. Although most of the conditions of Theorem 4.1.1 
are satisfied, the obvious difficulties are that a»(x) = x? is zero at x = 0 and that the 
initial conditions are also imposed at x = 0. 


BOUNDARY-VALUE PROBLEM Another type of problem consists of solving a 
linear differential equation of order two or greater in which the dependent variable у 
or its derivatives are specified at different points. A problem such as 


а?у dy 
Solve: а(х) —; + a(x) —— + ао(х)у = g(x) 
dx dx 


Subject to: у(а) = уо, y(b)= у 


is called а boundary-value problem (BVP). The prescribed values у(а) = yo and 
y(b) = у are called boundary conditions (BC). A solution of the foregoing problem 
is a function satisfying the differential equation on some interval /, containing a and 
b, whose graph passes through the two points (а, yo) and (b, y1). See Figure 4.1.1. 

For a second-order differential equation other pairs of boundary conditions 
could be 


y@=y,  у®)=у 
ya=yo  y(b-» 
y@=y, yO=y, 
where yo and y; denote arbitrary constants. These three pairs of conditions are just 
special cases of the general boundary conditions 
aiy(a) + Biy'(a) = yı 
ooy(b) + Bay'(b) = y». 


The next example shows that even when the conditions of Theorem 4.1.1 are 
fulfilled, a boundary-value problem may have several solutions (as suggested in 
Figure 4.1.1), a unique solution, or no solution at all. 


[EXAMPLE 3 | A BVP Can Have Many, One, or No Solutions 


In Example 9 of Section 1.1 we saw that the two-parameter family of solutions of the 
differential equation x" + 16x = 0 is 


X = cı cos 4t + c5 sin 4t. (2) 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


FIGURE 4.1.2 Solution curves for BVP in 


part (a) of Example 3 


Please remember these two 
assumptions. 
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(a) Suppose we now wish to determine the solution of the equation that further 
satisfies the boundary conditions x(0) = 0, х(т/2) = 0. Observe that the first 
condition 0 = cı cos 0 + c; sin 0 implies that су = 0, so х = сә sin 4t. But when 
t = 7/2, 0 = c sin 2r is satisfied for any choice of c», since sin 27r = 0. Hence the 
boundary-value problem 

т 


x"+ 16х=0, х(0)=0, x (z) =0 (3) 


has infinitely many solutions. Figure 4.1.2 shows the graphs of some of the 
members of the one-parameter family x = c» sin 4t that pass through the two points 
(0, 0) and (7/2, 0). 


(b) If the boundary-value problem in (3) is changed to 


x"+16x=0, x(0)=0, x B - 0, (4) 
then x(0) = O still requires c, = 0 in the solution (2). But applying x(7/8) = 0 to 
X = c sin 4t demands that 0 = c» sin(7/2) = сх * 1. Hence x = 0 is a solution of 
this new boundary-value problem. Indeed, it can be proved that x = 0 is the only 
solution of (4). 


(c) Finally, if we change the problem to 
T 
x" + 16x = 0, x(0) = 0, (= = 1, (5) 


we find again from x(0) = 0 that cı = 0, but applying x(7/2) = 1 to x = c» sin 4f 
leads to the contradiction 1 = с» sin 27 = c5 * 0 = 0. Hence the boundary-value 
problem (5) has no solution. E] 


4.1.2 HOMOGENEOUS EQUATIONS 


A linear nth-order differential equation of the form 


d'y ау dy 
а) 5. + asa) > + c tay) = +а(ду=0 (6) 
dx dx dx 


is said to be homogeneous, whereas an equation 


n n—1 


d"y dy 
anD —— cba. lo с + ах) —— + a)y = ga), (7) 
dx dx dx 


with g(x) not identically zero, is said to be nonhomogeneous. For example, 
2y" + Зу' — 5y = 0 is a homogeneous linear second-order differential equation, 
whereas x?y" + 6y' + 10y = еї is a nonhomogeneous linear third-order differential 
equation. The word homogeneous in this context does not refer to coefficients that are 
homogeneous functions, as in Section 2.5. 

We shall see that to solve a nonhomogeneous linear equation (7), we must first 
be able to solve the associated homogeneous equation (6). 

To avoid needless repetition throughout the remainder of this text, we shall, as a 
matter of course, make the following important assumptions when stating definitions 


and theorems about linear equations (1). On some common interval J, 


e the coefficient functions a,x), i = 0, 1, 2,..., папа g(x) are continuous; 
e а(х) # О for every x in the interval. 


DIFFERENTIAL OPERATORS In calculus differentiation is often denoted by the 
capital letter D—that is, dy/dx — Dy. The symbol D is called a differential operator 
because it transforms a differentiable function into another function. For example, 
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D(cos 4x) = —4 sin 4x and D(5x? — 6х2) = 15x? — 12x. Higher-order derivatives 
can be expressed in terms of D in a natural manner: 


d (d d? P 
dx n s D(Dy) = D'y and, in general, 7 _ 


= р" у, 


where у represents a sufficiently differentiable function. Polynomial expressions 
involving D, such as D + 3, D? + 3D — 4, and 5x°D? — 6x2D? + 4xD + 9, are also 
differential operators. In general, we define an nth-order differential operator or 
polynomial operator to be 


L = a,(x)D" + аһ)" |! + +++ + ai(3)D + ао(х). (8) 


As a consequence of two basic properties of differentiation, D(cf(x)) = cDf(x), cis а 
constant, and D{f(x) + g(x)} = Df(x) + Dg(x), the differential operator L possesses 
a linearity property; that is, L operating on a linear combination of two differentiable 
functions is the same as the linear combination of L operating on the individual func- 
tions. In symbols this means that 


L(af(x) + Bg@)} = aL) + BLE), (9) 


where а and [ are constants. Because of (9) we say that the nth-order differential 
operator L is a linear operator. 


DIFFERENTIALEQUATIONS Any linear differential equation can be expressed in 

terms of the D notation. For example, the differential equation у” + 5у' + 6y = 5x — 3 

can be written as D?y + 5Dy + бу = 5x — 3 or (D? + 5D + 6)y = 5x — 3. Using 

(8), we can write the linear nth-order differential equations (6) and (7) compactly as 
Г(у) = 0 апа L(y) = g(x), 


respectively. 


SUPERPOSITION PRINCIPLE In the next theorem we see that the sum, or super- 
position, of two or more solutions of a homogeneous linear differential equation is 
also a solution. 


| Let yj, y», ..., Ук be solutions of the homogeneous nth-order differential 


equation (6) on an interval /. Then the linear combination 


y = сау) + ezyo(x) + >>> Есу), 


where the cj, i = 1, 2,..., k are arbitrary constants, is also a solution on the 
interval. 


PROOF We prove the case k — 2. Let L be the differential operator defined in (8), 
and let у(х) and у(х) be solutions of the homogeneous equation L(y) = 0. If we 
define y = ciyi1(x) + c2y2(x), then by linearity of L we have 


L(y) = L{ciyi@) + ex») = су LO) + со (ро) = с 0 +оо 0 = 0. WM 


(A) А constant multiple y = cıyı(x) of a solution уџ(х) of a homogeneous 
linear differential equation is also a solution. 

(B) A homogeneous linear differential equation always possesses the trivial 
solution y — 0. 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


ya 
f= 
x 
(a) 
ya 
f =1х| 
x 
(b) 


FIGURE 4.1.3 Set consisting of fı and 
f» is linearly independent on (— o, с) 
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[EXAMPLE 4 Superposition—Homogeneous DE 


The functions уу = x? and уз = x? In x are both solutions of the homogeneous linear 
equation x^y" — 2xy' + 4y = 0 on the interval (0, œ). By the superposition principle 


the linear combination 
у= cix? + cox? In x 


is also a solution of the equation on the interval. Е 


The function у = e" is a solution of y" — 9y' + 14у = 0. Because the differen- 
tial equation is linear and homogeneous, the constant multiple у = ce” is also a 
solution. For various values of c we see that y = 9e™, у = 0, y = —V5e”,... are all 
solutions of the equation. 


LINEAR DEPENDENCE AND LINEAR INDEPENDENCE The next two concepts 
are basic to the study of linear differential equations. 


A set of functions fi(x), fo(x), . . . , f(x) is said to be linearly dependent on an 
interval / if there exist constants сі, со, . . . , Cn, not all zero, such that 


СЛС) ar @ др) a 229 Ес) = 0) 


for every x in the interval. If the set of functions is not linearly dependent on 
the interval, it is said to be linearly independent. 


In other words, a set of functions is linearly independent on an interval / if the only 
constants for which 


cifi(x) + er fox) + + cn fra) = 0 


for every x in the interval are с = c2 = +": = с, = 0). 

It is easy to understand these definitions for a set consisting of two functions 
ЛО) and р(х). If the set of functions is linearly dependent on an interval, then 
there exist constants сү and c»? that are not both zero such that for every x in the 
interval, ci fi) + c2f2(x) = 0. Therefore if we assume that c, = 0, it follows that 
ЛО? = (—c2/c1)f2(x); that is, if a set of two functions is linearly dependent, then one 
function is simply a constant multiple of the other. Conversely, if fi(x) = c2f2(x) 
for some constant со, then (—1) + (х) + cofo(x) = 0 for every x in the interval. 
Hence the set of functions is linearly dependent because at least one of the constants 
(namely, c; = — 1) is not zero. We conclude that a set of two functions f\(x) and р(х) 
is linearly independent when neither function is a constant multiple of the other on 
the interval. For example, the set of functions fj(x) = sin 2x, fo(x) = sin x cos x is 
linearly dependent on (—, o») because f(x) is a constant multiple of f(x). Recall 
from the double-angle formula for the sine that sin 2x — 2 sin x cos x. On the other 
hand, the set of functions fi(x) = x, f(x) = |х| is linearly independent on (— o, хо). 
Inspection of Figure 4.1.3 should convince you that neither function is a constant 
multiple of the other on the interval. 

It follows from the preceding discussion that the quotient f(x) /f,(x) is not a con- 
stant on an interval on which the set ў (х), (х) is linearly independent. This little fact 
will be used in the next section. 


[EXAMPLE 5. Linearly Dependent Set of Functions 


The set of functions fi(x) = cos?x, fa) = sin?x, ЛО) = sec?x, fa) = tan?x is 
linearly dependent on the interval (— 7/2, 7/2) because 


сү Cos?x + c» sin?x + сз sec?x + c4 tan?x = 0 
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for every real number x in the interval when c; = c? = 1, сз = —1, c4 = 1. We 
used here cos?x + sin?x = 1 and 1 + tan?x = ѕес2х. а 
A set of n functions fi(x), f2(x), ..., fax) is linearly dependent on an interval 


I if at least one of the functions can be expressed as a linear combination of the 
remaining functions. For example, three functions ў (х), f(x), and f(x) are linearly 
dependent on / if at least one of these functions is a linear combination of the other 
two, say, 


ЛАО) = afi) + co for) 


for all x in Z. A set of n functions is linearly independent on / if no one function is a 
linear combination of the other functions. 


[EXAMPLE 6 | Linearly Dependent Set of Functions 


The set of functions fi(x) = Vx + 5, a(x) = Vx + 5x, fa(x) = x — 1, fa(x) = x? is 
linearly dependent on the interval (0, ©) because f? can be written as a linear combi- 
nation of fi, f», and f4. Observe that 


Ро) = 1+ fix) + 5 *faQ) + 0 fa) 


for every x in the interval (0, co). Е 


SOLUTIONS OF DIFFERENTIAL EQUATIONS We are primarily interested 
in linearly independent functions or, more to the point, linearly independent 
solutions of a linear differential equation. Although we could always ap- 
peal directly to Definition 4.1.1, it turns out that the question of whether the set 
of n solutions y1, yo, . . . , Yn of a homogeneous linear nth-order differential equa- 
tion (6) is linearly independent can be settled somewhat mechanically by using 
a determinant. 


oe 8 


uppose each of the functions fix), fo(x), ..., fa(x) possesses at least n — 1 
derivatives. The determinant 


fi Jo э fn 


HUNE E ES 


9 


(i310) (п—1) С) 
fi Р Qao tn 


where the primes denote derivatives, is called the Wronskian of the functions. 


The Wronskian determinant is named after the Polish philosopher and mathema- 
tician Josef Maria Hoéné-Wronski (1778-1853). 


| Let yj, уо, . . . , Yn ben solutions of the homogeneous linear nth-order differential 


equation (6) on an interval /. Then the set of solutions is linearly independent 
on / if and only if W(yi, yo, ..., Ул) = О for every x in the interval. 
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It follows from Theorem 4.1.3 that when у, yo,..., y, are n solutions of (6) on 
an interval J, the Wronskian W(y1, yo, .. . , Yn) is either identically zero or never zero 
on the interval. Thus, if we can show that (у, y2,.--, Yn) # О for some xo in J, then 
the solutions y1, yo,..., ул are linearly independent on /. For example, the functions 


and solutions of the differential equation 
xy" + 7ху' + 13у = 0 


on the interval (0, co). Note that the coefficient functions a2(x) = x’, а(х) = 7х, and 
ао(х) = 13 are continuous on (0, ©) and that a(x) = 0 for every value of x in the 
interval. The Wronskian is 


cos(2 In x) sin(2 lnx) 
x P 
WO) 30090 — |. S 2 ining) — 3ébcosDinz) 2x eos2in2 = 30 SinDdnx) | 
x6 xÉ 


Rather than expanding this unwieldy determinant, we choose x = 1 in the interval 
(0, ©) and find 


1 
Wii), у;1)) = | —3 


The fact that W(yi(1), yo(1)) = 2 = 0 is sufficient to conclude that у(х) апа у(х) are 
linearly independent on (0, c»). 

A set of n linearly independent solutions of a homogeneous linear nth-order 
differential equation is given a special name. 


| Any set yj, yo, ... , Yn of n linearly independent solutions of the homogeneous 


linear nth-order differential equation (6) on an interval / is said to be a funda- 
mental set of solutions on the interval. 


The basic question of whether a fundamental set of solutions exists for a linear 
equation is answered in the next theorem. 


| There exists a fundamental set of solutions for the homogeneous linear nth- 


order differential equation (6) on an interval Z. 


Analogous to the fact that any vector in three dimensions can be expressed as a 
linear combination of the linearly independent vectors i, j, К, any solution of an nth- 
order homogeneous linear differential equation on an interval / can be expressed as a 
linear combination of n linearly independent solutions on /. In other words, n linearly 
independent solutions у, yo, ..., y, are the basic building blocks for the general 
solution of the equation. 
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| Let y1, у, . . . , Yn be a fundamental set of solutions of the homogeneous linear 


nth-order differential equation (6) on an interval /. Then the general solution 
of the equation on the interval is 


VY = cm) sr о) sr 22° ar GaGa), 


where cj, i = 1,2, ...,n are arbitrary constants. 


Theorem 4.1.5 states that if Y(x) is any solution of (6) on the interval, then con- 
stants Cj, Сә, ..., C, can always be found so that 


Y(x) = Ciy1(x) + Coyo(x) + +++ + Саух). 


We will prove the case when п = 2. 


PROOF Let Y be a solution and let уу and y be linearly independent solutions of 
ау" + ayy’ + ару = 0 on an interval /. Suppose that x = t is a point in J for which 
Wy, (0), yo(t)) = 0. Suppose also that Y(t) = kı and Y'(r) = ky. If we now examine 
the equations 


Ciyi(t) + Cyt) = ky 
С\у1@) + Coy*(t) = ke, 


it follows that we can determine C; and Сә uniquely, provided that the determinant of 
the coefficients satisfies 


yA 00) 
yO уз@) 


But this determinant is simply the Wronskian evaluated at x = ft, and by assumption, 
W #0. If we define G(x) = Ciyi(x) + Cry2(x), we observe that G(x) satisfies the 
differential equation since it is a superposition of two known solutions; G(x) satisfies 
the initial conditions 


GO=CiiO + Coyxt) - kv. and С(0 = Ciyi(n) + Cyt) = ky; 


and Y(x) satisfies the same linear equation and the same initial conditions. Because 
the solution of this linear initial-value problem is unique (Theorem 4.1.1), we have 


Y(x) = G(x) or Y(x) = Cyw) + Coya(x). al 
[EXAMPLE 7 General Solution of a Homogeneous DE 


The functions y, = e?" and y; = е? are both solutions of the homogeneous linear 


equation y" — 9y = 0 on the interval (—%, ©). By inspection the solutions are lin- 
early independent on the x-axis. This fact can be corroborated by observing that the 
Wronskian 


е^ e 3x 


Wi Зх =Зжү ы 
(е е ) 3е3х —3e 3 


--6*0 


for every x. We conclude that y; and y? form a fundamental set of solutions, and 
consequently, y = cje** + coe ^ is the general solution of the equation on the 
interval. E 
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[EXAMPLE 8 5:3 A Solution Obtained from a General Solution 


The function у = 4sinh 3x — 5e? is a solution of the differential equation in 
Example 7. (Verify this.) In view of Theorem 4.1.5 we must be able to obtain this 
solution from the general solution y — спе? + coe ?^. Observe that if we choose 
c; = 2 and c? = —7, then y = 2e3* — 7e х can be rewritten as 


3x __ 3x 
у= 2e® — 24 9 — e = 4° | - Se 


The last expression is recognized as у = 4 sinh 3x — Se *. [ 


[EXAMPLE 9 General Solution of a Homogeneous DE 


3x 


The functions y; = е, y; = e?*, and уз = e* satisfy the third-order equation 


y" — бу” + 11у' — бу = 0. Since 


e е?^ e 


We", e™, e) = e 2e* 3ge*| 226430 
e 4e* 9g 


for every real value of x, the functions y1, y», and уз form a fundamental set of solu- 
tions on (—%, со), We conclude that у = се" + ce + сзе? is the general solution 
of the differential equation on the interval. Е 


4.1.3 NONHOMOGENEOUS EQUATIONS 


Any function уь, free of arbitrary parameters, that satisfies (7) is said to be a 
particular solution of the equation. For example, it is a straightforward task to show 
that the constant function у, = 3 is a particular solution of the nonhomogeneous 
equation y" + 9y = 27. 

Now if yı, уо, . . . , yk are solutions of (6) on an interval Гапа y, is any particular 
solution of (7) on J, then the linear combination 


y = сууу) + cyx) + +++ + ey) + yp) (10) 


is also a solution of the nonhomogeneous equation (7). If you think about it, this makes 
sense, because the linear combination с|үуү(х) + eyo(x) + ++ + + срур(х) is trans- 
formed into 0 by the operator L = a,D" + a, 41D" ] + +++ + aD + ag, whereas Ур 18 
transformed into g(x). If we use k = n linearly independent solutions of the nth-order 
equation (6), then the expression in (10) becomes the general solution of (7). 


| Let y, be any particular solution of the nonhomogeneous linear nth-order dif- 


ferential equation (7) on an interval J, and let у, y», . . . , Yn be a fundamental 
set of solutions of the associated homogeneous differential equation (6) on /. 
Then the general solution of the equation on the interval is 


y = ау) + eayo(x) +--+ + слуп)  yp(x). 


where the c;, = 1, 2, . . . , are arbitrary constants. 


PROOF Let L be the differential operator defined in (8) and let Y(x) and y,(x) 
be particular solutions of the nonhomogeneous equation L(y) = g(x). If we define 
u(x) = Y(x) — у(х), then by linearity of L we have 


L(u) = L{Y(x) — ур(х)) = LQ'G)) — Lp) = 8%) — 809) = 0. 
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This shows that u(x) is a solution of the homogeneous equation L(y) = 0. Hence by 
Theorem 4.1.5, u(x) = ciyi(x) + c2yo(x) + +° + cnyp(x), and so 


Yx) — yp(x) = eiyiQO + cyx) + ++ + Cyn) 
or Y(x) = ciyi(x) + cyx) + © + CY) + у(х). E 


COMPLEMENTARY FUNCTION We see in Theorem 4.1.6 that the general solu- 
tion of a nonhomogeneous linear equation consists of the sum of two functions: 


у = Cy) + cyx) + 5 + Cryn) + ypx) = yx) + Yp(X). 


The linear combination у(х) = ciyi(x) + eayo(x) + ccc + с„у„(х), which is the 
general solution of (6), is called the complementary function for equation (7). In 
other words, to solve a nonhomogeneous linear differential equation, we first solve the 
associated homogeneous equation and then find any particular solution of the nonho- 
mogeneous equation. The general solution of the nonhomogeneous equation is then 


y = complementary function + any particular solution 
= ye t Yp- 


[EXAMPLE 10| General Solution of a Nonhomogeneous DE 


By substitution the function y, = -H = Ix is readily shown to be a particular solu- 
tion of the nonhomogeneous equation 


y" — 6y" + 11у' — бу = 3x. (11) 
To write the general solution of (11), we must also be able to solve the associated 
homogeneous equation 

y" = бу” + Пу = бу = 0. 


But in Example 9 we saw that the general solution of this latter equation on the 
interval (— 2, о) was ye = сүе* + сое? + c4e?*, Hence the general solution of (11) 
on the interval is 


11 1 
= у. + == ех + 2х + Зх | | 
JF Ур = С сое сзе 12 И 
ANOTHER SUPERPOSITION PRINCIPLE The last theorem of this discussion 
will be useful in Section 4.4 when we consider a method for finding particular solu- 
tions of nonhomogeneous equations. 


Let ур, Yp» - - -> yp, be k particular solutions of the nonhomogeneous linear 
nth-order differential equation (7) on an interval J corresponding, in turn, to k 
distinct functions g1, 82, . . . , gi. That is, suppose yy, denotes a particular solu- 
tion of the corresponding differential equation 


ап(х)у® + а„—1(х)у" D + +++ + ai@dy' + абду= gi, (12) 
where i = 1,2,...,K. Then 
yp(x) = yp, Qo) + ур) +" + yp) (13) 
is a particular solution of 
а„(®)у?” + a, ()y"7 P + 55 + ayy’ + ао(х)у 
= gx) + exo) + c + Bx). (14) 
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PROOF We prove the case k = 2. Let L be the differential operator defined in (8) 
and let y,,(x) and y,,(x) be particular solutions of the nonhomogeneous equations 
Цу) = gi(x) and L(y) = g2(x), respectively. If we define y,(x) = yp,(x) + ур,(2), 
we want to show that y, is a particular solution of L(y) = gi(x) + go(x). The result 
follows again by the linearity of the operator L: 


Цу) = Цу (х) + Yp} = L(y) + LOA) = 810%) + gw). [ 


[EXAMPLE 11 | Superposition—Nonhomogeneous DE 


You should verify that 
yp = —4x? isa particular solution of y" — 3y' + 4y = —16x? + 24x — 8, 
Yp = е is a particular solution of y" — 3y' + 4y = 2е2*, 
yp, = хе" is a particular solution of y" — 3y' + 4y = 2xe* — е". 
It follows from (13) of Theorem 4.1.7 that the superposition of yp, у, and yp, 
y = ур, + Xp; + Yp, = —4х° + e + xe*, 


is a solution of 


y" — Зу' + 4y = — 16x? + 24x — 8 + 2e™ + 2xe* — e. 
ic dili ы 
2109) 8200) ёз) ш 


NOTE If the у, are particular solutions of (12) fori = 1, 2,..., k, then the linear 
combination 


Yp = Сур, + Фур + ^77 + сур 


where Ше с; are constants, is also a particular solution of (14) when the right-hand 
member of the equation is the linear combination 


С18100) + coga(x) + c7 + ск (2). 


Before we actually start solving homogeneous and nonhomogeneous linear 
differential equations, we need one additional bit of theory, which is presented in the 
next section. 
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in Theorem 4.1.1, the output or response у(ї) is uniquely determined by the 
input and the state of the system prescribed at a time ty—that is, by the initial 


conditions y(to), y'(fo), . . . 


For a dynamical system to be a linear system, it is necessary that the 
superposition principle (Theorem 4.1.7) holds in the system; that is, the 
response of the system to a superposition of inputs is a superposition of out- 
puts. We have already examined some simple linear systems in Section 3.1 
(linear first-order equations); in Section 5.1 we examine linear systems in 
which the mathematical models are second-order differential equations. 


EXERCISES 4. 1 Answers to selected odd-numbered problems begin on page ANS-4. 


4.1.1 Initial-Value and Boundary-Value Problems 


In Problems 1 —4 the given family of functions is the general solution 
of the differential equation on the indicated interval. Find a member 
of the family that is a solution of the initial-value problem. 


e = сүе* + coe *, (—%, о); 
vaya", y0)0, у'(0)=1 

2. y = cie* + се“, (—%, 95); 
y" —3у' -4y-0, у(0) = 1, 

@y = сух + Cox In x, (0, ©); 


ху" = ху +у= 0, yd)=3, у() = –1 


yO) = 2 


4. y = ci + c2 cos x + сз sin х, (— 00, 69); 


у"+у = 0, у(п) = 0, у (п) = 2, ya) = –1 


5. Given that y = су + сәх” is a two-parameter family of solutions 


of xy" — y' = 0 on the interval (—%, œ), show that constants c; 
and c» cannot be found so that a member of the family satisfies 
the initial conditions у(0) = 0, y'(0) = 1. Explain why this does 
not violate Theorem 4.1.1. 


6. Find two members of the family of solutions in Problem 5 that 
satisfy the initial conditions y(0) = 0, y'(0) = 0. 


(3 Given that x(t) = cı cos wt + c» sin ot is the general solution 
of x" + w*x = 0 on the interval (—%, с), show that a solution 
satisfying the initial conditions x(0) = xo, x'(0) = x, is 
given by 


Xp. 
x(t) = xo cos wt + — sin wt. 
w 


8. Use the general solution of x" + «x = 0 given in 
Problem 7 to show that a solution satisfying the initial 
conditions x(t) = xo, x'(to) = x, is the solution given in 
Problem 7 shifted by an amount fg: 


Xp. 
x(t) = xo cos w(t — to) d sin w(t — to). 
w 


In Problems 9 and 10 find an interval centered about x = 0 for which 
the given initial-value problem has a unique solution. 


9. (x — 2)y"+3y=x, y0) = 0, у'(0)=1 


10. y” + (tan x)y = е, у(0) = 1, у'(0) = 0 


11. (а) Use the family in Problem 1 to find a solution of y” — у = 0 
that satisfies the boundary conditions y(0) = 0, y(1) = 1. 


(b) The DE in part (a) has the alternative general solution 
y = сз cosh х + c4 sinh x on (—%, ©). Use this family to 
find a solution that satisfies the boundary conditions in 
part (a). 


(c) Show that the solutions in parts (a) and (b) are equivalent 


12. Use the family in Problem 5 to find a solution of 
xy" — y' — 0 that satisfies the boundary conditions 


y(0) = 1, y' (1) = 6. 


In Problems 13 and 14 the given two-parameter family is a solution 
of the indicated differential equation on the interval (— 2, х). Deter- 
mine whether a member of the family can be found that satisfies the 
boundary conditions. 


13. y = cje” cos x + се" sinx; у — 2y' + 2y = 0 


(a) (0) = 1, у(т) = 0 
(b) x0) 2 1, у(т) = -1 
(с) x0 = 1, ym/2 = 1 
(d) yO) = 0, у(т) = 0. 


14. y = cy? + сох + 3; xy" — 5xy' + Ву = 24 
(а) x-0 = 0, у) =4 


(b) у(0) = 1, yd) = 2 
(с) у(0) = 3, у(1) = 0 
(d) yd) = 3, у(2) = 15 


4.1.2 Homogeneous Equations 


In Problems 15—22 determine whether the given set of functions is 
linearly independent on the interval (— o, оо), 


(30 = х, £0) = 02, AG) = 4х – 3x? 
16.500 = 0, ha) = х, Ba) = е" 
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@®ло)=5, ро = costr, Ba) = sux 
18. fi(x) = cos 2х, falx)=1, Ba) = cos?x 
19.fi@ =x, f) —x-— 1, 
20. f(x) 22 x, рб) =2 + |x| 
21.Ло) = 1+5, AW=x% A =x 
Ф330) = е, ро) = е", AG) = sinh х 


Ло) = х +3 


In Problems 23—30 verify that the given functions form а fundamen- 
tal set of solutions of the differential equation on the indicated inter- 
val. Form the general solution. 


Gy’ -y – 12y =0; e? е, (о, о) 
24. y" — 4y = 0; 
e» — 2y' + 5y = 0; 
26. 4y" - 4y' + y = 0; 
82v - 


28. xy" + xy’ + y = 0; 


cosh 2x, sinh 2x, (—%, о) 
е* cos 2x, е* sin 2x, (—%, оо) 
еб, хе, (о, oo) 
6xy' + 12y = 0; x, x4, (0, co) 
cos(In x), sin(In x), (0, ©) 


29. xy" | бх2у" + Axy' x,x 2, x ? In x, (0, œ) 


4y = 0; 


30. y® +y" 20; 1, x, cos x, sin x, (—%, ©) 


4.1.3 Nonhomogeneous Equations 


In Problems 31—34 verify that the given two-parameter family of 
functions is the general solution of the nonhomogeneous differential 
equation on the indicated interval. 


a» — Ty! + 10у = 24e*; 


y = cie? + coe + бе", (—%, ©) 


32. у" + y = sec x; 


у = c cosx + c sin x + x sin x + (cos x) In(cos х), (—7/2, 7/2) 
33. y" — Ay! + 4y = 2е2 + 4x — 12; 
y = cje” + сохе?  x?e?* + x — 2, (—%, о) 


34. 22y' + 5ху + у= à— x 


у= cux 1? + сәх! а bx, (0, oc) 


35. (a) Verify that y,, = Зе?^ and Yp = x? + 3x are, respectively, 
particular solutions of 


y" _ 6y' ES 5y = — 9e? 


and y' — бу' + Sy = 5x? + 3x — 16. 


(b) Use part (a) to find particular solutions of 


у” = бу' + Sy = 5x? + 3x — 16 — 9e? 


10x? — 6x + 32 + e. 


and у" = 6y' + 5y 
36. (a) By inspection find a particular solution of 


y! + 2y = 10. 
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(b) By inspection find a particular solution of 
y" + 2y = —4x. 


(c) Find a particular solution of y" + 2y = —4x + 10. 


(d) Find a particular solution of y" + 2y = 8x + 5. 


Discussion Problems 


37. Let n = 1, 2,3,.... Discuss how the observations "х"! = 0 
and D"xy" = n! can be used to find the general solutions of the 
given differential equations. 


(a) y' =0 (b) у" = 0 
(d) y" =2 (e) y" =6 


(с) y? =0 
(f) yO = 24 


38. Suppose that y, = e* and y? = e * are two solutions of 
a homogeneous linear differential equation. Explain why 
уз = cosh x and y4 = sinh x are also solutions of the 
equation. 


39. (a) Verify that y; = х? and у» = |х|? are linearly independent 
solutions of the differential equation x^y" — 4xy' + 6y = 0 
on the interval (— 00, оо). 


(b) For the functions y; and у» in part (a), show that 
W(y1, y2) = О for every real number x. Does this result 
violate Theorem 4.1.3? Explain. 


(c) Verify that Y; — xX and Y; = x? are also linearly 
independent solutions of the differential equation in part (a) 
on the interval (— o, оо). 


(d) Besides the functions y1, y2, Yı, and Y; in parts (a) and (с), 
find a solution of the differential equation that satisfies 
y(0) = 0, y'(0) = 0. 


(e) By the superposition principle, Theorem 4.1.2, both linear 
combinations y = су + cay? and Y = сҮ + со} are 
solutions of the differential equation. Discuss whether 
one, both, or neither of the linear combinations is a 
general solution of the differential equation on the 
interval (—oo, oc). 


40. Is the set of functions fix) = e**?, р(х) = e* ? linearly 
dependent or linearly independent on (— 2, о)? Discuss. 


41. Suppose yi, у, . . . , yk are k linearly independent solutions 
on (— o, ©) of a homogeneous linear nth-order differential 
equation with constant coefficients. By Theorem 4.1.2 it 
follows that уру = 0 is also a solution of the differential 
equation. Is the set of solutions y1, Y2, . . . , Yk, Yk+1 
linearly dependent or linearly independent on (— oo, х)? 
Discuss. 


42. Suppose that y1, у, . . . , ук are k nontrivial solutions of a 
homogeneous linear nth-order differential equation with 
constant coefficients and that k = n + 1. Is the set of solutions 
Yr Y2,.--, Ук linearly dependent or linearly independent on 
(—96, о)? Discuss. 
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4.2 


Reduction of Order 


INTRODUCTION In the preceding section we saw that the general solution of a 
homogeneous linear second-order differential equation 


axx)y" + ai(x)y! + agQ)y = 0 (1) 


is a linear combination y = суу + coy», where уу and y» are solutions that constitute 
a linearly independent set on some interval /. Beginning in the next section, we 
examine a method for determining these solutions when the coefficients of the 
differential equation in (1) are constants. This method, which is a straightforward 
exercise in algebra, breaks down in a few cases and yields only a single solution y; 
of the DE. It turns out that we can construct a second solution y2 of a homogeneous 
equation (1) (even when the coefficients in (1) are variable) provided that we know 
a nontrivial solution y; of the DE. The basic idea described in this section is that 
equation (1) can be reduced to a linear first-order DE by means of a substitution 
involving the known solution yı. A second solution y» of (1) is apparent after this 
first-order differential equation is solved. 


REDUCTION OF ORDER Suppose that yı denotes a nontrivial solution of (1) 
and that у; is defined on an interval /. We seek a second solution y» so that the set 
consisting of yı and y» is linearly independent on Z. Recall from Section 4.1 that if 
yı and y» are linearly independent, then their quotient y2/y, is nonconstant on J—that 
is, yo(x)/yi(x) = u(x) or y(x) = м(х)уү(х). The function u(x) can be found by 
substituting y»(x) = u(x)y\(x) into the given differential equation. This method is 
called reduction of order because we must solve a linear first-order differential 
equation to find u. 


[EXAMPLE 1 | A Second Solution by Reduction of Order 


Given that y, = e* is a solution of y" — y = 0 on the interval (— o, ©), use reduction 
of order to find a second solution y». 


SOLUTION If y = u(x)yi(x) = и(х)е", then the Product Rule gives 
у= ие + eu, у" = ие + 2eu' + ew, 
and so y" — у= еи" + 2u') = 0. 


Since e* # 0, the last equation requires и” + 2u' = 0. If we make the substitution 
w =u’, this linear second-order equation in u becomes w' + 2w = 0, which is a 
linear first-order equation in w. Using the integrating factor е2*, we can write 


=2% 


dx [ew] = 0. After integrating, we get w = се ?* oru' = се ?". Integrating again 
X 


then yields и = E cie ?* + co. Thus 


y = и(х)е = — ul + coe. (2) 
By choosing c; = 0 and cı = —2, we obtain the desired second solution, y; = е *. 
Because W(e*, е *) = 0 for every x, the solutions are linearly independent on 


(— оо, оо), E 


Since we have shown that y; = e* and y? = e * are linearly independent solu- 
tions of a linear second-order equation, the expression in (2) is actually the general 
solution of y" — y = 0 on (—%, оо), 
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GENERAL CASE Suppose we divide by a»(x) to put equation (1) in the standard 
form 


y" + Р()у + О()у = 0, (3) 


where P(x) and Q(x) are continuous on some interval /. Let us suppose further that 
y,(x) is a known solution of (3) on Гапа that у(х) = 0 for every x in the interval. If 
we define у = u(x)yı(x), it follows that 


y = uyi + уш, y" = иу + 2yju' + yu" 


у” + Py’ + Оу = uly] + Py; + Qyi] + ун” + (2уү + Pyu’ = 0. 
— YY 


Zero 


This implies that we must have 
уш” + (2у1 + Рур)и = 0 or yyw’ + (2у1 + Pyi)w = 0, (4) 


where we have let w = u'. Observe that the last equation in (4) is both linear and 
separable. Separating variables and integrating, we obtain 


d (A 
Le ae рах=0 
w y 


In|wy?| = -fe dx +c or wyt = qe 1Р4, 


We solve the last equation for w, use w = u', and integrate again: 
e SP dx 
и= сү | —5-dx- сэ. 
MI 


By choosing c; = 1 and c? = 0, we find from y = u(x)yi(x) that a second solution of 
equation (3) is 


e [PO dx 
yo = yix) | n BAR (5) 
yi) 


It makes a good review of differentiation to verify that the function у(х) defined in 
(5) satisfies equation (3) and that y, and y» are linearly independent on any interval 
on which y;(x) is not zero. 


[EXAMPLE 2 A Second Solution by Formula (5) 


The function y, = x? is a solution of 32y" — 3xy' + 4y = 0. Find the general solution 


of the differential equation on the interval (0, oo). 


SOLUTION From the standard form of the equation, 


” 3 L 4 =0 
x^ z y , 
3f ах/х 
e F 3 
we find from (5) y =x | zo dx e eld = gn = уз 
x 


d. 
-p |х 
x 


The general solution on the interval (0, ©) is given by y = сууу + coy»; that is, 
y= сух? + сох? In x. 
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EXERCISES 


In Problems 1—16 the indicated function y;(x) is a solution of the 
given differential equation. Use reduction of order or formula (5), as 
instructed, to find a second solution y»(x). 


1. y" — 4у -4y 20; у = е2 


x 


2. y" + 2y’+y=0; y = хет 
Gv + 16y =0; yı = cos 4x 


4. y" + 9у = 0; у = sin 3x 

г 24 = у= 0; у = соѕһ х 

6. y” — 25у = 0; у e* 

7.9," — 12у + 4y 20; у= e 

8. 6y" +у -у=0; у= е 

9. xy" — 7ху' + 16у 20; у = ж 
10. xy" + 2ху' — бу = 0; у = X 
eB +y =0; у=шх 

12. AQy" cy 20; у= x? ах 


13. xy" — ху + 2y 2 0; yı = x sin(In x) 
14. xy" — 3xy' + 5y = 0; yi = x* cos(In x) 
aro € 20 «y 
16. (1 = х2)у" + 2ху = 0; уу=1 


15. (1 


2y=0; у=х+1 


In Problems 17-20 the indicated function у(х) is a solution of 
the associated homogeneous equation. Use the method of reduc- 
tion of order to find a second solution у(х) of the homogeneous 


Answers to selected odd-numbered problems begin on page ANS-4. 


equation and a particular solution y,(x) of the given nonhomoge- 
neous equation. 


Ф905 -2-2 у=,” 


18. y" +у = ц; у= 1 


89b – зу + 2у = 5; y = е 
20. y” — 4у + 3у = x у =e 


In Problems 21 and 22 the indicated function у(х) is a solution of 
the given differential equation. Use formula (5) to find a second solu- 
tion y2(x) expressed in terms of an integral-defined function. See (iii) 
in the Remarks. 


21. #у' + @ —9y +1 


(2x + ру +y=0; у= е" 


х)у = 0; у= х 


22. 2ху" 


Discussion Problems 


23. (a) Give a convincing demonstration that the second-order 
equation ay" + by’ + cy = 0, а, b, and c constants, always 
possesses at least one solution of the form y, = e"'*, mı a 
constant. 

(b) Explain why the differential equation in part (a) must then 
have a second solution either of the form y? = е" or of 
the form y2 = xe", m, and m» constants. 


(с) Reexamine Problems 1-8. Can you explain why the 
statements in parts (a) and (b) above are not contradicted by 
the answers to Problems 3—5? 
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24. Verify that у(х) = x is a solution of xy" — ху + y = 0. 
Use reduction of order to find a second solution y»(x) in the 


4.3 HOMOGENEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 135 


(b) Use (5) to find a second solution y2(x). Use a CAS to carry 
out the required integration. 


form of an infinite series. Conjecture an interval of definition 


for y2(x). 


Computer Lab Assignments 


25. (a) Verify that у(х) = е" is a solution of 


(c) Explain, using Corollary (A) of Theorem 4.1.2, why the 
second solution can be written compactly as 


10 ] 
у(х) = У; ae 
п=0 °°" 


(x 


10)y’ + 10y = 0. 


4.3 


Homogeneous Linear Equations 
with Constant Coefficients 


INTRODUCTION As a means of motivating the discussion in this section, let us 
return to first-order differential equations—more specifically, to homogeneous linear 
equations ay’ + by = 0, where the coefficients a # 0 and b are constants. This type 
of equation can be solved either by separation of variables or with the aid of an 
integrating factor, but there is another solution method, one that uses only algebra. 
Before illustrating this alternative method, we make one observation: Solving 
ау' + by = 0 for y' yields у’ = ky, where k is a constant. This observation reveals 
the nature of the unknown solution y; the only nontrivial elementary function whose 
derivative is a constant multiple of itself is an exponential function e””. Now the new 
solution method: If we substitute y = е" and y' = те" into ay’ + by = 0, we get 


ате" + ре" = 0 or е" (am + b) = 0. 


mx 


Since е" is never zero for real values of x, the last equation is satisfied only when 
m is a solution or root of the first-degree polynomial equation am + b = 0. For this 
single value of m, y = e"" is a solution of the DE. To illustrate, consider the constant- 
coefficient equation 2y' + 5y = 0. It is not necessary to go through the differentiation 
and substitution of y — e"* into the DE; we merely have to form the equation 
2m + 5 = Oand solve itfor m. From m = -$ we conclude that y = e ?"? is a solution 
of 2y' + 5y = 0, and its general solution on the interval (—%, ©) is у = сіе 2. 

In this section we will see that the foregoing procedure can produce exponential 


solutions for homogeneous linear higher-order DEs, 
ау? + а-у!) + +++ + азу" + ary’ + ару = 0, (1) 


where the coefficients aj, i = 0, 1, ..., n are real constants and a, = 0. 


AUXILIARY EQUATION We begin by considering the special case of the second- 
order equation 


ay" + Бу + cy = 0, Q) 


where а, b, and c are constants. If we try to find a solution of the form y = e”*, then 


after substitution of y' = me”* and y" = m?e"", equation (2) becomes 


am^e"* + bme"* + ce"* = 0 ог е"(ат2 + bm + c) = 0. 


As in the introduction we argue that because e"" # 0 for all x, it is apparent that the 
only way у = e"" can satisfy the differential equation (2) is when m is chosen as a 
root of the quadratic equation 


am? + bm + c = 0. (3) 
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This last equation is called the auxiliary equation of the differential equa- 
tion (2). Since the two roots of (3) are m, = (—b + Vb? — 4ac)/2a and 
т» = (—b — Vb? — 4ac)/2a, there will be three forms of the general solution of 
(2) corresponding to the three cases: 


* my and m real and distinct (b? — 4ac > 0), 
• my, and m» real and equal (b? — 4ас = 0), and 
* m, and m» conjugate complex numbers (b? — 4ac < 0). 


We discuss each of these cases in turn. 


CASE 1: DISTINCT REAL ROOTS Under the assumption that the auxiliary equa- 
tion (3) has two unequal real roots m, and m, we find two solutions, y; = е” and 
y2 = е", We see that these functions are linearly independent оп (— o, с) and hence 
form a fundamental set. It follows that the general solution of (2) on this interval is 

+ бе. (4) 


mix 


у= ае 


CASE Il: REPEATED REAL ROOTS When m, = т», we necessarily obtain only 
one exponential solution, y; = e"". From the quadratic formula we find that 
ту = —b/2a since the only way to have m, = т» is to have b? — 4ac = 0. It follows 
from (5) in Section 4.2 that a second solution of the equation is 


2т\х 
е : А 
у = e| n dx = ew fa = xe, (5) 
gi? 


In (5) we have used the fact that —b/a = 2m,. The general solution is then 


mıx 


y = cíe"* + сухе", (6) 


CASE Ill: CONJUGATE COMPLEX ROOTS If m; and т» are complex, then we can 
write m; = a + 18 and m = а — iB, where а and В > 0 are real and ? = —1. 
Formally, there is no difference between this case and Case I, and hence 


y = Спее Dx + Сзеќа 18), 


However, in practice we prefer to work with real functions instead of complex 
exponentials. To this end we use Euler's formula: 


e? = cos 0 + i sin 0, 


where 0 is any real number.* It follows from this formula that 
e/P* = cos Bx + i sin Bx and e '9* = cos Bx — i sin Bx, (7) 


where we have used cos(— Bx) = cos Bx and sin(— Вх) = —sin Bx. Note that by first 
adding and then subtracting the two equations in (7), we obtain, respectively, 


e'E* + e7iB* = 2 cos Вх and eP* — e Bx = 21 sin Bx. 


Since y = C eet Px + Cye—'B)* 15 a solution of (2) for any choice of the constants C, 
and Сә, the choices C, = С» = 1 and C, = 1, C; = — 1 give, in turn, two solutions: 


y= е(а+1В)х 4 ela Bx and y= е(а+1В)х = ele iB) x, 
But yi = e*(elP* + e7i82) = 2е% cos Bx 


and у = e**(eglPx — е B*) = 21е° sin Bx. 


: Ит: — TP = x" 
* A formal derivation of Euler's formula can be obtained from the Maclaurin series e* = > ЕТ Бу 
п! 
п=0 
substituting x = 10, using i? = —1, = —i,..., and then separating the series into real and imaginary 


parts. The plausibility thus established, we can adopt cos 0 + i sin 0 as the definition of е®. 
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Hence from Corollary (A) of Theorem 4.1.2 the last two results show that е“ cos Bx 
and e^" sin Вх are real solutions of (2). Moreover, these solutions form a fundamental 
set on (— 2, о). Consequently, the general solution is 


y = cye™ cos Вх + coe™ sin Bx = e?*(c, cos Bx + c» sin Bx). (8) 


[EXAMPLE 1 | Second-Order DEs 


Solve the following differential equations. 

(a) 2y” — 5y' — Зу = 0 (b) y" = 10y' + 25у = 0 (с) y" + 4y' + Ty = 0 
SOLUTION We give the auxiliary equations, the roots, and the corresponding gen- 
eral solutions. 

(a) 2m? - 5m — 3 = (2m + 1m —3) 20, m = —5, т = 3 


From (4), y = сіе ^2 + coe, 


(b) m? — 10m + 25 = (m – 5) 20, т = т = 5 

From (6), у = сүе?* + coxe™. 

(c) n? + 4m + 7 = 0, mı = —2 + V3i, m = —2 — Mi 

From (8) with a = —2, B = V3, y ec cos V3x + c sin V3). Oo 


[EXAMPLE 2 | An Initial-Value Problem 


Solve 4y” + 4у' + 17y = 0, у(0) = —1, y'(0) = 2. 


SOLUTION By the quadratic formula we find that the roots of the auxil- 


iary equation 4m? + 4m + 17 = 0 are m, = (d + 2i and m = -i — 2i. Thus 
from (8) we have y =e "c, cos 2x + c; sin 2x). Applying the condition 
y(0) = —1, we see from e'(c cos 0 + c; sin 0) = —1 that c; = — 1. Differentiating 


y = e *?(—cos 2x + сә sin 2x) and then using y'(0) = 2 gives 2c; + i = 20гс) = 1. 
Hence the solution of the IVP is у = е ""(—cos 2x + i sin 2x). In Figure 4.3.1 we 
see that the solution is oscillatory, but y — 0 as x > co. [ES] 


TWO EQUATIONS WORTH KNOWING The two differential equations 
y +ky=0 аай у – 2у= 0, 


where К is real, are important in applied mathematics. For у” + k?y = 0 the auxiliary 
equation m? + К? = 0 has imaginary roots т = ki and m; = —ki. With a = 0 and 
B = k in (8) the general solution of the DE is seen to be 


у = cı cos kx + сә sin kx. (9) 

On the other hand, the auxiliary equation m? — К? = 0 for y" — k?y = 0 has distinct 
real roots m, — k and m» — —k, and so by (4) the general solution of the DE is 

у= cie + ce, (10) 

Notice that if we choose c, = c» = 1 and c, = 1, с = (d in (10), we get the particu- 


lar solutions y — 1 (e + e ^*) = cosh kx and у= 1 (eh e ^*) = sinh kx. Since 
cosh Kx and sinh Kx are linearly independent on any interval of the x-axis, an alterna- 
tive form for the general solution of y" — k?y = 0 is 


у = cı cosh kx + cosinh kx. (11) 
See Problems 41 and 42 in Exercises 4.3. 
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HIGHER-ORDER EQUATIONS In general, to solve an nth-order differential equa- 
tion (1), where the a;, i = 0, 1, ..., are real constants, we must solve an nth-degree 
polynomial equation 


anm” + a, ,m" | + +++ + ат? + aqm + ag = 0. (12) 
If all the roots of (12) are real and distinct, then the general solution of (1) is 
y- спе"! 4 сде""^ dee de c,e"*. 


It is somewhat harder to summarize the analogues of Cases II and III because the 
roots of an auxiliary equation of degree greater than two can occur in many combi- 
nations. For example, a fifth-degree equation could have five distinct real roots, or 
three distinct real and two complex roots, or one real and four complex roots, or five 
real but equal roots, or five real roots but two of them equal, and so on. When m; is 
a root of multiplicity k of an nth-degree auxiliary equation (that is, k roots are equal 
to mı), it can be shown that the linearly independent solutions are 


mıx mıx 2 mix x! mıx 
Ko M OE Cog dass e 


[2 хе 


and the general solution must contain the linear combination 
k—1,mix 


спе" + exe + eax e™™ + +++ + с le 


Finally, it should be remembered that when the coefficients are real, complex 
roots of an auxiliary equation always appear in conjugate pairs. Thus, for example, 
a cubic polynomial equation can have at most two complex roots. 


[EXAMPLE 3 Third-Order DE 


Solve y" + Зу” — 4y = 0. 


SOLUTION It should be apparent from inspection of т? + 3m? — 4 = 0 that one 
root is mj = 1, so m — 1 isa factor of n? + 3m? — 4. By division we find 


m? + 3m? — 4 = (m — 1)(т2 + Ат + 4) = (m — 1)(т + 2), 


so the other roots are m» = тз = —2. Thus the general solution of the DE is 
y = cye* + coe ?* + c3xe 7". [1 
[EXAMPLE 4 Fourth-Order DE 

ау а?у 
Solve + 2 +y=0. 

d^ dx 
SOLUTION The auxiliary equation m^ + 2m? + 1 = (т? + 1) = 0 has roots 
mı = тз = i and m = та = —i. Thus from Case II the solution is 


y = Cie? + Coe * + Сзхе + Caxe ^. 
By Euler's formula the grouping Cie'* + Coe" can be rewritten as 
cı COS х + c5 sin x 


after а relabeling of constants. Similarly, x(C3e’* + Сце") can be expressed as 
x(c3 cos x + c4 sin x). Hence the general solution is 


у = cı cos x t cosin x + cax cos x + c4x sin x. 


Example 4 illustrates a special case when the auxiliary equation has repeated 
complex roots. In general, if m, = a + iB, В > 0 15 a complex root of multiplicity k 
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of an auxiliary equation with real coefficients, then its conjugate то = a — if is also 
a root of multiplicity К. From the 2k complex-valued solutions 


еба+іВ)х, хеб +!В)х, x2 tix a xk lect ig) 


ee iBx. xet Bx xdg ID — x lg(a7iB)x. 


we conclude, with the aid of Euler's formula, that the general solution of the corre- 
sponding differential equation must then contain a linear combination of the 2К real 
linearly independent solutions 


е соѕ Bx, xe“ cos Bx, x?e""cosBx, ..., X 1е% cos Bx, 


e** sin Bx, хе%ѕіп Вх, x?e"singx, ..., x* "e sin Bx. 


In Example 4 we identify k = 2, a = 0, and B = 1. 


RATIONAL ROOTS Of course the most difficult aspect of solving constant- 
coefficient differential equations is finding roots of auxiliary equations of degree 
greater than two. Something we can try is to test the auxiliary equation for rational 
roots. Recall from precalculus mathematics, if mı = p/q is a rational root (expressed 
in lowest terms) of a polynomial equation anm” + ::: + аут + do = 0 with integer 
coefficients, then the integer p is a factor of the constant term ao and the integer q is 
a factor of the leading coefficient an. 


[EXAMPLE 5 | Finding Rational Roots 


Solve Зу” + 5y" + 10y' — 4y = 0. 


SOLUTION To solve the equation we must solve the cubic polynomial auxiliary 
equation 3n? + 5m? + 10m — 4 = 0. With the identifications ay = —4 and a3 = 3 
then the integer factors of ао and аз are, respectively, p:+1, +2, +4 апа q: +1, +3. 
So the possible rational roots of the cubic equation are 

p 1 2 4 


— +1, +2, +4, + += +— 


3 3 3 


Each of these numbers can then be tested—say, by synthetic division. In this way we 
discover both the root m; = 4 and the factorization 


3m? + 5m? + 10m — 4 = (m = Jan? + бт + 12). 


The quadratic formula applied to 3m? + бт + 12 = 0 then yields the remaining two 
roots m» = —1 — Vi and тз = —1 + V3i. Therefore the general solution of the 
given differential equation is у = cie"? + e (со cosV/3x + casinV/3x). A 


USE OF COMPUTERS Finding roots or approximation of roots of auxil- 
iary equations is a routine problem with an appropriate calculator or computer 
software. Polynomial equations (in one variable) of degree less than five can be 
solved by means of algebraic formulas using the solve commands in Mathematica 
and Maple. For auxiliary equations of degree five or greater it might be necessary 
to resort to numerical commands such as NSolve and FindRoot in Mathematica. 
Because of their capability of solving polynomial equations, it is not surprising 
that these computer algebra systems are also able, by means of their dsolve com- 
mands, to provide explicit solutions of homogeneous linear constant-coefficient 
differential equations. 
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In the classic text Differential Equations by Ralph Palmer Agnew* (used by the 
author as a student) the following statement is made: 


It is not reasonable to expect students in this course to have computing skill 
and equipment necessary for efficient solving of equations such as 

ау dy а?у 

4317-3 2.779 —— 4 1416 —— 

dx* dx? dx? 

Although itis debatable whether computing skills have improved in the intervening 

years, it is a certainty that technology has. If one has access to a computer algebra 

system, equation (13) could now be considered reasonable. After simplification 

and some relabeling of output, Mathematica yields the (approximate) general 

solution 


dy 
+ 1,295 —— + 3.169у 20. (13) 
dx 


у = cie 0728832 cos(0.618605x) + cre~-728852* sin(0.618605x) 


+ сзе0476478х egs(0.759081x) + cye4778* sin(0,7590811). 


Finally, if we are faced with an initial-value problem consisting of, say, a fourth- 
order equation, then to fit the general solution of the DE to the four initial conditions, 
we must solve four linear equations in four unknowns (the сі, c», сз, сд in the general 
solution). Using a CAS to solve the system can save lots of time. See Problems 69 
and 70 in Exercises 4.3 and Problem 45 in Chapter 4 in Review. 


*McGraw-Hill, New York, 1960. 


EXERCISES 4.3 Answers to selected odd-numbered problems begin on page ANS-4. 


In Problems 1—14 find the general solution of the given second-order @1 y" + 3y" + Зу c y - 0 


differential equation. 


22. y" — бу" + 12y' — 8y = 0 


1.4y" -y'-0 2. y" — 36y = 0 
y y y y 23. y? + у” E y" € 0 
"—y'—6y-20 4. y" — Зу + 2y = 0 
e y i * ki á 24. y® — 2y" c y 20 
"+ 8y’ + 16у = 0 6. y" — 10y' + 25y = 0 
Ed Мел 25.1622 +244 +ду=0 
7. 12у” = 5у' _ 2y = 0 8. у” ab 4у' -y= 0 Li dx! ах? 2 
9.у”+9у=0 10. Зу +у= 0 d^y Фу 
26. 1 7—5 — 18у = 0 
08-1 + 5y=0 12. 2y" + 2у +у= 0 ах ах 
1 "n , = 1 " $^ a = d? d’ d? d? d 
13. Зу" + 2у' +у = 0 14. 2у Зу + 4y = 0 27.8 +528961 СИ ET, 
dr? dr dr dr) dr 
In Problems 15—28 find the general solution of the given higher- d?x d?x d?x dx 


order differential equation. 


e - 4y" A 5у' =0 


16.у”-у=0 
17. y" — 5y" + Зу + 9у = 0 
18. y" + Зу” — 4y' - 12y = 0 
ди du 
19, — —. – 20и = 0 
аар" 
3 2 
СИН с ЕНИ 
dt dt 


28. 2 7 + 12 + 8 0 


In Problems 29—36 solve the given initial-value problem. 
89" +16 = 0, у(0 =2, yO) = -2 


а?у , 
30.— +у= 0, у(т/3) = 0, y'(m/3) = 2 


а0 
ау ау 
@ 2-17-50, у оу =2 


32. 4y” — 4y' — 3y = 0, у(0) = 1, у'(0) = 5 
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33. у"+у + 2у = 0, у(0) = у'(0) = 0 

34. у" - 2у +у= 0, у(0) = 5, у'(0) = 10 

Gy” + 12y" +36 = 0, уо) =0,у'(0) = 1, y" = -7 
36. у" + 2y" — 5у' — бу = 0, у(0) = у'(0) = 0, у"(0) = 1 


In Problems 37—40 solve the given boundary-value problem. 
Gy’ – 10у + 25у = 0, у(0) = 1x10 =0 

38. у” + 4у = 0, у(0) = 0, у(т) = 0 

39. ' +у= 0, y'(0) = 0, у (п/2) = 0 

40. у" – 2у' + 2у 20, у(0) = 1, у(т) = 1 


In Problems 41 and 42 solve the given problem first using the form 
of the general solution given in (10). Solve again, this time using the 
form given in (11). 


41. y"—3y=0, y(0—1 y'(0) = 5 
42.y"—y—-0, y(0)-Ly'(1)-0 


In Problems 43—48 each figure represents the graph of a particular 
solution of one of the following differential equations: 


(а) у" — 3y' - 4y = 0 (b) y” + 4y - 0 
(c) y" 2у' у= 0 (d) y" +у= 0 
(e) у'+2у' +2у=0 (f) у" = 3у' + 2у = 0 


Match a solution curve with one of the differential equations. Explain 
your reasoning. 


43. 


ыт 


FIGURE 4.3.2 Graph for Problem 43 


44. 


sy 


FIGURE 4.3.3 Graph for Problem 44 


45. yh 


ay 


FIGURE 4.3.4 Graph for Problem 45 


46. y 


ay 


FIGURE 4.3.5 Graph for Problem 46 


47. 


48. y4 


FIGURE 4.3.7 Graph for Problem 48 


In Problems 49-58 find a homogeneous linear differential equation with 
constant coefficients whose general solution is given. 


49. y = сүе* + ce” 50. у= ce + ce * 


51. у = сү + oe” 52. у = сүе!%® + сохе! 


53. у= cı cos 3x + сә sin Зх 54. y = c;cosh 7x + сә sinh 7x 
55. у = cje “cosx + се "sinx 


56. у = сү + coe*cos 5x + c3ze™sin 5x 


57. у= с + ох + сзеёх 


58. у = c,cosx + cosinx + c3c0s2x + c4sin2x 


Discussion Problems 


59. Two roots of a cubic auxiliary equation with real coefficients 
are m, = —} апа m» = 3 + i. What is the corresponding 
homogeneous linear differential equation? Discuss: Is your 
answer unique? 


60. Find the general solution of 2y" + 7y" + 4у' 
m, = 5 is one root of its auxiliary equation. 


4y = Oif 


61. Find the general solution of y" + бу” + у’ — 34y = O if it is 
known that y; = e ^ cos x is one solution. 
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62. To solve y + y = 0, we must find the roots of m^ + 1 = 0. the general solution, simplify the output and, if necessary, write the 
This is a trivial problem using a CAS but can also be done solution in terms of real functions. 


by hand working with complex numbers. Observe that 
m^ + 1 = (т? + 1)? — 2m’. How does this help? Solve the 


differential equation. 


65. y" — бу" + 2y' +у = 0 
66. 6.11)” + 8.59y" + 7.93у' + 0.778у = 0 


63. Verify that y = sinh x — 2 cos (x + 77/6) is a particular 67. 3.15y — 5.34y" + 6.33y' — 2.03у = 0 


solution of y? — у = 0. Reconcile this particular solution with 
the general solution of the DE. 


68. y + 2y" – y' + 2у = 0 


64. Consider ће boundary-value problem у” + Ay = 0, у(0) = 0, In Problems 69 and 70 use a CAS as an aid in solving the auxiliary 
у(т /2) = 0. Discuss: Is it possible to determine real values of A equation. Form the general solution of the differential equation. Then 


so that the problem possesses (a) trivial solutions? (b) nontrivial use a CAS as an aid in solving the system of equations for the coef- 


solutions? 


Computer Lab Assignments 


In Problems 65—68 use a computer either as an aid in solving the 


ficients cj, i = 1, 2, 3, 4 that results when the initial conditions are 
applied to the general solution. 
69. 2у® + 3y" — 16у" + 15y' — 4y = 0, 

у(0) = —2, »'(0) = 6, y"(0) = 3,у”(0) = 3 


auxiliary equation or as a means of directly obtaining the general 70. y® — 3y" + 3y" — y' = 0, 
solution of the given differential equation. If you use a CAS to obtain y(0) = y'(0) = 0, y"(0) = y"(0) = 1 


d 


4.4 


Undetermined Coefficients—Superposition 
Approach" 


INTRODUCTION То solve a nonhomogeneous linear differential equation 
аһу® as, D + +++ ay y! + aoy = 80У), (1) 
we must do two things: 


e find the complementary function y, and 
e find any particular solution y, of the nonhomogeneous equation (1). 


Then, as was discussed in Section 4.1, the general solution of (1) is y = ye + yp. The 
complementary function y, is the general solution of the associated homogeneous 
DE of (1), that is, 


d, y" 4d, 4 0 D +++ + ay + ару = 0. 


In Section 4.3 we saw how to solve these kinds of equations when the coefficients 
were constants. Our goal in the present section is to develop a method for obtaining 
particular solutions. 


METHOD OF UNDETERMINED COEFFICIENTS The first of two ways we shall 
consider for obtaining a particular solution y, for a nonhomogeneous linear DE is 
called the method of undetermined coefficients. The underlying idea behind this 
method is a conjecture about the form of y,, an educated guess really, that is motivated 
by the kinds of functions that make up the input function g(x). The general method is 
limited to linear DEs such as (1) where 


e the coefficients aj, i = 0, 1,..., n are constants and 
• g(x) is aconstant k, a polynomial function, an exponential function е°*, a sine or 
cosine function sin Bx or cos Bx, or finite sums and products of these functions. 


*Note to the Instructor: In this section the method of undetermined coefficients is developed from the 
viewpoint of the superposition principle for nonhomogeneous equations (Theorem 4.1.7). In Section 4.5 
an entirely different approach will be presented, one utilizing the concept of differential annihilator 
operators. Take your pick. 
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NOTE Strictly speaking, g(x) = k (constant) is a polynomial function. Since a con- 
stant function is probably not the first thing that comes to mind when you think 
of polynomial functions, for emphasis we shall continue to use the redundancy 
“constant functions, polynomials, ....” 


The following functions are some examples of the types of inputs g(x) that are 
appropriate for this discussion: 


g(x) = 10, g(x) = 22 5x, (х) = 15х – 6 + 8e%, 


g(x) = sin 3x — 5x cos 2x, g(x) = xe sin х + (333 — New". 


That is, g(x) is a linear combination of functions of the type 
Р(х) = a x" ta, 4x"! + -+ ax ag, Pe, P(x) е sin Bx, and P(x) е“ cos Bx, 


where n is a nonnegative integer and o and f are real numbers. The method of 
undetermined coefficients is not applicable to equations of form (1) when 


1 
g(x) = lnx, г(х)=— g(x) = tanx, g(x) = sin х, 
x 


and so on. Differential equations in which the input g(x) is a function of this last kind 
will be considered in Section 4.6. 

The set of functions that consists of constants, polynomials, exponentials 
е, sines, and cosines has the remarkable property that derivatives of their sums 
and products are again sums and products of constants, polynomials, exponen- 
tials е, sines, and cosines. Because the linear combination of derivatives 
anys? + an1 y P + +++ + ару, + aoyp must be identical to g(x), it seems 
reasonable to assume that y, has the same form as g(x). 

The next two examples illustrate the basic method. 


QX 


[EXAMPLE 1 | General Solution Using Undetermined Coefficients 


Solve у” + 4y' — 2y = 2x? — 3x + 6. (2) 


SOLUTION Step 1. We first solve the associated homogeneous equation 
у” + 4у' — 2y = 0. From the quadratic formula we find that the roots of the aux- 
iliary equation m? + 4m — 2 = 0 are mı = —2 — V6 and тә = —2 + V6. Hence 
the complementary function is 


ye = eie ©*У® + eu d 2* V6) 


Step 2. Now, because the function g(x) is a quadratic polynomial, let us assume а 
particular solution that is also in the form of a quadratic polynomial: 


Ур = Ax? + Bx + C. 


We seek to determine specific coefficients А, В, апа С for which y, is a solution 
of (2). Substituting y, and the derivatives 


ур = 2Ах + B апа у» = 2А 


into the given differential equation (2), we get 


yp + Ay, — 2y = 2A + 8Ax + AB — 2Ax? — 2Bx — 2С = 2x? — Зх + 6. 
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Because the last equation is supposed to be an identity, the coefficients of like powers 
of x must be equal: 


equal 


—2A x + [8A - 2B х+| 2442 4B-2C | 222 - x 6 


That is, —2A —2, 8A — 2B = —3, 2A + АВ — 2С = 6. 


Solving this system of equations leads to the values A = —1, В = -$, and C — —9. 
Thus a particular solution is 


Step 3. Тһе general solution of the given equation is 


(2+ $)* + ee 


5 
у= ус + ур = се РЫ к. 8 


[EXAMPLE 2 Particular Solution Using Undetermined Coefficients 


Find a particular solution of y" — y' + y = 2 sin 3x. 
SOLUTION А natural first guess for a particular solution would be A sin 3x. But 


because successive differentiations of sin 3x produce sin 3x and cos 3x, we are 
prompted instead to assume a particular solution that includes both of these terms: 


Yp = А cos 3x + B sin 3x. 


Differentiating y, and substituting the results into the differential equation gives, 
after regrouping, 


yt — ур + yp = (—8A — ЗВ) cos 3x + (ЗА — 8B) sin 3x = 2 sin Зх 


or 


equal 


Г] 


—8А — ЗВ | соз 3х + | ЗА — 8B | sin Зх = О cos 3x + 2 sin 3x. 


From the resulting system of equations, 


—8A — 3B = 0, 3A — 8B = 2, 


we get A = £ and B = -1 A particular solution of the equation is 
6 16 
Yp = 73 008 3x — zz sin 3x. а 


As we mentioned, the form that we assume for the particular solution y, is 
an educated guess; it is not a blind guess. This educated guess must take into 
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consideration not only the types of functions that make up g(x) but also, as we shall 
see in Example 4, the functions that make up the complementary function ye. 


[EXAMPLE 3 Forming yp by Superposition 


Solve у” — 2y' — Зу = 4x — 5 + 6xe?*. (3) 


SOLUTION Step 1. First, the solution of the associated homogeneous equation 
y" — 2y' — Зу = 015 found to be y, = сүе * + cze”. 


Step 2. Next, the presence of 4x — 5 in g(x) suggests that the particular solution 
includes a linear polynomial. Furthermore, because the derivative of the product 
хе?“ produces 2xe?* and е2“, we also assume that the particular solution includes 
both xe?" and e?*. In other words, g is the sum of two basic kinds of functions: 


g(x) = gi(x) + g(x) = polynomial + exponentials. 


Correspondingly, the superposition principle for nonhomogeneous equations 
(Theorem 4.1.7) suggests that we seek a particular solution 


Yp = Ур, + Yow 
where yy, = Ax + B and y,, = Cxe** + Ee", Substituting 
у= Ax + B+ Cxe** + Ee? 


into the given equation (3) and grouping like terms gives 


у — 2y} — Зур = —3Ax — 2А — 3B — 3Cxe™ + (2С — 3E)e* = 4x — 5 + 6xe™. (4) 


From this identity we obtain the four equations 


3A = 4, 2A = ЗВ ==), 3C = 6, 2C — ЗЕ = 0. 


The last equation in this system results from the interpretation that the coefficient of 
e?* in the right member of (4) is zero. Solving, we find A i, B 5. C 2, and 
E= -4. Consequently, 


Step 3. Тһе general solution of the equation is 


4 23 4 à 
y= се * F coe = ga F 9 — [2 + : ex, E 


In light of the superposition principle (Theorem 4.1.7) we can also approach 
Example 3 from the viewpoint of solving two simpler problems. You should verify 
that substituting 


Уһ 7 Ax + B into y" 2y' Зу = 4х – 5 
апа yp, = Схе?* + Ее?” into у" — 2у' — Зу = 6xe** 
yields, in turn, Yp = -ix + 5 and yp, = -(2x E ge^. A particular solution of (3) 


is then y, = yy, + Ype 
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The next example illustrates that sometimes the “obvious” assumption for the 
form of y, is not a correct assumption. 


[EXAMPLE 4 A Glitch in the Method 


Find a particular solution of y" — 5y' + 4y = 8e". 


SOLUTION Differentiation of e* produces no new functions. Therefore proceeding 
as we did in the earlier examples, we can reasonably assume a particular solution of 
the form y, = Ae". But substitution of this expression into the differential equation 
yields the contradictory statement 0 = 8e", so we have clearly made the wrong 
guess for yp. 

The difficulty here is apparent on examining the complementary function 
Ye = cie? + сое“. Observe that our assumption Ae" is already present in ye. This 
means that e* is a solution of the associated homogeneous differential equation, and 
a constant multiple Ae* when substituted into the differential equation necessarily 
produces zero. 

What then should be the form of y,? Inspired by Case II of Section 4.3, let's see 
whether we can find a particular solution of the form 


yp = Axe. 
Substituting ур = Axe* + Ае" and ур = Axe” + 2Ae" into the differential equation 
and simplifying gives 
y — 5y + 4yp = —3Ae* = 8e". 


From the last equality we see that the value of A is now determined as A — -$ 
Therefore a particular solution of the given equation is y, = —$ye", L1 


The difference in the procedures used in Examples 1—3 and in Example 4 
suggests that we consider two cases. The first case reflects the situation in 
Examples 1—3. 


CASE! No function in the assumed particular solution is a solution of the asso- 
ciated homogeneous differential equation. 


In Table 4.4.1 we illustrate some specific examples of g(x) in (1) along with the 
corresponding form of the particular solution. We are, of course, taking for granted 
that no function in the assumed particular solution y, is duplicated by a function in 
the complementary function ye. 


TABLE 4.4.1 Trial Particular Solutions 


g(x) Form of yp 
1. 1 (any constant) A 
2. 9x 4-7 Ax +В 
3. 30 -2 Ax? + Вх + С 
4. Ó-x-1 Ax + Bx? + Cx + E 
5. sin 4x A cos 4x + B sin 4x 
6. cos 4x A cos 4x + B sin 4x 
7. ех Ae” 
8. (9x — 2)e* (Ax + B)e* 
9, xe (Ax? + Bx + C)e?* 
10. e? sin 4x Ae?* cos Ах + Be? sin 4x 
11. 5x? sin 4x (Ax? + Bx + C) cos 4x + (Ex? + Fx + G) sin 4x 
12. xe** cos 4x (Ax + B)e?* cos 4x + (Cx + E)e? sin 4x 
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[EXAMPLE 5 | Forms of Particular Solutions — Case | 


Determine the form of a particular solution of 
(а) y" — 8y' + 25у = 5x°e* — 7е7* (b) y" + 4y = xcosx 
SOLUTION (a) We can write g(x) — (5 — 7)е *. Using entry 9 in Table 4.4.1 as 
a model, we assume a particular solution of the form 
yp = (Ах? + Bx? + Cx + E)e 7. 
Note that there is no duplication between any of the terms in y, and the terms in the 


complementary function y, = e^*(c, cos Зх + c» sin Зх). 


(b) The function g(x) = x cos x is similar to entry 11 in Table 4.4.1 except, of course, 
that we use a linear rather than a quadratic polynomial and cos x and sin x instead of 
cos 4x and sin 4x in the form of yp: 


yp = (Ax + B) cos x + (Cx + E) sin x. 


Again observe that there is no duplication of terms between y, and 
Ye = сү COS 2x + c» sin 2x. 


If g(x) consists of a sum of, say, m terms of the kind listed in the table, then (as in 
Example 3) the assumption for a particular solution y, consists of the sum of the trial 
forms yp, Ур» . - - > Ур, Corresponding to these terms: 


Ур = Ур, 2n Ур» etos Ypw 


The foregoing sentence can be put another way. 


Form Rule for Case І The form of y, is a linear combination of all linearly 
independent functions that are generated by repeated differentiations of g(x). 


[EXAMPLE 6 | Finding yp by Superposition—Case | 


Determine the form of a particular solution of 
y! — 9y' + 14у = 3x? — 5sin2x + 8xe™. 
SOLUTION The right-hand side of the equation g(x) = 3x? — 5sin2x + 8хе®* con- 
sists of three different types of functions: x, sin 2x, and хе. The derivatives of these 
functions yield, in turn, the additional functions x, 1; cos2x; and еб. Therefore: 
corresponding to x? we assume yp = Аж + Bx + C, 
corresponding to sin2x we assume у, = Ecos2x + Fsin2x, 


corresponding to хеб we assume yp = Gxe** + Нев“, 


The assumption for а particular solution of the given nonhomogeneous differential 
equation is then 


Yp = уһ + Yor + Yp = Ах” + Bx + С + Ecos2x + Fsin2x + (Gx + Me™. 


Note that none of the seven terms in this assumption for yp duplicates a term in the 
complementary function y. = ce + сое“. 8 


CASE П А function in the assumed particular solution is also a solution of the 
associated homogeneous differential equation. 


The next example is similar to Example 4. 
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[EXAMPLE 7 | Particular Solution —Case Il 


Find a particular solution of y" — 2y' + y = e*. 


SOLUTION The complementary function is ye = сіе" + схе". As in Example 4, 
the assumption y, = Ae* will fail, since it is apparent from у, that е" is a solution of 
the associated homogeneous equation y" — 2y' + y = 0. Moreover, we will not be 
able to find a particular solution of the form у, = Axe", since the term xe" is also 
duplicated in ye. We next try 


Yp = Axle. 
Substituting into the given differential equation yields 2Ae* = e*, so A = 1, Thus а 


. . . 2 
particular solution is y, — Ige. а 


Suppose again that g(x) consists of m terms of the kind given in Table 4.4.1, and 
suppose further that the usual assumption for a particular solution is 


Yp = Ур, + Yp quus Ур„› 


where the yj, i = 1,2, ..., m are the trial particular solution forms corresponding 
to these terms. Under the circumstances described in Case IL, we can make up the 
following general rule. 


Multiplication Rule for Case П If any yp, contains terms that duplicate terms 
in уг, then that yp, must be multiplied by x", where n is the smallest positive 
integer that eliminates that duplication. 


[EXAMPLE 8 | 53 An Initial-Value Problem 


Solve у” + y = 4x + 10 sin x, y(7) = 0, y'(7) = 2. 


SOLUTION The solution of the associated homogeneous equation y" + y = 0 
is ye = сү cos x + c» sin x. Because g(x) = 4x + 10 sin x is the sum of a linear 
polynomial and a sine function, our normal assumption for y,, from entries 2 and 5 
of Table 4.4.1, would be the sum of y,, = Ax + B and y,, = C cos x + E sin х: 


yp = Ax + B+ Ccosx + E sin x. (5) 


But there is an obvious duplication of the terms cos x and sin x in this assumed form 
and two terms in the complementary function. This duplication can be eliminated by 
simply multiplying y,, by x. Instead of (5) we now use 


yp = Ax + B + Cxcos x + Ex sin x. (6) 


Differentiating this expression and substituting the results into the differential 
equation gives 


YW» + Yp = Ax + B — 2C sin x + 2E cos x = 4x + 10 sin x, 


and so A= 4, B = 0, —2C = 10, and 2E = 0. The solutions of the system are 
immediate: A = 4, B = 0, C = —5, and E = 0. Therefore from (6) we obtain 
yp = 4x — 5x cos x. The general solution of the given equation is 


у= ус + yp = €1€08x + c5sinx + 4x — 5xcosx. 


We now apply the prescribed initial conditions to the general solution of the equation. 
First, у(т) = cı cos т + c5 sin т + 4r — 5m cos m = 0 yields c, = 977, since 
cos 7 = —1 and sin 7 = 0. Next, from the derivative 


у= —9т sin x + cocos x + 4 + 5x sin x — 5 cos x 
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and y'(a) = —97 sin т + cp cos т + 4 + 5т sin m — 5 cos т = 2 
we find c» = 7. The solution of the initial-value is then 


y = 9тсозх + 7 sin x + 4x — 5x cos x. 8 


[EXAMPLE 9 Using the Multiplication Rule 


Solve y" — бу’ + 9y = 632 + 2 — 12e". 


SOLUTION The complementary function is y, = се? + coxe?*. And so, based on 
entries 3 and 7 of Table 4.4.1, the usual assumption for a particular solution would be 


y, = Ax^ + Вх+ С + Ее“. 
Ур, Ур, 


Inspection of these functions shows that the one term in yp, is duplicated in ye. If 
we multiply y,, by x, we note that the term xe?" is still part of уг. But multiplying 
yp, by x? eliminates all duplications. Thus the operative form of a particular 
solution is 


yp = Ax! + Bx + C + Exe”. 
Differentiating this last form, substituting into the differential equation, and collecting 
like terms gives 


yp = бу, + 9y, = 9Ax? + (—12А + 9В)х + 2A — 6B + 9С + 2Ee* = 6x + 2 — 12€**. 


It follows from this identity that A = , B= 8 С = $, and Е = —6. Hence the general 


. . T S id ' 
solution y = ye + yp is у = cie? + caxe?* + $x? + gx + $ ore”. Е 


|ЕХАМРІЕ 10 | Third-Order DE—Case | 


Solve y" + y" = e* cos x. 


SOLUTION From the characteristic equation m? + m? = 0 we find mj, =m = 0 
and тз = —1. Hence the complementary function of the equation is 
ye = сү + cox + cse *. With g(x) = е" cos x, we see from entry 10 of Table 4.4.1 
that we should assume that 


yp = Ae* cos x + Ве" sin x. 


Because there are no functions in y, that duplicate functions in the complementary 
solution, we proceed in the usual manner. From 


ур + yp = (72A + 4B)e*cos x + (—4A — 2B)e'sin x = e*cos x 


we get —2A + 4B = 1 and —4А — 2B = О. This system gives А = =i, and B = 1, 
so a particular solution is y, = -i e“ cos х + i е“ sin x. The general solution of the 
equation is 

1 


— —e*cosx + —e*sinx. E 
10 5 


X 


у = Ye + Yp = сү + Cox + сзе ” 


[EXAMPLE 11 | Fourth-Order DE—Case Il 


Determine the form of a particular solution of y? + y" = 1 — x7e™*. 
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SOLUTION Comparing ye = сү + cox + сэх? + cae * with our normal assumption 
for a particular solution 


Y= A+ Bee t Cre к + Ee”, 
~~ s Y P 


Ур i Ур, 


we see that the duplications between y, and y, are eliminated when у, is multiplied 
by x? and yp, is multiplied by x. Thus the correct assumption for a particular solution 
is yp — Ах? + Вхђе х + Cxe* + Exe *. E] 


(i) In Problems 27—36 in Exercises 4.4 you are asked to solve initial-value 
problems, and in Problems 37—40 you are asked to solve boundary-value 
problems. As illustrated in Example 8, be sure to apply the initial conditions or 
the boundary conditions to the general solution y = ye + ур. Students often 
make the mistake of applying these conditions only to the complementary 
function у, because it is that part of the solution that contains the constants 


(£o (Ca оо 6 9 (Gra 

(ii) From the “Form Rule for Case I" on page 147 of this section you see why 
the method of undetermined coefficients is not well suited to nonhomogeneous 
linear DEs when the input function g(x) is something other than one of the four 
basic types highlighted in color on page 143. For example, if P(x) is a polyno- 
mial, then continued differentiation of P(x)e** sin Bx will generate an indepen- 
dent set containing only a finite number of functions—all of the same type, 
namely, a polynomial times е sin Bx or a polynomial times е“ cos Bx. On 
the other hand, repeated differentiation of input functions such as g(x) = In x 
or g(x) = tan" !x generates an independent set containing an infinite number 
of functions: 


1 
derivatives of 1а x: m 


1 axo ext 
Id 


derivatives of tan”! x: 


EXERCISES 4.4 Answers to selected odd-numbered problems begin on page ANS-5. 


In Problems 1—26 solve the given differential equation by undeter- 


mined coefficients. 
@y’ + 3у + 2у = 6 
2. 4y" + 9у = 15 


3. y" — 10у’ + 25у = 30x + 3 
4. y" + у — бу = 2х 


e. | у +у= 2 2х 
4 


6. y" — 8y' + 20у = 100x? — 26xe* 


7. у" + Зу = -48x?e** 


8. 4y" — 4y’ — 3y = cos 2х 


9. у-у = —3 
10. у” + 2у' = 25 + 5 – e ?* 
1 
y -y + у= 3 + e”? 
4 
12. y" — 16у = 2e* 


@39)' + 4y = 3 sin 2x 
14. y" — 4y = (x? — 3) sin 2x 


15. y" + y = 2x sinx 


16. у" — 5у' = 2x? — 4x? x + 6 


17. y" — 2у' + Sy = e” cos 2x 
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18. y" — 2у' + 2y = e**(cos x — 3 sin x) 


y = sin x + 3 cos 2x 


20. y" + 2y' — 24y = 16 — (x + 2)e* 
Є" — бу” = 3 – cos x 

22. у” — 2y" — 4у' + 8y = бхе2" 

23. y" — Зу” + 3y - y = х — 4e* 


24. y" y" 4у' 


4y = 5 – ех + e” 
25. y® + 2у" + у = (x - 1 


26. у® — у" = 4х + 2xe * 


In Problems 27—36 solve the given initial-value problem. 
I. y’ + 4y=-2, y(7/8) = 5, (7/8) = 2 

28. 2y" + 3y' — 2y = 14x? — 4х — 11, y(0) =0,y'(0) = 0 
895" + y' = —6x, y0) = 0, y'(0) = -10 


30. y" + Ay' + 4y = (3 + xe, у(0) = 2, у'(0) = 5 
31. y" + 4y' + 5y 235e ^, у(0) = —3,у'(0) = 1 
32. у" — у = coshx, y(0) = 2, у'(0) = 12 
а?х 2 : D 
p + wx = Fosinwt, x(0) = 0, х'(0) = 0 
d?x 3 , 
34. ae + ох = Focos yt, x(0) = 0, х'(0) = 0 
35. y" — 2y" + y! = 2 —24e* + 40e, y(0) =4, y') = 5, 
y'( = -3 


36. у" + 8y = 2x -5+8e >”, y(0) = —5,y'(0) = 3, 
y"(0) = —4 


In Problems 37—40 solve the given boundary-value problem. 
QM + y= +1, yO=5,yd)=0 

38. y" - 2у -2y 22x 2, у(0)=0,у(т)=т 

y(0) = 0, y(1) + y' (0 = 0 

y0) + y'(0) = 0, y(1) = 0 


39. y" + Зу = 6x, 


40. у” + Зу = 6x, 


In Problems 41 and 42 solve the given initial-value problem in which 
the input function g(x) is discontinuous. [Hint: Solve each problem 
on two intervals, and then find a solution so that y and y’ are continu- 
ous at x = 7/2 (Problem 41) and at x = т (Problem 42).] 


41. y" + Ay = g(x), у(0) = 1, у'(0) = 2, where 


w sinx, Ozxzm/2 
= 
á 0, — x»m/2 


42. у" — 2y' + 10y = g(x), у(0) = 0, у'(0) 20, where 


Q) 200, О=х= т 
х) = 
8 0 x^ 


Discussion Problems 


43. Consider the differential equation ay" + by’ + cy = е, 
where a, b, c, and k are constants. The auxiliary equation of the 
associated homogeneous equation is am? + bm + c = 0. 


151 


(a) If k is not a root of the auxiliary equation, show that we 
can find a particular solution of the form у, = Ae", where 
A = 1/(ак2 + bk + c). 


(b) If kis a root of the auxiliary equation of multiplicity one, 
show that we can find a particular solution of the form 
Ур = Ахе**, where A = 1/(2ak + b). Explain how we 
know that k # —b/(2a). 


(c) If kis a root of the auxiliary equation of multiplicity two, 
show that we can find a particular solution of the form 
у = Ax?e", where A = 1/(2a). 


44. Discuss how the method of this section can be used to find a 
particular solution of у” + y = sin x cos 2x. Carry out your idea. 


In Problems 45-48 without solving, match a solution curve of 
y" + y = f(x) shown in the figure with one of the following functions: 


© f@=1, (ii) f(x) =e, 
(iii) f(x) = e, (iv) f(x) = sin 2x, 
(v) f(x) = е" sin х, (vi) f(x) = sin x. 


Briefly discuss your reasoning. 


l va] 


FIGURE 4.4.1 Graph for Problem 45 


Y4 
>: 
x 


FIGURE 4.4.2 Graph for Problem 46 


у, 
Др 


FIGURE 4.4.3 Graph for Problem 47 


MIM 
x 


FIGURE 4.4.4 Graph for Problem 48 


46. 


47. 


48. 
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Computer Lab Assignments 49. y" — 4у' + 8y = (2x? — 3x)e?* cos 2x 


In Problems 49 and 50 find a particular solution of the given + (10x? — x = De? sin 2x 
differential equation. Use a CAS as an aid in carrying out dif- 
ferentiations, simplifications, and algebra. 


50. у® + 2y" + y 2 2cos x — 3x sinx 


d 4.5 Undetermined Coefficients—Annihilator 
Approach 


INTRODUCTION We saw in Section 4.1 that an nth-order differential equation can 
be written 


aj D"y + a, D" ly ++ ару + agy = g(x), (1) 


where D*y = d*y / dx*,k = 0,1,...,n. When it suits our purpose, (1) is also written as 
L(y) = g(x), where L denotes the linear nth-order differential, or polynomial, operator 


anD” + a, ,D' + +++ + aD + ag. (2) 


Not only is the operator notation a helpful shorthand, but also on a very practical 
level the application of differential operators enables us to justify the somewhat mind- 
numbing rules for determining the form of particular solution y, that were presented 
in the preceding section. In this section there are no special rules; the form of y, 
follows almost automatically once we have found an appropriate linear differential 
operator that annihilates g(x) in (1). Before investigating how this is done, we need 
to examine two concepts. 


FACTORING OPERATORS When the coefficients а;, i = 0, 1, ..., n are real con- 
stants, a linear differential operator (1) can be factored whenever the characteristic 
polynomial a,m" + as m! + + aym + ао factors. In other words, if rı is a 
root of the auxiliary equation 


anm” + a, ,m" + + аут + ag = 0, 


then L = (D — rj) P(D), where the polynomial expression P(D) is a linear differen- 
tial operator of order n — 1. For example, if we treat D as an algebraic quantity, then 
the operator D? + 5D + 6 can be factored as (D + 2)(D + 3) oras (D + 3)(D + 2). 
Thus if a function y — f(x) possesses a second derivative, then 


(D? + 5D + 6)y = (D + 2)(р + 3y = (D + 3D + 2)у. 


This illustrates a general property: 
Factors of a linear differential operator with constant coefficients commute. 
A differential equation such as y" + A4y' + 4y = 0 can be written as 


(02 + 4Р + 4)у= 0 ог (D+2(D+2y=0 ог (р + 2)у = 0. 
ANNIHILATOR OPERATOR If L is a linear differential operator with constant 


coefficients and fis a sufficiently differentiable function such that 


L(f(x)) = 0, 


then L is said to be an annihilator of the function. For example, a constant func- 
tion y = k is annihilated by D, since Dk = 0. The function y = x is annihilated by 
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the differential operator D* since the first and second derivatives of x are 1 and 0, 
respectively. Similarly, D^x? = 0, and so on. 
The differential operator D” annihilates each of the functions 
le Bee SE noe, ate (3) 


As an immediate consequence of (3) and the fact that differentiation can be done 
term by term, a polynomial 


Co + cix + cx) tt + yx! (4) 


can be annihilated by finding an operator that annihilates the highest power of x. 

The functions that are annihilated by a linear nth-order differential operator L 
are simply those functions that can be obtained from the general solution of the 
homogeneous differential equation L(y) = 0. 


The differential operator (D — о)" annihilates each of the functions 


ax xe", x2e** x" lee, (5) 


А n 


To see this, note that the auxiliary equation of the homogeneous equation 
(D — a)"y = 0 is (m — a)" = 0. Since а is a root of multiplicity n, the general 
solution is 


y- cue + сухе®* ++ сй \ё®*, (6) 


[EXAMPLE 1 | Annihilator Operators 


Find a differential operator that annihilates the given function. 
(a) 1 = 52 + 897. (e* (с) 4e — 10xe* 


SOLUTION (a) From (3) we know that D^x? = 0, so it follows from (4) that 
D'(1 — 5x? + 8) = 0. 
(b) From (5), with a = —3 and n = 1, we see that 
(D + 3e ?* = 0. 
(c) From (5) and (6), with a = 2 and n = 2, we have 
(D — 2)2(4е2* — 10xe?*) = 0. ш 
When a and f, В > 0 аге real numbers, the quadratic formula reveals that 


[m? — 2am + (a? + В2)]" = 0 has complex roots a + iB, a — if, both of multi- 
plicity n. From the discussion at the end of Section 4.3 we have the next result. 


The differential operator [D? — 2aD + (a? + B?)]" annihilates each of the 


functions 
особе = COSI BA, x2e** cos ВА eese х" le?** cos Bx, (7) 
е сш хе ып xe sin (2 ап BE 
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[EXAMPLE 2 Annihilator Operator 


Find a differential operator that annihilates 5e * cos 2x — 9e * sin 2x. 

SOLUTION Inspection of the functions e * cos 2x and e * sin 2x shows that 
a = —] and В = 2. Hence from (7) we conclude that D? 2D + 5 will annihilate 
each function. Since D? + 2D + 5 is a linear operator, it will annihilate апу linear 
combination of these functions such as 5e * cos 2x — 9e “ sin 2x. a 


When a = 0 and n = 1, a special case of (7) is 


cos Bx _ 


O + 9 | (8) 


sin Bx 


For example, D* + 16 will annihilate any linear combination of sin 4x and cos 4x. 

We are often interested in annihilating the sum of two or more func- 
tions. As we have just seen in Examples | and 2, if L is a linear differential opera- 
tor such that (у) = 0 and Шу») = 0, then L will annihilate the linear combination 
c1yi(x) + c2y2(x). This is a direct consequence of Theorem 4.1.2. Let us now suppose 
that Lı and L are linear differential operators with constant coefficients such that Lı 
annihilates у(х) and Lz annihilates у(х), but L)(y2) # 0 and (уу) = 0. Then the 
product of differential operators L,L, annihilates the sum cyy)(x) + c2y2(x). We can 
easily demonstrate this, using linearity and the fact that L1L5 = LoL): 


L, L(y + у) = Lib(y) + (У) 
= Dy) + Lily) 
= LIL] + 50») = 0. 


Zero Zero 


For example, we know from (3) that D? annihilates 7 — x and from (8) that D? + 16 
annihilates sin 4x. Therefore the product of operators D?(D? + 16) will annihilate 
the linear combination 7 — x + 6 sin 4x. 


NOTE The differential operator that annihilates a function is not unique. We saw 
in part (b) of Example 1 that D + 3 will annihilate e °*, but so will differential 
operators of higher order as long as D + 3 is one of the factors of the operator. For 
example, (D + 3)(D + D), (D + 3, and D*(D + 3) all annihilate е^. (Verify this.) 
As a matter of course, when we seek a differential annihilator for a function y — f(x), 
we want the operator of lowest possible order that does the job. 


UNDETERMINED COEFFICIENTS This brings us to the point of the preced- 
ing discussion. Suppose that L(y) = g(x) is a linear differential equation with con- 
stant coefficients and that the input g(x) consists of finite sums and products of the 
functions listed in (3), (5), and (7)—that is, g(x) is a linear combination of functions 
of the form 


к (constant), x", хте". ge” 


cos Bx, and xe sin Bx, 

where m is a nonnegative integer and o and [8 are real numbers. We now 
know that such a function g(x) can be annihilated by a differential 
operator Lı of lowest order, consisting of a product of the operators D", (D — a)", 
and (D? — 2a D + a? + B*)". Applying L; to both sides of the equation L(y) = g(x) 
yields LiL(y) = Li(g(x)) = 0. By solving the homogeneous higher-order equation 
L4L(y) = 0, we can discover the form of a particular solution у, for the original 
nonhomogeneous equation L(y) — g(x). We then substitute this assumed form into 
L(y) = g(x) to find an explicit particular solution. This procedure for determining 
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yp, called the method of undetermined coefficients, is illustrated in the next 
several examples. 

Before proceeding, recall that the general solution of a nonhomogeneous 
linear differential equation L(y) = g(x) is y = у, + yp, where у, is the comple- 
mentary function—that is, the general solution of the associated homogeneous 
equation L(y) = 0. The general solution of each equation L(y) = g(x) is defined 
on the interval (— oo, oc). 


[EXAMPLE 3 | General Solution Using Undetermined Coefficients 


Solve y" + Зу’ + 2y = 422. (9) 


SOLUTION Step 1. First, we solve the homogeneous equation y" + 3y' + 2y = 0. 
Then, from the auxiliary equation m? + 3m + 2 = (m + 1)(m + 2) = 0 we find 


m; = —1 and m; = —2, and so the complementary function is 
— =% 2x 
Ye = Се ^ + coe ^". 


Step 2. Now, since 4x? is annihilated by the differential operator D°, we see that 
D?(D? + 3D + 2)y = AD?x? is the same as 


рэр? + 3D + 2)у = 0. (10) 
The auxiliary equation of the fifth-order equation in (10), 


m*(n? + 3m + 2) = 0 or т(т + 1)(т + 2) = 0, 


has roots mı = тә = тз = 0, m4 1, and ms = —2. Thus its general solution 
must be 


у = сү + cox + сзх? + сде + се ?*. (11) 


The terms in the shaded box in (11) constitute the complementary function of the 
original equation (9). We can then argue that a particular solution y, of (9) should 
also satisfy equation (10). This means that the terms remaining in (11) must be the 
basic form of уь: 


yp = А + Вх + cr. (12) 
where, for convenience, we have replaced c1, c», and c3 by A, B, and C, respectively. 
For (12) to be a particular solution of (9), it is necessary to find specific coefficients 
A, B, and C. Differentiating (12), we have 

Yp = В + 2Cx, ур = 2С, 
and substitution into (9) then gives 


ур + Зур + 2yp = 2C + 3B + 6Cx + 2A + 2Bx + 2Cx? = 4x. 


Because the last equation is supposed to be an identity, the coefficients of like powers 
of x must be equal: 


equal 


2€ 3 4| 28 +6C |е | 2А+3В+2С | — 42+ Oc +6, 


That is 2С = 4, 2B + 6C = 0, 2A + 3B + 2C = 0. (13) 
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Solving the equations in (13) gives A — 7, B — —6, and C=2. Thus 
yp = 7 — бх + 222. 


Step 3. Тһе general solution of the equation in (9) is y = ye + ур or 


у = сүе * + ce ?*-7-6x + 2x’. 8 
[EXAMPLE 4 | General Solution Using Undetermined Coefficients 
Solve y" — 3y' = 8е3* + 4 sin x. (14) 


SOLUTION Step 1. The auxiliary equation for the associated homogeneous equa- 
tion y" — 3y' = 0 is m? — 3m = m(m — 3) = 0, so уе = с + coe, 


Step2. Now, since (D — 3)e?* = 0 and (D? + 1) sin x = 0, we apply the differen- 
tial operator (D — 3)(D? + 1) to both sides of (14): 


(D — 3)? + 1D? — 3D)y = 0. (15) 
The auxiliary equation of (15) is 
(т — 3)(т? + 1)(m* — 3m) = 0 or m(m — 3)?(т? + 1) = 0. 
Thus у = сү + се? + caxe?* + c4c0s x + cs sin x. 


After excluding the linear combination of terms in the box that corresponds to ye, we 
arrive at the form of yp: 


yp = Axe** + B cos x + C sin x. 
Substituting y, in (14) and simplifying yield 
yp — Зу, = 3Ae* + (—В — ЗС) cos x + (3B — C) sin x = 8e** + 4 sin х. 


Equating coefficients gives ЗА = 8, —B — ЗС = 0, and 3B — C = 4. We find A = 8 
В = $ and С = —3, and consequently, 


8 4,6 2 
Yp = сова z S 


Step 3. The general solution of (14) is then 


8 6 2 
у = с + cec Д xe? + 5 COS X 5 sin x. Е 


[EXAMPLE 5. General Solution Using Undetermined Coefficients 


Solve y" + y = x cos x — cos x. (16) 


SOLUTION The complementary function is ye = c, cos x + c» sin x. Now by com- 
paring cos x and x cos x with the functions in the first row of (7), we see that a = 0 
and n = 1, and so (D? + 1)? is an annihilator for the right-hand member of the equa- 
tion in (16). Applying this operator to the differential equation gives 


(D? + 1}? (D? +1)y=0 o  (Q?*-«-0y-0 


Since i and —i are both complex roots of multiplicity 3 of the auxiliary equation of 
the last differential equation, we conclude that 


= сусоѕх + со Sinx + cax cos x + сах sin x + csx?cos x + cex? sin x. 
У 1 2 3 4 5 6 
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We substitute 
yp = Ax cos x + Bx sin x + Cx? cos x + Ex? sin x 
into (16) and simplify: 


yp + yp = 4 Ex cos x — 4 Cx sin x + (2B + 2C) cos x + (—2A + 2E) sin x 


— X COS X — COS X. 


Equating coefficients gives the equations 4E = 1, —4C = 0, 2B + 2C = —1, and 
—2A + 2E = 0, from which we find A = 1, B = —}, C = 0, and E = į. Hence the 
general solution of (16) is 


1 1 1 


y = cı cos x + csin x + Е 0 902 А 


sin x. E 


[EXAMPLE 6| Form of a Particular Solution 


Determine the form of a particular solution for 
у” — 2у' + y = 10e ?*cos x. (17) 


SOLUTION The complementary function for the given equation is ye = се" + cxe. 
Now from (7), with a = —2, B = 1, and n = 1, we know that 


(D? + 4D + 5)e ?*cos x = 0. 


Applying the operator D? + 4D + 5 to (17) gives 


(D? + 4D + 5 – 2D + 1)у = 0. (18) 
Since the roots of the auxiliary equation of (18) are —2 — i, —2 + i, 1, and 1, we 
see from 
у= C 0007 + сзе 2х cos x + сде ?^$1п x 


that a particular solution of (17) can be found with the form 


yp = Ae ?* cos x + Be ?" sin x. E 


[EXAMPLE 7 | Form of a Particular Solution 


Determine the form of a particular solution for 
y" — 4y" + 4у' = 5x? — бх + 4x e™ 3e. (19) 
SOLUTION Observe that 
D?(5x — бх) = 0, (D-2yx&"*—-0, and (D—5)e%*=0. 
Therefore D*(D — 2)*(D — 5) applied to (19) gives 
D*(D — 2)%р — 5D? — 4D? + 4D)y = 0 
or D*(D — 2»(D — 5y = 0. 


The roots of the auxiliary equation for the last differential equation are easily seen to 
be 0, 0, 0, 0, 2, 2, 2, 2, 2, and 5. Hence 


y= а + cx ++ C3X? + сах? + cse” + сбхе?“ + стх°е?^ + сӊх?е?^  cox^e?* + ce. (20) 
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Because the linear combination c, + cse?* + cgxe?* corresponds to the complemen- 
tary function of (19), the remaining terms in (20) give the form of a particular solu- 


tion of the differential equation: 


yp = Ax + Bx? + C) + Exte* Foe?  Gx*e?* + He™. ш 


SUMMARY OFTHE METHOD For your convenience the method of undetermined 
coefficients is summarized as follows. 


The differential equation L(y) = g(x) has constant coefficients, and the func- 
tion g(x) consists of finite sums and products of constants, polynomials, expo- 
nential functions е“, sines, and cosines. 


( Find the complementary solution y, for the homogeneous equation 
Пу) = 0. 

(ii) Operate оп both sides of the nonhomogeneous equation L(y) = g(x) 
with a differential operator L, that annihilates the function g(x). 


(iii) Find the general solution of the higher-order homogeneous differential 
equation L)L(y) = 0. 

(iv) Delete from the solution in step (iii) all those terms that are duplicated 
in the complementary solution у, found in step (7). Form a linear 
combination y, of the terms that remain. This is the form of a particular 
solution of L(y) = g(x). 

(v) Substitute у, found in step (iv) into L(y) = g(x). Match coefficients 
of the various functions on each side of the equality, and solve the 
resulting system of equations for the unknown coefficients in yp. 

(vi) With the particular solution found in step (v), form the general solution 
y = ye + ур Of the given differential equation. 


The method of undetermined coefficients is not applicable to linear differential 
equations with variable coefficients nor is it applicable to linear equations with 
constant coefficients when g(x) is a function such as 


gx)-lnx (х= - (б) = tan, gesn ln 


and so on. Differential equations in which the input g(x) is a function of this 
last kind will be considered in the next section. 


EXERCISES 4.5 Answers to selected odd-numbered problems begin on page ANS-5. 


In Problems 1—10 write the given differential equation in the form 6. у” + 4y’ = e* cos 2x 
L(y) = g(x), where L is a linear differential operator with constant 7. y" + 2y" — 13y' + 10y = xe^* 


coefficients. If possible, factor L. 
8. y" + 4y" + 3y' = х2 cos x — 3x 


9. yO + 8y' = 4 
10. уб — 8у” + 16y = (х? — 2x)e* 


1. 9y” — 4y = sin x 2. y” — 5y = 02 — 2x 
3. y” — 4y' — 12у=х— 6 4. 2y" — Зу – 2y = 1 
5. y" + 10y” + 25y' = е" 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


4.6 VARIATION OF PARAMETERS 159 


In Problems 11—14 verify that the given differential operator annihi- 48. y" + 4y = 4 cos x + 3 sin x — 8 
lates the indicated functions. 
49. y" + бу + 9y = —xe'* 
11.0% у= 10x? — 2x 12. 2D — 1; y-4e^? 
50. y” + 3y’ — 10y = x(e* + 1) 
13. (D - 20D + 5); у= ех + Зет 
51. у" -y= x?e* +5 
14. D? + 64; у = 2 cos 8x — 5 sin 8х 
52. y" + 2y' + у = х2е7* 
In Problems 15—26 find a linear differential operator that annihilates n ; NE 
: ; 53. y" — 2y' + 5y = ех sin х 
the given function. 1 
54. y" í = e*(sin 3x — cos Зх 
15. 1 + 6x — 2x3 16. х3(1 — 5x) y ty tT ) 
17. 1 + 7e” 18. x + 3xe% 55. y" + 25у = 20 sin 5x 56. y" + y =4cosx — sinx 
57. у" c y c y = хві 58. y" + 4y = cos? 
19. cos 2x 20. 1 + sinx d d ee M Аы 
59. y" + 8y" = —6x? + 9х + 2 
21. 13x + 9x? — sin 4x 22. 8x — sin x + 10 cos 5x » » , р = 
60. y y'ty = у= хе –е* +7 
23. е7“ + 2xe* — x7e* 24. (2 – e? " „ 7 
61. у Зу" + 3у – у= е – х + 16 
25. 3 + e* cos 2x 26. e біп x — e? cos x 


62. 2y" — 3y" — Зу' + 2y = (+ ey 
In Problems 27-34 find linearly independent functions that are єз. y -2y" + y" =e 1 
annihilated by the given differential operator. 


64. у — 4y" = 5x? — е^ 


27. D? 28. D? + 4D 
29. (D — 6D + 3) 30. D? — 9D — 36 In Problems 65—72 solve the given initial-value problem. 
31. D? + 5 32. D? — 6D +10 mg cogido. ууу ese 
66.y" ry =x, у(0) = 1, у'(0) = 0 
33. р? — 10D? + 25р 34. DXD — 5)(D — 7) 


67. у" — 5у = х – 2, у(0) = 0, у'(0) = 2 
In Problems 35 – 64 solve the given differential equation by undeter- 


" П РЕК 2х = D = 
mined coefficients. 68. y" + Sy’ — бу = 10e**, у(0) = 1,у'(0) = 1 


35. y" = 9y = 54 36. 2" — 7y' + 5y = —29 69. у" + у= 8cos2x —Asinx, у(т/2)=—1,у'(т/2)=0 

"n , m n , 70. y" 2y" | у' x xe* | 5, y(0) = 2; y'(0) = 2, 
37. y" ty =3 38. y" + 2y" + y' = 10 y'(0) = —1 
39. y" + 4y' + 4y 22x +6 71. y" — 4у + 8y = x, у(0) =2,у'(0) = 4 
40. y" + 3y' = 4x — 5 72. 0 — y" 2 x c e", yO) = 0, y'(0) = 0, у”(0) = 0, 

, А у"(0) = 0 

41. y" + y" = 8x 42. y" — 2y c y =x + Ax 
43. y" — y' — 12y = e“ 44. y" + 2у' + 2y = 5ебх Discussion Problems 
45. y! — 2у' — 3y = 4e! — 9. 46. у” + бу + 8y = Зе ?* + 2x 73. Suppose L is a linear differential operator that factors but has 


variable coefficients. Do the factors of L commute? Defend 
47. y" + 25y = 6sinx your answer. 


d 4.6 VARIATION OF PARAMETERS 


INTRODUCTION We pointed out in the discussions in Sections 4.4 and 4.5 that the 
method of undetermined coefficients has two inherent weaknesses that limit its wider 
application to linear equations: The DE must have constant coefficients and the input 
function g(x) must be of the type listed in Table 4.4.1. In this section we examine a 
method for determining a particular solution y, of a nonhomogeneous linear DE that 
has, in theory, no such restrictions on it. This method, due to the eminent astronomer 
and mathematician Joseph Louis Lagrange (1736-1813), is known as variation of 
parameters. 

Before examining this powerful method for higher-order equations we revisit the 
solution of linear first-order differential equations that have been put into standard 
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See (4) of Section 2.3. (>) 


The basic procedure is 
that used in Section 4.2. 


form. The discussion under the first heading in this section is optional and is intended 
to motivate the main discussion of this section that starts under the second heading. If 
pressed for time this motivational material could be assigned for reading. 


LINEAR FIRST-ORDER DEs REVISITED In Section 2.3 we saw that the general 
solution of a linear first-order differential equation а (х)у' + ао(х)у = g(x) can be 
found by first rewriting it in the standard form 


d 
> + P()y = f(x) a) 
$8 


and assuming that P(x) and f(x) are continuous on a common interval /. Using the 
integrating factor method, the general solution of (1) on the interval /, was found 
to be 


у= c,e I dx + e 1Р0?ах feroa feas 


The foregoing solution has the same form as that given in Theorem 4.1.6, namely, 


у = ус + yp. In this case у, = ce 1Р0) is a solution of the associated homogeneous 
equation 
dy 
~- + Pay = 0 (2) 
dx 
and Vp = g 1^ р PG) dx feo dx (3) 


is a particular solution of the nonhomogeneous equation (1). As a means of moti- 
vating a method for solving nonhomogeneous linear equations of higher-order we 
propose to rederive the particular solution (3) by a method known as variation of 
parameters. 

Suppose that y; is a known solution of the homogeneous equation (2), that is, 


dyi = 
— + Р(х)у = 0. (4) 
dx 


It is easily shown that y, = e 7Р0 is a solution of (4) and because the equation is 


linear, c,y;(x) is its general solution. Variation of parameters consists of finding a par- 
ticular solution of (1) of the form у, = ui(x)y;(x). In other words, we have replaced 
the parameter c, by a function uy. 

Substituting y, = шут into (1) and using the Product Rule gives 


d 
P [шу] + Ро)шу = f) 
X 


dy, dui 
ир + yr, + Р(х)шу = fx) 
dx dx 


0 because of (4) 
pa 


d d 
ЕЁ І Py + л = f(x) 


du 
so em i 
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By separating variables and integrating, we find иј: 


ee 
yi) yi(x) 
Hence the sought-after particular solution is 
yp = щу -,[ dx 
i= У : 
á yi(x) 


we see the last result is identical to (3). 


du, 


dx. 


From the fact that y; = e J?) 4 


LINEAR SECOND-ORDER DEs Next we consider the case of a linear second- 
order equation 


a»(x)y" + aiy" + ађ()у = g(x), (5) 


although, as we shall see, variation of parameters extends to higher-order equations. 
The method again begins by putting (5) into the standard form 


y" + PQ9y' + Oy = foo (6) 


by dividing by the leading coefficient a(x). In (6) we suppose that coefficient func- 
tions P(x), Q(x), and f(x) are continuous on some common interval J. As we have 
already seen in Section 4.3, there is no difficulty in obtaining the complementary 
solution y, = суу(х) + coyo(x), the general solution of the associated homogeneous 
equation of (6), when the coefficients are constants. Analogous to the preceding dis- 
cussion, we now ask: Can the parameters c, and c» in у, can be replaced with func- 
tions u; and из, or “variable parameters,” so that 


YW) = иү(х)у1(х) + U2(x)y2x) (7) 


is a particular solution of (6)? To answer this question we substitute (7) into (6). 
Using the Product Rule to differentiate y, twice, we get 


Yp = шу + ушу + uay5 + your 


yp = Uyi + ури + ушу + шу + иду» + yous + yous + u5y5. 


Substituting (7) and the foregoing derivatives into (6) and grouping terms yields 
Zero Zero 
y — SS, 
Yp + Px)yp + OB) yp = шу + Ру + Оу] + юру + Py + Оу] + yud + шут 


+ yous + и5у» + Р[уүи\ + уш] + yiui + youd 


d , d ГА , , $ , , 
= — [yiu] + — Dou] + Р[уүи\ + you] + уш + yous 
ах ах 


а 
ү [уи you5] + Р[уүи\ + уи] + улш + your = f(x). (8) 


Because we seek to determine two unknown functions иј and и», reason dictates that 
we need two equations. We can obtain these equations by making the further assump- 
tion that the functions иј and из satisfy ун + уи = 0. This assumption does not 
come out of the blue but is prompted by the first two terms in (8), since if we de- 
mand that ууш + узи» = 0, then (8) reduces to уи; + y5u5 = f(x). We now have our 
desired two equations, albeit two equations for determining the derivatives и! and и. 
By Cramer’s Rule, the solution of the system 


уші + you = 0 


уші + уи = f(x) 
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Wi 


can be expressed in terms of determinants: 


‚ _ Wi yo f(x) QW. wif) 
uj = = — and = w4=—= (9) 
W W W Ww 
» x» 0 y y» 0 | 
whee =, |, $ =|" (10) 
yi 55 i pa y? yt feo 


The functions ш and из are found by integrating the results in (9). The determinant 
W is recognized as the Wronskian of y; and y2. By linear independence of y; and y2 
on J, we know that W(y1(x), yo(x)) = О for every x in the interval. 


SUMMARY OF THE METHOD Usually, it is not a good idea to memorize for- 
mulas in lieu of understanding a procedure. However, the foregoing procedure is 
too long and complicated to use each time we wish to solve a differential equation. 
In this case it is more efficient to simply use the formulas in (9). Thus to solve 
ay" + ату + аду = g(x), first find the complementary function ye = суу + Cayo 
and then compute ће Wronskian W(yi(x), yo(x)). By dividing by a», we put the equa- 
tion into the standard form y" + Py’ + Qy = f(x) to determine f(x). We find и and 
uz by integrating ui = W,/W and и = W2/W, where W; and И are defined as in 
(10). A particular solution is yp = шу + uy». The general solution of the equation 
is then y = ye + yy. 


[EXAMPLE 1 | General Solution Using Variation of Parameters 


Solve y" — 4y' + 4y = (x + De”. 


SOLUTION From the auxiliary equation n? — 4m + 4 = (m — 2)” = 0 we have 
ус = спе?“ + сәхе?^. With the identifications y= е?* and y= xe?*, we next compute 
the Wronskian: 


e х e?» 


2e€* 2xe?* gx 


Ax 


Wer, xe**) = = е“, 


Since the given differential equation is already in form (6) (that is, the coefficient of 
у” is 1), we identify f(x) = (x + 1)e?*. From (10) we obtain 


0 хе?^ е2х 0 
= = -(x+ 1 Ах W = = +1 Ax 
(x + Det 2xe?* + e” (x )xe 2 9 giz (x + 1)е?^ (х е 
and so from (9) 
x + 1)xe** x + De* 
ui = aig ae ШЕ, 
€" e 
Integrating the foregoing derivatives gives 
1 1 1 
uy = E E 5% апа и? = эх dox. 
Hence from (7) we have 
1 1 1 1 1 
Ур = [-is — Pee + ре + je = gre + хе” 
= = 2х 2х 1 3 2х T s 23 | | 
and y = ус + yp = Се" + coxe Tore +7 e, 
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[EXAMPLE 2 General Solution Using Variation of Parameters 


Solve 4y" + 36y = csc 3x. 
SOLUTION We first put the equation in the standard form (6) by dividing by 4: 
1 
"”+9у=— 3x. 
y у 4 csc 3x 
Because the roots of the auxiliary equation т? +9 = 0 аге m; = 3i and m = — 31, the 
complementary function is ye = c; cos Зх + c» sin Зх. Using y, = cos Зх, уз = sin Зх, 


and f(x) — i csc 3x, we obtain 


cos 3x sin 3x 


, 


W(cos 3x, sin 3x) = | —3sin3x 3 cos Зх 


Е 0 sin 3х | | ER! W. = cos 3x 0 _ 1 cos 3x 
icsc3x 3 соѕ Зх 4’ ^ |-3sin3x lesc3x| 4 sin 3x” 
em , wi 1 d ‚ _ We | 1 cos3x 
ntegratin ————— an = = 
Senos Жесс ag OW 12 sin 3x 
gives 
: d NE 
= -— an = — In |sin3x}. 
uy, 12” и? 36 X 
Thus from (7) a particular solution is 
E RN EU 
Yp 12 2905 x 36 sin Зх) In|sin Зх. 


The general solution of the equation is 
. 1 1. { 
Y = Ye + yp = су COS 3x + c2 sin 3x — 19 *©% 3x + 36 (sin3x)In|sin3x|. (11) B 


Equation (11) represents the general solution of the differential equation on, say, 
the interval (0, 7/6). 


CONSTANTS OF INTEGRATION When computing the indefinite integrals of uj 
and uż, we need not introduce any constants. This is because 
y = ye + yp = сууу + Сух + (ш + а)у + Qo + bi)y2 
= (ci + ар)у + (с + Бу)уу + шу + изу? 
= Суу, + Coyo + шу + иу. 


INTEGRAL-DEFINED FUNCTIONS We have seen several times in the preceding 
sections and chapters that when a solution method involves integration we may en- 
counter nonelementary integrals. As the next example shows, sometimes the best we 
can do in constructing a particular solution (7) of a linear second-order differential 
equation is to use the integral-defined functions 


u(x) = -[ ETE dt and u(x) = f ETE dt. 


Here we assume that the integrand is continuous on the interval [xo, x]. 
See Problems 23-26 in Exercises 4.6. 
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[EXAMPLE 3 General Solution Using Variation of Parameters 


1 
Solve y" — y = T 


SOLUTION The auxiliary equation m? — 1 = 0 yields тү = —1 and m; = 1. There- 


fore ye = сце" + coe *. Now W(e*, e *) = —2, and 
А Quit V LE TELA) 
И] —9 , и = =9 


Since the foregoing integrals are nonelementary, we are forced to write 
1 | a І | хе! 
= –е* а e^ dt, 
mous 2* Jat 


7 1 хет! 1 _ [е 
and so у= ус +уь = се + се * + ех dt e* dt. (12 E 
3* Jat 2 1 


In Example 3 we can integrate on any interval [xo, x] that does not contain the origin. 
We will solve the equation in Example 3 by an alternative method in Section 4.8. 


HIGHER-ORDER EQUATIONS The method that we have just examined for non- 
homogeneous second-order differential equations can be generalized to linear nth- 
order equations that have been put into the standard form 
уе) + Py G)y 0 +--+ + Pray! + Poy = FO. (13) 
If ye = су + су + +++ + слу, 15 the complementary function for (13), then a 
particular solution is 
yp(x) = uyG)yiQo + ир(х)ур(х) +++ + Un) Yn), 
where the uj, k = 1,2, ..., n are determined by the n equations 
yuu, + уи + + уши = 0 
ушу + уи + + уш = 0 
; : (14) 
у{ Dui + yl Da ++ yf Du, =f. 


The first n — 1 equations in this system, like уи + ури» = 0 in (8), are assump- 
tions that are made to simplify the resulting equation after y, = uiG)yi(x) + °° + 
ип(х)у„(х) is substituted in (13). In this case Cramer's Rule gives 


where W is the Wronskian of y1, y», . . . , y, and Wz is the determinant obtained by 
replacing the kth column of the Wronskian by the column consisting of the right- 
hand side of (14) —that is, the column consisting of (0, 0, . . . , f(x)). When n = 2, 
we get (9). When n = 3, the particular solution is yp = шу + u2y2 + изуз, where 
yr, уо, and уз constitute a linearly independent set of solutions of the associated 
homogeneous DE and иј, и, из are determined from 


wW W; W. 
u=, w= y=, (15) 
үу W W 
y» » y 0 y» y» y 0 уз л y» 0 
W=ly у у, Йз=| 0 yo y|, = |у 0 y$.,Wa-|ly y» O0. 
yi у? УЗ fe у» yi ут f(x) уЗ yi у» fŒ) 


See Problems 29—32 in Exercises 4.6. 
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In Problems 1—18 solve each differential equation by variation of 


parameters. 
г 24 + у = secx 2. у" + у = (ап х 


4. y" + y = sec 0 tan 0 


6. у" + y = sec 


7. y" — y = cosh x 8. y” — y = sinh 2x 
9 
9. у — 9y = 2 10.4" — y= e? 3 
e 
an "| ay! 2 1 
diii 1-6 
12 Uu 2 $ e 
dida а 
13. y" + 3y' + 2y = sin e* 
14. y" — 2у' + y = e' arctan t 
a + 2y’ +y=ehnt 


16. 2y" + у’ = бх 
17. Зу” — 6y' + бу = ех sec x 
18. 4y" - Ay + у= ету – x? 


In Problems 19—22 solve each differential equation by variation of 
parameters, subject to the initial conditions y(0) = 1, y'(0) = 0. 


4)" — y= 20" 
20. 2y" + y’ - у= х +1 
21. у" + 2y’ — 8y 22e ^ — e* 
dy’ + 4y = (12x? 


22. у" бх)е2* 


In Problems 23-26 proceed as іп Example 3 and solve each differen- 
tial equation by variation of parameters. 


23. y" +y = е" 24. у — 4y = 
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Answers to selected odd-numbered problems begin on page ANS-5. 


25. y" + у — 2у = ах 26. 2y" + 2у' + y = AVx 


In Problems 27 and 28 the indicated functions are known linearly 
independent solutions of the associated homogeneous differential 
equation on (0, œ). Find the general solution of the given nonhomo- 
geneous equation. 


27. xy" + xy! + (2 Е B = 5/2; 


1 1/2 


yi =x !? cos x, уз = х7! sinx 
28. x2y" + xy! + у = sec(In x); 
yı = cos(In x), y2 = sin(In x) 
In Problems 29—32 solve the given third-order differential equation 
by variation of parameters. 
29. y" + y'= tanx 
30. y" + 4у' = sec 2x 


31. y" 2y" _ yl ES 2y = e* 


32. y" = Зу" + 2у' = Ter 


Discussion Problems 


In Problems 33 and 34 discuss how the methods of undetermined 
coefficients and variation of parameters can be combined to solve the 
given differential equation. Carry out your ideas. 


33. 
34. 
35. 


Зу” — бу’ + 30y = 15 sin x + e* tan 3x 
у= 2у' +у=4%—3+х!ё 


What аге the intervals of definition of the general solutions 
in Problems 1, 7, 15, and 18? Discuss why the interval of 
definition of the general solution in Problem 28 is not (0, ©). 


Find the general solution of xy" + 


that y; = x? 
equation. 


36. xy! = 42у = 1 given 


is a solution of the associated homogeneous 
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акх 


У 


4.7 


k 


dx* 


Cauchy-Euler Equations 


INTRODUCTION The same relative ease with which we were able to find explicit 
solutions of higher-order linear differential equations with constant coefficients in 
the preceding sections does not, in general, carry over to linear equations with 
variable coefficients. We shall see in Chapter 6 that when a linear DE has variable 
coefficients, the best that we can usually expect is to find a solution in the form 
of an infinite series. However, the type of differential equation that we consider 
in this section is an exception to this rule; it is a linear equation with variable 
coefficients whose general solution can always be expressed in terms of powers 
of x, sines, cosines, and logarithmic functions. Moreover, its method of solution is 
quite similar to that for constant-coefficient equations in that an auxiliary equation 
must be solved. 


CAUCHY-EULER EQUATION A linear differential equation of the form 


dy 
+ + ajx- + ару = g(x), (1) 
dx 


where the coefficients an, d,—1, ..., ао are constants, is known as a Cauchy-Euler 
equation. The differential equation is named in honor of two of the most prolific 
mathematicians of all time, Augustin-Louis Cauchy (French, 1789—1857) and 
Leonhard Euler (Swiss, 1707—1783). The observable characteristic of this type of 
equation is that the degree k = n, n — 1,..., 1, 0 of the monomial coefficients x* 
matches the order k of differentiation d*y/dx*: 


As in Section 4.3, we start the discussion with a detailed examination of the 
forms of the general solutions of the homogeneous second-order equation 


d^y y 
p+ be bay 2 
Ы 2) 


The solution of higher-order equations follows analogously. Also, we can solve the 
nonhomogeneous equation ax?y" + bxy' + cy = g(x) by variation of parameters, 
once we have determined the complementary function y,. 


NOTE The lead coefficient a,x” of any Cauchy-Euler equation (1) is zero at x = 0. 
Hence in order to guarantee that the fundamental results of Theorem 4.1.1 are appli- 
cable to a Cauchy-Euler equation we will focus our attention on finding general solu- 
tions defined on the interval (0, %). The interval (—%, 0) can also be used. 


METHOD OF SOLUTION We try a solution of the form у = x”, where m is to be 
determined. Analogous to what happened when we substituted е” into a linear equa- 
tion with constant coefficients, when we substitute x", each term of a Cauchy-Euler 


equation becomes a polynomial in m times x", since 


= ayx*m(m — (т — 2) +++ (m — k + Dx" ^* = aum(m — Dm — 2): (m — k + Dx". 


For example, when we substitute y = x”, the second-order equation (2) becomes 


dy 


+ bx d + cy = ат(т — 1)х" + bmx" + cx" = (am(m — 1) + bm + c)x" = 0. 
х 
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Thus y = x” is a solution of the differential equation whenever т is a solution of the 
auxiliary equation 


am(m — 1) - bn c = 0 Or ат? + (b — а)т + c = 0. (3) 
There are three different cases to be considered, depending on whether the roots of 


this quadratic equation are real and distinct, real and equal, or complex. In the last 
case the roots appear as a conjugate pair. 


CASE 1: DISTINCT REAL ROOTS Let m; and m» denote the real roots of (3) such 
that m, = m. Then y, = x" and y; = x"? form a fundamental set of solutions. Hence 
the general solution of (2) is 


y = cux" + сул”. (4) 


[EXAMPLE 1 | Distinct Roots 


ж к 
* ах y ` 


Solve x2 5 
dx 


SOLUTION Rather than just memorizing equation (3), it is preferable to assume 

у = х" as the solution a few times to understand the origin and the difference between this 

new form of the auxiliary equation and that obtained in Section 4.3. Differentiate twice, 
dy d?y 


22 zl = m—2 
da; 7 8 au ee : 


and substitute back into the differential equation: 


d 
2x es – 4у = 2. m(m — Dx? — 2. mx" 1 — gyn 
X 


= x"(m(m — 1) — 2m — 4) = x"(m? — 3m — 4) - 0 


if m? — 3m — 4 = 0. Now (m+ 1)(т – 4) = 0 implies m, = —1, тә = 4, so the 
general solution is y = cix ^! + сох“. m 


CASE П: REPEATED REAL ROOTS If the roots of (3) are repeated (that is, 
mı = тә), then we obtain only one solution—namely, у = x". When the roots of the 
quadratic equation am? + (b — a)m + с = 0 are equal, the discriminant of the coef- 
ficients is necessarily zero. It follows from the quadratic formula that the root must 
bem; = —(b — a)/2a. 

Now we can construct a second solution у», using (5) of Section 4.2. We first 
write the Cauchy-Euler equation in the standard form 


dy bdy с 


and make the identifications P(x) = b/ax and f(b/ax) dx = (b/a) In x. Thus 
e la) In x 
У = | 2т ах 
x 1 


Lm [am ex 2m dx eee = gor аа 


= д"! [с + x(P7 9a qx = —2m, = (b — a)la 


=| ux 
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The general solution of (2) is then 


y — cux" + cxt n x. (5) 
[EXAMPLE 2 | Repeated Roots 
Фу ау 
Solve 422 +8 +у=0. 
olve 4x FE es y 


SOLUTION The substitution y — x" yields 


Фу ау $ 
Ax 5 t 8х + у = x"(Am(m — 1) + 8m + 1) = x"(Am^ + 4m + 1) = 0 
x х 


when 4m? + 4m + 1 = Oor(2m + 1)? = 0. Since m; = —}, it follows from (5) that 
the general solution is y = cux 1? + сох 1? In x. E 


For higher-order equations, if m; is a root of multiplicity k, then it can be shown that 
i. ele. "(Шоу x59 
are k linearly independent solutions. Correspondingly, the general solution of the dif- 
ferential equation must then contain a linear combination of these k solutions. 
CASE Ill: CONJUGATE COMPLEX ROOTS If the roots of (3) are the conjugate 
pair m, = a + iB, m; = a — iB, where a and В > 0 are real, then a solution is 
у = Cee cut 


But when the roots of the auxiliary equation are complex, as in the case of equations 
with constant coefficients, we wish to write the solution in terms of real functions 
only. We note the identity 


xP = (gnxyB = gib nx, 
which, by Euler’s formula, is the same as 
xP = cos(B In x) + i sin( In x). 
Similarly, x В = cos(B In x) — i sin(f In x). 
Adding and subtracting the last two results yields 
ХЇВ + x ^P = 2 cos(B In x) and x8 — х В = 2i sin(B In x), 


respectively. From the fact that y = Сүх®* + C5x^^ іѕ a solution for any values of 
the constants, we see, in turn, for Ci = С = 1 and С, = 1, C2 = —1 that 


y= x* (x8. + x 7B) and у = x (xlB — х В) 
ог yı = 2x*cos(f In x) апа y2 = 2ix* sin (В In x) 


are also solutions. Since W(x“ cos(f In х), x^ sin(B In x)) = 8x?*^! + 0, B > 0 on 
the interval (0, ©), we conclude that 


yı = x“ cos(BIn x) and у = x“ sin(B In x) 


constitute a fundamental set of real solutions of the differential equation. Hence the 
general solution of (2) is 


y = x*[c, cos(f In x) + cz sin (£ In x)]. (6) 
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i S [EXAMPLE 3 An Initial-Value Problem 


Solve 4x2y" + 17y = 0, y(1) = —1, y'(1) = =}. 


<< 


SOLUTION The y’ term is missing in the given Cauchy-Euler equation; neverthe- 
less, the substitution у = x" yields 


ду" + 17у = x" (Am(m — 1) + 17) = x" (An? — Ат + 17) = 0 


when 4m? — 4m + 17 = 0. From the quadratic formula we find that the roots are 
m, = 1 + 2i and m = 5 — 2i. With the identifications а = 4 and B = 2 we see from 
(6) that the general solution of the differential equation is 


=i 


=N 


12 : 
(а) solution for 0 < x <1 у=х'“[сусов(2 In x) + сг sin(2 In x)]. 


By applying the initial conditions y(1) = —1, y'(1) = —} to the foregoing solution 
and using In 1 = 0, we then find, in turn, that c; = — 1 and сз = 0. Hence the solution 
10 of the initial-value problem is у = ~x! cos(2 In x). The graph of this function, 
obtained with the aid of computer software, is given in Figure 4.7.1. The particular 
solution is seen to be oscillatory and unbounded as x > о, E] 


y 


The next example illustrates the solution of a third-order Cauchy-Euler 
equation. 


[EXAMPLE 4| Third-Order Equation 
а?у dy 

+ 7. + 8y = 0. 
dx? ^ dx " 


SOLUTION The first three derivatives of y — x" are 


J 
25 50 75 100 


d? 
Solve x? 2 + 5? 
(b) solution for 0 < x =100 dx 


FIGURE 4.7.1 Solution curve of IVP in 

Example 3 dy E dy E dy E 

— = тх", — = m(m — 1)х" *, ga m m Я 
х х 


so the given differential equation becomes 


‚4 ‚ Фу ду 3 3 2 -2 =i 
ry + Sx z + 1x + 8y = x'm(m — 1)(m — 2)x" + 5x^m(m — 1)х" ^ + 7xmx" ^ t 8x" 
dx dx dx 


= x"(m(m — 1)(m — 2) + 5m(m — 1) + 7m + 8) 
= x" (m? + 2m? + 4m + 8) = х" (т  2)(m? + 4) = 0. 


In this case we see that y — x" will be a solution of the differential equa- 
tion for m, = —2, m = 2i, and тз = —2i. Hence the general solution is 
у = сіх? + сз cos(2 In x) + сз sin(2 In x). 8 


NONHOMOGENEOUS EQUATIONS The method of undetermined coefficients 
described in Sections 4.4 and 4.5 does not carry over, in general, to nonhomoge- 
neous linear differential equations with variable coefficients. Consequently, in our 
next example the method of variation of parameters is employed. 


[EXAMPLE 5 | Variation of Parameters 


Solve x?y" — 3xy' + Зу = 2x'e*. 


SOLUTION Since the equation is nonhomogeneous, we first solve the associated 
homogeneous equation. From the auxiliary equation (m — 1)(m — 3) = 0 we find 
ус = сіх + cox). Now before using variation of parameters to find a particular so- 
lution yp = шу + иу, recall that the formulas uj = W/W апа ub = W2/W, 
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where Wi, W2, and W are the determinants defined on page 162, were derived under 


the assumption that the differential equation has been put into the standard form 
у" + P(x)y’ + О(х)у = f(x). Therefore we divide the given equation by x, and from 


n 3 , 3 X 
y E. + ay = 20е 


we make the identification f(x) = 2x?e*. Now with у = x, уз = x°, and 


3 3 
a л 0 x X 0 
W= —-2x3, W= = 2x, W= = 2x e, 
132) ^77 "1° [axes ag 5 27H 22€e| 2% 
2х?е* Axe 
we find uj—— LN = -re and ub = Е. = е", 
X X 


The integral of the last function is immediate, but in the case of uj we integrate 
by parts twice. The results are ш = —x7e* + 2xe* — 2e* and из = e*. Hence 
Ур = шу + uzy2 is 


Yp = (—x7e* + 2xe* — 2e)x + etx? = 2x7 е^ — 2xe*. 


Finally, у = ye + yp = cix + cox? + 2x7e* — 2xe*. E 


REDUCTION TO CONSTANT COEFFICIENTS The similarities between the 
forms of solutions of Cauchy-Euler equations and solutions of linear equations with 
constant coefficients are not just a coincidence. For example, when the roots of the 
auxiliary equations for ау” + by’ + cy = 0 and ax’y" + bxy' + су = 0 are distinct 
and real, the respective general solutions are 


mıx 


y = се"! + ce” апа y= cx" + cox”, x0. (7) 


In view of the identity e? * = x, x > 0, the second solution given in (7) can be 
expressed in the same form as the first solution: 


y- c, e" Inx 4 cae ln x = суе"! 4 cae”?! 


where t = Іп x. This last result illustrates the fact that any Cauchy-Euler equation can 
always be rewritten as a linear differential equation with constant coefficients by 
means of the substitution x = е’. The idea is to solve the new differential equation 
in terms of the variable t, using the methods of the previous sections, and, once the 
general solution is obtained, resubstitute / = In x. This method, illustrated in the last 
example, requires the use of the Chain Rule of differentiation. 


[EXAMPLE 6 | Changing to Constant Coefficients 


Solve x?y" — xy’ + y = Inx. 
SOLUTION With the substitution x = e or = In x, it follows that 


dy ауа 14у 
ах аах ха 


Фу 1d [dy dy 
= + 
d xdxVdt] dt 


— l(dy 1), ay 1\ ! d'y dy 
х\42 x]. dtV x0] x2\dP dtf 
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| 2 «— Product Rule and Chain Rule 
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Substituting in the given differential equation and simplifying yields 


dy dy 
df? m 
Since this last equation has constant coefficients, its auxiliary equation is 
m? — 2m + 1 = 0, or (m — 1)? = 0. Thus we obtain y, = cie! + cyte’. 
By undetermined coefficients we try a particular solution of the form 
Yp = А + Bt. This assumption leads to —2B + A + Bt = t, so A = 2 and B= I. 
Using у = ye + yp, we get 


y = се + cote! + 2 + 1. 


By resubstituting e' = x and t = In x we see that the general solution of ће original 
differential equation on the interval (0, ©) is y = cix + cox In x + 2 + Inx. [ 


SOLUTIONS FORx <0 Inthe preceding discussion we have solved Cauchy-Euler 
equations for x > 0. One way of solving a Cauchy-Euler equation for x < 0 is to 
change the independent variable by means of the substitution t = —x (which implies 
t > 0) and using the Chain Rule: 


— d = : 
n dt}dx а? 


dy dydt _ dy d'y dí dy\dt ау 
dx dt dx dt dx? dt 


See Problems 37 and 38 in Exercises 4.7. 


A DIFFERENT FORM A second-order equation of the form 
, d?y dy 
“х= + Oe дуу (8) 
ах“ ах 


is also а Cauchy-Euler equation. Observe that (8) reduces to (2) when хо = 0. 
We can solve (8) as we did (2), namely, seeking solutions of у = (x — xo)" and 
using 

d d? 

a. = m(x — xo"! апа A = m(m — Mx — xo)”. 
Alternatively, we can reduce (8) to the familiar form (2) by means of the change of 
independent variable t = x — xo, solving the reduced equation, and resubstituting. 
See Problems 39—42 in Exercises 4.7. 


Answers to selected odd-numbered problems begin on page ANS-5. 


In Problems 1—18 solve the given differential equation. 17. xy + бу" = 0 
0v - 2y=0 2. AX y' + y =0 18. xty + бх?у” + 92у" + Зху + y =0 
ce =N ub dat. A In Problems 19—24 solve the given differential equation by variation 
@ +0’ +4у=0 6. xy" + 5ху' + Зу = 0 of parameters. 
7. Xy" — Зху — 2у = 0 8. xy" + 3xy! — 4y = 0 ee - 4y =x 
9. 25x7y" + 25ху + y =0 10. 4x?y" + 4ху - y =0 20. 2x°y" + 5ху +y =x? -x 
qo + 5ху + 4y = 0 12. x2y" + 8xy' + бу =0 21. 02у" — xy! + y = 2х 22. Xy" — 2xy! + 2y = x'e 
13. 332y" + бху c y =0 14. xy" — 7xy! + 41у = 0 23. x3" + xy —-y 2Inx 24. xy + xy -y= 1 
15. Зу” — бу = 0 16. xy" + ху = у= 0 do 
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In Problems 25—30 solve the given initial-value problem. Use a 
graphing utility to graph the solution curve. 

25. х2у" + Зху = 0, у(1) = 0,у(1) =4 

26. х2у" — 5ху + 8у = 0, у(2) = 32, у'(2) = 0 

B vy’ tay +у=0, 0) = 1,70 = 2 

28. х2у" — Зху + 4y = 0, у(1) = 5,у(1) = 3 

x1) = Ly’) = =3 

30. x2y" — 5xy’ + 8y = 8х6, y(3) = 0, у'(4) =0 


29. xy" + y' =x, 


In Problems 31—36 use the substitution x = e' to transform the given 
Cauchy-Euler equation to a differential equation with constant co- 
efficients. Solve the original equation by solving the new equation 
using the procedures in Sections 4.3—4.5. 


31. x2y" + Oxy’ — 20у = 0 
32. x2y" — 9ху' + 25y = 0 


33. xy" + 10ху' + 8y = x? 


34. х?у” — 4ху' + бу = In x? 


35. х2у" — 3xy! + 13y = 4 + 3x 
36. x3 y" — 332y" + бху — 6y = 3 + In? 
In Problems 37 and 38 use the substitution f = —x to solve the given 


initial-value problem on the interval (— co, 0). 
ÀÉ4-»-0 у(-1 = 2,у(-1 = 4 
38. х2у" — 4ху' + бу = 0, у(—2) = 8, y'(—2) = 0 


In Problems 39 and 40 use у = (x — xo)" to solve the given differ- 
ential equation. 


39. (x + 3? y" — 8(х + 3)у' 4 
1)2у" — (x = Dy’ + 5y = 0 


14y = 0 


40. (x 


In Problems 41 and 42 use the substitution t = x — xo to solve the 
given differential equation. 


(x + 2)y' +y =0 
4y)y' — 5(x = 4)у + 9y = 0 


41. (x + 2)2у" 4 


42. (x 


Discussion Problems 
43. Give the largest interval over which the general solution of 
Problem 42 is defined. 


44. Can a Cauchy-Euler differential equation of lowest order with 
real coefficients be found if it is known that 2 and 1 — i are 
roots of its auxiliary equation? Carry out your ideas. 


45. The initial-conditions y(0) = yo, y'(0) = yı apply to each of the 
following differential equations: 


xl" = 0, 
х?у" — 2xy' + 2y = 0, 


xy" — 4ху' + бу = 0. 
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For what values of yo and y; does each initial-value problem 
have a solution? 


46. What are the x-intercepts of the solution curve shown in 
Figure 4.7.1? How many x-intercepts are there for 0 < x < 17 


Mathematical Model 


47. Bending of a Circular Plate In the analysis of the bending 
of a uniformly loaded circular plate, the equation w(r) of 
the deflection curve of the plate can be shown to satisfy the 
differential equation 


а?у 1 d?w 
d? та? 


1 dw q 
— " 
r? dr 2D 


(9) 


where q and D are constants. Неге r is the radial distance from 
a point on the circular plate to its center. 


(a) Use the method of this section along with variation of 
parameters as given in (15) of Section 4.6 to find the 
general solution of equation (9). 


(b) Find a solution of (9) that satisfies the boundary 
conditions 


w'(0) = 0, w(a)=0, w'(a) = 0, 


where а > 0 is the radius of the plate. [Hint: The condition 
w'(0) = 0 is correct. Use this condition to determine one of the 
constants in the general solution found in part (a).] 


48. In the engineering textbook where equation (9) was found, the 
author states that the differential equation is readily solved by 
integration. True, but a big hint is required. 


(a) Verify that equation (9) can be written in the alternative 


form 
d|ldí dw 4 
r = ү, 
dr|r drN dr 2D 
(b) Solve equation (10) using only integration with respect to 


r. Show your result is equivalent to the solution obtained in 
part (a) of Problem 47. 


(10) 


Computer Lab Assignments 


In Problems 49—52 solve the given differential equation by using a 
CAS to find the (approximate) roots of the auxiliary equation. 


49. 2:3y" — 10.98х2у" + 8.5ху + 1.3у = 0 


50. xy" + 4x?y" + 5ху' 


9у = 0 


51. x*y (9 | б6бх?у” ax?y" Зху' | 4y =0 


52. х*у® 


бху” + 33х?у" — 105xy' + 169y = 0 


53. Solve x?y" — х2у" — 2xy’ + бу = x? by variation of parameters. 
Use a CAS as an aid in computing roots of the auxiliary equation 
and the determinants given in (15) of Section 4.6. 
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Here at least one of the numbers 
Yo Or yı is assumed to be nonzero. 
If both yo and уу are 0, then the 
solution of the IVP is y = 0. 
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Green’s Functions 


INTRODUCTION We will see in Chapter 5 that the linear second-order differential 
equation 


29 + m = 1 
адк) ua + а) а + аду = #80) (1) 


plays an important role in many applications. In the mathematical analysis of physical 
systems it is often desirable to express the response or output y(x) of (1) subject 
to either initial conditions or boundary conditions directly in terms of the forcing 
function or input g(x). In this manner the response of the system can quickly be 
analyzed for different forcing functions. 

To see how this is done, we start by examining solutions of initial-value problems 
in which the DE (1) has been put into the standard form 


y" + Р(х)у' + QQ)y = fæ) (2) 


by dividing the equation by the lead coefficient а(х). We also assume throughout 
this section that the coefficient functions P(x), Q(x), and f(x) are continuous on some 
common interval /. 


4.8.1 INITIAL-VALUE PROBLEMS 


THREE INITIAL-VALUE PROBLEMS We will see as the discussion unfolds that 
the solution у(х) of the second order initial-value problem 


y" + Р(х)у' + QG2y = flx), уб) = yo. У' Оо) = у (3) 
can be expressed as the superposition of two solutions: 
у(х) = ya) + ypx), (4) 


where y}(x) is the solution of the associated homogeneous DE with nonhomogeneous 
initial conditions 


y" + Р()у' + О(х)у = 0, у(х) = уо, Уу (Хо) = yı (5) 


and y(x) is the solution of the nonhomogeneous DE with homogeneous (that is, 
zero) initial conditions 


y" + POY + Обду =f), yo) = 0, у'(хо) = 0. (6) 


In the case where the coefficients P and Q are constants the solution of the IVP (5) 
presents no difficulties: We use the method of Section 4.3 to find the general solu- 
tion of the homogeneous DE and then use the given initial conditions to determine 
the two constants in that solution. So we will focus on the solution of the IVP (6). 
Because of the zero initial conditions, the solution of (6) could describe a physical 
system that is initially at rest and so is sometimes called a rest solution. 


GREEN'S FUNCTION If y(x) and у(х) form a fundamental set of solutions on the 
interval / of the associated homogeneous form of (2), then a particular solution of the 
nonhomogeneous equation (2) on the interval / can be found by variation of parame- 
ters. Recall from (3) of Section 4.6, the form of this solution is 


Yp) = myx) + иә(х)уо (2). (7) 
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Because у(х) and y2(x) are (>) 
constant with respect to the 

integration on t, we can move 

these functions inside the definite 
intergrals. 


Important. Read this paragraph a (>) 
second time. 


The variable coefficients и(х) and u(x) in (7) are defined by (9) of Section 4.6: 


ти к к ишш m 


The linear independence of yı (x) and y2(x) on the interval J guarantees that the Wron- 
skian W = (у(х), y2(x)) # О for all x in Z. If x and ху are numbers in /, then integrat- 
ing the derivatives u(x) and и5(х) in (8) on the interval [xo, x] and substituting the 
results into (7) give 


уда) Xy f nfo y 


уь) = y) [ W(t) WO 


_ [* aA yiy2(x) 
B Wit) f(@ dt + [ WO —— — f(t) dt, 


yi) 200) 
yi) yO 


(9) 


where Wt) = Word), у200)) = 


From the properties of the definite integral, the two integrals in the second line of (9) 
can be rewritten as a single integral 


уь) = | Gx, DFO dt. (10) 


The function G(x, f) in (10), 


седа „== " 


is called the Green's function for the differential equation (2). 

Observe that a Green's function (11) depends only on the fundamental solutions 
yı(x) апа у(х) of the associated homogeneous differential equation for (2) and not 
on the forcing function f(x). Therefore all linear second-order differential equations 
(2) with the same left-hand side but with different forcing functions have the same 
Green's function. So an alternative title for (11) is the Green's function for the 
second-order differential operator L = D? + P(x)D + Q(x). 


[EXAMPLE 1 | Particular Solution 


Use (10) and (11) to find a particular solution of y" — y = f(x). 


SOLUTION The solutions of the associated homogeneous equation y" — y = 0 are 
уу =e, уз = e, and Wi, (A, yo(t)) = —2. It follows from (11) that the Green's 
function is 


t,—-xX — „х„-1 x—t _ (x—1) 
G(x, ) == = =f = sinh(x — f). (12) 


Thus from (10), a particular solution of the DE is 


yp(x) = [sos (x — 1) f(t) dt. аз) Ш 


[EXAMPLE 2 | General Solutions 


Find the general solution of following nonhomogeneous differential equations. 


(а) y' = y = 1/х (b у-у = е 
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SOLUTION From Example 1, both DEs possess the same complementary function 
Ye = се * + co€*. Moreover, as pointed out in the paragraph preceding Example 1, 
the Green’s function for both differential equations is (12). 


(a) With the identifications f(x) = 1/x and f(t) = 1/t we see from (13) that a partic- 
x sinh(x — t 
ular solution of y" — у = 1/xis у(х) = = dt. Thus the general solution 


X 
y = ус + yp of the given DE on any interval [хо, x] not containing the origin is 


* sinh(x — f 
sinh(x a 


у= се + ое * + | (14) 


% t 
You should compare this solution with that found in Example 3 of Section 4.6. 


(b) With f(x) = &* in (13), a particular solution of y" — y = е2 is ух) = 
f sinh(x — f) e dt. The general solution y = ye + yp is then 


у = qe + се“ + | sinh(x — 0) e? dt. (15) E 


Xo 


Now consider the special initial-value problem (6) with homogeneous initial 
conditions. One way of solving the problem when f(x) #0 has already 
been illustrated in Sections 4.4 and 4.6, that is, apply the initial conditions 
y(xo) = 0, у'(хо) = 0 to the general solution of the nonhomogeneous DE. But 
there is no actual need to do this because we already have a solution of the IVP 
at hand; it is the function defined in (10). 


| The function у(х) defined in (10) is the solution of the initial-value problem (6). 


PROOF Ву construction we know that y,(x) in (10) satisfies the nonhomogeneous 
DE. Next, because a definite integral has the property li E — 0 we have 


yp(xo) = | "бох, 0) f(t) dt = 0. 


X 


Finally, to show that ур(хо) = 0 we utilize the Leibniz formula* for the derivative 
of an integral: 


0 from (11) 
UTE cor. х UOVA) = yA 
yp(x) = G(x, xf (x) + f | WO РО dt. 
І *o у (t)y2(%0) — y1Go)y»()) 
Hence, ур(хо) = [ IVA We a Р) dt = 0. о 


[EXAMPLE З Example 2 Revisited 


Solve the initial-value problems 


(а) у-у = 1/х, v1) =0,y') = 0 (b) '—у=е”, у(0) = 0, y'(0)=0 


*See Appendix А. 
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Here we have used the 
trigonometric identity 
sin(2x — 2t) — 

sin 2x cos 2t — cos 2x sin 2t 


® 


SOLUTION (a) With xo = 1 and f(t) = 1/7, it follows from (14) of Example 2 and 
Theorem 4.8.1 that the solution of the initial-value problem is 


TTE Í x sinh (x — f) n 


1 t 


where [1, x], x > 0. 


(b) Identifying xo = О and f(t) = e”, we see from (15) that the solution of the IVP is 


yp(x) = [sos (x — t) e? dt. (16) E 
0 


In part (b) of Example 3, we can carry out the integration in (16), but bear in 
mind that x is held constant throughout the integration with respect to t: 


x x ert — e70) 
yp(x) = | sinh(x — À e” dt = e” dt 
0 0 2 
Ue d І 
= е еа те edt 
0 0 
= fem lex $ le~ 


[EXAMPLE 4 Using (10) and (11) 


Solve the initial-value problem 


y" + 4y =x, у(0) = 0, y'(0) = 0. 


SOLUTION We begin by constructing the Green’s function for the given differential 
equation. 
The two linearly independent solutions of у” + 4y = 0 аге у(х) = cos 2x and 


y(x) = sin 2x. From (11), with W(cos 2t, sin 2f) = 2, we find 
cos 2t sin2x — cos 2x sin 2t 


G(x, t) = = jsin2(x — 0. 


With the further identifications хо = 0 and f(f) = t in (10) we see that a solution of 
the given initial-value problem is 


у(х) = if sin2(x — аг. 
If we wish to evaluate the integral, we first write 
у(х) = уіп 2х [ cos2t dt — i cos n^ sin 2t dt 
and then use integration by parts: 
yx) = $sin 2x [I sin 2r T i cos 2 — 1 cos 2x [-ir cos2t + 1їп2], 
ог ур) = ix — gsin2x. m 
INITIAL-VALUE PROBLEMS—CONTINUED Finally, we are now in a position to 


make use of Theorem 4.8.1 to find the solution of the initial-value problem posed in 
(3). It is simply the function already given in (4). 
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| If ya(x) is the solution of the initial-value problem (5) and y,(x) is the solu- 


tion (10) of the initial-value problem (6) on the interval 7, then 


уб) = yr) + у(х) (17) 
is the solution of the initial-value problem (3). 


PROOF Because y}(x) is a linear combination of the fundamental solutions, it 
follows from (10) of Section 4.1 that у = ya + yp is a solution of the nonhomoge- 
neous DE. Moreover, since y; satisfies the initial conditions in (5) and y, satisfies the 
initial conditions in (6), we have, 


Y(xo) = Yao) + yp(xo) = yo + 0 = yo 
y'(xo) = уһ(хо) + ур(хо) = yı + 0 = yi. ш 


Keeping in mind the absence of a forcing function in (5) and the presence of such 
a term in (6), we see from (17) that the response y(x) of a physical system described 
by the initial-value problem (3) can be separated into two different responses: 


yx) = ух) + уб) (18) 
response of system response of system 
due to initial conditions due to the forcing 
уб) = уо, у(хо) = у function f 


If you wish to peek ahead, the following initial-value problem represents a pure 
resonance situation for a driven spring/mass system. See page 207. 


[EXAMPLE 5 | Using Theorem 4.8.2 


Solve the initial-value problem 
у” + 4y = sin2x, y(0) = 1, y'(0) = —2. 


SOLUTION We solve two initial-value problems. 

First, we solve у” + 4y = 0, y(0) = 1, y'(0) = —2. By applying the initial con- 
ditions to the general solution у(х) = cıcos2x + c5sin2x of the homogeneous DE, 
we find that c; = 1 and c; = —1. Therefore, y}(x) = cos 2x — sin 2x. 

Next we solve у” + 4y = sin2x, y(0) = 0, у'(0) = 0. Since the left-hand side 
of the differential equation is the same as the DE in Example 4, the Green’s function 
is the same, namely, G(x, t) = tsin 2(x — t). With f(t) = sin 2t we see from (10) that 
the solution of this second problem is y,(x) = 5 Ј " sin 2(x — f)sin 2t dt. 

Finally, in view of (17) in Theorem 4.8.2, the solution of the original IVP is 


у(х) = yax) + у(х) = cos2x — sin2x + 3 sin2(x — f)sin2td. (19) 8 
0 


If desired, we can integrate the definite integral in (19) by using the trigonomet- 
ric identity 


sinAsinB — соз (A — B) — cos (А + B)] 
with А = 2(x — t) and B = 2t: 


yp(x) = 1 | sin2(x — Asin 2t dt 
0 


= 3i [cos(2x — 40) — cos 2x] dt (20) 
€ 4] —tsin(2x — 4t) — tcos 2x], 
E &sin2x — Ixcos 2x. 
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Hence, the solution (19) can be rewritten as 
убх) = yuQ) + yp(x) = cos 2x — sin2x + ($ sin2x — }xcos 2x), 
or у(х) = cos 2x — 1 віп 2х — 1 хсоѕ 2х. (21) 
Note that the physical significance indicated in (18) is lost in (21) after combining 
like terms in the two parts of the solution у(х) = у(х) + у(х). 

The beauty of the solution given in (19) is that we can immediately write 
down the response of a system if the initial conditions remain the same, but 
the forcing function is changed. For example, if the problem in Example 5 is 
changed to 

y"+4y=x, у(0) = 1, y'(0) = —2, 
we simply replace sin 2¢ in the integral in (19) by t and the solution is then 


у(х) = yh) + у(х) 


X 
= cos2x — sin2x + f tsin2(x — f) dt — see Example 4 
0 


= ix + cos2x — 2 sin 2x. 
Because the forcing function f is isolated in the particular solution 


yx) = J Ga, t) f(t) dt, the solution in (17) is useful when f is piecewise defined. 
The next example illustrates this idea. 


[EXAMPLE 6. An Initial-Value Problem 


Solve the initial-value problem 


y” + 4y= f(x), yO) = 1,у'(0) = —2, 


where the forcing function fis piecewise defined: 


0, х<0 
f(x)-74sin2x, 0=х=2т 
0, x > 2т. 


SOLUTION From (19), with sin 27 replaced by f(t), we can write 


y(x) = cos 2x — sin2x + 1] sin 2(x — n) f(t) dt. 
0 


Because f is defined in three pieces, we consider three cases in the evaluation of the 
definite integral. For x < 0, 


x 
ур) = f sin2(x — f) 0 dt = 0, 
0 
forO =x x 2, 
x 
У(Х) = f sin 2(х — f) sin 27 dt < using the integration in (20) 
0 


= ssin 2x = ix cos 2x, 
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and finally for x > 27, we can use the integration following Example 5: 
27 x 
yax) = j| sin 2(x — 1) sin 2t dt + j| sin 2(x — f) 0 dt 
0 27 


2m 
= | sin 2(x — f) sin 2t dt 
0 


Л 2, 
= 4 —1зїп (2x — 4t) — tcos np «— using the integration in (20) 


= —isin(2x — 8m) — 1 mcos 2x + Ẹsin 2x — sinx — 87) = sin 2x 


—}acos 2x. 


Hence y,(x) is 
0, х<0 
yx) = gsin2x — 1xcos2x, 0=х=2т 
—jT cos 2x, x > 2m. 


and so 
у(х) = yalx) + у(х) = cos 2x — sin 2x + у(х). 


Putting all the pieces together we get 


cos 2x — sin 2x, x«0 
у(х) = 4 (1 — 1х) соѕ2х — Ẹsin 2x, 0x 2r 
(1 = y77) cos 2x — sin 2x, x > 21. 
The three parts of y(x) are shown in different colors in Figure 4.8.1. m 


We next examine how a boundary value problem (BVP) can be solved using a 
different kind of Green's function. 


4.8.2 BOUNDARY-VALUE PROBLEMS 


In contrast to a second-order IVP, in which y(x) and y'(x) are specified at the same 
point, a BVP for a second-order DE involves conditions on y(x) and y'(x) that are 
specified at two different points x — a and x — b. Conditions such as 


у(а) = 0, уф) = 0; ya) = 0, y'(b) = 0; у'(а) = 0, y'(b)-0 
are just special cases of the more general homogeneous boundary conditions: 
Азу(а) + Byy'(a) = 0 (22) 
Азу(Ь) + Bay'(b) = 0, (23) 


where Ај, A2, Ві, and В» are constants. Specifically, our goal is to find an integral 
solution y,(x) that is analogous to (10) for nonhomogeneous boundary-value problems 
of the form 


y" + POY + OG)y = у(х), 
Ajy(a) + Biy'(a) = 0 (24) 
Aay(b) + Bzy'(b) = 0. 
In addition to the usual assumptions that P(x), Q(x), and f(x) are continuous on 
[a, b], we assume that the homogeneous problem 
у" + PQdy’ + O@)y = 0, 
A\y(a) + Biy'(a) = 0 
Азу(Ь) + Boy'(b) = 0, 
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The second line in (30) results 
from the fact that 

yio9ut69 + у;бди5(х) = 0. 
See the discussion in Section 4.6 
following (4). 


© 


possesses only the trivial solution y = 0. This latter assumption is sufficient to guarantee 
that a unique solution of (24) exists and is given by an integral y,(x) = J, P G(x, t) f(t) dt, 
where G(x, f) is a Green's function. 

The starting point in the construction of G(x, f) is again the variation of parame- 
ters formulas (7) and (8). 


ANOTHER GREEN'S FUNCTION Suppose yj(x) and у(х) are linearly inde- 
pendent solutions on [a, b] of the associated homogeneous form of the DE in 
(24) and that x is a number in the interval [a, b]. Unlike the construction of (9) 
where we started by integrating the derivatives in (8) over the same interval, we 
now integrate the first equation in (8) on [b, x] and the second equation in (8) on 
la, x]: 


_ _ [OIO _ (0f) 
u(x) = | wh dt and m(x) f WO dt. (25) 


The reason for integrating uj(x) and u5(x) over different intervals will become clear 
shortly. From (25), a particular solution y,(x) = uiGx)yi(x) + u2(x)y2(x) of the DE is 


here we used the minus 
sign in (25) to reverse 
the limits of integration 


b yx) f(O) ЛОО) 
Y) = yıx) [ WG dt + y(x) | а 
рубу) b у|(х)уә(®) 
ог yx) = [ wo f(t) dt + [ WO f(t) dt. (26) 


The right-hand side of (26) can be written compactly as a single integral 


b 
Y) = | G(x, t) f(t) dt, (27) 
where the function G(x, f) is 
у(бузб) _ 
СЕ МБ 
00D 7 оду) EM 
=» omg eb. 
W(t) 


The piecewise-defined function (28) is called a Green’s function for the boundary- 
value problem (24). It can be proved that G(x, f) is a continuous function of x on the 
interval [a, b]. 

Now if the solutions у(х) and у(х) used in the construction of G(x, f) in (28) are 
chosen in such a manner that at x = а, у(х) satisfies A1yı(a) + Вуу1(а) = 0, and at 
x = b, yo(x) satisfies A2y2(b) + B2y2(b) = 0, then, wondrously, y,(x) defined in (27) 
satisfies both homogeneous boundary conditions in (24). 

To see this we will need 


Yplx) = ші(х)у1(х) + u2(x)ya(x) (29) 
and ype) = uy Qx)yi(x) + ут(х)ит (х) + ио (х)у5(х) + ур(х)и5(х) 
= uy(a)yi(x) + шо(х)у5(%). 
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The boundary condition y'(0) = 0 (>) 


is a special case of (22) with a = 0, 
Ат = 0, and B; = 1. The boundary 
condition y(z/2) = 015 a special 
case of (23) with b = 7/2, A> = 1, 
В, = 0. 
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Before proceeding, observe in (25) that u;(b) = 0 and и›(а) = 0. In view of the 
second of these two properties we can show that y,(x) satisfies (22) whenever y;(x) 
satisfies the same boundary condition. From (29) and (30) we have 


0 0 


— —— 


Aiyp(a) + Вуур(а) = Aibui(a)yi(a) + ux(a)yx(a)] + Bibui(ayyi(a) + ur(a)y3(a)] 
= uy(a)[Aiyi(a) + Biyi(a)] = 0. 


0 from (22) 


Likewise, и1(Р) = 0 implies that whenever y»(x) satisfies (23) so does y,(x): 
PE M 
Азу,(Б) + Bay,(b) = Аз[и(Р)ут(Б) + ux(b)yx(b)] + Bo[us(b)yi(b) + ux(b)y5(5)] 
= uxb)[A2yx(b) + Ву (b)] = 0. 


0 from (22) 


The next theorem summarizes these results. 


| Let уџ(х) апа у(х) be linearly independent solutions of 


yo Oy 


on [a, b], and suppose y;(x) and y2(x) satisfy (22) and (23), respectively. Then the 
function yj (x) defined in (27) is a solution of the boundary-value problem (24). 


[EXAMPLE 7 | Using Theorem 4.8.3 


Solve the boundary-value problem 


y" + 4y = 3, у'(0)=0, y(7/2) = 0. 


SOLUTION The solutions of the associated homogeneous equation у” + 4y = 0 are 
yi(x) = cos 2x and yo(x) = sin 2x and yı(x) satisfies y'(0) = 0 whereas y»(x) satis- 
fies y(7/2) = 0. The Wronskian is W(y;, ух) = 2, and so from (28) we see that the 
Green's function for the boundary-value problem is 


jcos2tsin2x, 0O<t<x 


G(x, f) = 
jcos2xsin2t, x t= m/2. 


It follows from Theorem 4.8.3 that a solution of the BVP is (27) with the identifica- 
tions a = 0, b = 7/2, and f(t) = 3: 


7/2 
yx) = 3 | G(x, t) dt 
0 


x т/2 
= 3+ {sin zs ‘cos 2rd + 3 feos 2x| sin 2t dt, 
0 x 


or, after evaluating the definite integrals, y,(x) = ^ * 1 cos 2%. Е 


Don't infer from the preceding example that the demand that у(х) satisfy (22) 
апа y2(x) satisfy (23) uniquely determines these functions. As we see in the last 
example, there is a certain arbitrariness in the selection of these functions. 
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Verify yp(x) that satisfies the 
differential equation and the two 
boundary conditions. 


EXERCISES 4.8 


4.8.1 Initial-Value Problems 


© 


[EXAMPLE 8 53 A Boundary-Value Problem 


Solve the boundary-value problem 
xy" — 3xy! + Зу = 24x5, у(1) = 0, y2) = 0. 
SOLUTION The differential equation is recognized as а Cauchy-Euler DE. From 


the auxiliary equation m(m — 1) — 3m + 3 = (m — 1)(m — 3) = 0 the general so- 
lution of the associated homogeneous equation is у = cix + cox. Applying y(1) = 0 


to this solution implies c; + c? = O orc, = —c2. By choosing со = —1 we get 
c, = 1 and уу = x — x°. On the other hand, y(2) = 0 applied to the general solution 
shows 2c, + 8c; = 0 or с = —4c». The choice c; = —1 now gives c, = 4 and so 
у(х) = 4x — x°. The Wronskian of these two functions is 
х= 4x—- 
Wi), yax) = = 6x. 
(ут), yo(x)) 1232 4d 


Hence the Green's function for the boundary-value problem is 


(t — P)(4x — x?) 


3 , Lear x 
EIS "i 
І = xat — P 
(x B ) — À 
6t 


In order to identify the correct forcing function f we must write the DE in standard 
form: 


N 


у 3 ! 3 — 3 
y = T = дА. 


From this equation we see that f(r) = 241? and so yp(x) in (27) becomes 
2 
yp(x) = 24 | G(x, f) dt 
1 
x 2 
= 4(4x — »| (t — P) dt + 4(x — | (4t — )dt. 
1 * 


Straightforward definite integration and algebraic simplification yield the solution 
Yp(X) = 3 — 15x? + 12x. ш 


| We have barely scratched the surface of the elegant, albeit complicated, theory 


of Green's functions. Green's functions can also be constructed for linear 
second-order partial differential equations, but we leave coverage of the latter 
topic to an advanced course. 


Answers to selected odd-numbered problems begin on page ANS-6. 


In Problems 7-12 proceed as in Example 2 to find the general solu- 


tion of the given differential equation. Use the results obtained in 


In Problems 1—6 proceed as in Example 1 to find a particular solution Problems 1—6. Do not evaluate the integral that defines y, (x). 
yp(x) of the given differential equation in the integral form (10). 


1. 
3. 
5. 


y" = 16у = f(x) 
у" + 2y' +y =f) 
У + 9у=/@) 


7. y” — 16y = xe 8. y' + 3у' – 10у =x? 
2. y" + 3y’ — 10y = fQ) ” . Mii | 
9. y" + 2у +y=e™* 10. 4y" — 4y' + у = arctan x 
4. 4y" — 4у c у= f(x) 
11. у" c Oy = х t sinx 12. y" – 2у' + 2y = соѕ2х 


6. y" - 2y' + 2y = fox) 
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In Problems 13—18 proceed as in Example 3 to find a solution of the 
given initial-value problem. Evaluate the integral that defines y,(x). 


13. у” — 4y = е2, y(0) = 0, y'(0) = 0 


14. у” — у = 1, у(0) = 0, y'(00 = 0 
15. y" — 10y' + 25y = е, у(0) = 0, у'(0) = 0 
16. у" + бу + 9у = x, (0) = 0, у'(0) = 0 


17. у" + y = csc x cot x, y(7/2) = 0, у'(т/2) = 0 


18. у” + y = ѕес2х, у(т) = 0, y'(7) = 0 


In Problems 19—30 proceed as in Example 5 to find a solution of the 
given initial-value problem. 


19. у” — 4y = e™, у(0) = 1, y'(0) = —4 

20. y” — у = 1, (0) = 10, y'(0) = 1 

21. у” — 10y' + 25y = ех, у(0) = —1,у'(0) = 1 

22. y" + 6y' + 9y = x, у(0) = 1, y'(0) = —3 

23. y" + y = csc x cot x, у(т/2) = —т/2,у'(т/2) = —1 


24. y" + у = вес2х, у(т) = 1, y' (m) = —1 


25. у" + 3y’ + 2y = sine", y(0) = —1,у'(0) = 0 
1 
26. " , 2 REN me П КЕ, 1 
у +Зу + 2y = 7z X0) =0,у (0) 
27. x’y" - 2ху +2у=х,у(1) = 2, y'(1) = —1 


28. х2у" — 2xy' + 2y = xln x, у(1) = 1,у'(1)=0 
29. xy = бу = Inx, (D = 1, y'(1) =3 
ху +у= ж, у(1) 


30. x?y" 


4,у() = 3 


In Problems 31—34 proceed as іп Example 6 to find а solution of 
the initial-value problem with the given piecewise-defined forcing 
function. 


31. y" — y = f(x), у(0) = 8, у'(0) = 2, 
—-Lx«0 
1lxzo 


where f(x) = | 


4 4.9 
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32. y” — y = f(x), у(0) = 3, у'(0) = 2, 
0,x «0 
x,x 20 


where f(x) = | 


33. у” + y = f(x), (0) = 1, y'(0) = —1, 


0 x«0 
where f(x) = 4 10, 0 = х= Зп 
0 x>37 
34. y" + у = f(x), yO) = 0, у'(0) = 1, 
0 х<0 
where f(x) = 4 cos х, 0 = x = 4m 
0, х>4т 


4.8.2 Boundary-Value Problems 


In Problems 35 and 36, (a) use (27) and (28) to find a solution of the 
boundary-value problem. (b) Verify that the function y(x) satisfies 
the differential equations and both boundary-conditions. 


35. y" = f(x), (0) = 0, y) = 0 

36. y" = f(x), y0) = 0, (D + у) = 0 

37. In Problem 35 find a solution of the ВУР when f(x) = 1. 
38. In Problem 36 find a solution of the BVP when f(x) = x. 


In Problems 39—44 proceed as in Examples 7 and 8 to find a solution 
of the given boundary-value problem. 


39. "^ + y = 1, у(0) = 0, (1) = 0 
40. у" + 9y = 1, у(0) = 0, у'(т) = 0 
41. y" — 2у' + 2y = е", y(0) = 0, у(т/2) = 0 


42. y" — у = е^, y(0) = 0, у(1) = 0 
43. xy" + ху' = 1, y(e7!) = 0, у(1) = 0 
у) = 0, у(3) = 0 


44. x?y" — Axy’ + бу = x4, y(1) 


Solving Systems of Linear DEs 


by Elimination 


INTRODUCTION Simultaneous ordinary differential equations involve two or 
more equations that contain derivatives of two or more dependent variables—the 
unknown functions—with respect to a single independent variable. The method of 
systematic elimination for solving systems of differential equations with constant 
coefficients is based on the algebraic principle of elimination of variables. We shall 
see that the analogue of multiplying an algebraic equation by a constant is operating 
on an ODE with some combination of derivatives. 


SYSTEMATIC ELIMINATION The elimination of an unknown in a system of 
linear differential equations is expedited by rewriting each equation in the system 
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x" + 2x' — x+ у" — Зу = sint 
х +4x+y'-2y=e"' (D + 4)x + (р – 2)у = е". 
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in differential operator notation. Recall from Section 4.1 that a single linear 
equation 


any + а-у") + c + ау + аоу = 800, 
where Ше а;, i = 0, 1,..., are constants, can be written as 
(a,D" + a, ,D*-D + +++ + aD + ag)y = 80). 


If the nth-order differential operator a, D" + a, ,D" P + +-+ + ар + ag factors 
into differential operators of lower order, then the factors commute. Now, for 
example, to rewrite the system 


x +2x' +y"=x+3y+sint 
х +у = —-4х+2у+е' 


in terms of the operator D, we first bring all terms involving the dependent variables 
to one side and group the same variables: 


І (D? + 2р — 1)х + (D? — 3)y = sin t 
is the same as á 


SOLUTION OF A SYSTEM A solution of a system of differential equations is a set 
of sufficiently differentiable functions x = (f), y = ф›(0), z = d3(t), and so on that 
satisfies each equation in the system on some common interval /. 


METHOD OF SOLUTION Consider the simple system of linear first-order 
equations 


dx 

— = 3y 

dt — Dx — Зу = 0 (р 
or, equivalently, 

dy 4 ^ 2x — Dy = 0. 

— = 2x 

dt 


Operating on the first equation in (1) by D while multiplying the second by —3 and 
then adding eliminates y from the system and gives D?x — 6x — 0. Since the roots of 
the auxiliary equation of the last DE are m, — V6 and m = —\/6, we obtain 


x(t) = ce V6 + cae Y“, (2) 


Multiplying the first equation in (1) by 2 while operating on the second by D and 
then subtracting gives the differential equation for y, D?y — бу = 0. It follows 
immediately that 


y(t) = сзе Vo + cae Vet. (3) 


Now (2) and (3) do not satisfy the system (1) for every choice of c1, c», сз, and 
c4 because the system itself puts a constraint on the number of parameters in a solu- 
tion that can be chosen arbitrarily. To see this, observe that substituting x(f) and у(ї) 
into the first equation of the original system (1) gives, after simplification, 


(7 V6c — 3c3)e V6 + (V6c2 — 3ci)e V9 = 0. 
Since the latter expression is to be zero for all values of t, we must have 


—W/6c, — 3c4 = 0 and Убе — 3c4 = 0. These two equations enable us to write сз 
as a multiple of c; and c4 as a multiple of c»: 


сэ. (4) 
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Hence we conclude that a solution of the system must be 


-Vér + „еМ, -V6r 4 уе cae Ve. 


6 
x(t) = се y(t) = = се 


You аге urged to substitute (2) and (3) into the second equation of (1) апа verify 
that the same relationship (4) holds between the constants. 


[EXAMPLE 1 | Solution by Elimination 


Solve Dx + (D + 2)у =0 (5) 
(D — 3)x — 2y = 0. 


SOLUTION Operating оп the first equation by D — 3 and on the second by D and 
then subtracting eliminates x from the system. It follows that the differential equation 
for y is 


[((D—3)(D+2)+2Dly=0 o D-D-6y-0. 


Since the characteristic equation of this last differential equation is 
m? + m — 6 = (m — 2)(m + 3) = 0, we obtain the solution 


y(t) = cie?! + coe t. (6) 
Eliminating y in a similar manner yields (D? -- D — 6)x — 0, from which we find 
x(t) = cae?! + c4e ?'. (7) 


As we noted in the foregoing discussion, a solution of (5) does not contain four in- 
dependent constants. Substituting (6) and (7) into the first equation of (5) gives 


(4c, + 2c3)e?! + (—сә — Зса)е ?! = 0. 


From 4c, + 2c3 = 0 and —c2 — 3c4 = 0 we get c3 = —2c; and c4 = -i c2. Accord- 
ingly, a solution of the system is 


1 
x(t) = —2cje"! — 30€ ^. y(t) = cie?! + coe t. [E 


Because we could just as easily solve for сз and c4 in terms of c, and c», the 
solution in Example 1 can be written in the alternative form 


x(t) = cse?! + cae, y(t) = - loe — Зеле?! 

It sometimes pays to keep one's eyes open when solving systems. Had we solved 
for x first in Example 1, then y could be found, along with the relationship between 
the constants, using the last equation in the system (5). You should verify that sub- 
stituting x(t) into y = 1 (Dx — 3x) yields y = —} сзе?! — 3c4e ?'. Also note in the 
initial discussion that the relationship given in (4) and the solution y(t) of (1) could 
also have been obtained by using x(f) in (2) and the first equation of (1) in the form 


у= + Dx = -i 6c,e- Vo + І /6c;e Vt. 


[EXAMPLE 2 | Solution by Elimination 


Solve х= 4х+у' = Ё 


х + x+y = 0. (8) 
SOLUTION First we write the system in differential operator notation: 
(D -4x + у= Ё 
(9) 


(р + 1)х+ Dy=0. 
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Then, by eliminating x, we obtain 
[D + D2? – (D – 4D]y = (D + D? — (D — 4)0 
Or (D? + 4D)y — 2 + 21. 


Since the roots of the auxiliary equation m(m? + 4) = 0 are m, = 0, m; = 21, and 
тз = —2i, the complementary function is ye = c, + c2 cos 2f + сз sin 2t. To deter- 
mine the particular solution y,, we use undetermined coefficients by assuming that 
Yp = At? + B? + Ct. Therefore y; = ЗАР + 2Bt + C, y, = 6At + 2B, уу = 6A, 


yp + 4y, = 12A?  8Bt + 6A + 4C — P? +21. 
The last equality implies that 12A = 1, 88 = 2, and 6A + 4C = 0; hence 
A = 15, B = j, and C = —. Thus 


. 1 1a. 1 
у = ус + ур = су + с2с05 2t + сзѕіп 21+ Se rf К. (10) 


Eliminating у from the system (9) leads to 
00 – 4) –- рр + 1)]х= 2 o (0? + 4)х = –Ё. 


It should be obvious that x. = сд соѕ 2t + cs sin 2t and that undetermined coefficients 
can be applied to obtain a particular solution of the form x, = Af? + Bt + C. In 


this case the usual differentiations and algebra yield x, = — 1 + L and so 
1 1 
X= Xe + Xp = C4 C08 27  cssin2t — +. (11) 


Now c4 and cs can be expressed in terms of c; and сз by substituting (10) 
and (11) into either equation of (8). By using the second equation, we find, after com- 
bining terms, 


(cs — 2c4 — 2c5) sin 2t + (2с5 + сд + 2c3) cos 2t = 0, 


SO C5 — 2c4 — 2c = О and 2с5 + c4 + 2c3 = 0. Solving for сд and cs in terms of c; 
and сз gives c4 = —i(4c; + 2c3) and cs = 1 c» — 4сз). Finally, a solution of (8) 


15 found to be 


1 1 1 1 
x(t) = ES (4c5 + 2с») cos 2t + 2 (202 — 4c3) sin 2t — af + т 


1 1 1 
ї) = с + И +- p. a 
y(t) = сү + cocos c3 sin 12 4 8 


[EXAMPLE 3 | A Mixture Problem Revisited 


In (3) of Section 3.3 we saw that the system of linear first-order differential equations 


dx 2 1 
= —— xı + X2 
dt 25 50 
dx» 2 2 
= X1 X2 


is a model for the number of pounds of salt x;(¢) and x»(f) in brine mixtures in tanks 
A and B, respectively, shown in Figure 3.3.1. At that time we were not able to solve 
the system. But now, in terms of differential operators, the foregoing system can be 


written as 
р + 2 : 0 
25]. 50 *? 
"mE 
35 *^! ea 
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pounds of salt 


time 


FIGURE 4.9.1 Pounds of salt in tanks A 
and B in Example 3 
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Operating on the first equation by D + x, multiplying the second equation by 3» 
adding, and then simplifying gives (625D? + 100D + 3)x, = 0. From the auxiliary 
equation 


625m? + 100m + 3 = (25m + 1)(25т + 3) = 0 


we see immediately that х1(0) = ce"? + сое 225. We сап now obtain x(t) by 
using the first DE of the system in the form хә = 50(D + 2). In this manner we 
find the solution of the system to be 


x(t) = c,e 7 + се 3!?5, x(t) = 2c,e 75 — 2c,e 3/29, 


In the original discussion on pages 108—109 we assumed that the initial conditions 
were х1(0) = 25 and x2(0) = 0. Applying these conditions to the solution yields 
cı + c? = 25 and 2c; — 2c2 = 0. Solving these equations simultaneously gives 
С = с = 5 Finally, a solution of the initial-value problem is 
25 . 25 . 

x(t) Z DE 125 $ rt. 34/25. 
The graphs of both of these equations are given in Figure 4.9.1. Consistent with the 
fact that pure water is being pumped into tank A we see in the figure that x(t) — 0 
and х›(0) — 0 as t — cc. 


aot) = 25е 8? — 25е 9029. 


EXERCISES 4.9 Answers to selected odd-numbered problems begin on page ANS-6. 


In Problems 1—20 solve the given system of differential equations by dx ау, 
systematic elimination. ee ai: me dt 
dx dx 
1.— = 2х - 2. —=4x+7 d 
d 7 oo Lae ame 
dt dt 
dy _ Ф, 
dt * dt 5 y 14. dx 4 dy = е 
dx dx dt dt 
mp cS Al c gs dx | | 
3 tx+y=0 
dy dy dt dt 
—_=x-t —+x= 5 
dt dt 15. (D — Dx + (D4 + 1)y=1 
2 
5. (D? + 5)x — 2y=0 (D-Dx* D+ Dy =2 
2x + (D? + 2)у = 0 16. D?x — 2(D? + D)y = sint 
6. (Р + Dx + (р – Dy 22 xt Dy -0 
3x - (D 2y - –1 17. Dx ^ y 18. Dx + ze 
Dy = 0-1 Dy + Dz = 0 
d Pee dy у={ ( )х + Dy + Dz 
7.5 =4yte 8. == + — = — + =g 
dt d? dt Dz=x x+2y+Dz=e 
а?у ах dy 19 ax _6 20 ах _ т 
„= ж 4 EET. — + — = —x+4 . = Oy А = X Zz 
qe dt dt ш: й й 
9. Dx + D?y = e OY eke a 
(Р + 1)х + (D — Dy = 4e” й й 
dz _ йс _ 
10. Dx- Dy =t a a C 
(D + 3)х + (D + 3)у = 2 In Problems 21 and 22 solve the given initial-value problem. 
2_ — = 
11. (D^ -Dx- y=0 gi us E 2. © =у-1 
(р – 1)x + Dy =0 dt dt 
2 I dy dy 
12. 2D^—D —Dx- (2р + Dy-71 g ey a 3x Dy 
(Р — 1)x + Пру = –1 x(1) = 0,01) = 1 х(0) = 0, у(0) = 0 
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Mathematical Models 


23. Projectile Motion A projectile shot from a gun has weight 
w — mg and velocity v tangent to its path of motion. Ignoring air 
resistance and all other forces acting on the projectile except its 
weight, determine a system of differential equations that describes 
its path of motion. See Figure 4.9.2. Solve the system. [Hint: Use 
Newton's second law of motion in the x and y directions.] 


Ya 


mg 


=Y 


FIGURE 4.9.2 Path of projectile in Problem 23 


24. Projectile Motion with Air Resistance Determine a 
system of differential equations that describes the path of 
motion in Problem 23 if air resistance is a retarding force k 
(of magnitude K) acting tangent to the path of the projectile 
but opposite to its motion. See Figure 4.9.3. Solve the system. 
[Hint: k is a multiple of velocity, say, Bv.] 


у 


Discussion Problems 
25. Examine and discuss the following system: 
Dx —2Dy = Ё 
(D+ Ijs- 20р + Пу = 1. 


Computer Lab Assignments 


26. Reexamine Figure 4.9.1 in Example 3. Then use a root-finding 
application to determine when tank B contains more salt than 
tank A. 


27. (a) Reread Problem 10 of Exercises 3.3. In that problem you 
were asked to show that the system of differential equations 


dx _ 1 

dt 50" 

do 1 2 
wr 307 38^ 
ахз _ 2 1 
dt 75? 25° 


is a model for the amounts of salt in the connected mixing 
tanks A, B, and C shown in Figure 3.3.8. Solve the system 
subject to х1(0) = 15, x2(0) = 10, x3(0) = 5. 


(b) Use a CAS to graph x(t), x2(t), and x3(f) in the same coor- 
dinate plane (as in Figure 4.9.1) on the interval [0, 200]. 


= 


FIGURE 4.9.3 Forces in Problem 24 


d 


4.10 


(c 


гая 


Because only рше water is pumped into Tank А, it stands to 
reason that the salt will eventually be flushed out of all three 
tanks. Use a root-finding application of a CAS to determine 
the time when the amount of salt in each tank is less than or 
equal to 0.5 pound. When will the amounts of salt x(t), x»(1), 
and x3(t) be simultaneously less than or equal to 0.5 pound? 


Nonlinear Differential Equations 


INTRODUCTION Thedifficulties that surround higher-order nonlinear differential 
equations and the few methods that yield analytic solutions are examined next. Two 
of the solution methods considered in this section employ a change of variable to 
reduce a nonlinear second-order DE to a first-order DE. In that sense these methods 
are analogous to the material in Section 4.2. 


SOME DIFFERENCES There are several significant differences between linear 
and nonlinear differential equations. We saw in Section 4.1 that homogeneous lin- 
ear equations of order two or higher have the property that a linear combination of 
solutions is also a solution (Theorem 4.1.2). Nonlinear equations do not possess this 
property of superposability. See Problems 1, 2, and 22 in Exercises 4.10. We can find 
general solutions of linear first-order DEs and higher-order equations with constant 
coefficients. Even when we can solve a nonlinear first-order differential equation 
in the form of a one-parameter family, this family does not, as a rule, represent a 
general solution. Stated another way, nonlinear first-order DEs can possess singular 
solutions, whereas linear equations cannot. But the major difference between linear 
and nonlinear equations of order two or higher lies in the realm of solvability. Given 
a linear equation, there is a chance that we can find some form of a solution that we 
can look at—an explicit solution or perhaps a solution in the form of an infinite series 
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(see Chapter 6). On the other hand, nonlinear higher-order differential equations vir- 
tually defy solution by analytical methods. Although this might sound disheartening, 
there are still things that can be done. As was pointed out at the end of Section 1.3, 
we can always analyze a nonlinear DE qualitatively and numerically. 

Let us make it clear at the outset that nonlinear higher-order differential equa- 
tions are important—dare we say even more important than linear equations?— 
because as we fine-tune the mathematical model of, say, a physical system, we also 
increase the likelihood that this higher-resolution model will be nonlinear. 

We begin by illustrating an analytical method that occasionally enables us to 
find explicit/implicit solutions of special kinds of nonlinear second-order differential 
equations. 


REDUCTIONOFORDER Nonlinear second-order differential equations F(x, y', y") = 0, 
where the dependent variable y is missing, and F(y, у’, y") = 0, where the independent 
variable x is missing, can sometimes be solved by using first-order methods. Each 
equation can be reduced to a first-order equation by means of the substitution и = y’. 


DEPENDENT VARIABLE MISSING The next example illustrates the substitution 
technique for an equation of the form F(x, у’, y") = 0. If u = y’, then the differential 
equation becomes F(x, u, и”) = 0. If we can solve this last equation for u, we can find 
y by integration. Note that since we are solving a second-order equation, its solution 
will contain two arbitrary constants. 


[EXAMPLE 1 | Dependent Variable у Is Missing 


Solve y" = 2x(y')’. 


SOLUTION If we let и = y', then du/dx = y". After substituting, the second-order 
equation reduces to a first-order equation with separable variables; the independent 
variable is x and the dependent variable is u: 

du 2 du 


dx 2xu Or 2 = 2x dx 


а= | ova 
-u t= + с]. 


The constant of integration is written as ct for convenience. The reason should be 
obvious in the next few steps. Because u ! = 1/y', it follows that 


dy _ 1 
dx х2 + ct 
ах 1 x 
and so = – ог = ——{ап ! — + c. fal 
y E + сї У СІ СІ 


INDEPENDENT VARIABLE MISSING Next we show how to solve an equation 
that has the form F(y, y’, y") = 0. Once more we let u = у’, but because the indepen- 
dent variable x is missing, we use this substitution to transform the differential equa- 
tion into one in which the independent variable is y and the dependent variable is u. 
To this end we use the Chain Rule to compute the second derivative of y: 

, du dudy du 


y= u—. 
dx ау dx dy 


In this case the first-order equation that we must now solve is 
F aei 
ири |= 0. 
У dy 
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[EXAMPLE 2 Independent Variable x Is Missing 


Solve yy" = (yy. 


SOLUTION With the aid of и = y', the Chain Rule shown above, and separation of 
variables, the given differential equation becomes 


| " А du dy 
уи | = и ог е 
u y 


Integrating the last equation then yields In |u| = In|y| + cı, which, in turn, gives и = czy, 
where the constant +e has been relabeled as сә. We now resubstitute u = dy/dx, 
separate variables once again, integrate, and relabel constants a second time: 


——=ж=@ | ах ог In|y| = cox + сз ог у cae", E 
y 


USE OF TAYLOR SERIES In some instances a solution of a nonlinear initial-value 
problem, in which the initial conditions are specified at xo, can be approximated by a 
Taylor series centered at хо. 


[EXAMPLE З | Taylor Series Solution of an IVP 


Let us assume that a solution of the initial-value problem 
y-xt*y-y, у(0) = –1, у'(0)=1 (1) 


exists. If we further assume that the solution у(х) of the problem is analytic at 0, then 
y(x) possesses a Taylor series expansion centered at 0: 


_ yO yO, ¥"0) , PO, yO) . 
у(х) = у(0) + 1! x+ 2! x + T x + 4! X 3b 5! x + : 


(2) 


Note that the values of the first and second terms in the series (2) are known 
since those values are the specified initial conditions y(0) = —1, y'(0) = 1. 
Moreover, the differential equation itself defines the value of the second derivative 
at 0: y"(0) = 0 + у(0) — y(0)? = 0 + (—1) – (-1? = -2. We can then find 
expressions for the higher derivatives у”, у), ... by calculating the successive 
derivatives of the differential equation: 


d 
y") = 4r Gt y y)=1+y! — 2yy’ (3) 
X 
(4) - d П IN LÁ " "2 
y @= 70 + у — 2yy’) = y" — 2yy' — 20") (4) 
(5) = d n n "үү ут” т nw 
eo 0 coy —Җу))=у — 2уу" = бу'у (5) 


and so on. Now using y(0) = —1 and y'(0) = 1, we find from (3) that y"(0) = 4. From 
the values y(0) = —1, у'(0) = 1, and y"(0) = —2 we find у@(0) = —8 from (4). With 
the additional information that y"(0) = 4, we then see from (5) that y9X0) = 24. 
Hence from (2) the first six terms of a series solution of the initial-value problem (1) are 


2 1 1 
у) = -1+х-№ +0 - жн. E 
3 3 5 


USE OF A NUMERICAL SOLVER Numerical methods, such as Euler's method or 
the Runge-Kutta method, are developed solely for first-order differential equations 
and then are extended to systems of first-order equations. To analyze an nth-order 
initial-value problem numerically, we express the nth-order ODE as a system of n 
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solution curve 
generated by a 
numerical solver 


FIGURE 4.10.1 Comparison of two 
approximate solutions in Example 3 


10 20 


FIGURE 4.10.2 Numerical solution curve 
for the IVP in (1) 
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first-order equations. In brief, here is how it is done for a second-order initial-value 
problem: First, solve for y’—that is, put the DE into normal form у” = f(x, y, y')— 
and then let y' = и. For example, if we substitute y' = u in 


2 
y ; Р 
qu —fG yy) у(хо) = yo, y'Go)- uo, (6) 
then y" = и’ and y'(xo) = u(xo), so the initial-value problem (6) becomes 
y =u 
Solve: ў 
4 = f(x, у, и) 


Subject to: y(xo) = yo, u(xo) = uo. 


However, it should be noted that a commercial numerical solver might not require* 
that you supply the system. 


EXAMPLE 4 | Graphical Analysis of Example 3 


Following the foregoing procedure, we find that the second-order initial-value prob- 
lem in Example 3 is equivalent to 


dy 
Lü 
dx 
du " 5 
2202 = 
ae у-у 
with initial conditions у(0) = — 1, и(0) = 1. With the aid of a numerical solver we get 


the solution curve shown in blue in Figure 4.10.1. For comparison the graph of the 
fifth-degree Taylor polynomial 75(х) = —1 + x — 32 + ix = 154 F a is shown 
in red. Although we do not know the interval of convergence of the Taylor series 
obtained in Example 3, the closeness of the two curves in a neighborhood of the ori- 
gin suggests that the power series may converge on the interval (— 1, 1). Е 


QUALITATIVE QUESTIONS The blue numerical solution curve in Figure 4.10.1 
raises some questions of a qualitative nature: Is the solution of the original initial-value 
problem oscillatory as x — ©? The graph generated by a numerical solver on the larger 
interval shown in Figure 4.10.2 would seem to suggest that the answer is yes. But this 
single example—or even an assortment of examples—does not answer the basic ques- 
tion as to whether all solutions of the differential equation y" = x + y — y? are oscilla- 
tory in nature. Also, what is happening to the solution curve in Figure 4.10.2 when x is 
near —1? What is the behavior of solutions of the differential equation as x > —%? 
Are solutions bounded as x — 9»? Questions such as these are not easily answered, in 
general, for nonlinear second-order differential equations. But certain kinds of second- 
order equations lend themselves to a systematic qualitative analysis, and these, like 
their first-order relatives encountered in Section 2.1, are the kind that have no explicit 


dependence on the independent variable. Second-order ODEs of the form 
2 


t n d^y , 
FO, y’, y) =0 ог ge TOY) 
X 


equations free of the independent variable x, are called autonomous. The differen- 
tial equation in Example 2 is autonomous, and because of the presence of the x term 
on its right-hand side, the equation in Example 3 is nonautonomous. For an in-depth 
treatment of the topic of stability of autonomous second-order differential equations 
and autonomous systems of differential equations, refer to Chapter 10 in Differential 
Equations with Boundary-Value Problems. 


*Some numerical solvers require only that a second-order differential equation be expressed in normal 
form y" — f(x, y, y'). The translation of the single equation into a system of two equations is then built 
into the computer program, since the first equation of the system is always y' — u and the second equa- 
tion is и’ = f(x, y, u). 
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EXERCISES 4.1 0 Answers to selected odd-numbered problems begin on page ANS-6. 


In Problems 1 and 2 verify that y; and y» are solutions of the given 
differential equation but that у = сууу + с2у is, in general, not a 
solution. 


1.9"? 25 у = ех, уз = cosx 
1 
539—200: y5 Lee 


In Problems 3—6 the dependent variable у is missing in the given dif- 
ferential equation. Proceed as in Example 1 and solve the equation by 
using the substitution и = y’. 


3.y'- (y) +1=0 4. у= 1+ (у)? 
5. xy" EB (у)? = 0 6. e y" = (у)? 
In Problems 7—10 the independent variable x is missing in the given 


differential equation. Proceed as in Example 2 and solve the equation 
by using the substitution u = y’. 


7. уу + (у) +1=0 8. (у + Dy" = (у)? 

9. у" + 2у(у)? = 0 10. уу" = y' 
In Problems 11 and 12 solve the given initial-value problem. 
11. 2у'у” = 1, у(0) = 2,у'(0) = 1 
12. у" + x(y’? = 0, у(1) = 4, y'(1) = 2 


13. Consider the initial-value problem 


y"+yy' = 0, у(0) = 1, у'(0) = –1. 


(a) Use the DE and a numerical solver to graph the solution 
curve. 


(b) Find an explicit solution of the IVP. Use a graphing utility 
to graph this solution. 


(c) Find an interval of definition for the solution in part (b). 
14. Find two solutions of the initial-value problem 
1 [Т V3 
y 


y 


т 
Ре, xz) 
Use a numerical solver to graph the solution curves. 


In Problems 15 and 16 show that the substitution и = y' leads to a 
Bernoulli equation. Solve this equation (see Section 2.5). 


15. ху” = у' g (yy 16. xy" = y + x(y’)? 


In Problems 17—20 proceed as in Example 3 and obtain the first six 
nonzero terms of a Taylor series solution, centered at 0, of the given 
initial-value problem. Use a numerical solver and a graphing utility to 
compare the solution curve with the graph of the Taylor polynomial. 


17.y"=x+y, у(0) = 1,у'(0) = 1 
18." +у2=1, у(0) = 2,у'(0) = 3 
19. у 23? + y? – 2y’, у(0) = 1,у'(0) = 1 


20. у" =e’, у(0) = 0, у'(0) = –1 


21. In calculus the curvature of a curve that is defined by a function 
у = f(x) is defined as 


ГД 


ЕТЕНЕ M 
ЕЧ 


Find у = f(x) for which к = 1. [Hint: For simplicity, ignore 
constants of integration.] 


Discussion Problems 


22. In Problem 1 we saw that cos x and e* were solutions of the 
nonlinear equation (y")* — y? = 0. Verify that sin хапае" 
are also solutions. Without attempting to solve the differential 
equation, discuss how these explicit solutions can be found 
by using knowledge about linear equations. Without 
attempting to verify, discuss why the linear combinations 
y = cje” + coe * + c3 cos x + c4 sin x and y = coe * + c4 
sin x are not, in general, solutions, but the two special linear 
combinations y = сүе* + се * and y = сз cos x + c4 sin x must 
satisfy the differential equation. 


23. Discuss how the method of reduction of order considered 
in this section can be applied to the third-order differential 
equation y" = V1 + (y^). Carry out your ideas and solve 
the equation. 


24. Discuss how to find an alternative two-parameter family of 
solutions for the nonlinear differential equation y" = 2x( y")? in 
Example 1. [Hint: Suppose that —c7 is used as the constant of 
integration instead of +c7.] 


Mathematical Models 


25. Motion in a Force Field А mathematical model for the 
position x(t) of a body moving rectilinearly on the x-axis in an 
inverse-square force field is given by 


dx Fk 

аё x? 
Suppose that at t = 0 the body starts from rest from the 
position x = xo, xo > 0. Show that the velocity of the body 
at time t is given by v? = 2k7(1/x — 1/xo). Use the last 
expression and a CAS to carry out the integration to express 
time ¢ in terms of x. 


26. A mathematical model for the position x(t) of a moving 
object is 


d?x Д 
—; + sinx = 0. 
dt 


Use a numerical solver to graphically investigate the solutions 
of the equation subject to x(0) = 0, x'(0) = x1, x; = 0. Discuss 
the motion of the object for т > 0 and for various choices of хі. 
Investigate the equation 


de dE. E 
T r sin x= 
d? dt 


in the same manner. Give a possible physical interpretation of 
the dx/dt term. 
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Answer Problems 1—10 without referring back to the text. Fill in the 
blank or answer true or false. 


1 


10. 


11. 


12. 


. The only solution of the initial-value problem 


"д 


y 4 


xy = 0, у(0) = 0, y'(0) = 0 is 


. For the method of undetermined coefficients, the assumed form 


of the particular solution yp for y" — y = 1 + e" is 


. A constant multiple of a solution of a linear differential 


equation is also a solution. 


. If the set consisting of two functions f, and № is linearly 


independent on an interval /, then the Wronskian 
W(fi, f2) # О for all x in 7. 


. If y = sin 5x is a solution of a homogeneous linear 


second-order differential with constant coefficients, then the 
general solution of the DE is 


. If y= 1 — x + 6x? + Зе" is a solution of a homoge- 


neous fourth-order linear differential equation with constant 
coefficients, then the roots of the auxiliary equation are 


Шу = cix? + cox? In x, х > 0, is the general solution of a 


homogeneous second-order Cauchy-Euler equation, then the 
DEis 


-Yp = Ax? is particular solution of у” + у” = 1 for A = 


. If yp, = x is a particular solution of y" + y = x and yj, = х2 — 2 


is a particular solution of у” + y = x?, then a particular solution 
of y' ty =x + xis 


If y; = e* and y? = e “are solutions of homogeneous linear 
differential equation, then necessarily y = —5e * + 10e* is also 
a solution of the DE. 


Give an interval over which the set of two functions fi (x) = x? 
and Р(х) = x|x| is linearly independent. Then give an 
interval over which the set consisting of fı and f» is linearly 
dependent. 


Without the aid of the Wronskian, determine whether the given 
set of functions is linearly independent or linearly dependent on 
the indicated interval. 


(a) fiG) = In x, fo(x) = In x?, (0, ©) 
(b) ЛО) = x", fo) = x"* n = 1,2,..., (799, о) 
(c) (х) = x, р(х) = x 4 


1, (—96, со) 


(d) fic) cos(a | =) Бо) = sin x, (о, oo) 


(е) fix) = 0, fox) = x, (—5, 5) 
(f) ЛО) = 2, fax) = 2x, (79, ©) 
(9) Ло) = х2, f(x) = 1 — x2, A(x) = 2 + x7, (о, ©) 


(h) ЛО) = xe**!, fox) = (4x — Se", 
В©) = хе", (—%, ©) 


CHAPTER 4 IN REVIEW 193 


Answers to selected odd-numbered problems begin on page ANS-7. 


13 


14. 


In 


. Suppose mı = 3, m2 = —5, and тз = 1 are roots of multiplicity 
one, two, and three, respectively, of an auxiliary equation. Write 
down the general solution of the corresponding homogeneous 
linear DE if it is 


(a) an equation with constant coefficients, 
(b) a Cauchy-Euler equation. 


Consider the differential equation ay” + by’ + cy = g(x), where 
a, b, and c are constants. Choose the input functions g(x) for 
which the method of undetermined coefficients is applicable 
and the input functions for which the method of variation of 
parameters is applicable. 


(a) g(x) = еа х (b) g(x) = x? cos x 


sin х 
ех 


(d) g(x) = 2x ?e* 
(f) gx) = — 


(c) g(x) = 


(е) g(x) = sin?x : 
sin x 


Problems 15 and 16 find a homogeneous second-order Cauchy- 


Euler equation with real coefficients if the given numbers are roots 


of 
15 
In 

fin 
17 
18 


its auxiliary equation. 
т =4,m= —1 16. m =i 
Problems 17—32 use the procedures developed in this chapter to 


d the general solution of each differential equation. 
„у — 2y' = 2y = 0 
. 2y" + 2y' + 3y =0 


19. у” + 10у” + 25y' = 0 
20. 2y" + 9y” + 12y' + Sy = 0 
21. 3y" + 10y" + 15у' + 4y = 0 
22. 2y + Зу" + 2y" + бу - 4y =0 
23. y" — Зу' + 5y = 4x3 — 2x 
24. у" - 2y + y = xe" 
25. y" — 5y" + бу = 8 + 2sinx 
26. y" —y"—6 
27. y" — 2y' + 2y = e“ tan х 
28. y – у = = в 
e te 
29. 6х?у' + 5ху - у= 0 
30. 2x3y" + 19x?y" + 39xy' + 9у = 0 
31. xy" — 4ху' + бу = 2x4 + x? 
32. xy" — ху +y 2 x? 
In Problems 33 and 34 write down the form of the general solution 
y = ye + ур of the given differential equation in the two cases w # а 
and w = a. Do not determine the coefficients in yp. 
33. y" + wy = sin ax 34. y" — о?у = е 
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35. Given that у = sin x is a solution of 


4) | 
y 4 


2y" + 11у” + 2у' + 10y = 0, 


find the general solution of the DE without the aid of a 
calculator or a computer. 


36. Find a linear second-order differential equation with constant 
coefficients for which y; = 1 and уз = e “are solutions of 
the associated homogeneous equation and y, — 12 — xisa 
particular solution of the nonhomogeneous equation. 


37. (a) Write the general solution of the fourth-order DE 
y? = 2y" + y = 0 entirely in terms of hyperbolic 
functions. 


(b) Write down the form of a particular solution of 
y® — 2y" + y = sinh x. 


38. Consider the differential equation 


xy" — (x? + 2x)y! + (x + 2)у = x5. 


Verify that y; = x is one solution of the associated 
homogeneous equation. Then show that the method of reduction 
of order discussed in Section 4.2 leads to a second solution y» 
of the homogeneous equation as well as a particular solution 

yp of the nonhomogeneous equation. Form the general solution 
of the DE on the interval (0, o»). 


In Problems 39—44 solve the given differential equation subject to 
the indicated conditions. 


39. y" - 2у + 2у = 0, y(7/2 = 0, y(m = -1 
у(—1) = 0, y(0) = 0 

y0) = 2, y'(0) = 3 
y(0) = 1,»'(0) = 5 


40. y" + 2y' +y=0, 


41.y" —y = х t sin x, 


42. y" + y = sec*x, 
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43. у'у" = 4x, y(1) 5 y (1) = 2 
44.2, = 3, y(0—-1,y'(00)— 1 


45. (a) Usea CAS as an aid in finding the roots of the auxiliary 
equation for 


12y + 64y" + 59y" — 23y' — 12у = 0. 


Give the general solution of the equation. 


(b) Solve the DE in part (a) subject to the initial conditions 
y(0) = —1, y'(0) = 2, y'(0) = 5, y"(0) = 0. Use a CAS as 
an aid in solving the resulting systems of four equations in 


four unknowns. 


46. Find a member of the family of solutions of xy" + y' + Vx = 0 
whose graph is tangent to the x-axis at x — 1. Use a graphing 
utility to graph the solution curve. 


In Problems 47—50 use systematic elimination to solve the given 


system. 
dx dy 
47. =2x+2y+1 
dt dt 
dx у 
—+2—=y+3 
dt dt y 
ag, = Ee 
М = AX T 
dt d 
dy 
— = 3х + 4y — 4t 
dt T y 
49. (D — 2)x —y--e 


3x + (D — 4y = —7e 
50. (D + 2)х + (D 
5x t (D 


1)y = sin 2t 


3)y = cos 2t 
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Linear Models: Initial-Value Problems 
Linear Models: Boundary-Value Problems 
Nonlinear Models 


CHAPTER 5 IN REVIEW 


e have seen that a single differential equation can serve as a 
mathematical model for diverse physical systems. Forms of the 
linear second-order equation 

d?y dy 


Z +b + су = gÙ, 
2p "odo Ter 


appear in the analysis of problems in many different areas of science and 


engineering. In Section 5.1 we see that except for terminology and physical 


interpretations of the four terms in this differential equation the mathematics of, 


say, an electrical series circuit is identical to that of a vibrating spring/mass system. 
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rigid 
support 


equilibrium 


position 
mg—ks =0 
motion 
(a) (b) (c) 


FIGURE 5.1.1 Spring/mass system 


FIGURE 5.1.2 Direction below the 
equilibrium position is positive 
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Linear Models: Initial-Value Problems 


INTRODUCTION In this section we are going to consider several linear dynamical 
systems in which each mathematical model is a second-order differential equation 
with constant coefficients along with initial conditions specified at a time that we 
shall take to be г = 0: 


d?y dy _ _ AK E 
+Ь a + су = gt), yO)=yo, yO) = у. 


The function g is variously called the driving function, forcing function, ог input of 
the system. A solution y(t) of the differential equation on an interval / containing t = 0 
that satisfies the initial conditions is called the response or output of the system. 


5.1.1 SPRING/MASS SYSTEMS: 
FREE UNDAMPED MOTION 


HOOKE'S LAW Suppose that a flexible spring is suspended vertically from a rigid 
support and then a mass т is attached to its free end. The amount of stretch, or 
elongation, of the spring will of course depend on the mass; masses with different 
weights stretch the spring by differing amounts. By Hooke's law the spring itself 
exerts a restoring force F opposite to the direction of elongation and proportional to 
the amount of elongation s. Simply stated, F = —ks, where k > 0 is a constant of 
proportionality called the spring constant. The spring is essentially characterized by 
the number k. Using |F| = K|s|, we see that if a mass weighing 10 pounds stretches а 
spring 1 foot, then 10 = k (3) implies К = 20 Ib/ft. Necessarily then, a mass weighing, 
say, 8 pounds stretches the same spring only 2 foot. 


NEWTON’S SECOND LAW When a mass т is attached to the lower end of 
a spring of negligible mass, it stretches the spring by an amount s and attains an 
equilibrium position (or rest position) at which its weight W is balanced by the 
restoring force ks of the spring. Recall that weight is defined by W — mg, where m 
is measured in slugs, kilograms, or grams and g is the acceleration due to gravity 
(32 ft/s?, 9.8 m/s?, or 980 cm/s?). As indicated in Figure 5.1.1 the condition of equi- 
librium is mg — ks or mg — ks — 0. Now suppose the mass on the spring is set in 
motion by giving it an initial displacement (an elongation or a compression) and an 
initial velocity. Let us assume that the motion takes place in a vertical line, that the 
displacements x(t) of the mass are measured along this line such that x = 0 corre- 
sponds to the equilibrium position, and that displacements measured below the equi- 
librium position are positive. See Figure 5.1.2. To construct a mathematical model 
that describes this dynamic case, we employ Newton's second law of motion: the 
net or resultant force on a moving body of mass m is given by SF; = ma, where 
a = Фх/ а is its acceleration. If we further assume that the mass vibrates free of all 
other external forces—free motion—then Newton's second law gives 


dx 
mado Met S) + mg = ket mg = ks = ker, (1) 
ernie Еи erre 
net force zero 


The first term Е = —k(x + s) on the right-hand side of equation (1) is the restoring 
force of the spring; the negative sign indicates that this force acts opposite to the 
direction of motion. The second term F = mg is the weight of the mass which 
always acts in the downward or positive direction. 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


198 


CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS 


DE OF FREE UNDAMPED MOTION Ву dividing (1) by the mass т, we obtain the 
second-order differential equation d?x/dt? + (k/m)x = 0, or 


d?x 


d? + w*x = 0, (2) 
where w* = k/m. Equation (2) is said to describe simple harmonic motion or 
free undamped motion. Two obvious initial conditions associated with (2) are 
x(0) = xo and x'(0) = xı, the initial displacement and initial velocity of the mass, 
respectively. For example, if x9 > 0, x, < 0, the mass starts from a point below the 
equilibrium position with an imparted upward velocity. When x'(0) — 0, the mass is 
said to be released from rest. For example, if xo « 0, x, = 0, the mass is released 
from rest from a point |xo| units above the equilibrium position. 


EQUATION OF MOTION To solve equation (2), we note that the solutions of its 
auxiliary equation m? + œ? = 0 are the complex numbers m, = wi, m» = —wi. Thus 
from (8) of Section 4.3 we find the general solution of (2) to be 


x(t) = cı cos wt + c» sin wt. (3) 


The period of motion described by (3) is T = 2m/«. The number T represents 
the time (measured in seconds) it takes the mass to execute one cycle of mo- 
tion. A cycle is one complete oscillation of the mass, that is, the mass m mov- 
ing from, say, the lowest point below the equilibrium position to the point highest 
above the equilibrium position and then back to the lowest point. From a graphi- 
cal viewpoint T = 21/0 seconds is the length of the time interval between two 
successive maxima (or minima) of x(t). Keep in mind that a maximum of x(f) is 
a positive displacement corresponding to the mass attaining its greatest distance 
below the equilibrium position, whereas a minimum of x(t) is negative displace- 
ment corresponding to the mass attaining its greatest height above the equilib- 
rium position. We refer to either case as an extreme displacement of the mass. 
The frequency of motion is f= 1/T = @/2т and is the number of cycles com- 
pleted each second. For example, if x(t) = 2 cos Зп! — 4 sin 37t, then the period 
is T = 2т/3т = 2/3 s, and the frequency is f = 3/2 cycles/s. From a graphical 
viewpoint the graph of x(t) repeats every 2 second, that is, x(t + 2 = x(t), and 3 
cycles of the graph are completed each second (or, equivalently, three cycles of the 
graph are completed every 2 seconds). The number о = V k/m (measured in radi- 
ans per second) is called the circular frequency of the system. Depending on which 
text you read, both f = w/27 and о are also referred to as the natural frequency 
of the system. Finally, when the initial conditions are used to determine the con- 
stants cı and сә in (3), we say that the resulting particular solution or response is the 
equation of motion. 


[EXAMPLE 1 | Free Undamped Motion 


A mass weighing 2 pounds stretches a spring 6 inches. At t = 0 the mass is released 
from a point 8 inches below the equilibrium position with an upward velocity of 
1 ft/s. Determine the equation of motion. 


SOLUTION Because we are using the engineering system of units, the measure- 
ments given in terms of inches must be converted into feet: 6 in. = 4 ft; 8 in. = 2 ft. 
In addition, we must convert the units of weight given in pounds into units of mass. 
From m = W/g we have m = 5 = 15 slug. Also, from Hooke's law, 2 = k (4) implies 
that the spring constant is k = 4 lb/ft. Hence (1) gives 


1 dx d?x 
T ^^ or n c E 
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cı > 0, сг > 0 and phase angle ф 
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The initial displacement and initial velocity are x(0) = 2, x'(0) = —3, where Ше neg- 
ative sign in the last condition is a consequence of the fact that the mass is given an 
initial velocity in the negative, or upward, direction. 

Now o? = 64 or w = 8, so the general solution of the differential equation is 


x(t) = cı cos 8t + сә sin 8t. (4) 
Applying the initial conditions to x(f) and x'(f) gives сү = 2 and с) = —. Thus the 
equation of motion is 
2 1; 
x( = 3 005 8t — gn 81. (5) E 


ALTERNATIVE FORMS OF x(t) When с; # 0 and сә 7 0, the actual amplitude A 
of free vibrations is not obvious from inspection of equation (3). For example, 
although the mass in Example | is initially displaced 2 foot beyond the equilibrium 
position, the amplitude of vibrations is a number larger than 2 Hence it is often con- 
venient to convert a solution of form (3) to the simpler form 


x(t) = А sin(wt + ф), (6) 
where A = Vc? + c5 and ф is a phase angle defined by 


sin ф = a Р 
tan ф = —. (7) 
2e e: 
cos ф = A 


To verify this, we expand (6) by the addition formula for the sine function: 
А sin wt cos ф + А cos ot sin ф = (A sin ф) cos wt + (A cos ф) sin wt. (8) 
It follows from Figure 5.1.3 that if is defined by 


; с СІ C2 с? 
sin $ = ! = —, cos ф = 


Vc? +c А ci + cj A' 


then (8) becomes 


СІ Co... x 
A A COS wt + 15 sin wt = c, cos wt + c5 sin wt = х(ї). 


[EXAMPLE 2 | Alternative Form of Solution (5) 


In view of the foregoing discussion we can write solution (5) in the alternative form 
x(t) = A sin(8t + ф). Computation of the amplitude is straightforward, 


A= F IY P. aoo 
3 6 36 f ; 


but some care should be exercised in computing the phase angle ф defined by 
(7). With cy = 2 and c? = -4 we find tan ф = —4, and a calculator then gives 
tan™!(—4) = — 1.326 rad. This is not the phase angle, since tan !(—4) is located in 
the fourth quadrant and therefore contradicts the fact that sin ф > 0 and cos ф < 0 
because c, > 0 and c» < 0. Hence we must take ф to be the second-quadrant angle 
ф = m + (—1.326) = 1.816 rad. Thus (5) is the same as 


х( = ~ sin(8t + 1.816). (9) 


The period of this function is T = 27/8 = 77/48. [is] 
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You should be aware that some instructors in science and engineering prefer that 
(3) be expressed as a shifted cosine function 


x(t) = A cos(wt — ф), (6^) 


where A = Vc? + c5. In this case the radian measured angle ¢ is defined in a slightly 
different manner than in (7): 


sind = 2 
тап ф = 3. (7') 
С] С] 
соѕ ф A 
For example, in Example 2 with c; = 2 and c2 = -L (7^) indicates that tan ф = -i 
Because sin $ < 0 and cos ф > 0 the angle ф lies in the fourth quadrant and so 
rounded to three decimal places ф = {ап (—1) — —0.245 rad. From (6') we obtain 
a second alternative form of solution (5): 
17 17 
x(t) = 6 cos(8t — (—0.245)) or x(t) = 6 cos(8t + 0.245). 


GRAPHICALINTERPRETATION Figure 5.1.4(a) illustrates the mass in Example 2 
going through approximately two complete cycles of motion. Reading left to right, the 
first five positions (marked with black dots) correspond to the initial position of the 
mass below the equilibrium position (х = 2), the mass passing through the equi- 


librium position for the first time heading upward (x = 0), the mass at its extreme 


| 


x negative 


x=0 


x positive 


(a) 
| XA 
2 
(0, 2) | 
iti amplitude 
X positive na VT 
6 
x=0 - 
t 
х negative 
т 
| ы 4 >| 
period 


FIGURE 5.1.4 Simple harmonic motion 
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FIGURE 5.1.5 Parallel springs 


rigid 
support 


FIGURE 5.1.6 Springs in series 
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displacement above the equilibrium position (x = —\/ 17/6), the mass at the equi- 
librium position for the second time heading downward (x — 0), and the mass at its 
extreme displacement below the equilibrium position (x = V/17/6). The black dots 
on the graph of (9), given in Figure 5.1.4(b), also agree with the five positions just 
given. Note, however, that in Figure 5.1.4(b) the positive direction in the ѓх-рІапе 
is the usual upward direction and so is opposite to the positive direction indicated 
in Figure 5.1.4(a). Hence the solid blue graph representing the motion of the mass 
in Figure 5.1.4(b) is the reflection through the t-axis of the blue dashed curve in 
Figure 5.1.4(a). 

Form (6) is very useful because it is easy to find values of time for which the graph 
of x(t) crosses the positive /-ахіѕ (the line x = 0). We observe that sin(wt + ф) = 0 
when wt + ф = пт, where n is a nonnegative integer. 


DOUBLE SPRING SYSTEMS Suppose two parallel springs, with constants kı and 
Ко, are attached to a common rigid support and then to a single mass m as shown in 
Figure 5.1.5. If the mass is displaced from its equilibrium position, the displacement 
x is the same for both springs and so the net restoring force of the spring in (1) is 
simply —kjx — Кох = —(k, + ko)x. We say that 


kar = ky + ko 


is the effective spring constant of the system. 

On the other hand, suppose two springs supporting a single mass m are in series, 
that is, the springs are attached end to end as shown in Figure 5.1.6. In this case, a 
displacement x of the mass from its equilibrium consists of the sum x = x; + x», 
where x; and x; are the displacements of the respective springs. But the restoring 
force is the same for both springs, so if Ке is the effective spring constant of the 
system we have 


=ke + 0) = рд = b». 


From Кух = Кх we see x; = (ko/kj)x) and so —Кеҥ(ху + x2) = —kəx2 is the 
same as 


ky 
keff 1 X2 + № | = koxa. 
ky 


Solving the last equation for Ке yields 
_ kk 
ky + ky 


Кет 


So in either of the above cases, the differential equation of motion is (1) with К 
replaced by А.к. See Problems 13-18 in Exercises 5.1. 


SYSTEMS WITH VARIABLE SPRING CONSTANTS In the model discussed above 
we assumed an ideal world—a world in which the physical characteristics of the 
spring do not change over time. In the nonideal world, however, it seems reasonable 
to expect that when a spring/mass system is in motion for a long period, the spring 
will weaken; in other words, the “spring constant” will vary—or, more specifically, 
decay—with time. In one model for the aging spring the spring constant k in (1) is re- 
placed by the decreasing function K(f) = ke *", k > 0, a > 0. The linear differential 
equation mx" + ke "x = 0 cannot be solved by the methods that were considered in 
Chapter 4. Nevertheless, we can obtain two linearly independent solutions using the 
methods in Chapter 6. See Problem 19 in Exercises 5.1 and Example 5 in Section 6.4. 

When a spring/mass system is subjected to an environment in which the 
temperature is rapidly decreasing, it might make sense to replace the constant 
k with K(t) = kt, k > 0, a function that increases with time. The resulting model, 
mx" + ktx = О, is a form of Airy's differential equation. Like the equation for 
an aging spring, Airy's equation can be solved by the methods of Chapter 6. See 
Problem 20 in Exercises 5.1. 
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(b) 


FIGURE 5.1.7 Damping devices 


~T 


FIGURE 5.1.8 Motion of an 
overdamped system 


-Y 


FIGURE 5.1.9 Motion of a critically 
damped system 


5.1.2 SPRING/MASS SYSTEMS: FREE DAMPED MOTION 


The concept of free harmonic motion is somewhat unrealistic, since the motion 
described by equation (1) assumes that there are no retarding forces acting on the mov- 
ing mass. Unless the mass is suspended in a perfect vacuum, there will be at least a re- 
sisting force due to the surrounding medium. As Figure 5.1.7 shows, the mass could be 
suspended in a viscous medium or connected to a dashpot damping device. 


DE OF FREE DAMPED MOTION In the study of mechanics, damping forces 
acting on a body are considered to be proportional to a power of the instantaneous 
velocity. In particular, we shall assume throughout the subsequent discussion that 
this force is given by a constant multiple of dx/dt. When no other external forces are 
impressed on the system, it follows from Newton's second law that 
d?x dx 
m d kx — B dr (10) 

where 8 is a positive damping constant and the negative sign is a consequence of the 
fact that the damping force acts in a direction opposite to the motion. 

Dividing (10) by the mass m, we find that the differential equation of free 
damped motion is 


d'x Вах К 
+—x=0 
d? mdt 
or ах ола unco (11) 
w = 05 
аг dt 
k 
where 2А = E о? = —. (12) 
т т 


The symbol 2A is used only for algebraic convenience because the auxiliary equation 
is т? + 24m + о? = 0, and the corresponding roots are then 


MaRS, m= Vea 


We can now distinguish three possible cases depending on the algebraic sign of 
A? — о. Since each solution contains the damping factor е^, А > 0, the displace- 
ments of the mass become negligible as time f increases. 


CASE 1: A? — o? > 0 In this situation the system is said to be overdamped 
because the damping coefficient B is large when compared to the spring constant К. 


The corresponding solution of (11) is x(f) = се"! + c5 e"?! or 
x(t) = e^ (cie V? 9 + сзе М? = ө”), (13) 


This equation represents a smooth and nonoscillatory motion. Figure 5.1.8 shows 
two possible graphs of x(t). 


CASE Il: A? — о? = 0 The system is said to be critically damped because апу 
slight decrease in the damping force would result in oscillatory motion. The general 
solution of (11) is x(t) = cie"! + cote” or 


x(t) =e (cy + сәй). (14) 


Some graphs of typical motion are given in Figure 5.1.9. Notice that the motion is 
quite similar to that of an overdamped system. It is also apparent from (14) that the 
mass can pass through the equilibrium position at most one time. 
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FIGURE 5.1.10 Motion of an 
underdamped system 
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FIGURE 5.1.11 Overdamped system 
in Example 3 
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CASE Ill: A? — о? < 0 In this case the system is said to be underdamped, since 
the damping coefficient is small in comparison to the spring constant. The roots mı 
and m are now complex: 


m = —À + Vo? — Аі, тә = —А — Ма? — Mi. 
Thus the general solution of equation (11) is 
х= e (a cos Vw2 — А2ї + с» sin Ve? — A1). (15) 


As indicated in Figure 5.1.10, the motion described by (15) is oscillatory; but 
because of the coefficient e "^, the amplitudes of vibration > 0 as t > oc. 


[EXAMPLE З | Overdamped Motion 


It is readily verified that the solution of the initial-value problem 


5 4x 0, х(0 1, X 0 1 


: = 5 =t 2 —4t 

is x(t) 3 e 3 е“. (16) 
The problem can be interpreted as representing the overdamped motion of a mass оп 
a spring. The mass is initially released from a position 1 unit below the equilibrium 
position with a downward velocity of 1 ft/s. 

To graph x(t), we find the value of t for which the function has an extremum— 
that is, the value of time for which the first derivative (velocity) is zero. 
Differentiating (16) gives x'(r) = -$e" + Beat, so x'(f) = 0 implies that е! = 8 
orf = 1 1п Ы = 0.157. It follows from the first derivative test, as well as our physical 
intuition, that x(0.157) = 1.069 ft is actually a maximum. In other words, the mass 
attains an extreme displacement of 1.069 feet below the equilibrium position. 

We should also check to see whether the graph crosses the f-axis—that is, 


whether the mass passes through the equilibrium position. This cannot happen in 
3t — 2 


this instance because the equation x(t) = 0, or e" = $, has the physically irrelevant 
solution г = 4 In = —0.305. 

The graph of x(t), along with some other pertinent data, is given in 
Figure 5.1.11. [1 


[EXAMPLE 4 Critically Damped Motion 


A mass weighing 8 pounds stretches a spring 2 feet. Assuming that a damping force 
numerically equal to 2 times the instantaneous velocity acts on the system, determine 
the equation of motion if the mass is initially released from the equilibrium position 
with an upward velocity of 3 ft/s. 


SOLUTION From Hooke’s law we see that 8 = k(2) gives k = 4 lb/ft and that 
W = mg gives т = Š = 1 slug. The differential equation of motion is then 


К. д а н (17) 
—— = —4x 2 —— ог x = 0. 
4 dt? dt dt? dt 
The auxiliary equation for (17) ism? + 8m + 16 = (т + 4}? = 0,ѕот = m = — 4. 
Hence the system is critically damped, and 
x(t) = cie ^ + сиге“. (18) 
Applying the initial conditions x(0) = 0 and x'(0) = —3, we find, in turn, that c; = 0 
and c2 = —3. Thus the equation of motion is 
x(t) = —3te ^'. (19) 
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“~ maximum 
height above 
equilibrium position 


FIGURE 5.1.12 Critically damped system 
in Example 4 


To graph x(t), we proceed as in Example 3. From x'( = —3e “(1 — 4f) 
we see that x'(f) = 0 when г = L, The corresponding extreme displacement 
is x(;) = —3(j)e"! = —0.276 ft. As shown in Figure 5.1.12, we interpret this 
value to mean that the mass reaches a maximum height of 0.276 foot above the 


equilibrium position. a 


[EXAMPLE 5 | Underdamped Motion 


A mass weighing 16 pounds is attached to a 5-foot-long spring. At equilibrium the 
spring measures 8.2 feet. If the mass is initially released from rest at a point 2 feet 
above the equilibrium position, find the displacements x(t) if it is further known that 
the surrounding medium offers a resistance numerically equal to the instantaneous 
velocity. 


SOLUTION The elongation of the spring after the mass is attached is 8.2 — 5 = 3.2 ft, 


so it follows from Hooke’s law that 16 = k(3.2) ог k =5 lb/ft. In addition, 


m= 16 = 5 slug, so the differential equation is given by 


_ 


1 d dx @х ах 
= =—5 + 2— + 10x = 0. 20 
242 а “ dd (20) 
Proceeding, we find that the roots of m? + 2m + 10 = 0 are m, = —1 + 3i and 
mz = —] — 3i, which then implies that the system is underdamped, and 
x(t) = e (ст cos 3t + c» sin 32). (21) 


Finally, the initial conditions x(0) = —2 and x'(0) = 0 yield c; = —2 and c; — —, 
so the equation of motion is 


2 
x(t) = e | —2 cos 3t — 2 sin 3t |. (22) E 


ALTERNATIVE FORM OF x(t) In a manner identical to the procedure used on 
page 199, we can write any solution 


x(t) = e^ (ci cos Vw? — А21 + c; sin Vo? — А?!) 


in the alternative form 


x(t) = Ae™ sin(V@? — А? + 4), (23) 
where A = Vc? + сз and the phase angle ф is determined from the equations 
; СІ c2 СІ 
= — = 5 t =. 
sin ф А? cos ф А? ап ф e 


The coefficient Ae ^' is sometimes called the damped amplitude of vibrations. 
Because (23) is not a periodic function, the number 27 / V o — A? is called the 
quasi period and Vœ? — А? /27 is the quasi frequency. The quasi period is 
the time interval between two successive maxima of x(f). You should verify, for 
the equation of motion in Example 5, that A = 2V/10/3 and ф = 4.391. Therefore 
an equivalent form of (22) is 


x(t) — e ' sin(3t + 4.391). 


2V/10 
3 
5.1.3 SPRING/MASS SYSTEMS: DRIVEN MOTION 


DE OF DRIVEN MOTION WITH DAMPING Suppose we now take into con- 
sideration an external force f(t) acting on a vibrating mass on a spring. For example, 
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FIGURE 5.1.13 Oscillatory vertical 
motion of the support 
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f( could represent a driving force causing an oscillatory vertical motion of the 


support of the spring. See Figure 5.1.13. The inclusion of f(t) in the formulation of 
Newton’s second law gives the differential equation of driven or forced motion: 


хв a qu) Q4) 
up a dt | 
Dividing (24) by т gives 
dx dx 
+ 24 — + w*x = FA, 25 
a P (9? 


where F(t) = f(t)/m and, as in the preceding section, 2А = B/m, œ = k/m. To solve 
the latter nonhomogeneous equation, we can use either the method of undetermined 
coefficients or variation of parameters. 


[EXAMPLE 6 | Interpretation of an Initial-Value Problem 


Interpret and solve the initial-value problem 


СЕРТИ ossdt (2l 0-0 (26) 
: x=5cos4t, х(0) = =, x = 0. 
5 d£ dt 2 


SOLUTION We can interpret the problem to represent a vibrational system consist- 
ing of a mass (m — І slug or kilogram) attached to а spring (k = 2 Ib/ft or N/m). 
The mass is initially released from rest I unit (foot or meter) below the equilibrium 
position. The motion is damped (B — 1.2) and is being driven by an external periodic 
(T = 1/2 s) force beginning at f = 0. Intuitively, we would expect that even with 
damping, the system would remain in motion until such time as the forcing function 
was “turned off,’ in which case the amplitudes would diminish. However, as the 
problem is given, f(t) = 5 cos 4t will remain “on” forever. 
We first multiply the differential equation in (26) by 5 and solve 


dx? 
аё 


ах 
+ 6 + 10x = 0 
dt 


by the usual methods. Because m, = —3 +i, m = —3 — i, it follows that 
x(t) = е (су cos t + c» sin f). Using the method of undetermined coefficients, we 
assume a particular solution of the form x,(t) = A cos 4t + B sin 4t. Differentiating 
xy(f) and substituting into the DE gives 


xp + бхр + 10x, = (—6A + 24B) cos 4t + (—24A — 6B) sin 4t = 25 cos 4t. 
The resulting system of equations 


—6A + 24B = 25, —24А—6В=0 


yields A = z and B = =, It follows that 


3 : 25 50 , 
x(t) = e "(су cos t + c» sin f) — 102 cos 4t + 51 sin 4t. (27) 
38 


When we set t = 0 in the above equation, we obtain c, = ү. By differentiating 
the expression and then setting t = 0, we also find that с = 86 Therefore the 


equation of motion is 


38 86 25 50 
x(t) = e ?'| соѕ 7 sin f cos 4t + — sin 4t. (28) E 
51 51 102. 51 
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steady state 


transient 


m2 


(a) 


x(t) = transient 
+ steady state 


(b) 


FIGURE 5.1.14 Graph of solution in 
(28) of Example 6 


M J 
т 27 


FIGURE 5.1.15 Graph of solution in 
Example 7 for various initial velocities x; 


TRANSIENT AND STEADY-STATETERMS When Fis a periodic function, such as 
F(t) = Fo sin yt or F(t) = Fo cos yt, the general solution of (25) for A > 0 is the sum 
of a nonperiodic function x(t) and a periodic function x(t). Moreover, xe(t) dies off 
as time increases—that is, т, > x,(f) = 0. Thus for large values of time, the dis- 
placements of the mass are closely approximated by the particular solution хь(@). The 
complementary function x,(¢) is said to be a transient term or transient solution, 
and the function x,(f), the part of the solution that remains after an interval of time, is 
called a steady-state term or steady-state solution. Note therefore that the effect 


of the initial conditions on a spring/mass system driven by F is transient. In the 
particular solution (28), g^ (B cos t= 80 sin ) is a transient term, and x,(f) = 


-5 cos 4t + 20 sin 4t is a steady-state term. The graphs of these two terms and the 
solution (28) are given in Figures 5.1.14(a) and 5.1.14(b), respectively. 


[EXAMPLE 7 | Transient/Steady-State Solutions 


The solution of the initial-value problem 
а?х 
df? 


d 
* 25^ 2x = Acos t 2 sin t x(0) —0, x'(0) =x, 


where x; is constant, is given by 


x(t) = (x, — 2) e~ sin t + 2 sint. 
transient steady-state 


Solution curves for selected values of the initial velocity x; are shown in 
Figure 5.1.15. The graphs show that the influence of the transient term is negligible 
for about t > 37/2. а 


DE OF DRIVEN MOTION WITHOUT DAMPING With a periodic impressed force 
and no damping force, there is no transient term in the solution of a problem. Also, 
we shall see that a periodic impressed force with a frequency near or the same as the 
frequency of free undamped vibrations can cause a severe problem in any oscillatory 
mechanical system. 


[EXAMPLE 8 ЫЛ Undamped Forced Motion 


Solve the initial-value problem 


ax 2 ; 
——у + ox = Fosin yt, 


JË x'(0) = 0, (29) 


x(0) = 0, 
where / is a constant and у з о. 


SOLUTION The complementary function is x,(f) = с cos wt + сә sin wt. To obtain 
a particular solution, we assume x,(t) = A cos yt + B sin yt so that 


x", + ox, = А(о? — y?) cos yt + B(w* — y?) sin yt = Fo sin yt. 
Equating coefficients immediately gives A = 0 and В = Fo/(w* — y°). Therefore 
Fo. 

X,(t) = Соар sin yt. 
Applying the given initial conditions to the general solution 


f Fo f 
X(t) = cı cos wt + c» sin wt + — 3 sin yt 


qty 
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FIGURE 5.1.16 Pure resonance 
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FIGURE 5.1.17 LRC-series circuit 
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yields су = 0 and c = —yFo/ eo? — y). Thus the solution is 


o 
wlw? — y?) 


PURE RESONANCE Although equation (30) is not defined for у = о, it is 
interesting to observe that its limiting value as y — w can be obtained by applying 
L'Hópital's Rule. This limiting process is analogous to “tuning in" the frequency 
of the driving force (y/27) to the frequency of free vibrations (w/27). Intuitively, 
we expect that over a length of time we should be able to substantially increase the 
amplitudes of vibration. For y = w we define the solution to be 


x(t) = (— y sin wt + о sin yt), y * o. 30 E 


d 
—— (—y sin wt + о sin yt) 


— y sin wt + о sin yt d 
x(t) = lim Fo is 2 2 y = Folim is 
yoo wlw =y ) yoo 3 2 
——(®ш cay) 
dy 
. -—sin wt + wt cos yt 
= Fo lim (31) 
you —2wy 


—sin wt + wt cos wt 


—2w? 


0 


Fo. Fo 
= — sin ot t cos wt. 
2w 2 


As suspected, when t —> ^o, the displacements become large; in fact, x(t,)| — oc when 
f, = nm/o,n = 1,2,.... The phenomenon that we have just described is known as 
pure resonance. The graph given in Figure 5.1.16 shows typical motion in this case. 

In conclusion it should be noted that there is no actual need to use a limiting 
process on (30) to obtain the solution for y = w. Alternatively, the last equation in 
(31) can be obtained by solving the initial-value problem 

2 
a + w*x =Fosinwt, x(0)=0, х'(0) = 0 
directly by the methods of undetermined coefficients or variation of parameter. 

If the displacements of a spring/mass system were actually described by a func- 
tion such as (31), the system would necessarily fail. Large oscillations of the mass 
would eventually force the spring beyond its elastic limit. One might argue too that 
the resonating model presented in Figure 5.1.16 is completely unrealistic because it 
ignores the retarding effects of ever-present damping forces. Although it is true that 
pure resonance cannot occur when the smallest amount of damping is taken into con- 
sideration, large and equally destructive amplitudes of vibration (although bounded 
as t > ©) can occur. See Problem 47 in Exercises 5.1. 


5.1.4 SERIES CIRCUIT ANALOGUE 


LRC-SERIESCIRCUITS As was mentioned in the introduction to this chapter, many 
different physical systems can be described by a linear second-order differential 
equation similar to the differential equation of forced motion with damping: 

да. тт (32) 

т х= f(t). 

а? й 
If i(t) denotes current in the LRC-series electrical circuit shown in Figure 5.1.17, 
then the voltage drops across the inductor, resistor, and capacitor are as shown in 
Figure 1.3.4. By Kirchhoff’s second law the sum of these voltages equals the voltage 
E(t) impressed on the circuit; that is, 


LÜ salam (33) 
== 1 — = 
dt с“ 
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But the charge 4(7) on the capacitor is related to the current i(r) by i = dq/dt, so 
(33) becomes the linear second-order differential equation 
"a MW у E(t) (34) 
dt? dt C i 

The nomenclature used in the analysis of circuits is similar to that used to 
describe spring/mass systems. 

If E(t) = 0, the electrical vibrations of the circuit are said to be free. Because 
the auxiliary equation for (34) is Lm? + Rm + 1/C = 0, there will be three forms of 
the solution with R # 0, depending on the value of the discriminant R? — 4L/C. We 
say that the circuit is 


overdamped if R? — ALIC > 0, 
critically damped if R? — 4L/C = 0, 
and underdamped if R? — 4LIC <0. 


In each of these three cases the general solution of (34) contains the factor p PL во 


q(t) > 0 as t — œ. In the underdamped case when q(0) = go, the charge on the 
capacitor oscillates as it decays; in other words, the capacitor is charging and dis- 
charging as t — ov. When E(t) = О and R = 0, the circuit is said to be undamped, 
and the electrical vibrations do not approach zero as f increases without bound; the 
response of the circuit is simple harmonic. 


[EXAMPLE 9 | Underdamped Series Circuit 


Find the charge q(f) on the capacitor in an LRC-series circuit when L — 0.25 
henry (h), R = 10 ohms (О), C = 0.001 farad (f), E(r) = 0, q(0) = qo coulombs (C), 
and i(0) = 0. 


SOLUTION Since 1/C = 1000, equation (34) becomes 
1 
44 + 104' + 10004 = 0 or q” + 404' + 40004 = 0. 


Solving this homogeneous equation in the usual manner, we find that the circuit is 
underdamped and q(t) = e~7(c, cos 60t + c» sin 60r). Applying the initial condi- 
tions, we find c; = gg and c2 = 1 qo. Thus 


1 
q(t) = qoe "| cos 60t + з sin 60/ |. 


Using (23), we can write the foregoing solution as 


v 10 

git) = 1 e^?" sin(60r + 1.249). и 

When there is an impressed voltage E(t) on the circuit, the electrical vibrations 

are said to be forced. In the case when R # 0, the complementary function qe(t) of 

(34) is called a transient solution. If E(f) is periodic or a constant, then the particular 
solution q,(t) of (34) is a steady-state solution. 


[EXAMPLE 10 | Steady-State Current 


Find the steady-state solution q,(t) and the steady-state current in an LRC-series 
circuit when the impressed voltage is E(t) = Eo sin yt. 


SOLUTION The steady-state solution g,(f) is a particular solution of the differential 
equation 
p nU тые 
= Еу sin yt. 
"Er о RE 
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Using the method of undetermined coefficients, we assume a particular solution of 
the form q,(f) = A sin yt + B cos yt. Substituting this expression into the differential 
equation, simplifying, and equating coefficients gives 


1 
C E 
as 2L ; 5 3 1 | 
-y| PY -= + Е ey by = —+ +R? 
| i oy | | сеу 
It is convenient to express A апа В in terms of some new symbols. 
2L 1 
If Х = Іу – Шеп eq yep 5" 
С Cy 
A/x2 2 2 22. 2L 1 2 
If Z=VX +R, then ec eer t pet des 
Y 


Therefore А = EgX/(— yZ2) and B = ЕЁ/(—'у7?), so the steady-state charge is 


O EoX . А EoR И 
= o oll — —— 5 cos b 
dp yz y yz y 


Now the steady-state current is given by i,(t) = q5(t): 


Z 


: Eo[R , X 
і) = z|zm yt — PS yt |. 35) E 


The quantities X = Ly — 1/Cy and 7 = V X? + R? defined in Example 10 are 
called the reactance and impedance, respectively, of the circuit. Both the reactance 
and the impedance are measured in ohms. 


EXERCISES 5. 1 Answers to selected odd-numbered problems begin on page ANS-7. 


5.1.1 Spring/Mass Systems: Free Undamped Motion 


1. A mass weighing 4 pounds is attached to a spring whose spring 
constant is 16 Ib/ft. What is the period of simple harmonic 
motion? 


2. A 20-kilogram mass is attached to a spring. If the frequency 
of simple harmonic motion is 2/7 cycles/s, what is the spring 
constant К? What is the frequency of simple harmonic motion 
if the original mass is replaced with an 80-kilogram mass? 


@a mass weighing 24 pounds, attached to the end of a spring, 
stretches it 4 inches. Initially, the mass is released from rest 
from a point 3 inches above the equilibrium position. Find the 
equation of motion. 


4. Determine the equation of motion if the mass in Problem 3 is 
initially released from the equilibrium position with a downward 
velocity of 2 ft/s. 


5. A mass weighing 20 pounds stretches a spring 6 inches. 
The mass is initially released from rest from a point 6 inches 
below the equilibrium position. 


(a) Find the position of the mass at the times t = 77/12, 7/8, 
7/6, 7/4, and 97/32 s. 


(b) What is the velocity of the mass when t — 37/16 s? In 
which direction is the mass heading at this instant? 


(c) At what times does the mass pass through the equilibrium 
position? 


Өл force of 400 newtons stretches a spring 2 meters. A mass of 


50 kilograms is attached to the end of the spring and is initially 
released from the equilibrium position with an upward velocity 
of 10 m/s. Find the equation of motion. 


. Another spring whose constant is 20 N/m is suspended 


from the same rigid support but parallel to the spring/mass 
system in Problem 6. A mass of 20 kilograms is attached 

to the second spring, and both masses are initially released from 
the equilibrium position with an upward velocity of 10 m/s. 


(a) Which mass exhibits the greater amplitude of motion? 
(b) Which mass is moving faster at t = 7/4 s? At 7/2 s? 


(c) At what times are the two masses in the same position? 
Where are the masses at these times? In which directions 
are the masses moving? 


. A mass weighing 32 pounds stretches a spring 2 feet. 


Determine the amplitude and period of motion if the mass is 
initially released from a point 1 foot above the equilibrium 
position with an upward velocity of 2 ft/s. How many 
complete cycles will the mass have completed at the end 

of 4T seconds? 
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A mass weighing 8 pounds is attached to a spring. When set in 
motion, the spring/mass system exhibits simple harmonic motion. 


(a) Determine the equation of motion if the spring constant is 
1 Ib/ft and the mass is initially released from a point 
6 inches below the equilibrium position with a downward 
velocity of 3 ft/s. 


(b) Express the equation of motion in the form given in (6). 
(c) Express the equation of motion in the form given in (6’). 


A mass weighing 10 pounds stretches a spring } foot. This 
mass is removed and replaced with a mass of 1.6 slugs, which 
is initially released from a point i foot above the equilibrium 
position with a downward velocity of 3 ft/s. 


(a) Express the equation of motion in the form given in (6). 
(b) Express the equation of motion in the form given in (6') 


(c) Use one of the solutions obtained in parts (a) and (b) to 
determine the times the mass attains a displacement below 
the equilibrium position numerically equal to 5 the 
amplitude of motion. 


A mass weighing 64 pounds stretches a spring 0.32 foot. 
The mass is initially released from a point 8 inches above the 
equilibrium position with a downward velocity of 5 ft/s. 


(a) Find the equation of motion. 
(b) What are the amplitude and period of motion? 


(c) How many complete cycles will the mass have completed 
at the end of 37 seconds? 


(d) At what time does the mass pass through the equilibrium 
position heading downward for the second time? 


(e) At what times does the mass attain its extreme 
displacements on either side of the equilibrium position? 


(f) What is the position of the mass at t — 3 s? 
(g) What is the instantaneous velocity at t — 3 s? 
(h) What is the acceleration at t = 3 s? 


(i) What is the instantaneous velocity at the times when the 
mass passes through the equilibrium position? 


(j) At what times is the mass 5 inches below the equilibrium 
position? 


(К) At what times is the mass 5 inches below the equilibrium 
position heading in the upward direction? 


A mass of 1 slug is suspended from a spring whose spring 
constant is 9 Ib/ft. The mass is initially released from a point 
1 foot above the equilibrium position with an upward velocity 
of УЗ ft/s. Find the times at which the mass is heading 
downward at a velocity of 3 ft/s. 


A mass weighing 20 pounds stretches a spring 6 inches and 
another spring 2 inches. The two springs are then attached 

in parallel to a common rigid support in the manner shown 

in Figure 5.1.5. Determine the effective spring constant of 
the double-spring system. Find the equation of motion if the 
mass is initially released from the equilibrium position with a 
downward velocity of 2 ft/s. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


A certain mass stretches one spring I foot and another spring 

1 foot. The two springs are then attached in parallel to а common 
rigid support in the manner shown in Figure 5.1.5. The first mass 
is set aside, and a mass weighing 8 pounds is attached to the 
double-spring arrangement, and the system is set in motion. If 
the period of motion is 7/15 second, determine how much the 
first mass weighs. 


Solve Problem 13 again, but this time assume that the springs 
are in series as shown in Figure 5.1.6. 


Solve Problem 14 again, but this time assume that the springs 
are in series as shown in Figure 5.1.6. 


Find the effective spring constant of the parallel-spring system 
shown in Figure 5.1.5 when both springs have the spring 
constant К. Give a physical interpretation of this result. 


Find the effective spring constant of the series-spring system 
shown in Figure 5.1.6 when both springs have the spring 
constant К. Give a physical interpretation of this result. 


A model of a spring/mass system is 4x" + e 9" = 0. By 
inspection of the differential equation only, discuss the behavior 
of the system over a long period of time. 


A model of a spring/mass system is 4x” + tx = 0. By inspection 
of the differential equation only, discuss the behavior of the 
system over a long period of time. 


5.1.2 Spring/Mass Systems: Free Damped Motion 


In Problems 21—24 the given figure represents the graph of an equa- 
tion of motion for a damped spring/mass system. Use the graph to 
determine 


(a) whether the initial displacement is above or below the 


equilibrium position and 


(b) whether the mass is initially released from rest, heading 


21. 


22. 


downward, or heading upward. 


XA 


|a T 
\ 
\ 
FIGURE 5.1.18 Graph for Problem 21 

Xk 

TO 

/ 

t 


FIGURE 5.1.19 Graph for Problem 22 
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FIGURE 5.1.20 Graph for Problem 23 


"T 
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I 


FIGURE 5.1.21 Graph for Problem 24 


a mass weighing 4 pounds is attached to a spring whose constant 


26. 


is 2 1b/ft. The medium offers a damping force that is numerically 
equal to the instantaneous velocity. The mass is initially released 
from a point 1 foot above the equilibrium position with a 
downward velocity of 8 ft/s. Determine the time at which the mass 
passes through the equilibrium position. Find the time at which 
the mass attains its extreme displacement from the equilibrium 
position. What is the position of the mass at this instant? 


A 4-foot spring measures 8 feet long after a mass weighing 8 
pounds is attached to it. The medium through which the mass 
moves offers a damping force numerically equal to V2 times 
the instantaneous velocity. Find the equation of motion if the 
mass is initially released from the equilibrium position with a 
downward velocity of 5 ft/s. Find the time at which the mass 
attains its extreme displacement from the equilibrium position. 
What is the position of the mass at this instant? 


@ A 1-kilogram mass is attached to a spring whose constant is 


28. 


16 N/m, and the entire system is then submerged in a liquid 
that imparts a damping force numerically equal to 10 times the 
instantaneous velocity. Determine the equations of motion if 


(a) the mass is initially released from rest from a point 1 meter 
below the equilibrium position, and then 


(b) the mass is initially released from a point 1 meter below the 
equilibrium position with an upward velocity of 12 m/s. 


In parts (a) and (b) of Problem 27 determine whether the mass 
passes through the equilibrium position. In each case find the 
time at which the mass attains its extreme displacement from 
the equilibrium position. What is the position of the mass at 
this instant? 


69 ^ force of 2 pounds stretches a spring 1 foot. A mass weighing 


3.2 pounds is attached to the spring, and the system is then 
immersed in a medium that offers a damping force that is 
numerically equal to 0.4 times the instantaneous velocity. 


(a) Find the equation of motion if the mass is initially released 
from rest from a point 1 foot above the equilibrium position. 


30. 


31. 
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(b) Express the equation of motion in the form given in (23). 


(c) Find the first time at which the mass passes through the 
equilibrium position heading upward. 


After a mass weighing 10 pounds is attached to a 5-foot spring, 
the spring measures 7 feet. This mass is removed and replaced 
with another mass that weighs 8 pounds. The entire system 

is placed in a medium that offers a damping force that is 
numerically equal to the instantaneous velocity. 


(a) Find the equation of motion if the mass is initially released 
from a point 5 foot below the equilibrium position with a 
downward velocity of 1 ft/s. 


(b) Express the equation of motion in the form given in (23). 


(c) Find the times at which the mass passes through the 
equilibrium position heading downward. 


(d) Graph the equation of motion. 


A mass weighing 10 pounds stretches a spring 2 feet. The 
mass is attached to a dashpot device that offers a damping 
force numerically equal to В (8 > 0) times the instantaneous 
velocity. Determine the values of the damping constant B so 
that the subsequent motion is (a) overdamped, (b) critically 
damped, and (c) underdamped. 


. A mass weighing 24 pounds stretches a spring 4 feet. The 


subsequent motion takes place in medium that offers a damping 
force numerically equal to B (B > 0) times the instantaneous 
velocity. If the mass is initially released from the equilibrium 
position with an upward velocity of 2 ft/s, show that when 

В > ЗУ? the equation of motion is 


2 
e ?BIB sinh = 


-3 
УВ 18 3 


x(t) = B? — 181. 


5.1.3 Spring/Mass Systems: Driven Motion 


3З. A mass weighing 16 pounds stretches a spring : feet. The mass 


34. 


35. 


is initially released from rest from a point 2 feet below the 
equilibrium position, and the subsequent motion takes place in 
a medium that offers a damping force that is numerically equal 
to 1 the instantaneous velocity. Find the equation of motion if 
the mass is driven by an external force equal to f(t) = 10 cos 3t. 


A mass of 1 slug is attached to a spring whose constant is 5 lb/ft. 
Initially, the mass is released 1 foot below the equilibrium 
position with a downward velocity of 5 ft/s, and the subsequent 
motion takes place in a medium that offers a damping force that 
is numerically equal to 2 times the instantaneous velocity. 


(a) Find the equation of motion if the mass is driven by an 
external force equal to f(t) = 12 cos 2t + 3 sin 2t. 


(b) Graph the transient and steady-state solutions on the same 
coordinate axes. 


(c) Graph the equation of motion. 


A mass of 1 slug, when attached to a spring, stretches it 2 feet 
and then comes to rest in the equilibrium position. Starting at 

t = 0, an external force equal to f(t) = 8 sin 4t is applied to the 
system. Find the equation of motion if the surrounding medium 
offers a damping force that is numerically equal to 8 times the 
instantaneous velocity. 
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36. In Problem 35 determine the equation of motion if the external 
force is f(t) = e ‘ sin 4t. Analyze the displacements for t — oc. 


GP When a mass of 2 kilograms is attached to a spring whose 
constant is 32 N/m, it comes to rest in the equilibrium position. 
Starting at t = 0, a force equal to f(t) = 68e ?' cos 4t is applied 
to the system. Find the equation of motion in the absence of 
damping. 


38. In Problem 37 write the equation of motion in the form 


x(t) = Asin(wt + ф) + Be ?'sin(4t + 0). What is the amplitude 
of vibrations after a very long time? 


39. A mass m is attached to the end of a spring whose constant 
is k. After the mass reaches equilibrium, its support begins 
to oscillate vertically about a horizontal line L according to 
a formula h(t). The value of л represents the distance in feet 
measured from L. See Figure 5.1.22. 


(a) Determine the differential equation of motion if the entire 
system moves through a medium offering a damping force 
that is numerically equal to B(dx/dt). 


(b) Solve the differential equation in part (a) if the spring is 
stretched 4 feet by a mass weighing 16 pounds and В = 2, 
h(t) = 5 cos t, x(0) = x'(0) = 0. 


support 


^ juo 


FIGURE 5.1.22 Oscillating support in Problem 39 


GO) A mass of 100 grams is attached to a spring whose constant is 
1600 dynes/cm. After the mass reaches equilibrium, its support 
oscillates according to the formula h(t) = sin 8t, where Л 
represents displacement from its original position. See 
Problem 39 and Figure 5.1.22. 


(a) In the absence of damping, determine the equation of 
motion if the mass starts from rest from the equilibrium 
position. 


(b) At what times does the mass pass through the equilibrium 
position? 


(c) At what times does the mass attain its extreme displacements? 
(d) What are the maximum and minimum displacements? 


(e) Graph the equation of motion. 


In Problems 41 and 42 solve the given initial-value problem. 


d?x 
"qe 
x(0)=—1, x(0)=1 


41 


+t 4x = —5 sin 2t + 3 cos 2t, 


ax : 
42. aq + 9х = 5 ѕіп 31, x(0)=2, x(0-0 


43. (a) Show that the solution of the initial-value problem 


d?x 


12 


+ о?х = Focos yt, x(0)=0, х'(0)=0 


| Fo 
is х( = 3 2 (cos yt — cos wf). 
о —Yy 


(b) Evaluate lim (cos yt — cos ot). 
Yow 


-y 


44. Compare the result obtained in part (b) of Problem 43 with 


the solution obtained using variation of parameters when the 
external force is F cos wt. 


45. (a) Show that x(f) given in part (a) of Problem 43 can be 


written in the form 


т. =e a 
X = sin о) sin t @W)f. 
gow 2°? gr 


(b) If we define e = i (y — о), show that when e is small an 
approximate solution is 


Fo . : 
x(t) = —— sin et sin yt. 
2gy 


When = is small, the frequency y/277 of the impressed force 
is close to the frequency 0/27 of free vibrations. When 

this occurs, the motion is as indicated in Figure 5.1.23. 
Oscillations of this kind are called beats and are due to the 
fact that the frequency of sin ef is quite small in comparison 
to the frequency of sin yt. The dashed curves, or envelope 
of the graph of x(f), are obtained from the graphs of 
X(Fo/2ey) sin et. Use a graphing utility with various 
values of Fo, £, and y to verify the graph in Figure 5.1.23. 


=Y 


FIGURE 5.1.23 Beats phenomenon in Problem 45 


Computer Lab Assignments 


46. 


47. 


Can there be beats when a damping force is added to the model 
in part (a) of Problem 43? Defend your position with graphs 
obtained either from the explicit solution of the problem 


d?x 


dx 2 [7 
+ 2А + ох = Focos yt, x(0) = 0, x(0) = 0 


or from solution curves obtained using a numerical solver. 


(a) Show that the general solution of 


dx dx 5 . 
+ 2A + ox = Fosin yt 


is 
x(t) = Ae™ sin(V o? — A2t + Фф) 

П Fo 
Vlo? — у?)? + 4a2y? 


sin(yt + 0), 
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where А = Мс? + c3 and the phase angles ф and 0 are, 
respectively, defined by sin ф = c,/A, cos ф = с›/А and 


| —2Ày 
sin 0 = 2 22 Z2 
Ма? — yy + Ay! 
PEN, 
cos Ө = 5 = = xy 
Vor — у) + 47у 


(b) The solution in part (a) has the form x(t) = x«(t) + х(0). 
Inspection shows that x,(f) is transient, and hence for 
large values of time, the solution is approximated by 
Xp(t) = gCy) sin(yt + 0), where 


(y) f 
у) = З 
NE ру 3 Ay 


Although the amplitude g(y) of x(t) is bounded as t > ©, 
show that the maximum oscillations will occur at the value 
yi = Vw? — 2A?. What is the maximum value of g? 


The number V œw? — 232/27 is said to be the resonance 
frequency of the system. 


(c) When Fo = 2, m = 1, and К = 4, g becomes 
(У) > 
8(У) = . 
V4 — у)? + gy 


Construct a table of the values of yı and g(y1) correspond- 
ing to the damping coefficients B = 2, В = 1, B 3, B L 
and = І. Use а graphing utility to obtain the graphs of 

g corresponding to these damping coefficients. Use the 
same coordinate axes. This family of graphs is called the 
resonance curve or frequency response curve of the 
system. What is yı approaching as B — 0? What is 
happening to the resonance curve as В — 0? 


48. Consider a driven undamped spring/mass system described by 
the initial-value problem 
x(0) = 0, х'(0) = 0. 


(a) For n = 2, discuss why there is a single frequency у /27 
at which the system is in pure resonance. 


(b) For n = 3, discuss why there are two frequencies y,/27 
and у /27 at which the system is in pure resonance. 


(c) Suppose о = 1 and Fọ = 1. Use a numerical solver to 
obtain the graph of the solution of the initial-value problem 
for n = 2 and y = yı in part (a). Obtain the graph of the 
solution of the initial-value problem for n — 3 corresponding, 
in turn, to y = yı and у = у in part (b). 


5.2 
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5.1.4 Series Circuit Analogue 


(49) Find the charge on the capacitor in an LRC-series circuit at 
t = 0.01 s when L = 0.05 h, R = 2 Q, C= 0.01 f, E(r) = OV, 
q(0) = 5 C, and i(0) = 0 A. Determine the first time at which 
the charge on the capacitor is equal to zero. 


50. Find the charge on the capacitor in an LRC-series circuit when 
Lih R =200,C= aw f, E(f) = 0 V, q(0) = 4 C, and 
i(0) = 0 A. Is the charge on the capacitor ever equal to zero? 


In Problems 51 and 52 find the charge on the capacitor and the cur- 
rent in the given LRC-series circuit. Find the maximum charge on 
the capacitor. 


Ji. L = $h, R = 10 Q, C = Hf, Е = 300 V, q(0) = 0C, 
i(0) = 0А 

52. L = 1 h, К = 1000, С = 0.0004 f, E(r) = 30 V, q(0) = 0С, 
0) = 2А 


53. Find the steady-state charge and the steady-state current in an 
LRC-series circuit when L = 1 h, R = 2 Q, C = 0.25 f, and 
E(t) = 50 cos t V. 


54. Show that the amplitude of the steady-state current in the 
LRC-series circuit in Example 10 is given by Eo/Z, where Z is 
the impedance of the circuit. 


55. Use Problem 54 to show that the steady-state current in an 
LRC-series circuit when L = $h, R = 20 Q, C = 0.001 f, and 
E(t) = 100 sin 60t V, is given by i,(t) = 4.160 sin(60r — 0.588). 


56. Find the steady-state current in an LRC-series circuit when 
L = Łh, R = 20 О, С = 0.001 f, and E(t) = 100 sin 60¢ + 
200 cos 40t V. 


(673 Find the charge on the capacitor in an LRC-series circuit when 
L =+Ł}h, R = 100, C = 0.01 f, E(t) = 150 V, q(0) = 1 C, and 
i(0) = 0 A. What is the charge on the capacitor after a long time? 


58. Show that if L, R, C, and Ep are constant, then the amplitude 
of the steady-state current in Example 10 is a maximum when 
y = 1/ VLC. What is the maximum amplitude? 


59. Show that if L, R, Eo, and y are constant, then the amplitude of 
the steady-state current in Example 10 is a maximum when the 
capacitance is С = 1/Ly’. 


60. Find the charge on the capacitor and the current in an LC-series 
circuit when L = 0.1 h, C = 0.1 f, E(r) = 100 sin yt V, 
q(0) = OC, and i(0) = 0 A. 


61. Find the charge on the capacitor and the current in an LC-series 
circuit when E(t) = Ep cos yt V, q(0) = qo C, and i(0) = ig A. 


62. In Problem 61 find the current when the circuit is in resonance. 


Linear Models: Boundary-Value Problems 


INTRODUCTION The preceding section was devoted to systems in which a 
second-order mathematical model was accompanied by initial conditions—that is, 
side conditions that are specified on the unknown function and its first derivative at 
a single point. But often the mathematical description of a physical system demands 
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„——————4 
axis of symmetry 


(a) 


deflection curve 


(b) 


FIGURE 5.2.1 Deflection of a 
homogeneous beam 


that we solve a linear differential equation subject to boundary conditions—that is, 
conditions specified on the unknown function, or on one of its derivatives, or even 
on a linear combination of the unknown function and one of its derivatives at two (or 
more) different points. 


DEFLECTION OF A BEAM Many structures are constructed by using girders 
or beams, and these beams deflect or distort under their own weight or under the 
influence of some external force. As we shall now see, this deflection y(x) is governed 
by a relatively simple linear fourth-order differential equation. 

To begin, let us assume that a beam of length L is homogeneous and has uniform 
cross sections along its length. In the absence of any load on the beam (including its 
weight), a curve joining the centroids of all its cross sections is a straight line called 
the axis of symmetry. See Figure 5.2.1(a). If a load is applied to the beam in a verti- 
cal plane containing the axis of symmetry, the beam, as shown in Figure 5.2.1(b), 
undergoes a distortion, and the curve connecting the centroids of all cross sections is 
called the deflection curve or elastic curve. The deflection curve approximates the 
shape of the beam. Now suppose that the x-axis coincides with the axis of symmetry 
and that the deflection y(x), measured from this axis, is positive if downward. In the 
theory of elasticity it is shown that the bending moment M(x) at a point x along the 
beam is related to the load per unit length w(x) by the equation 

2 
T= wo: а) 
In addition, the bending moment M(x) is proportional to the curvature к of the 
elastic curve 


M(x) = Elk, (2) 


where Е and / are constants; E is Young's modulus of elasticity of the material of the 
beam, and Г is the moment of inertia of a cross section of the beam (about an axis 
known as the neutral axis). The product ET is called the flexural rigidity of the beam. 
Now, from calculus, curvature is given by к = y"/[1 + (y'?P?. When the 
deflection y(x) is small, the slope y' = 0, and so [1 + (y)??? = 1. If we let к = y", 
equation (2) becomes M — EI y". The second derivative of this last expression is 
ФМ а? d^y 


— EI "= Е . 3 
dx? dx? 7 аж (9) 


Using the given result in (1) to replace аМ/ ах? in (3), we see that the deflection y(x) 
satisfies the fourth-order differential equation 
Tam (4) 
— = w(x). 
dx* 

Boundary conditions associated with equation (4) depend on how the ends of the 
beam are supported. A cantilever beam is embedded or clamped at one end and free 
at the other. A diving board, an outstretched arm, an airplane wing, and a balcony 
are common examples of such beams, but even trees, flagpoles, skyscrapers, and the 
George Washington Monument can act as cantilever beams because they are embedded 
at one end and are subject to the bending force of the wind. For a cantilever beam the 
deflection y(x) must satisfy the following two conditions at the embedded end x — 0: 


* у(0) = 0 because there is no deflection, and 
* y'(0) = 0 because the deflection curve is tangent to the x-axis (in other 
words, the slope of the deflection curve is zero at this point). 


At x — L the free-end conditions are 


e y"(L) = 0 because the bending moment is zero, and 
e y"(L) = 0 because the shear force is zero. 
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(a) embedded at both ends 


x=0 x=L 


(b) cantilever beam: embedded at 
the left end, free at the right end 


x=0 x=L 
(c) simply supported at both ends 


FIGURE 5.2.2 Beams with various 
end conditions 


TABLE 5.2.1 


Ends of 
the Beam Boundary Conditions 
embedded y=0, у= 0 
free у'=0, y”=0 
simply 
supported 
or hinged y=0, y"=0 
0.5 
| - П > 
1 x 
Ут 


FIGURE 5.2.3 Deflection curve for 
BVP in Example 1 
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The function F(x) = dM/dx = EI d?y/dx? is called the shear force. If an end of 
a beam is simply supported or hinged (also called pin supported and fulcrum 
supported) then we must have y = 0 and у” = 0 at that end. Table 5.2.1 summarizes 
the boundary conditions that are associated with (4). See Figure 5.2.2. 


[EXAMPLE 1 | An Embedded Beam 


A beam of length L is embedded at both ends. Find the deflection of the beam if a con- 
stant load wo is uniformly distributed along its length—that is, w(x) = wo, 0 < x < L. 


SOLUTION From (4) we see that the deflection y(x) satisfies 


d^y 
El —, = wo. 
ax 
Because the beam is embedded at both its left end (x = 0) and its right end (x = L), 
there is no vertical deflection and the line of deflection is horizontal at these points. 
Thus the boundary conditions are 


y0)=0, yO)=0, у0) =0, Уу =0. 


We can solve the nonhomogeneous differential equation in the usual manner (find ye 
by observing that m — 0 is root of multiplicity four of the auxiliary equation m^ — 0 
and then find a particular solution y, by undetermined coefficients), or we can simply 
integrate the equation d^y/dx^ = wo/EI four times in succession. Either way, we find 
the general solution of the equation y = ye + yp to be 


Wo 4 
x. 
24EI 


yx) = cy + cox + 03x? + сд + 


Now the conditions y(0) = 0 and y'(0) = 0 give, in turn, c; = 0 and c; = О, whereas the 


w 
remaining conditions y(L) = Oand y'(L) = O applied to у(х) = сзх” + сах? + о 
ў А І 24ЕІ 
yield ће simultaneous equations 
Wo 
I wb + ——15=0 
Lal EI 


Jobta P LB HG 
6EI 


Solving this system gives сз = woL?/24EI and c4 = —woL/ 2EI. Thus the deflection is 


E L 
у(х) = ы = 8 c ат x 
24 EI 12EI 24 EI 
or y(x) — DT xx — Ly. By choosing wo = 24EI, and L = 1, we obtain the 
deflection curve in Figure 5.2.3. E 


EIGENVALUES AND EIGENFUNCTIONS Many applied problems demand that 
we solve a two-point boundary-value problem (BVP) involving a linear differential 
equation that contains a parameter A. We seek the values of A for which the 
boundary-value problem has nontrivial, that is, nonzero, solutions. 


[EXAMPLE 2 | Nontrivial Solutions of a BVP 


Solve the boundary-value problem 


у +Лу = 0, y0)=0, y) = 0. 
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Note that we use hyperbolic 
functions here. Reread “Two 
Equations Worth Knowing" on 
page 137. 


Є 


y 
a п= 2 п= 1 п= 3 B 
L 
р п= 4 йз=5 4 


FIGURE 5.2.4 Graphs of 
eigenfunctions y, = sin(n7x/L), 
forn = 1, 2,3, 4, 5 


SOLUTION We shall consider three cases: A = 0, А < 0, апал > 0. 


Case |: ForA = 0 the solution of y" = 0 is y = сх + c2. The conditions y(0) = 0 
and y(L) = 0 applied to this solution imply, in turn, c; = 0 and с = 0. Hence for 
A = 0 the only solution of the boundary-value problem is the trivial solution y = 0. 


Case Il: For A < 0 it is convenient to write A = —o?, where œ denotes a posi- 
tive number. With this notation the roots of the auxiliary equation m? — a? = 0 are 
ту = a and m = —a. Since the interval on which we are working is finite, we 
choose to write the general solution of у” — o?y = 0 as y = c; cosh ax + c» sinh ax. 
Now y(0) is 


y(0) = cı cosh 0 + cp sinhO = cy: 1 +o-0=c), 


and so у(0) = 0 implies that c; = 0. Thus у = c» sinh ax. The second condition, 
y(L) = 0, demands that c; sinh aL = 0. For a 0, sinh aL = 0; consequently, 
we are forced to choose c? = 0. Again the only solution of the BVP is the trivial 
solution y = 0. 


Case Ш: For A > 0 we write A = a, where a is a positive number. Because the 
auxiliary equation т? + a? = 0 has complex roots m, = ia and m = —ia, the gen- 
eral solution of у” + а?у = Ois y = cı cos ax + сз sin ax. As before, у(0) = 0 yields 
c; = 0, and so y = сә sin ax. Now the last condition y(L) = 0, or 


сә їп aL = 0, 


is satisfied by choosing c; = 0. But this means that у = 0. If we require сә # 0, then 
sin aL = 0 is satisfied whenever aL is an integer multiple of т. 


2 
пт пт 
а = пп or = or w= at= (5), n= 12,3, 


Therefore for any real nonzero c», y,(x) = сә sin(n7rx/L) is a solution of the problem 
for each positive integer n. Because the differential equation is homogeneous, any 
constant multiple of a solution is also a solution, so we may, if desired, simply take 
c? = 1. In other words, for each number in the sequence 


Е т? _ Aq? T 9n? 
№ = ү» № = cq Ag Spee 
the corresponding function in the sequence 
T . 2т . 30 
yi = sin—x, y2 = sin— x, уз = sin— x,... 


L L L 


is a nontrivial solution of the problem y" + A,y = 0, y(0) = 0, y(D) = 0 for 
п = 1,2,3,..., respectively. El 


The numbers А, = n^q?/ 12, п = 1,2,3,... for which the boundary-value prob- 
lem in Example 2 possesses nontrivial solutions are known as eigenvalues. The non- 
trivial solutions that depend on these values of Ay, y,(x) = c» sin(nzrx/ L) or simply 
y,(x) = sin(n7rx/L), are called eigenfunctions. The graphs of the eigenfunctions for 
n — 1,2, 3, 4, 5 are shown in Figure 5.2.4. Note that each graph passes through the 
two points (0, 0) and (0, L). 


[EXAMPLE 3 | Example 2 Revisited 


It follows from Example 2 and the preceding disucussion that the boundary-value 
problem 


y’+5y=0, у(0) = 0, wL)=0 


possesses only the trivial solution у = 0 because 5 is not an eigenvalue. E 
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(а) (b) 


FIGURE 5.2.5 Elastic column 
buckling under a compressive force 


(a) (b) (c) 


FIGURE 5.2.6 Deflection curves 
corresponding to compressive forces 
Pi, Po, Рз 


мат 
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BUCKLING OF ATHIN VERTICAL COLUMN In the eighteenth century Leonhard 
Euler was one of the first mathematicians to study an eigenvalue problem in 
analyzing how a thin elastic column buckles under a compressive axial force. 

Consider a long, slender vertical column of uniform cross section and length L. 
Let y(x) denote the deflection of the column when a constant vertical compressive 
force, or load, P is applied to its top, as shown in Figure 5.2.5. By comparing bending 
moments at any point along the column, we obtain 


d 
EI — = —Py or Е — 4 Py = 0, (5) 
dx 


where Е is Young's modulus of elasticity and / is the moment of inertia of a cross 
section about a vertical line through its centroid. 


[EXAMPLE 4 The Euler Load 


Find the deflection of a thin vertical homogeneous column of length L subjected to a 
constant axial load P if the column is simply supported or hinged at both ends. 


SOLUTION The boundary-value problem to be solved is 

а?у 

EI —5 + Ру = 0, у(0) = 0, у) = 0. 

ах 
First note that у = 0 is a perfectly good solution of this problem. This solution has 
a simple intuitive interpretation: If the load P is not great enough, there is no 
deflection. The question then is this: For what values of P will the column bend? In 
mathematical terms: For what values of P does the given boundary-value problem 
possess nontrivial solutions? 

By writing A = P/EI, we see that 


y'*Ay-20, y00—0, у) = 0 


is identical to the problem in Example 2. From Case III of that discussion we see 
that the deflections are у,(х) = c» sin(nax/L) corresponding to the eigenvalues 
Àn = P,/EI = п?т?/12, n = 1, 2, 3,.... Physically, this means that the col- 
umn will buckle or deflect only when the compressive force is one of the values 
Р, = n? EI / 12,п = 1,2,3,.... These different forces are called critical loads. The 
deflection corresponding to the smallest critical load P, = v?EI/L?, called the Euler 
load, is yi(x) = сә sin(7rx/ L) апа is known as the first buckling mode. E 


The deflection curves in Example 4 corresponding to n = 1, n = 2, and n = 3 
are shown in Figure 5.2.6. Note that if the original column has some sort of physical 
restraint put on it at x = L/2, then the smallest critical load will be Р› = 47°EI/L?, 
and the deflection curve will be as shown in Figure 5.2.6(b). If restraints are put on 
the column at x = L/3 and at x = 2L/3, then the column will not buckle until the 
critical load Рз = 97°EI/L? is applied, and the deflection curve will be as shown in 
Figure 5.2.6(c). See Problem 25 in Exercises 5.2. 


ROTATING STRING The simple linear second-order differential equation 
y" tAy=0 (6) 


occurs again and again as a mathematical model. In Section 5.1 we saw (6) in the 
forms d?x/dt? + (k/m)x = 0 and d?q/dt? + (1/LC)q = 0 as models for, respec- 
tively, the simple harmonic motion of a spring/mass system and the simple harmonic 
response of a series circuit. It is apparent when the model for the deflection of a thin 
column in (5) is written as d?y/dx? + (P/EI)y = 0 that it is the same as (6). We 
encounter the basic equation (6) one more time in this section: as a model that defines 
the deflection curve or the shape y(x) assumed by a rotating string. The physical 
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(с) 


FIGURE 5.2.7 Rotating string and forces 
acting on it 


Т[у'(х + Ax) - у'(х)] = —(pAnyw? o Т 


situation is analogous to when two people hold a jump rope and twirl it in a synchro- 
nous manner. See Figures 5.2.7(a) and 5.2.7(b). 

Suppose a string of length L with constant linear density p (mass per unit length) 
is stretched along the x-axis and fixed at x = 0 and x = L. Suppose the string is then 
rotated about that axis at a constant angular speed w. Consider a portion of the string 
on the interval [x, x + Ax], where Ax is small. If the magnitude T of the tension T, 
acting tangential to the string, is constant along the string, then the desired differen- 
tial equation can be obtained by equating two different formulations of the net force 
acting on the string on the interval [x, x + Ax]. First, we see from Figure 5.2.7(c) that 
the net vertical force is 


F = T sin 05 — Т sin Ө|. (7) 


When angles 0; and 05 (measured in radians) are small, we have sin 05 ~ tan 05 and 
sin 0; ~ tan 01. Moreover, since tan 0» and tan 0 are, in turn, slopes of the lines con- 
taining the vectors T» and T, we can also write 


tan 05 = y'(x + Ax) and tan 0; = y'(x). 
Thus (7) becomes 
F ~ Т[у'(х + AS — у'(х)]. (8) 


Second, we can obtain a different form of this same net force using Newton’s second 
law, F = ma. Here the mass of the string on the interval is m = p Ax; the centripetal 
acceleration of a body rotating with angular speed о in a circle of radius ris a = rw”. 


With Ax small we take r = y. Thus the net vertical force is also approximated by 
Е = —(р Ах)уо?, (9) 


where the minus sign comes from the fact that the acceleration points in the direction 
opposite to the positive y-direction. Now by equating (8) and (9), we have 


үе quotient 


ETAD YO) + puty=0, (10) 


For Ax close to zero the difference quotient in (10) is approximately the second 
derivative d?y/dx?. Finally, we arrive at the model 


d 
P + pay = д. (11) 


Since the string is anchored at its ends x — 0 and x — L, we expect that the solution y(x) 
of equation (11) should also satisfy the boundary conditions у(0) = 0 and y(L) = 0. 


| (i) Eigenvalues are not always easily found as they were in Example 2. You may 


have to approximate roots of equations such as cos x cosh x = 1 or tanx = —x. 
See Problems 32 and 38 in Exercises 5.2. 


(i) Boundary conditions applied to a general solution of a linear differential 
equation can lead to a homogeneous algebraic system of linear equations in 
which the unknowns are the coefficients c; in the general solution. A homoge- 
neous algebraic system of linear equations is always consistent because it 
possesses at least a trivial solution. But a homogeneous system of n linear 
equations in n unknowns has a nontrivial solution if and only if the deter- 
minant of the coefficients equals zero. You might need to use this last fact in 
Problems 21, 22, and 32 in Exercises 5.2. 
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EXERCISES 5 2 Answers to selected odd-numbered problems begin on page ANS-8. 


Deflection of a Beam 


In Problems 1—5 solve equation (4) subject to the appropriate 
boundary conditions. The beam is of length L, and wo is a constant. 


1. (a) The beam is embedded at its left end and free at its right 
end, and w(x) = wọ 0 < x < L. 


(b) Use a graphing utility to graph the deflection curve when 
wo = 2A4EI and Г, = 1. 


2. (a) The beam is simply supported at both ends, and 
w(x) = мо, 0 € x € L. 


(b) Use a graphing utility to graph the deflection curve when 
wo = 2A4EI and Г, = 1. 


3. (a) The beam is embedded at its left end and simply supported 
at its right end, and w(x) = wọ, 0 € x < L. 


(b) Use a graphing utility to graph the deflection curve when 
wo = 48Е and L = 1. 


4. (a) The beam is embedded at its left end and simply supported 
at its right end, and w(x) = wo sin(zx/L), 0 < x < L. 


(b) Use a graphing utility to graph the deflection curve when 
wo = 23 EI and L = 1. 


(c) Use a root-finding application of a CAS (or a graphic 
calculator) to approximate the point in the graph in part (b) 
at which the maximum deflection occurs. What is the 
maximum deflection? 


5. (a) The beam is simply supported at both ends, and 
w(x) = мох, 0 < x € L. 


(b) Use a graphing utility to graph the deflection curve when 
Wo = 36EI and L = 1. 


(c) Use a root-finding application of a CAS (or a graphic 
calculator) to approximate the point in the graph in part (b) 
at which the maximum deflection occurs. What is the 
maximum deflection? 


6. (a) Find the maximum deflection of the cantilever beam in 
Problem 1. 


(b) How does the maximum deflection of a beam that is half as 
long compare with the value in part (a)? 


(c) Find the maximum deflection of the simply supported beam 
in Problem 2. 


(d) How does the maximum deflection of the simply supported 
beam in part (c) compare with the value of maximum 
deflection of the embedded beam in Example 1? 


7. A cantilever beam of length L is embedded at its right end, and 
a horizontal tensile force of P pounds is applied to its free left 
end. When the origin is taken at its free end, as shown in 
Figure 5.2.8, the deflection y(x) of the beam can be shown 
to satisfy the differential equation 


Ely" = Py — 


Find the deflection of the cantilever beam if w(x) = wox, 0 < x < L, 
and y(0) = 0, у'(1) = 0. 


x x 


FIGURE 5.2.8 Deflection of cantilever beam in Problem 7 


. When a compressive instead of a tensile force is applied at the 


free end of the beam in Problem 7, the differential equation of 
the deflection is 


Ely" = —Py — ww 


Solve this equation if w(x) = wox, 0 < x < L, and 
x(0) = 0, y'Q.) = 0. 


Eigenvalues and Eigenfunctions 


In Problems 9-20 find the eigenvalues and eigenfunctions for the 
given boundary-value problem. 


9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


In 


y" +ày=0, y0)=0, у(т)=0 
y'-Ay-0, y0) = 0, у(т/4) = 0 
y'tAy-0, у'(0) = 0, у) = 0 

у +Лу = 0, у(0) = 0, у (п/2) = 0 
y’+tay=0, у'(0) = 0, у(т) = 0 

у +Лу= 0, у(-п) = 0, уп) = 0 

y F2) Bc Dy. у(0=0, x5)=0 
PAs у=, y10)—0, y()-0 
xy" + ху +Ay=0, y1)=0, y(e7)=0 
wy tay +Ау=0, y(e5-0, yl) =0 
xy" +y +Ау = 0, у() = 0, у(е) = 0 
xy’ +ху +Ау= 0, yl) = 0, у (0) = 0 
Problems 21 and 22 find the eigenvalues and eigenfunctions 


for the given boundary-value problem. Consider only the case 
А = a, a > 0. [Hint: Read (ii) in the Remarks.] 


21. 


22. 


у —dy =0, x0 = 0, у'(0) = 0, у(1)=0, y'a)=0 
у -Ау=0, у'(0)=0, у"(0) =0, ym = 0, y'm-0 


Buckling of a Thin Column 


23. 


Consider Figure 5.2.6. Where should physical restraints be 
placed on the column if we want the critical load to be P4? 
Sketch the deflection curve corresponding to this load. 
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24. 


25. 


26. 


CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS 


The critical loads of thin columns depend on the end conditions 
of the column. The value of the Euler load P; in Example 4 was 
derived under the assumption that the column was hinged at 
both ends. Suppose that a thin vertical homogeneous column is 
embedded at its base (x — 0) and free at its top (x — L) and that 
a constant axial load P is applied to its free end. This load either 
causes a small deflection 6 as shown in Figure 5.2.9 or does not 
cause such a deflection. In either case the differential equation 
for the deflection y(x) is 


EI —. + Py = Pô. 
dx? T 


FIGURE 5.2.9 Deflection of vertical column in Problem 24 


(a) What is the predicted deflection when 8 — 0? 


(b) When 6 з 0, show that the Euler load for this column is 
one-fourth of the Euler load for the hinged column in 
Example 4. 


As was mentioned in Problem 24, the differential equation (5) 
that governs the deflection y(x) of a thin elastic column subject 
to a constant compressive axial force P is valid only when 

the ends of the column are hinged. In general, the differential 
equation governing the deflection of the column is given by 


d d? d? 
(uer 228, 


ах? х? 
Assume that the column is uniform (£I is a constant) and that 
the ends of the column are hinged. Show that the solution of 
this fourth-order differential equation subject to the boundary 
conditions y(0) = 0, y'(0) = 0, y(L) = 0, y"(L) = 0 is 
equivalent to the analysis in Example 4. 


Suppose that a uniform thin elastic column is hinged at the end 
x = 0 and embedded at the end x = L. 


(a) Use the fourth-order differential equation given in 
Problem 25 to find the eigenvalues А„, the critical loads 
P, the Euler load P, and the deflections y,(x). 


(b) Use a graphing utility to graph the first buckling mode. 


Rotating String 


27. 


Consider the boundary-value problem introduced in the 

construction of the mathematical model for the shape of 

a rotating string: 

d?y 

T 
d. 


2 
lx? 


+ роу = 0, у(0) = 0, у) = 0. 


28. 


For constant Т апа р, define the critical speeds of angular 
rotation w, as the values of w for which the boundary-value 
problem has nontrivial solutions. Find the critical speeds wy, 
and the corresponding deflections y,(x). 


When the magnitude of tension T is not constant, then a model 
for the deflection curve or shape y(x) assumed by a rotating 
string is given by 


а тод + pay = 0 
d a| ?°? 7 


Suppose that 1 < x < e and that T(x) = х2. 


(a) If y(1) = 0, y(e) = 0, and po? > 0.25, show that the critical 
speeds of angular rotation are о, = 5 \'(4п?т? + 1)/p and 


the corresponding deflections are 


1 


уп(Х) = Cox 2 ѕіп(ит lnx), n= 1,2,3,.... 


(b) Use a graphing utility to graph the deflection curves on the 
interval [1, e] for n = 1, 2, 3. Choose со = 1. 


Additional Boundary-Value Problems 


29. 


30. 


Temperature in a Sphere Consider two concentric 
spheres of radius r = a and r = b, a < b. See Figure 5.2.10. 
The temperature u(r) in the region between the spheres is 
determined from the boundary-value problem 

а?и аи 


р +2—— = 0, 


d? dr ed 


и(а) = uo, 


where uo and u; are constants. Solve for u(r). 


FIGURE 5.2.10 Concentric spheres in Problem 29 


Temperature іп а Ring The temperature u(r) in the circular 
ring shown in Figure 5.2.11 is determined from the boundary- 
value problem 


Фи du = _ _ 
r 12 F FR =0, и(а) = ио, u(b)= u, 
A 
u=Up 
\ 
u= и 


FIGURE 5.2.11 Circular ring in Problem 30 
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31. 


where uo and u; are constants. Show that 
_ ugln(r/b) — uy In(r/a) 
In(a/b) 


u(r) 


Rotation of aShaft Suppose the x-axis on the interval 
[0, L] is the geometric center of a long straight shaft, such as 
the propeller shaft of a ship. See Figure 5.2.12. When the shaft 
is rotating at a constant angular speed w about this axis the 
deflection y(x) of the shaft satisfies the differential equation 
d^y 5 
EI d роу = 0, 


where р is its density per unit length. If the shaft is simply 
supported, or hinged, at both ends the boundary conditions 
are then 


yO) = 0, y"(0)=0, yL)=0, у") = 0. 


(a) I£ A = af = ро? /ЕІ, then find the eigenvalues and 
eigenfunctions for this boundary-value problem. 


(b) Use the eigenvalues A, in part (a) to find corresponding 
angular speeds w,. The values о, are called critical speeds. 
The value @ is called the fundamental critical speed and, 
analogous to Example 4, at this speed the shaft changes 
shape from у = 0 to a deflection given by у(х). 


National Archives and Records Administration 


FIGURE 5.2.12 Propeller shaft of the battleship USS Missouri 


32. In Problem 31 suppose L = 1. If the shaft is fixed at both ends 


then the boundary conditions are 


x0 =0, у'(0) = 0, y() 70, y'(1) = 0. 


(a) Show that the eigenvalues A, = o are defined by the positive 


roots of cos a cosh a = 1. [Hint: See the instructions to 
Problems 21 and 22.] 


(b) Show that the eigenfunctions are 


Уп(х) = (—sin a; + sinh а,)(соѕ ox — cosh a; x) 


+(cos a, — cosh a,)(sin a,x — sinh a; x). 


Discussion Problems 


33. Simple Harmonic Motion The model mx" 4 kx — 0 for 


simple harmonic motion, discussed in Section 5.1, can be 
related to Example 2 of this section. 

Consider a free undamped spring/mass system for which 
the spring constant is, say, k — 10 Ib/ft. Determine those masses 
m, that can be attached to the spring so that when each mass 
is released at the equilibrium position at t = 0 with a nonzero 


34. 
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velocity vo, it will then pass through the equilibrium position at 
t = 1 second. How many times will each mass m, pass through 
the equilibrium position in the time interval 0 < t < 1? 


Damped Motion Assume that the model for the spring/mass 
system in Problem 33 is replaced by 


mx" + 2x' + kx = 0. 


In other words, the system is free but is subjected to damping 
numerically equal to 2 times the instantaneous velocity. With the 
same initial conditions and spring constant as in Problem 33, 
investigate whether a mass m can be found that will pass 
through the equilibrium position at t = 1 second. 


In Problems 35 and 36 determine whether it is possible to find values 
уо and yı (Problem 35) and values of L > 0 (Problem 36) so that 
the given boundary-value problem has (a) precisely one nontrivial 
solution, (b) more than one solution, (c) no solution, (d) the trivial 
solution. 


35. 
36. 
37. 


38. 


y" + 16у 20, y(0) = yo, y(7/2) = yı 
y" + loy=0, yO)=1yL)=1 


Consider the boundary-value problem 


у'+Ау=0, у(—т)=у(т), у'(—т) = у (т). 


(a) The type of boundary conditions specified are called 


periodic boundary conditions. Give a geometric 
interpretation of these conditions. 


(b) Find the eigenvalues and eigenfunctions of the problem. 


(c) Use a graphing utility to graph some of the eigenfunctions. 
Verify your geometric interpretation of the boundary 
conditions given in part (a). 


Show that the eigenvalues and eigenfunctions of the boundary- 
value problem 

y'*Ay-0, у(0) = 0, y(D*y(1)-0 
are Àn = a2 and у(х) = sin a,x, respectively, where 
«л, п = 1, 2, 3,...are the consecutive positive roots of the 
equation tana = —a. 


Computer Lab Assignments 


39. 


40. 


41. 


42. 


Use a CAS to plot graphs to convince yourself that the equation 
tan a = —a in Problem 38 has an infinite number of roots. 
Explain why the negative roots of the equation can be ignored. 
Explain why А = 0 is not an eigenvalue even though a = 0 is 
an obvious solution of the equation tan a = —a. 


Use a root-finding application of a CAS to approximate 
the first four eigenvalues Л, Az, Аз, and A, for the BVP in 
Problem 38. 


Use a CAS to approximate the eigenvalues Aj, Аз, Аз, and A4 of 
the boundary-value problem: 

Y +)у=0, y(0)=0, y) – (1) = 0. 
Give the corresponding approximate eigenfunctions yi(x), ya(x), 
уз(х), and y4(x). 


Use a CAS to approximate the eigenvalues А |, А», Аз, and A4 
defined by the equation in part (a) of Problem 32. 
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CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS 


5.3 


Nonlinear Models 


INTRODUCTION In this section we examine some nonlinear higher-order 
mathematical models. We are able to solve some of these models using the 
substitution method (leading to reduction of the order of the DE) introduced on 
page 189. In some cases in which the model cannot be solved, we show how a 
nonlinear DE can be replaced by a linear DE through a process called linearization. 


NONLINEAR SPRINGS The mathematical model in (1) of Section 5.1 has the form 


d?x 


È 


m + F(x) = 0, (1) 
where F(x) = kx. Because x denotes the displacement of the mass from its equilib- 
rium position, F(x) = kx is Hooke’s law—that is, the force exerted by the spring that 
tends to restore the mass to the equilibrium position. A spring acting under a linear 
restoring force F(x) = kx is naturally referred to as a linear spring. But springs 
are seldom perfectly linear. Depending on how it is constructed and the material 
that is used, a spring can range from “mushy,” or soft, to "stiff" or hard, so its 
restorative force may vary from something below to something above that given by 
the linear law. In the case of free motion, if we assume that a nonaging spring has 
some nonlinear characteristics, then it might be reasonable to assume that the restor- 
ative force of a spring—that is, F(x) in (1)—is proportional to, say, the cube of the 
displacement x of the mass beyond its equilibrium position or that F(x) is a linear 
combination of powers of the displacement such as that given by the nonlinear func- 
tion F(x) = kx + ky. A spring whose mathematical model incorporates a nonlinear 
restorative force, such as 
dx 3 dx 3 
m — + ke = or m — + kx + kx = 0, (2) 
d? dr? 

is called a nonlinear spring. In addition, we examined mathematical models in which 
damping imparted to the motion was proportional to the instantaneous velocity dx/dt 
and the restoring force of a spring was given by the linear function F(x) = kx. Butthese 
were simply assumptions; in more realistic situations damping could be proportional to 
some power of the instantaneous velocity dx/dt. The nonlinear differential equation 


dx 
dt 


dx 
dt 


=0 (3) 


is one model of a free spring/mass system in which the damping force is proportional 
to the square of the velocity. One can then envision other kinds of models: linear 
damping and nonlinear restoring force, nonlinear damping and nonlinear restoring 
force, and so on. The point is that nonlinear characteristics of a physical system lead 
to a mathematical model that is nonlinear. 

Notice in (2) that both F(x) = kx? and F(x) = kx + Кух? are odd functions of x. 
To see why a polynomial function containing only odd powers of x provides a 
reasonable model for the restoring force, let us express F as a power series centered 
at the equilibrium position x = 0: 


F(x) = со + сіх + сох? + сз кз, 


When the displacements x are small, the values of x" are negligible for n suffi- 
ciently large. If we truncate the power series with, say, the fourth term, then 
F(x) = co + сіх + cox? + сэх). For the force at x > 0, 


F(x) = co cix + Cox? + 0323, 
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FIGURE 5.3.1 Hard and soft springs 
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FIGURE 5.3.2 Numerical solution curves 


mg cos Ө 


FIGURE 5.3.3 Simple pendulum 
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and for the force at —x « 0, 


2 


Е(—х) = co = cix + сәх? — 033 


to have the same magnitude but act in the opposite direction, we must have 
F(—x) = —F(x). Because this means that F is an odd function, we must have co = 0 
and c» = 0, and so F(x) = cix + сзх?. Had we used only the first two terms in the 
series, the same argument yields the linear function F(x) = cix. A restoring force 
with mixed powers, such as F(x) = сіх + cox, and the corresponding vibrations are 
said to be unsymmetrical. In the next discussion we shall write c; = k and сз = Kj. 


HARD AND SOFT SPRINGS Let us take a closer look at the equation in (1) in the 
case in which the restoring force is given by F(x) = kx + kx, k > 0. The spring is 
said to be hard if kı > 0 and soft if < 0. Graphs of three types of restoring forces 
are illustrated in Figure 5.3.1. The next example illustrates these two special cases of 
the differential equation md?x/d£? + kx + ky? = 0, m > 0, k > 0. 


[EXAMPLE 1 | Comparison of Hard and Soft Springs 


The differential equations 


d? 
ubere (4) 
d? 

and ca acie (5) 


are special cases of the second equation in (2) and are models of a hard spring 
and a soft spring, respectively. Figure 5.3.2(a) shows two solutions of (4) and 
Figure 5.3.2(b) shows two solutions of (5) obtained from a numerical solver. 
The curves shown in red are solutions that satisfy the initial conditions x(0) — 2, 
x'(0) = —3; the two curves in blue are solutions that satisfy x(0) = 2, x'(0) = 0. 
These solution curves certainly suggest that the motion of a mass on the hard 
spring is oscillatory, whereas motion of a mass on the soft spring appears to be non- 
oscillatory. But we must be careful about drawing conclusions based on a couple of 
numerical solution curves. A more complete picture of the nature of the solutions of 
both of these equations can be obtained from the qualitative analysis discussed in 
Chapter 10. ш 


NONLINEAR PENDULUM Any object that swings back and forth is called a 
physical pendulum. The simple pendulum is a special case of the physical pendu- 
lum and consists of a rod of length / to which a mass m is attached at one end. In 
describing the motion of a simple pendulum in a vertical plane, we make the simpli- 
fying assumptions that the mass of the rod is negligible and that no external damping 
or driving forces act on the system. The displacement angle 0 of the pendulum, 
measured from the vertical as shown in Figure 5.3.3, is considered positive when 
measured to the right of OP and negative to the left of OP. Now recall the arc s of a 
circle of radius / is related to the central angle 0 by the formula s = /0. Hence angu- 
lar acceleration is 


ds  q?0 


dP 


pus 
dt? 


From Newton’s second law we then have 
d?0 
F= та = ml 75. 
dt 
From Figure 5.3.3 we see that the magnitude of the tangential component of the force 
due to the weight W is mg sin Ө. In direction this force is —mg sin 0 because it points 
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to the left for 0 > 0 and to the right for 0 < 0. We equate the two different versions 
of the tangential force to obtain ml 420/42 = —mg sin Ө, or 
ae g 


dé F Р] ѕіп Ө = 0. (6) 


LINEARIZATION Because of the presence of sin Ө, the model in (6) is non-linear. 
In an attempt to understand the behavior of the solutions of nonlinear higher-order 
differential equations, one sometimes tries to simplify the problem by replacing 
nonlinear terms by certain approximations. For example, the Maclaurin series for 
sin Ө is given by 


е oe 
пе = 0 Sta 
so if we use the approximation sin 0 = 0 — 02/6, equation (6) becomes 
ө 8 g 
+—6 0 = 0 
Wd 61 


Observe that this last equation is the same as the second nonlinear equation in (2) 
with m = 1,k = g/l, and kı = —g/6l. However, if we assume that the displacements 
0 are small enough to justify using the replacement sin Ө ~ 6, then (6) becomes 

ө g 

p + | 0 = 0. (7) 
See Problem 25 in Exercises 5.3. І we set o? = g/l, we recognize (7) as the differen- 
tial equation (2) of Section 5.1 that is a model for the free undamped vibrations of a lin- 
ear spring/mass system. In other words, (7) is again the basic linear equation 
y" + Ay = 0 discussed on pages 215—216 of Section 5.2. As a consequence we say 
that equation (7) is a linearization of equation (6). Because the general solution of 
(7) is 0(f) = cy cos wt + c» sin ot, this linearization suggests that for initial condi- 
tions amenable to small oscillations the motion of the pendulum described by (6) 
will be periodic. 


[EXAMPLE 2 | Two Initial-Value Problems 


The graphs in Figure 5.3.4(a) were obtained with the aid of a numerical solver and 
represent approximate or numerical solution curves of (6) when œ? = 1. The blue 
curve depicts the solution of (6) that satisfies the initial conditions 0(0) — 1, 0'(0) = 1, 
whereas the red curve is the solution of (6) that satisfies 0(0) = 1, 0'(0) = 2. The blue 


207 03 
/ i ` 
/ 2 \ 
І / \ 
/ | Р | 
/ h a 
/ d / 
/ М / 
m TONS 7 
ы 47 EM 
6(0) =2, e(0) =, 
0'(0) =; e'(0) = 2 
(b) (c) 


FIGURE 5.3.4 In Example 2, oscillating pendulum in (b); whirling pendulum in (c) 
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curve represents a periodic solution—the pendulum oscillating back and forth as 
shown in Figure 5.3.4(b) with an apparent amplitude A = 1. The red curve shows 
that 0 increases without bound as time increases—the pendulum, starting from the 
same initial displacement, is given an initial velocity of magnitude great enough 
to send it over the top; in other words, the pendulum is whirling about its pivot 
as shown in Figure 5.3.4(c). In the absence of damping, the motion in each case is 
continued indefinitely. E] 


TELEPHONE WIRES The first-order differential equation dy/dx = W/T, is 
equation (16) of Section 1.3. This differential equation, established with the aid 
of Figure 1.3.8 on page 28, serves as a mathematical model for the shape of a 
flexible cable suspended between two vertical supports when the cable is carrying 
a vertical load. In Section 2.2 we solved this simple DE under the assumption that 
the vertical load carried by the cables of a suspension bridge was the weight of a 
horizontal roadbed distributed evenly along the x-axis. With W = px, p the weight 
per unit length of the roadbed, the shape of each cable between the vertical supports 
turned out to be parabolic. We are now in a position to determine the shape of a 
uniform flexible cable hanging only under its own weight, such as a wire strung 
between two telephone posts. See Figure 5.3.5. The vertical load is now the wire 
itself, and so if p is the linear density of the wire (measured, say, in pounds per feet) 
апа s is the length of the segment Р|Р» in Figure 1.3.8 then W = ps. Hence 


m p 


dx Тү (8) 


Since the arc length between points P, and Р» is given by 


= f 1+ Fak 9 
S= ^ dx X, ( ) 


it follows from the Fundamental Theorem of Calculus that the derivative of (9) is 


ds dyV 
— = 1+ {—]. 1 
yale D 


Differentiating (8) with respect to x and using (10) lead to the second-order equation 


2 2 2 
= ог AM 2 v (e. (11) 
dx Т dx dx Tı 

In the example that follows we solve (11) and show that the curve assumed by 
the suspended cable is a catenary. Before proceeding, observe that the nonlinear 
second-order differential equation (11) is one of those equations having the form 
F(x, y', y") = 0 discussed in Section 4.10. Recall that we have a chance of solving an 
equation of this type by reducing the order of the equation by means of the substitu- 


tion u = у’. 


[EXAMPLE 3 | A Solution of (11) 


From the position of the y-axis in Figure 1.3.8 it is apparent that initial conditions 
associated with the second differential equation in (11) are y(0) = a and y'(0) = 0. 


d 
If we substitute u — y', then the equation in (11) becomes a e V1 + и2. 
$ у : dx Ti 

eparating variables, we find that 


du e| : m p 
= = — | dx ives sinh 1и = —x + с. 
Е ри. E : yg 
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FIGURE 5.3.6 Distance to rocket is large 
compared to R. 


Now, у'(0)=0 is equivalent to u(0)=0. Since sinh !0—0,c; = 0, so 
и = sinh (px/T)). Finally, by integrating both sides of 

dy p Ti p 

— = sinh —x, t = — cosh—x + сэ. 

dx sin Т^ we ре у р cos T, x t с 
Using y(0) = a, cosh 0 = 1, the last equation implies that cp = a — T|/p. 
Thus we see that the shape of the hanging wire is given by 
y = (Ti/p) cosh(px/ Ty) + a — Ту/р. а 


In Example 3, had we been clever enough at the start to choose а = T;/p, 
then the solution of the problem would have been simply the hyperbolic cosine 
у = (T,/p) cosh (рх/Т\). 


ROCKET MOTION In (12) of Section 1.3 we saw that the differential equation of a 
free-falling body of mass m near the surface of the Earth is given by 
ads _ impl ds _ 
т d mg or simply dB g, 
where s represents the distance from the surface of the Earth to the object and the 
positive direction is considered to be upward. In other words, the underlying 
assumption here is that the distance s to the object is small when compared with the 
radius R of the Earth; put yet another way, the distance y from the center of the Earth 
to the object is approximately the same as R. If, on the other hand, the distance y to 
the object, such as a rocket or a space probe, is large when compared to R, then 
we combine Newton’s second law of motion and his universal law of gravitation to 
derive a differential equation in the variable y. 

Suppose a rocket is launched vertically upward from the ground as shown in 
Figure 5.3.6. If the positive direction is upward and air resistance is ignored, then the 
differential equation of motion after fuel burnout is 

ау Мт ау M 
= -—k— or —— —k-—, (12) 
dt y а? у? 
where k is a constant of proportionality, y is the distance from the center of the 
Earth to the rocket, M is the mass of the Earth, and m is the mass of the rocket. To 
determine the constant k, we use the fact that when y — R, kMm/R? — mg or 
k = gR?/M. Thus the last equation in (12) becomes 


278.3 (13) 


See Problem 14 in Exercises 5.3. 


VARIABLE MASS Notice in the preceding discussion that we described the motion 
of the rocket after it has burned all its fuel, when presumably its mass m is constant. 
Of course, during its powered ascent the total mass of the rocket varies as its fuel is 
being expended. We saw in (17) of Exercises 1.3 that the second law of motion, as 
originally advanced by Newton, states that when a body of mass m moves through a 
force field with velocity v, the time rate of change of the momentum ту of the body 
is equal to applied or net force F acting on the body: 


d 
Е = — : 14 
E, (mv) (14) 
If m is constant, then (14) yields the more familiar form F — m dv/dt — ma, where 
а is acceleration. We use the form of Newton's second law given in (14) in the next 
example, in which the mass m of the body is variable. 
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[EXAMPLE 4 Chain Pulled Upward by a Constant Force 


A uniform 10-foot-long chain is coiled loosely on the ground. One end of the chain 
is pulled vertically upward by means of constant force of 5 pounds. The chain weighs 
1 pound per foot. Determine the height of the end above ground level at time t. See 
Figure 5.3.7. 


SOLUTION Let us suppose that x = x(t) denotes the height of the end of the chain in 
the air at time г, у = dx/dt, and the positive direction is upward. For the portion of the 
chain that is in the air at time t we have the following variable quantities: 


weight: W = (x ft) · (1 Ib/ft) = x, 

mass: m — W/g — x/32, 

net force. F—-5-W-25-x. 
Thus from (14) we have 


Product Rule 
d(x dv dx 
5 ог Е TS = 160 — 32x. (15) 
Because v = dx/dt, the last equation becomes 
ds dx? 
—, +|—] + 32x = 160. 1 
x d (=) 32x 60 (16) 


The nonlinear second-order differential equation (16) has the form F(x, x’, x”) = 0, 
which is the second of the two forms considered in Section 4.10 that can possibly 
be solved by reduction of order. To solve (16), we revert back to (15) and use v = x’ 


dv dv dx dv "m 
= =y the second equation in (15) 
dt dx dt dx 


along with the Chain Rule. From 


can be rewritten as 
d 
xy + у? = 160 — 32x. (17) 
dx 


On inspection (17) might appear intractable, since it cannot be characterized as any 
of the first-order equations that were solved in Chapter 2. However, by rewriting 
(17) in differential form M(x, v) dx + N(x, v) dv = 0, we observe that although the 
equation 


(v? + 32x — 160) dx + xv dv = 0 (18) 


is not exact, it can be transformed into an exact equation by multiplying it by an 
integrating factor. From (M, — N,)/N = 1/x we see from (13) of Section 2.4 that for 
x > Oan integrating factor is e/ ^/* = е": = x, When (18) is multiplied by u(x) = х, 
the resulting equation is exact (verify). By identifying df/dx = xv? + 3222 — 160x, 
9f/àv = x?v and then proceeding as in Section 2.4, we obtain 


1 32 
"dd + 3 х — 80x? = с. (19) 


Since we have assumed that all of the chain is on the floor initially, we have 
x(0) = 0. This last condition applied to (19) yields c; = 0. By solving the algebraic 
equation 4 х2у2 + 2.3 — 80x? = 0 for v = dx/dt > 0, we get another first-order 


differential equation, 
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The last equation can be solved by separation of variables. You should verify that 


X 
8 1/2 
3 64 
7 -s (190 = | = 1+ сэ. (20) 
6 32 3 
5 This time the initial condition x(0) = 0 implies that cp = —3V 10/8. Finally, by 
4 squaring both sides of (20) and solving for x, we arrive at the desired result, 
3 
2 15 15 | 4V/10 | 
1 хб =-——— 1— t|. (21) 
2 2 15 
0 0.5 1 1.5 2 2.5 : 2 ЛИ 2 
The graph of (21) given in Figure 5.3.8 should not, on physical grounds, be taken at 
FIGURE 5.3.8 Graph of (21) in Example 4 face value. See Problem 15 in Exercises 5.3. E] 


EXERCISES 5.3 Answers to selected odd-numbered problems begin on page ANS-8. 


To the Instructor In addition to Problems 24 and 25, all or portions solver to discuss the nature of the oscillations of the system 
of Problems 1—6, 8—13, 15, 20, and 21 could serve as Computer Lab corresponding to the initial conditions: 
Assignments. 


х(0) = 1, x'(0)= 1; x(0 = —2, х'(0) = L 
х(0) = V2, х'(00=1; x(0 92, x'(0 = 4; 
x(0) = 2, (00) = 0; x(0)=—V2, x'(0) = -1. 


Nonlinear Springs 


In Problems 1—4 the given differential equation is a model of an 
undamped spring/mass system in which the restoring force F(x) in 
(1) is nonlinear. For each equation use a numerical solver to plot the 
solution curves that satisfy the given initial conditions. If the solutions 
appear to be periodic use the solution curve to estimate the period 


In Problems 9 and 10 the given differential equation is a model of a 
damped nonlinear spring/mass system. Predict the behavior of each 
system as t — ©. For each equation use a numerical solver to obtain 
the solution curves satisfying the given initial conditions. 


T of oscillations. 5 
а d 
d?x 9. X RE y p ad 0, 
1. — +x = 0, d dt 
dt? 
| х(0) = —3,х'(0)=4; x(0)=0, x'(0)= -8 
х0) =Lx@=1 x0) =} x)=- dee oi ‚ 
10. " Е = 0, 
d?x d?) dt 
2 + 4x — I6x? = 0, 1 5 ; 
аё x(0) = 0,x'(0) = 5; (0) = 1, х (0) = 1 
х(0) = 1,00) =; х0) = 2, (0) = 2 11. The model mx" + kx + х? = Focos wt of an undamped 
3 periodically driven spring/mass system is called Duffing’s 
3. ах +25 = x = 0, differential equation. Consider the initial-value problem 
dr x" +x + ky? = 5 cos t, x(0) = 1, x'(0) = 0. Use a numerical 
x(0) = 1,x'(0) = 1; x(0)— 3 x'(0) = —1 solver to investigate the behavior of the system for values 
of kı > 0 ranging from kı = 0.01 to kı = 100. State your 
4? conclusions. 
4. — + xe lt = 0 
d? 12. (a) Find values of kı < 0 for which the system in Problem 11 is 
х0) = 1,x'(0)= 1; x(0) = 3, (0) = –1 oscillatory. 


5. In Problem 3, suppose the mass is released from the initial (b) Consider the initial-value problem 


position x(0) = 1 with an initial velocity x'(0) = xı. Use a 
numerical solver to estimate the smallest value of |x,| at which 
the motion of the mass is nonperiodic. Find values for k, < 0 for which the system is 


oscillatory. 


x" +x + ky) = cos 3 t, x(0)=0, x'(0)-0. 


6. In Problem 3, suppose the mass is released from an initial 
position x(0) = xo with the initial velocity x'(0) = 1. Use a 
numerical solver to estimate an interval a = xo = b for which Nonlinear Pendulum 


the motion is oscillatory. 13. Consider the model of the free damped nonlinear pendulum 


7. Find a linearization of the differential equation in Problem 4. given by 
8. Consider the model of an undamped nonlinear spring/mass d^ LOX do Т 
system given by x" + 8x — 6x? + х? = 0. Use a numerical d? t 
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Use a numerical solver to investigate whether the motion 

in the two cases А2 — o? > 0 and A? — o? < 0 corre- 
sponds, respectively, to the overdamped and underdamped 
cases discussed in Section 5.1 for spring/mass systems. For 
A? — a? > 0, use A = 2, œw = 1, 0(0) = 1, and 6’(0) = 2. For 
A?— w <0, use A = 3, œ = 1, (0) = —2, and Ө'(0) = 4. 


Rocket Motion 


14. 


(a) Use the substitution v = dy/dt to solve (13) for v in terms 
of y. Assuming that the velocity of the rocket at burnout is 
у = vo and y ~ R at that instant, show that the approximate 
value of the constant c of integration is c = —gR + ivj. 


(b 


= 


Use the solution for v in part (a) to show that the escape 
velocity of the rocket is given by vy = V 2gR. [Hint: Take 
y > © and assume v > 0 for all time /.] 


гая 


(с) The result in part (b) holds for any body in the Solar 
System. Use the values g = 32 ft/s* and R = 4000 mi 
to show that the escape velocity from the Earth is 


(approximately) vo = 25,000 mi/h. 


(d) Find the escape velocity from the Moon if the acceleration 
of gravity is 0.165g and R = 1080 mi. 


Variable Mass 


15. 


16. 


(a) In Example 4, how much of the chain would you intuitively 
expect the constant 5-pound force to be able to lift? 


(b) What is the initial velocity of the chain? 


(c) Why is the time interval corresponding to x(t) = 0 given in 
Figure 5.3.7 not the interval / of definition of the solution 
(21)? Determine the interval /. How much chain is actually 
lifted? Explain any difference between this answer and your 
prediction in part (a). 


(d) Why would you expect x(t) to be a periodic solution? 


A uniform chain of length L, measured in feet, is held vertically 
so that the lower end just touches the floor. The chain weighs 

2 lb/ft. The upper end that is held is released from rest at t = 0 
and the chain falls straight down. If x(t) denotes the length of 
the chain on the floor at time f, air resistance is ignored, and the 
positive direction is taken to be downward, then 


2 2 
(L— 3) d^x (2) Sip 


(a) Solve for v in terms of x. Solve for x in terms of t. Express v 
in terms of t. 


(b) Determine how long it takes for the chain to fall completely 
to the ground. 


(c) What velocity does the model in part (a) predict for the 
upper end of the chain as it hits the ground? 


Additional Mathematical Models 


17. 


Pursuit Curve In a naval exercise a ship S; is pursued by a 
submarine 52 as shown in Figure 5.3.9. Ship Sı departs point (0, 0) 
at t = 0 and proceeds along a straight-line course (the y-axis) 

at a constant speed v;. The submarine S2 keeps ship S; in visual 
contact, indicated by the straight dashed line L in the figure, 


18. 
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while traveling at a constant speed v» along a curve C. Assume 
that ship S» starts at the point (a, 0), a > 0, at t = О and that L is 
tangent to C. 


(a) Determine a mathematical model that describes the curve C. 


(b) Find an explicit solution of the differential equation. For 
convenience define r = vi/v». 


(c) Determine whether the paths of 5; and S2 will ever intersect 
by considering the cases r > 1, r < 1, andr = 1. [Hint: 


dt dtd 
m e where s is arc length measured along C.] 
dx ds dx 


FIGURE 5.3.9 Pursuit curve in Problem 17 


Pursuit Curve In another naval exercise a destroyer 51 
pursues a submerged submarine $5. Suppose that 5; at (9, 0) on 
the x-axis detects S» at (0, 0) and that S» simultaneously detects 
Sı. The captain of the destroyer 5; assumes that the submarine 
will take immediate evasive action and conjectures that its 
likely new course is the straight line indicated in Figure 5.3.10. 
When S; is at (3, 0), it changes from its straight-line course 
toward the origin to a pursuit curve C. Assume that the speed 
of the destroyer is, at all times, a constant 30 mi/h and that the 
submarine's speed is a constant 15 mi/h. 


(a) Explain why the captain waits until Sı reaches (3, 0) before 
ordering a course change to C. 


(b) Using polar coordinates, find an equation r — f(0) for the 
curve C. 


(c) Let T denote the time, measured from the initial detection, 
at which the destroyer intercepts the submarine. Find an 
upper bound for T. 


FIGURE 5.3.10 Pursuit curve in Problem 18 
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19. The Ballistic Pendulum Historically, in order to maintain 
quality control over munitions (bullets) produced by an assembly 
line, the manufacturer would use a ballistic pendulum to 
determine the muzzle velocity of a gun, that is, the speed of a 
bullet as it leaves the barrel. Invented in 1742 by the English 
engineer Benjamin Robins, the ballistic pendulum is simply a 
plane pendulum consisting of a rod of negligible mass to which a 
block of wood of mass m,, is attached. The system is set in motion 
by the impact of a bullet which is moving horizontally at the 
unknown velocity уь; at the time of the impact, which we take as 
t = 0, the combined mass is т, + mp, where mj is the mass of the 
bullet imbedded in the wood. In (7) of this section, we saw that in 
the case of small oscillations, the angular displacement Ө(т) of a 
plane pendulum shown in Figure 5.3.3 is given by the linear DE 
0" + (g/1)0 = 0, where Ө > 0 corresponds to motion to the right 
of vertical. The velocity v, can be found by measuring the height 
h of the mass т, + ть at the maximum displacement angle Omax 
shown in Figure 5.3.11. 

Intuitively, the horizontal velocity V of the combined mass 
(wood plus bullet) after impact is only a fraction of the velocity 
vp of the bullet, that is, 


Es 

V2 | —7— у, 

My + ть 

Now recall, a distance s traveled by a particle moving along a 
circular path is related to the radius / and central angle 0 by the 
formula s — /0. By differentiating the last formula with respect 
to time f, it follows that the angular velocity w of the mass 

and its linear velocity v are related by v = /w. Thus the initial 
angular velocity wo at the time f at which the bullet impacts the 
wood block is related to V by V = Гоо or 


ть Vp 
Oj)... Ih e 
my + ть) 1 


(a) Solve the initial-value problem 


#6 860.0 00) =0, 60)- 
а? 1 > , Wo. 


(b) Use the result from part (a) to show that 


Vp = (em) Vig Omax- 
ть 
(c) Use Figure 5.3.11 to express cos Omax in terms of / and h. 
Then use the first two terms of the Maclaurin series for 
cos Ө to express Omax in terms of / and Л. Finally, show that 
vp is given (approximately) by 


w tm 
ше ү) ag. 


ть 
(d) Use the result in part (c) to find v, and ть = 5 g, my = 1 kg, 
and Л = 6 cm. 


FIGURE 5.3.11 Ballistic pendulum in Problem 19 
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20. Relief Supplies As shown in Figure 5.3.12, a plane flying 
horizontally at a constant speed vo drops a relief supply pack 
to a person on the ground. Assume the origin is the point 
where the supply pack is released and that the positive x-axis 
points forward and that positive y-axis points downward. 
Under the assumption that the horizontal and vertical 
components of the air resistance are proportional to (dx/dt)? 
and (dy/dt)*, respectively, and if the position of the supply 
pack is given by г(ї) = x()i + y()j, then its velocity is 
v(t) = (dx/dt)i + (dy/dt)j. Equating components in the vector 
form of Newton's second law of motion, 


dv _ К ах“. | (dyV. 
ict me dt di dr]? 


x(0) = 0, 


x'(0) = vo 


) ур m: 
mora me (S. у(0) = 0, у'(0) = 0. 


(a) Solve both of the foregoing initial-value problems by 
means of the substitutions u = dx/dt, w = dy/dt, and 
separation of variables. [Hint: See the Remarks at the end 
of Section 3.2.] 


(b) Suppose the plane files at an altitude of 1000 ft and that 
its constant speed is 300 mi/h. Assume that the constant of 
proportionality for air resistance is k = 0.0053 and that the 
supply pack weighs 256 lb. Use a root-finding application 
of a CAS or a graphic calculator to determine the horizontal 
distance the pack travels, measured from its point of release 
to the point where it hits the ground. 


FIGURE 5.3.12 Airplane drop in Problem 20 


Discussion Problems 


21. Discuss why the damping term in equation (3) is written as 


dx | d. 1 
[Б instead of в“) ; 


Віа 


dt dt 


22. (a) Experiment with a calculator to find an interval 0 = 0 < 01, 
where @ is measured in radians, for which you think 
sin 0 ~ 0 is a fairly good estimate. Then use a graphing 
utility to plot the graphs of y = x and y = sin x on the same 
coordinate axes for 0 = х < 7/2. Do the graphs confirm 
your observations with the calculator? 
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(b) Use a numerical solver to plot the solution curves of the 
initial-value problems 


d ,. , 
—,; + sin@=0, 000) = 00, 0'(0) = 0 
а 
d?0 , 
and d? +@0=0, 0(0)= 00, 0'(0) = 0 


for several values of 0 in the interval 0 = 0 < 0, found 
in part (a). Then plot solution curves of the initial-value 
problems for several values of 0o for which Өо > Ө). 


23. Pendulum Motion on the Moon Does a pendulum of length 


l oscillate faster on the Earth or on the Moon? 


(a) Take / = 3 and g = 32 for the acceleration of gravity on 
Earth. Use a numerical solver to generate a numerical 
solution curve for the nonlinear model (6) subject to the 
initial conditions 6(0) = 1, 0'(0) = 2. Repeat using the 
same values but use 0.165g for the acceleration of gravity 
on the Moon. 


(b 


= 


From the graphs in part (a), determine which pendulum 
oscillates faster. Which pendulum has the greater amplitude 
of motion? 


24. Pendulum Motion on the Moon-Continued Repeat the 


two parts of Problem 23 this time using the linear model (7). 


Computer Lab Assignments 


25. Consider the initial-value problem 


dU undo 00) = Z 
— + sin 0 = 0, =—, 
dt? 12 


0'(0) ES 


for a nonlinear pendulum. Suppose we wish to determine 

the first time £4 > 0 for which the pendulum in Figure 5.3.3, 
starting from its initial position to the right, reaches the position 
OP—that is, the first positive root of 6(t) = 0. In this problem 
and the next we examine several ways to proceed. 


(a) Approximate f; by solving the linear problem 


79 deg. dict, pgs! 

qp 5-095 OO gr OOS 

(b) Use the method illustrated in Example 3 of Section 4.10 to 
find the first four nonzero terms of a Taylor series solution 
O(t) centered at О for the nonlinear initial-value problem. 
Give the exact values of all coefficients. 


(c) Use the first two terms of the Taylor series in part (b) to 
approximate f. 


(d) Use the first three terms of the Taylor series in part (b) to 
approximate fj. 


(e) Use a root-finding application of a CAS or a graphic 
calculator and the first four terms of the Taylor series in 
part (b) to approximate fj. 


26. 
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(f) In this part of the problem you are led through the 
commands in Mathematica that enable you to approximate 
the root tı. The procedure is easily modified so that any 
root of 6(t) = 0 can be approximated. (If you do not have 
Mathematica, adapt the given procedure by finding the 
corresponding syntax for the CAS you have on hand.) 
Reproduce and then, in turn, execute each line in the given 
sequence of commands. 
sol = NDSolve[(y"[t] + Sin[y[t]] == 0, 
y[0] == Pi/12, у'[0] == —1/3}, 
y, ft, 0, 5}]// Flatten 
solution = y[t]/.sol 
Clear[y] 
y[t ]: = Evaluate[solution] 
yit] 
grl = Plot[y[t], (6, 0, 5}] 
root = FindRoot[y[t] == 0, (t, 1} 


(g) Appropriately modify the syntax in part (f) and find the 
next two positive roots of 0(r) = 0. 


Consider a pendulum that is released from rest from an 
initial displacement of до radians. Solving the linear model 
(7) subject to the initial conditions 0(0) = 8o, 0'(0) = 0 
gives 0(r) = 0o cos Vg/it. The period of oscillations 
predicted by this model is given by the familiar formula 

T = 2n/V gll = 23 Vile. The interesting thing about this 
formula for T is that it does not depend on the magnitude of 
the initial displacement Ө. In other words, the linear model 
predicts that the time it would take the pendulum to swing 
from an initial displacement of, say, 00 = 7/2 (= 90°) 

to — 7/2 and back again would be exactly the same as the 
time it would take to cycle from, say, 60 = 7/360 (= 0.5?) 
to —7/360. This is intuitively unreasonable; the actual period 
must depend on 6p. 

If we assume that g — 32 ft/s? and | — 32 ft, then the period 
of oscillation of the linear model is T — 27 s. Let us compare 
this last number with the period predicted by the nonlinear model 
when 69 = 7/4. Using a numerical solver that is capable of 
generating hard data, approximate the solution of 


2 


420 TE om "ES 
E +sind=0, 60(0)— T 0'(0) — 0 
on the interval 0 < т < 2. As in Problem 25, if t; denotes the 
first time the pendulum reaches the position OP in Figure 

5.3.3, then the period of the nonlinear pendulum is 47. Here 

is another way of solving the equation 0(7) = 0. Experiment 
with small step sizes and advance the time, starting at т = 0 and 
ending at t = 2. From your hard data observe the time t; when 
O(t) changes, for the first time, from positive to negative. Use 
the value г to determine the true value of the period of the non- 
linear pendulum. Compute the percentage relative error in the 
period estimated by T = 27. 
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Chapter 5 In Review 


Answer Problems 1—8 without referring back to the text. Fill in the 
blank or answer true/false. 


1 


. If a mass weighing 10 pounds stretches a spring 2.5 feet, a mass 


weighing 32 pounds will stretch it feet. 


. The period of simple harmonic motion of mass weighing 


8 pounds attached to a spring whose constant is 6.25 lb/ft is 
seconds. 


. The differential equation of a spring/mass system is 


x" + 16x = 0. If the mass is initially released from a point 1 
meter above the equilibrium position with a downward velocity 
of 3 m/s, the amplitude of vibrations is meters. 


. Pure resonance cannot take place in the presence of a damping 


force. 


. In the presence of a damping force, the displacements of a mass 


on a spring will always approach zero as t > oo. 


. A mass on a spring whose motion is critically damped can 


possibly pass through the equilibrium position twice. 


. At critical damping any increase in damping will result in an 


system. 


. If simple harmonic motion is described by x = (\/ 2/2) 


sin (2t + ф), the phase angle ф is when the initial 


conditions are x(0) — -i and x'(0) = 1. 


In Problems 9 and 10 the eigenvalues and eigenfunctions of the 
boundary-value problem y" + Ay = 0, y'(0) = 0, y'(7) = 0 are 


Аһ = n, n = 0, 1, 2,..., and y — cos nx, respectively. Fill in the 
blanks. 
9. A solution of the BVP when A = 8isy = 

because 

10. A solution of the BVP when A = 36 is y = 
because 

11. A free undamped spring/mass system oscillates with a period 
of 3 seconds. When 8 pounds are removed from the spring, the 
system has a period of 2 seconds. What was the weight of the 
original mass on the spring? 

12. A mass weighing 12 pounds stretches a spring 2 feet. The mass 


is initially released from a point 1 foot below the equilibrium 
position with an upward velocity of 4 ft/s. 


(a) Find the equation of motion. 


(b) What are the amplitude, period, and frequency of the 
simple harmonic motion? 


(с) At what times does the mass return to the point 1 foot 
below the equilibrium position? 


(d) At what times does the mass pass through the equilibrium 
position moving upward? Moving downward? 


(e) What is the velocity of the mass at t — 37/16 s? 


(f) At what times is the velocity zero? 


Answers to selected odd-numbered problems begin on page ANS-8. 


13. 


14. 


15. 


16. 


17. 


19. 


20. 


21. 


A force of 2 pounds stretches a spring 1 foot. With one end held 
fixed, a mass weighing 8 pounds is attached to the other end. The 
system lies on a table that imparts a frictional force numerically 
equal to 3 times the instantaneous velocity. Initially, the mass is 
displaced 4 inches above the equilibrium position and released 
from rest. Find the equation of motion if the motion takes place 
along a horizontal straight line that is taken as the x-axis. 


A mass weighing 32 pounds stretches a spring 6 inches. The 
mass moves through a medium offering a damping force that 
is numerically equal to (9 times the instantaneous velocity. 
Determine the values of 8 > 0 for which the spring/mass 
system will exhibit oscillatory motion. 


A spring with constant k — 2 is suspended in a liquid that offers 
a damping force numerically equal to 4 times the instantaneous 
velocity. If a mass m is suspended from the spring, determine 
the values of m for which the subsequent free motion is 
nonoscillatory. 


The vertical motion of a mass attached to a spring is described 
by the initial-value problem 


4X' Fx *x-20, x0)=4, x(0)-2. 
Determine the maximum vertical displacement of the mass. 


A mass weighing 4 pounds stretches a spring 18 inches. A 
periodic force equal to f(t) = cos yt + sin yt is impressed on the 
system starting at t = 0. In the absence of a damping force, for 
what value of y will the system be in a state of pure resonance? 


. Find a particular solution for x" + 2Ax' + w?x = A, where A is 


a constant force. 


A mass weighing 4 pounds is suspended from a spring whose 
constant is 3 Ib/ft. The entire system is immersed in a fluid 
offering a damping force numerically equal to the instantaneous 
velocity. Beginning at t = 0, an external force equal to 

f(t) = e ‘is impressed on the system. Determine the equation 
of motion if the mass is initially released from rest at a point 

2 feet below the equilibrium position. 


(a) A mass weighing W pounds stretches a spring І foot and 
stretches a different spring 1 foot. The two springs are 
attached in series and the mass is then attached to the 
double spring as shown in Figure 5.1.6. Assume that the 
motion is free and that there is no damping force present. 
Determine the equation of motion if the mass is initially 
released at a point | foot below the equilibrium position 
with a downward velocity of 2 ft/s. 


(b) Show that the maximum speed of the mass is 2 V3g + 1. 


A series circuit contains an inductance of L = 1h, a 
capacitance of C = 10 ^ f, and an electromotive force of 
E(t) = 100 sin 50t V. Initially, the charge q and current i are zero. 


(a) Determine the charge q(t). 
(b) Determine the current i(t). 


(c) Find the times for which the charge on the capacitor is zero. 
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23. 


24. 


(a) Show that the current i(f) in an LRC-series circuit satisfies 


„е Be n 
T T = А 
dt dt C 


where E’(t) denotes the derivative of E(t). 


(b) Two initial conditions i(0) and i’(0) can be specified for the 
DE in part (a). If i(0) = ip and 4(0) = qo, what is i'(0)? 


Consider the boundary-value problem 
(0) = 2T), y'O) = y'Q). 


Show that except for the case A = 0, there are two independent 
eigenfunctions corresponding to each eigenvalue. 


у * Ày = 0, 


A bead is constrained to slide along a frictionless rod of length L. 
The rod is rotating in a vertical plane with a constant angular 
velocity w about a pivot P fixed at the midpoint of the rod, 

but the design of the pivot allows the bead to move along the 
entire length of the rod. Let r(t) denote the position of the bead 
relative to this rotating coordinate system as shown in 

Figure 5.R.1. To apply Newton's second law of motion to this 
rotating frame of reference, it is necessary to use the fact that 
the net force acting on the bead is the sum of the real forces 
(in this case, the force due to gravity) and the inertial forces 
(coriolis, transverse, and centripetal). The resulting differential 
equation for r is: 


2 
ағ 2 


m —- = mo'r — mg sin ot. 


dt? 


(a) Solve the foregoing DE subject to the initial conditions 
r(0) = ro, r'(0) = vo. 


(b) Determine the initial conditions for which the bead exhibits 
simple harmonic motion. What is the minimum length L of 
the rod for which it can accommodate simple harmonic mo- 
tion of the bead? 


м 


(c) For initial conditions other than those obtained in part (b), 
the bead must eventually fly off the rod. Explain using the 


solution 7r(f) in part (a). 


(d) Suppose @ = 1 rad/s. Use a graphing utility to graph the 
solution r(t) for the initial conditions r(0) = 0, r'(0) = vo, 


where vo is 0, 10, 15, 16, 16.1, and 17. 


(e 


— 


Suppose the length of the rod is L — 40 ft. For each pair of 
initial conditions in part (d), use a root-finding application 
to find the total time that the bead stays on the rod. 


FIGURE 5.R.1 Rotating rod in Problem 24 


25. 


26. 


27. 


28. 


CHAPTER 5 IN REVIEW 233 
Suppose a mass m lying on a flat dry frictionless surface is 
attached to the free end of a spring whose constant is К. In 
Figure 5.R.2(a) the mass is shown at the equilibrium position 

x = 0, that is, the spring is neither stretched nor compressed. As 
shown in Figure 5.R.2(b), the displacement x(t) of the mass to 
the right of the equilibrium position is positive and negative to 
the left. Determine a differential equation for the displacement 
x(t) of the freely sliding mass. Discuss the difference between 
the derivation of this DE and the analysis leading to (1) of 
Section 5.1. 


rigid 
support 


frictionless surface 


0 


x 


1 
ES 

(a) equilibrium | 
| 
1 

| 
1 

| 


Jo 


x(t) <0 | 
(b) motion 


x(t) > 0 — 


FIGURE 5.R.2 Sliding spring/mass system in Problem 25 


Suppose the mass m on the flat, dry, frictionless surface in 
Problem 25 is attached to two springs as shown Figure 5.R.3. 
If the spring constants аге kı and kp, determine a differential 
equation for the displacement x(t) of the freely sliding mass. 


rigid 
support 


rigid 
support 


FIGURE 5.R.3 Double spring system in Problem 26 


Suppose the mass m in the spring/mass system in 

Problem 25 slides over a dry surface whose coefficient of 
sliding friction is u > 0. If the retarding force of kinetic 
friction has the constant magnitude f; = umg, where mg is 
the weight of the mass, and acts opposite to the direction of 
motion, then it is known as coulomb friction. By using the 
signum function 


—], x’ < 0 (motion to left) 
1, x’ > 0 (motion to right) 


sgn(x') = | 
determine a piecewise-defined differential equation for the 
displacement x(t) of the damped sliding mass. 


For simplicity, let us assume in Problem 27 that m = 1, k = 1, 
and f, = 1. 


(a) Find the displacement x(t) of the mass if it is released 
from rest from a point 5.5 units to the right of the 
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29. 


30. 


CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS 
equilibrium position, that is, the initial conditions are the spring pendulum is set in motion we assume that the 
x(0) = 5.5, х'(0) = 0. When released, intuitively the motion motion takes place in a vertical plane and the spring is stiff 
of the mass will be to the left. Give a time interval [0, г] enough not to bend. For т > 0 the length of the spring is 
over which this solution is defined. Where is the mass at then /(r) = lọ + x(t), where x is the displacement from the 
time tı? equilibrium position. Find the differential equation for the 
(b) For г > f; assume that the motion is now to the right. Using displacement angle 6(r) defined by (1). 
initial conditions at t4, find х(7) and give a time interval 31. Suppose a pendulum is formed by attaching a mass m to the 
[21, t2] over which this solution is defined. Where is the end of a string of negligible mass and length /. At t — 0 the 
mass at time fy? pendulum is released from rest at a small displacement angle 
(c) For t > t» assume that the motion is now to the left. Using бо > 0 to the right of the vertical equilibrium P osmon ОР. See 
initial conditions at г, find х(ї) and give a time interval Figure 5.R.5. e time t; > 0 the string hits а nail at a point N on 
[t2, В] over which this solution is defined. Where is the OPa distance 3l from О, but the mass continues to the left as 
mass at time ts? shown in the figure. 
(d) Using initial conditions at 7з, show that the model predicts (a) Construct and solve a linear initial-value problem for the 
that there is no furthere motion for t > їз. displacement angle 0,(r) shown in the figure. Find the 
interval [0, т] on which 0,(/) is defined. 
(e) Graph the displacement x(t) on the interval [0, t3]. 
(b) Construct and solve a linear initial-value problem for the 
Use a Maclaurin series to show that a power series solution of displacement angle 02(t) shown in the figure. Find the 
the initial-value problem interval [t;, t2] on which 0»(f) is defined, where № is 
d?0 e. т ; the time that m returns to the vertical line NP. 
—, +7sind=0, Ө(0)=—, Ө'(0)=0 
dt^ 1 6 
is given by rigid 
A(t) = шр r4 ЎЗЕ i^ 4 aa 
6 4 P -— 5 
[Hint: See Example 3 in Section 4.10.] 
Spring Pendulum The rotational form of Newton's second 31 
law of motion is: 3 м 
The time rate of change of angular momentum about a point is N ў НАЙ 
equal to the moment of the resultant force (torque). E 
49,1 i 
In the absence of damping or other external forces, an analogue Q l 
of (14) in Section 5.3 for the pendulum shown in Figure 5.3.3 Py 
is then 
d do FIGURE 5.R.5 Pendulum in Problem 31 
“(эг 2) = —mglsin Ө. (1) 
32. Galloping Gertie Bridges are good examples of vibrating 


(a) When m and / are constant show that (1) reduces to (6) of 
Section 5.3. 


(b) Now suppose the rod in Figure 5.3.3 is replaced with a 
spring of negligible mass. When a mass m is attached to 
its free end the spring hangs in the vertical equilibrium 
position shown in Figure 5.R.4 and has length lọ. When 


rigid 
support 


equilibrium (>= 
position 


ы. — 


FIGURE 5.R.4 Spring pendulum in Problem 30 


mechanical systems that are constantly subjected to external 
forces, from cars driving on them, water pushing against their 
foundation, and wind blowing across their superstructure. On 
November 7, 1940, only four months after its grand opening, 
the Tacoma Narrows Suspension Bridge at Puget Sound in 

the state of Washington collapsed during a windstorm. See 
Figure 5.R.6. The crash came as no surprise since “Galloping 
Gertie;" as the bridge was called by local residents, was famous 
for a vertical undulating motion of its roadway which gave 
many motorists a very exciting crossing. For many years it 

was conjectured that the poorly designed superstructure of the 
bridge caused the wind blowing across it to swirl in a periodic 
manner and that when the frequency of this force approached 
the natural frequency of the bridge, large upheavals of the 
lightweight roadway resulted. In other words, it was thought the 
bridge was a victim of mechanical resonance. But as we have 
seen on page 207, resonance is a linear phenomenon which 

can occur only in the complete absence of damping. In recent 
years the resonance theory has been replaced with mathematical 
models that can describe large oscillations even in the presence 
of damping. In his project, The Collapse of the Tacoma 
Narrows Suspension Bridge, that appeared in the last edition of 
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this text, Gilbert N. Lewis examines simple piecewise-defined 
models describing the driven oscillations of a mass (a portion 
of the roadway) attached to a spring (a vertical support cable) 
for which the amplitudes of oscillation increase over time. In 
this problem you are guided through the solution of one of the 
models discussed in that project. 

The differential equation with a piecewise-defined restoring 
force, 


dt? 


4x, x20 


+ F(x) = ѕіп 4, F(x) = 
(x) = sin 4t, Р(х) E x 


is a model for the displacement x(f) of a unit mass in a driven 
spring/mass system. As in Section 5.1 we assume that the 
motion takes place along a vertical line, the equilibrium 
position is x = 0, and the positive direction is downward. 
The restoring force acts opposite to the direction of motion: 
a restoring force 4x when the mass is below (x > 0) the 
equilibrium position and a restoring force x when the mass is 
above (x « 0) the equilibrium position. 


(a) Solve the initial-value problem 


d?x А | 

42 + 4х = sin 41, х(0) = 0, х (0) = у 2 0. (2) 
The initial conditions indicate that the mass is released 
from the equilibrium position with a downward velocity. 
Use the solution to determine the first time г > 0 when 
x(t) = 0, that is, the first time that the mass returns to the 
equilibrium position after release. The solution of (2) is de- 
fined on the interval [0, 7]. [Hint: The double-angle formula 
sin 4t = 2 sin 2t cos 2t will be helpful.] 


(b) For a time interval on which f > tı the mass is above the 
equilibrium position and so we must now solve the new 
differential equation 

LETE ЕР? (3) 
— t x = sin 4t. 
dr? 
One initial condition is x(t;) = 0. Find x'(t,) using the solu- 
tion of (2) in part (a). Find a solution of equation (3) subject 
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to these new initial conditions. Use the solution to determine 
the second time f» > f, when x(t) = 0. The solution of (3) is 
defined on the interval [ż;, t2]. [Hint: Use the double-angle 
formula for the sine function twice.] 


(c) Construct and solve another initial-value problem to find 
x(t) defined on the interval [2, t3], where /з > t» is the third 
time when x(t) = 0. 


(d) Construct and solve another initial-value problem to find 
x(t) defined on the interval [#3, t4], where t4 > ts is the 
fourth time when x(t) = 0. 


(e) Because of the assumption that vo > 0 one down-up 
cycle of the mass is completed on the intervals 
[0, 6], [t ta], Га, te], and so on. Explain why the ampli- 
tudes of oscillation of the mass must increase over time. 
[Hint: Examine the velocity of the mass at the beginning 
of each cycle.] 


(f) Assume in (2) that vo — 0.01. Use the four solutions on the 
intervals in parts (a), (b), (c), and (d) to construct a continuous 
piecewise-defined function x(r) defined on the interval [0, t4]. 
Use a graphing utility to obtain a graph of x(t) on [0, t4]. 


Library of Congress Prints and Photographs Division 


Washington [LC-USZ62-46682] 


FIGURE 5.R.6 Collapse of the Tacoma Narrows Suspension Bridge 
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CHAPTER 6 IN REVIEW 


o far in our study of linear differential equations of order two (or higher) 

we have primarily solved equations with constant coefficients. The Cauchy- 

Euler equation in Section 4.7 was the only exception. In applications, linear 
high-order equations with variable coefficients are just as important, if not more 
than, DEs with constant coefficients. As pointed out in Section 4.7 even a simple 
linear second-order equation such as у” — xy = 0 does not possess solutions 


that are elementary functions. But this is not to say we can’t find two linearly 


independent solutions of у” — xy = 0; we can. In Sections 6.2 and 6.4 we will see 


that solutions of this equation are functions that are defined by infinite series. 
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The index of summation need not (>) 


start аї п = 0. 


6.1 


absolute 
divergence convergence divergence 
e 
a—Rm a а+ К 
4 4 
— series тау — 


converge or diverge 
at endpoints 


FIGURE 6.1.1 Absolute convergence 
within the interval of convergence and 


divergence outside of this interval 


x 
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Review of Power Series 


INTRODUCTION In Section 4.3 we saw that solving a homogeneous linear DE 
with constant coefficients was essentially a problem in algebra. By finding the roots 
of the auxiliary equation, we could write a general solution of the DE as a linear 
combination of the elementary functions e^", x e**, x*e** cos Bx, and xke sin Bx. 
But as was pointed out in the introduction to Section 4.7, most linear higher-order 
DEs with variable coefficients cannot be solved in terms of elementary functions. A 
usual course of action for equations of this sort is to assume a solution in the form 
of an infinite series and proceed in a manner similar to the method of undetermined 
coefficients (Section 4.4). In Section 6.2 we consider linear second-order DEs with 
variable coefficients that possess solutions in the form of a power series, and so it is 
appropriate that we begin this chapter with a review of that topic. 


POWER SERIES Recall from calculus that power series in x — a is an infinite 
series of the form 


Усх — аў = со + ex — а) + ex — ay s. 
п=0 


Such a series is also said to be a power series centered at a. For example, the power 
series X7 (x + 1)" is centered at a = —1. In the next section we will be concerned 
principally with power series in x, in other words, power series that are centered at 
a = 0. For example, 


St = 1+2х+42? +: 


n=0 


is a power Series in x. 


IMPORTANT FACTS The following bulleted list summarizes some important facts 
about power series X7  c,(x — a)". 


* Convergence А power series is convergent at a specified value of x if 
its sequence of partial sums {S,(x)} converges, that is, lim Sy(x) = 
No 
jim XN ocu (x — a)" exists. If the limit does not exist at x, then the series is 


said to be divergent. 

* Interval of Convergence Every power series has an interval of convergence. 
The interval of convergence is the set of all real numbers x for which the series 
converges. The center of the interval of convergence is the center a of the series. 

* Radius of Convergence The radius R of the interval of convergence of a 
power series is called its radius of convergence. If R > 0, then a power 
series converges for |x — a| < R and diverges for |x — a| > R. If the series 
converges only at its center a, then А = 0. If the series converges for all x, 
then we write R = ~. Recall, the absolute-value inequality |x — a| < R is 
equivalent to the simultaneous inequality a — R < x < a + R.A power 
series may or may not converge at the endpoints a — Randa + R of this 
interval. 

e Absolute Convergence In the interior of its interval of convergence а 
power series converges absolutely. In other words, if x is in the interval 
of convergence and is not an endpoint of the interval, then the series of 
absolute values У» _|с„(х — a)"| converges. See Figure 6.1.1. 
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* Ratio Test Convergence of power series can often be determined by the 
ratio test. Suppose с, # 0 for all n in X7 c, (x — a)", and that 


m ntl 
* Сп+1(х а) Cn+1 
lim m 


no 


= |х — a| lim =L. 


no 


сп(х = а)" Cn 


If L < 1, the series converges absolutely; if L > 1 the series diverges; and 
if L = 1 the test is inconclusive. The ratio test is always inconclusive at an 
endpoint a = R. 


[EXAMPLE 1 | Interval of Convergence 


. | = (x — 3)" 
Find the interval and radius of convergence for * ec 
п= 1 n 
SOLUTION The ratio test gives 
(x _ 3y 
1 2n + 1) -| зн п+ 1 l| 3| 
e| (x З) TIS жо L” 
2"n 


The series converges absolutely for ;|x — 3| < 1 or |x — 3| <2 or 1 <x < 5. This 
last inequality defines the open interval of convergence. The series diverges for 
|x = 3| > 2, that is, for x > 5 or x < 1. At the left endpoint x = 1 of the open inter- 
val of convergence, the series of constants 37 ., ((— 1)"/n) is convergent by the alter- 
nating series test. At the right endpoint x = 5, the series 2; .,(1/n) is the divergent 
harmonic series. The interval of convergence of the series is | 1, 5), and the radius of 
convergence is Ё = 2. ш 


* A Power Series Defines a Function A power series defines a function, 
that is, f(x) = У^ c«(x — a)" whose domain is the interval of 
convergence of the series. If the radius of convergence is R > 0 or R = c, 
then fis continuous, differentiable, and integrable on the intervals 
(a — К,а + R) or (—%, o), respectively. Moreover, f'(x) and ff(x) dx can 
be found by term-by-term differentiation and integration. Convergence 
at an endpoint may be either lost by differentiation or gained through 
integration. If 


у= X cnx” = co + ex + ex + ey + 
n-l 
is a power series in x, then the first two derivatives are у’ = У” пх"! and 
y" = Ef o n(n — 1)x"?. Notice that the first term in the first derivative and 
the first two terms in the second derivative are zero. We omit these zero 
terms and write 


r > cnx”! = сү + 2eox + Sex? + Асад? + 


п= 1 


te 
Il 


(1) 


" ав = c,n(n v рет? = 2€2 "hs 6cax “к 12c4x2 кж. 
n=2 


ча 
| 


Be sure you understand the two results given in (1); especially note where 
the index of summation starts in each series. These results are important and 
will be used in all examples in the next section. 

* Identity Property If $7 усл(х — а)" = 0, R > 0, for all numbers x in 
some open interval, then c, = 0 for all n. 

e Analytic ata Point A function fis said to be analytic at a point a if 


it can be represented by a power series in x — a with either a positive 
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lnx = Ш(1+(х 


You can also verify that the interval 
of convergence is (0, 2] by using 
the ratio test. 
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or an infinite radius of convergence. In calculus it is seen that infinitely 
differentiable functions such as ех, sinx, cos x, e* In(1 + х), and so on, can 
be represented by Taylor series 


оо (п) П ГА 
S Lay - f) + IA La аак. 
aco nl 1! 1! 
or by a Maclaurin series 
о £(n) ! " 
$e po € D. TU 2g... 


n! 1! 


n=0 


You might remember some of the following Maclaurin series representations. 


Interval 
Maclaurin Series of Convergence 
2 3 E 
ех 14 Е Е | * Ded Y 1 х" (— о, оо) 
1! 2! 3! = n! 
2 4 6 æ» (у 
cosx = 1 i: а = ` (CD dh (—«, cc) 
2! 4! 6! nzo Qn)! 
3 5 7 = түт 
sinx = х 7 = b CD 2n+1 (—00, co) 
3 53 m no Qn + 1)! 
3 5 7 оо п 
X 2X x (= 1) 
tan! x = a 2п +1 11 2 
aU c oq cy Zur [1 о 
2 4 6 E 
: 1 
cosh x = 1 E - * Los >, m (— оо, со) 
2! 4! 6! п=0 (2л)! 
3 5 7 E 
sinh x = x 2 x х EN 1 2п+1 (—=, oc) 
31 5! 7! 0 Qn + 1)! 
2 3 4 2 n+l 
x x x (—1) 
I 1 H = tem n —], 1 
n(l +x) =х- 5 ЗӨ >, EE ( ] 
| КҮТТҮ», (-1, 1) 
1-х п=0 í 


These results can be used to obtain power series representations of other 
functions. For example, if we wish to find the Maclaurin series representation 


of, say, e* we need only replace x in the Maclaurin series for e*: 
2 4 6 E 
x x x 1 
e=1l+ 2+ aot... = У 2", 
1! 2! 3! оп! 


Similarly, to obtain a Taylor series representation of In x centered at a = 1 
we replace x by x — 1 in the Maclaurin series for In(1 + x): 


(IP ан Qe) D m dh 
2. 7^3 4 y > п 


П == 1) (x -= 1)". 


The interval of convergence for the power series representation of e% is the same 
as that of e", that 15, (— 2, o»). But the interval of convergence of the Taylor 
series of In x is now (0, 2]; this interval is (— 1, 1] shifted 1 unit to the right. 

e Arithmetic of Power Series Power series can be combined through the 
operations of addition, multiplication, and division. The procedures for 
powers series are similar to the way in which two polynomials are added, 
multiplied, and divided—that is, we add coefficients of like powers of x, 
use the distributive law and collect like terms, and perform long division. 
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[EXAMPLE 2 | Multiplication of Power Series 


Find a power series representation of e*sinx. 


SOLUTION We use the power series for e“ and sin х: 


: £g oa x x x x! 
еѕіпх = {1 +х + + + 74°": |x + е 


2 6 24 6 120 5040 


= ree + ва) ses P rt ees 


x x 


=x+2 + Le 
з 30 
Since the power series of e* and sin х both converge on (—®, о), the product series 
converges on the same interval. Problems involving multiplication or division of 
power series can be done with minimal fuss using a computer algebra system. Ё 


SHIFTING THE SUMMATION INDEX For the three remaining sections of this 
chapter, it is crucial that you become adept at simplifying the sum of two or more 
power series, each series expressed in summation notation, to an expression with 
a single X. As the next example illustrates, combining two or more summations 
as a single summation often requires a reindexing, that is, a shift in the index of 
summation. 


[EXAMPLE З Addition of Power Series 


Write 


оо 


8 
>, n(n — Dex" ? — >, ra 


n=2 n=0 


as one power series. 


SOLUTION In order to add the two series given in summation notation, it is neces- 
sary that both indices of summation start with the same number and that the powers 
of x in each series be “in phase,” in other words, if one series starts with a multiple 
of, say, x to the first power, then we want the other series to start with the same power. 
Note that in the given problem, the first series starts with x° whereas the second series 
starts with x!. By writing the first term of the first series outside of the summation 
notation, 


series starts series starts 
with x with x 
lal | Senda 


oo 


У n(n — 1)с,х"? — * c,x"*! —2-1ex9 + ` n(n = 1)с,х"2 — * сх"! (3) 
n-0 n-3 


n-2 п=0 


we see that both series on the right side start with the same power of x, namely, x!. 
Now to get the same summation index we are inspired by the exponents of x; we let 
К = n — 2 in the first series and at the same time let k = n + 1 in the second series. 
Forn = 3ink =n — 2 we get k = 1, and forn = Oink =n + 1 we getk = 1, and 
so the right-hand side of (3) becomes 


same 
2с› + X, (k + 2)(& + Dex’ = V e ux (4) 
k=1 k=1 
T same T 
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Remember the summation index is a “dummy” variable; the fact that k = n — 2 in 
one case and k = n + | in the other should cause no confusion if you keep in mind 
that it is the value of the summation index that is important. In both cases k takes 
on the same successive values k = 1,2, 3,... when п takes on the values 
n = 2,3,4,... for k=n-— 1 andn = 0, 1, 2,... for k= n + 1. We are now in a 
position to add the series in (4) term-by-term: 


oo 


Y n(n- Dex" ? – У, cx"! = 20 + У [(К + 2k Deo — ci (5) N 
n-2 n-0 k=1 

If you are not totally convinced of the result in (5), then write out a few terms on 
both sides of the equality. 


A PREVIEW The point of this section is to remind you of the salient facts about 
power series so that you are comfortable using power series in the next section to 
find solutions of linear second-order DEs. In the last example in this section we tie 
up many of the concepts just discussed; it also gives a preview of the method that 
will be used in Section 6.2. We purposely keep the example simple by solving a 
linear first-order equation. Also suspend, for the sake of illustration, the fact that you 
already know how to solve the given equation by the integrating-factor method in 
Section 2.3. 


[EXAMPLE 4 A Power Series Solution 


Find a power series solution y = > CnX” of the differential equation y' + y = 0. 
п=0 


SOLUTION We break down the solution into a sequence of steps. 
(i) First calculate the derivative of the assumed solution: 
у! = >, cynx"! < see the first line in (1) 
n=1 


(ii) Then substitute y and y’ into the given DE: 
у +у = У; cnx”! + * ox. 
n=1 n=0 


(iii) Now shift the indices of summation. When the indices of summation have the 
same starting point and the powers of x agree, combine the summations: 


MN ск + 1)хЁ + ax 
k=0 k=0 


= У [eerie + 1) + с^. 
k=0 
(iv) Because we want y' + y = 0 for all x in some interval, 
> Гоа + 1) + abt = 0 
к=0 


is an identity and so we must have cg+ı(k + 1) + cy = 0, or 


1 
c 
k+1 


Ck+1 — К» k=0,1,2,.... 
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(v) By letting k take on successive integer values starting with k = 0, we find 


1 

Gy = 73 9 = -—€0 
1 1 

о=—усу= 3C 09 = 560 

1 LT 1 
a 6 6) $27 

1 1 1 1 
жол Asia] uiam 

and so on, where co is arbitrary. 


(vi) Using the original assumed solution and the results in part (v) we obtain a formal 


power series solution 


Co FAXE сәх? + сзх? + cax* Tee 


Co — cox + —cox? — со : x3 + со х — 
2. 3.2 4.3.2 
1 1 1 
1—х+-—х?— 34 Fees 
«| ХО qq "assem 


It should be fairly obvious that the pattern of the coefficients in part (v) is 
Ck = co(—1)*/ k!, k = 0, 1, 2,....s0 that in summation notation we can write 


If desired we could switch back to (>) 
nas the index of summation. 


(3) E 


From the first power series representation in (2) the solution in (8) is recognized 
as у = coe *. Had you used the method of Section 2.3, you would have found that 
у = ce "isasolution of y' + у = 0 on the interval (— 2, о). This interval is also the 
interval of convergence of the power series in (8). 


EXERCISES 6. 1 Answers to selected odd-numbered problems begin on page ANS-9. 


In Problems 1—10 find the interval and radius of convergence for the 
given power series. 


о (= 1)" оо 1 
1. Л 2. — x" 
> n » n? a 
oo 2n оо у" 
3. — x" 4. =K 
p n t à n! " 
© (—1)* i oc i 
Box or ecd 6. X = 1) 
ici 10 к=0 
оо 1 oo 
LAND 8. D, 3 (Дх = 5) 
pik t k=0 
co 25k х k oo (-1)" 
9. e. JW. 10. х2"+1 
k=1 B > gr 


In Problems 11—16 use an appropriate series in (2) to find the 
Maclaurin series of the given function. Write your answer in sum- 
mation notation. 


11. e 12. xe™ 


il Па 
“24x “14x? 
15. In(1 — x) 16. sin x? 


In Problems 17 and 18 use an appropriate series in (2) to find the 
Taylor series of the given function centered at the indicated value 
of a. Write your answer in summation notation. 


17. sinx,a = 2т_ [Hint: Use periodicity. ] 


18. Inx;a = 2 [Hint: x = 2[1 + (x — 2)/2]] 

In Problems 19 and 20 the given function is analytic at a = 0. 
Use appropriate series in (2) and multiplication to find the first four 
nonzero terms of the Maclaurin series of the given function. 


19. sin x cos x 20. e "cosx 


In Problems 21 and 22 the given function is analytic at a — 0. Use 
appropriate series in (2) and long division to find the first four non- 
zero terms of the Maclaurin series of the given function. 


21. sec x 22. tan x 
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In Problems 23 and 24 use a substitution to shift the summation 


index so that the general term of given power series involves х^. 


S 
23. b nc,x" t? 


n-l 


24. X, (2n — Dex"? 


n=3 


In Problems 25—30 proceed as in Example 3 to rewrite the given 
expression using a single power series whose general term 


involves x*. 


= = 

mt n 

25. > Лб» = > CyX 
n=0 


п=1 


26. X, псих"! + 3X, cux? 


n=1 n=0 


27, > npa + $, te 
n=1 n=0 

28. 5 n(n = Dex" ? + Yor" 
n=2 n=0 


о 


29. bj n(n — Dex" ? — 25, пСһх" + >, б” 
п=1 n=0 


n=2 


oo 


30. bo n(n = 1)сьх" + 25 n(n — Dex"? + 23 nen” 


n=2 n=2 n=1 


á 6.2 
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In Problems 31—34 verify by direct substitution that the given power 
series is a solution of the indicated differential equation. [Hint: For a 
power x?"*! letk =n + 1.] 


а CD's, 


n=0 n! 


31. y 


‚ y +2xy=0 


32. у= X (-1yw?, (1 + yy’ + 2ху = 0 
n=0 
= — п+1 

33.y = > > x", («t+ Dy’ 


n=1 


y =0 


oo —]y 
E y E ) 2n: 


2 "ay" xy" +y +ху=0 


In Problems 35—38 proceed as in Example 4 and find a 
power series solution y — > Cn xX” of the given linear first- 


n=0 
order differential equation. 
35. у — 5y = 0 36. 4y' +y =0 


37. у = xy 38. (1 + х)у - y 2 0 


Discussion Problems 


39. In Problem 19, find an easier way than multiplying two power 
series to obtain the Maclaurin series representation of sin x cos x. 


40. In Problem 21, what do you think is the interval of convergence 
for the Maclaurin series of sec x? 


Solutions About Ordinary Points 


INTRODUCTION In the last example of the preceding section we illustrated how 
to obtain a power series solution of a linear first-order differential equation. In this 
section we turn to the more important problem of finding power series solutions of 
linear second-order equations. More to the point, we are going to find solutions of 
linear second-order equations in the form of power series whose center is a number xo 
that is an ordinary point of the DE. We begin with the definition of an ordinary point. 


A DEFINITION 
equation 


If we divide the homogeneous linear second-order differential 


ayG)y"  aix)y' + aoQ)y = 0 (1) 


by the lead coefficient a»(x) we obtain the standard form 


y" + Р()у + Обу = 0. (2) 


We have the following definition. 


A point x = xo is said to be an ordinary point of the differential of the 
differential equation (1) if both coefficients P(x) and Q(x) in the standard 
form (2) are analytic at xo. A point that is not an ordinary point of (1) is said to 
be a singular point of the DE. 
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[EXAMPLE 1 | Ordinary Points 


(a) A homogeneous linear second-order differential equation with constant coefficients, 
such as 


y’+y=0 and у" + 3y’ + 2у = 0, 


can have no singular points. In other words, every finite value’ of x is an ordinary 
point of such equations. 


(b) Every finite value of x is an ordinary point of the differential equation 


y" + ety’ + (sinx)y = 0. 


Specifically x = 0 is an ordinary point of the DE, because we have already seen in 
(2) of Section 6.1 that both е" and sin x are analytic at this point. E 


The negation of the second sentence in Definition 6.2.1 stipulates that if at least 
one of the coefficient functions P(x) and Q(x) in (2) fails to be analytic at xo, then xo 
is a singular point. 


[EXAMPLE 2 Singular Points 


(a) The differential equation 
y" + xy’ + (Inx)y = 0 
is already in standard form. The coefficient functions are 
Р(х) =x and Q(x) = Inx. 


Now P(x) = x is analytic at every real number, and Q(x) = In x is analytic at every 
positive real number. However, since Q(x) = In x is discontinuous at x = 0 it can- 
not be represented by a power series in x, that is, a power series centered at 0. We 
conclude that x = 0 is a singular point of the DE. 


(b) By putting xy" + y' + xy = 0 in the standard form 


1 
Pup mah un = 0, 
y n y 


we see that P(x) = 1/x fails to be analytic at x = 0. Hence x = 0 is a singular point 
of the equation. [81 


POLYNOMIAL COEFFICIENTS We will primarily be interested in the case when 
the coefficients a»(x), а(х), and ао(х) in (1) are polynomial functions with no com- 
mon factors. A polynomial function is analytic at any value of x, and a rational func- 
tion is analytic except at points where its denominator is zero. Thus, in (2) both 
coefficients 

a(x) ао(х) 


dum Rab 


"For our purposes, ordinary points and singular points will always be finite points. It is possible for an 
ODE to have, say, a singular point at infinity. 
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are analytic except at those numbers for which a(x) = 0. It follows, then, that 


A number x = xo is an ordinary point of (1) if ao(xo) + 0, whereas x = xo is а 
singular point of (1) if az(xo) = 0. 


[EXAMPLE З | Ordinary and Singular Points 


(a) The only singular points of the differential equation 
(x2 — Dy' + 2xy’ + бу 20 
are the solutions of x? — 1 = 0 or x = +1. All other values of x are ordinary points. 


(b) Inspection of the Cauchy-Euler 


a2) ea =Vatx=0 


xy” +y=0 
shows that it has a singular point at x = 0. All other values of x are ordinary points. 
(c) Singular points need not be real numbers. The equation 


(х2 + Dy” + xy’ = у= 0 


has singular points at the solutions of x? + 1 = 0—namely, x = +i. All other values 
of x, real or complex, are ordinary points. [8 


We state the following theorem about the existence of power series solutions 
without proof. 


If x = xo is an ordinary point of the differential equation (1), we can always 
find two linearly independent solutions in the form of a power series centered 
at хо, that is, 


A power series solution converges at least on some interval defined by 
|x = xo| < R, where R is the distance from хо to the closest singular point. 


A solution of the form y = X7  c(x — xo)" is said to be a solution about the 
ordinary point хо. The distance R in Theorem 6.2.1 is the minimum value or lower 
bound for the radius of convergence. 


[EXAMPLE 4 Minimum Radius of Convergence 


Find the minimum radius of convergence of a power series solution of the second- 
order differential equation 


(х2 — 2x + 5y" + xy’ -y 20 


(a) about the ordinary point x = 0, (b) about the ordinary point x = — 1. 
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FIGURE 6.2.1 Distance from singular 
points to the ordinary point 0 in Example 4 


Before working through this 
example, we recommend that you 
reread Example 4 of Section 6.1. 


SOLUTION By the quadratic formula we see from x? — 2x + 5 = 0 that the singular 
points of the given differential equation are the complex numbers | + 2i. 


(a) Because x = 0 is an ordinary point of the DE, Theorem 6.2.1 guarantees that 
we can find two power series solutions centered at О. That is, solutions that look like 
y = È o CrX” and, moreover, we know without actually finding these solutions that 
each series must converge at least for |x| < V5, where R = \/5 is the distance in the 
complex plane from either of the numbers 1 + 2i (the point (1, 2)) or 1 — 2i (the point 
(1, — 2)) to the ordinary point 0 (the point (0, 0)). See Figure 6.2.1. 


(b) Because x = —1 is an ordinary point of the DE, Theorem 6.2.1 guarantees that 
we can find two power series solutions that look like у = 27. 9c,(x + 1)". Each of 
the power series converges at least for |x + 1| < 2V2 since the distance from each 
of the singular points to — 1 (the point (— 1, 0)) is R = 4/8 = 2°35. ш 


In part (a) of Example 4, one of the two power series solutions centered at 0 
of the differential equation is valid on an interval much larger than (— V5, V5); in 
actual fact this solution is valid on the interval (—%, œ) because it can be shown that 
one of the two solutions about 0 reduces to a polynomial. 


NOTE In the examples that follow as well as in the problems of Exercises 6.2 we 
will, for the sake of simplicity, find only power series solutions about the ordinary 
point x = 0. If it is necessary to find power series solutions of an ODE about an 
ordinary point хо # 0, we can simply make the change of variable t = x — xo in the 
equation (this translates x = xo to t = 0), find solutions of the new equation of the 
form y = X7 _ c,t", and then resubstitute f = x — xo. 


FINDING A POWER SERIES SOLUTION Finding a power series solution of a ho- 
mogeneous linear second-order ODE has been accurately described as “the method 
of undetermined series coefficients" since the procedure is quite analogous to what 
we did in Section 4.4. In case you did not work through Example 4 of Section 6.1 
here, in brief, is the idea. Substitute y = X7 усьх" into the differential equation, 
combine series as we did in Example 3 of Section 6.1, and then equate the all coef- 
ficients to the right-hand side of the equation to determine the coefficients с„. But be- 
cause the right-hand side is zero, the last step requires, by the identity property in the 
bulleted list in Section 6.1, that all coefficients of x must be equated to zero. No, 
this does not mean that all coefficients are zero; this would not make sense, after all 
Theorem 6.2.1 guarantees that we can find two solutions. We will see in Example 5 
how the single assumption that y = X; усх" = co + cix + cox? +-+» leads to 
two sets of coefficients so that we have two distinct power series у(х) and yo(x), 
both expanded about the ordinary point x — 0. The general solution of the 
differential equation is у = Ciyi(x) + C2y2(x); indeed, it can be shown that C, = со 
and С» = сі. 


[EXAMPLE 5 | Power Series Solutions 


Solve y" — xy = 0. 


SOLUTION Since there are no singular points, Theorem 6.2.1 guarantees two power 
series solutions centered at 0 that converge for |x| < oc. Substituting y = X; cux" 
and the second derivative у” = X7 , n(n — 1)c,x" 2 (see (1) in Section 6.1) into the 
differential equation give 


у= ху = Уы = 1)х"2 — Руса = Уан — px? -Fai (3) 
n=0 


n=2 n=0 n=2 
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We have already added the last two series on the right-hand side of the equality in (3) 
by shifting the summation index. From the result given in (5) of Section 6.1 


y' — xy = 20 + SUK + WK + 2)e45 — с—1]х* = 0. (4) 


к=1 


At this point we invoke the identity property. Since (4) is identically zero, it is пес- 
essary that the coefficient of each power of x be set equal to zero—that is, 2c; = 0 
(it is the coefficient of x°), and 


(k+ 1(k-2)gu2—c-170, k=1,2,3,.... (5) 


Now 2c = 0 obviously dictates that c; = 0. But the expression in (5), called a 
recurrence relation, determines the c; in such a manner that we can choose a certain 
subset of the set of coefficients to be nonzero. Since (К + 1)(k + 2) # 0 for all values 
of k, we can solve (5) for cg+2 in terms of cj: 


Ck—1 
= „ US 6 
ee (E Dd 5j (6) 


This relation generates consecutive coefficients of the assumed solution one at a time 
as we let k take on the successive integers indicated in (6): 


co 

k=1, 6373.3 
СІ 

К= 2, [CS d 

k=3, с5 = 2 = 0 «— (2 is zero 
4-5 

ped. с. Se 
5:6 2:3:5:6 

К= 5, с] “е : СІ 
6-7 3:4:6:7 

k=6, сг = 2 =0 <— Cs 15 zero 
7:8 

k=7, o=- = : со 
8:9 2:-3:.5:6:8:9 
C7 1 

EOS 88 75. 197 3:4«852*9: 16 ^ 

к= 9, dg ncc E eee <— cg is Zero 
10-11 


and so on. Now substituting the coefficients just obtained into the original assumption 
y = cg + сіх + сох? + сз + cyx + сух? + сбхё + erx! + cgx® + сөл? + cjox!? + сх! +, 


we get 


ал рр EN 

2¢3 3.4 2*3*5*6 

as x’ + 0+ a х + ч 
3:4-6-7 2:3-5-6-8-9^  3-4:6-7-9-10 


y7ocotcext0-c 


x +O +. 
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After grouping the terms containing со and the terms containing су, we obtain 
y = coyi(x) + ciy2(x), where 


1 3k 


у(х) = 1+ 


1 
2. 


34 xo + Pte =14+> x 
2-3-5-6 2:3-5-6-8-9 icq) 2:3--- Gk — 1)(3k) 


1 3k+1 


у(х) =x + 


3 


1 
4 


X 


T x + x x 
3242627 3.+4+6+7+9+10 ici 3°4-(ЗЮ)(ЭК + 1) 


ЮФ... xt * 


Because the recursive use of (6) leaves co and cı completely undetermined, 
they can be chosen arbitrarily. As was mentioned prior to this example, the linear 
combination y = соу1(х) + ciyz(x) actually represents the general solution of the dif- 
ferential equation. Although we know from Theorem 6.2.1 that each series solution 
converges for |х| < co, that is, on the interval (—%, oo). This fact can also be verified 
by the ratio test. [| 


The differential equation in Example 5 is called Airy's equation and is named 
after the English mathematician and astronomer George Biddel Airy (1801—1892). 
Airy's differential equation is encountered in the study of diffraction of light, diffrac- 
tion of radio waves around the surface of the Earth, aerodynamics, and the deflection 
of a uniform thin vertical column that bends under its own weight. Other forms of 
Airy's equation are y" + xy = 0 and y" + a?xy = 0. See Problem 43 in Exercises 6.4 
for an application of the last equation. 


[EXAMPLE 6 | Power Series Solution 


Solve (x? + Dy" + xy’ — y = 0. 


SOLUTION As we have already seen on page 245, the given differential equation has 
singular points at x = +i, and so a power series solution centered at 0 will converge 
at least for |x| < 1, where 1 is the distance in the complex plane from 0 to either i 
or —i. The assumption y = X7 cx" and its first two derivatives lead to 


оо оо оо 
(х2 + 1) > n(n = 1)c,x"~* +x >, nc,x" | — > Gx 
n=2 п=1 п=0 


со со со © 
= >, n(n = 1)с„х" + >, n(n = 1)c,x"~? + bi ле" = >, £X" 
n-2 n-2 п=0 


п=1 


= 2eyx* — cox? + бсух + сух — cix + Y n(n — 1)с„х" 


п=2 
К=п 
со со со 
+ > n(n = lje" + X nox" = У C, X” 

n=4 n=2 n=2 

& J X J. A J 
Y Y Y 

k-n-2 к=п К=п 


= 2c — су + бух + У [МЕ — 1)су + (k + 2)(k + 1)cr2 + ke — elt 
k=2 


= 2c, — Cy + боз + У [(К + DK — De, + (k + WKF сз] = 0. 


k-2 
From this identity we conclude that 2c? — co = 0, 6c3 = 0, and 


(К + D(k — 1)ск + (k + 2)(k + 1)ск+2 = 0. 
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1 
Thus C2 = 5 Co 
сз = 0 
геі к= 2,3,4 
Ck+2 +2" 535 Agave 


Substituting k = 2, 3, 4, . . . into the last formula gives 


1 1 1 
МЕ CONS COLE 

2 
xc =. у= «— сз is Zero 

3 3 123 
% "7 3e446 аар" 
Ст = – = с5 = 0 <— c5 is zero 

ge 1:3-5 

"UC a aS or l Mr 

6 
0—09 = «— c; is zero 

7 22554 1-3-5-7 
eS втв р 


and so on. Therefore 


у = co + сіх + cox? + eye + cart + сз? + схе + erx! + cgx8 + сөл? + cox + 


Е 1 l „Зз 1323 4, LD*3-75*?7 4g 
= of epe 2291 * Tout 2^41 x" 255! x “T+ сх 


cyx) + cyx). 


The solutions are the polynomial у(х) = x and the power series 


|x| <1. ia 


1 = 1*3:5-- 2n— 3) 
=1+—х2-+ = р)! 2п 
у) "E 2, ( ) Е д, 


[EXAMPLE 7 Three-Term Recurrence Relation 


If we seek a power series solution y = $7 сх" for the differential equation 
Уу - 0 t 3y-0, 


we obtain c» — 1 co and the three-term recurrence relation 


Ck + Ck—1 
(К + D(k + 2)’ 


Ck+2 = k=1,2,3,.... 


It follows from these two results that all coefficients c,, for n = 3, are expressed 
in terms of both co and cı. To simplify life, we can first choose со 7 0, c, = 0; this 
yields coefficients for one solution expressed entirely in terms of co. Next, if 
we choose co = 0, c; = 0, then coefficients for the other solution are expressed 
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in terms of cı. Using c = Ico in both cases, the recurrence relation for 
k=1,2,3,... gives 


co 0, с = 0 co = 0, с #0 
1 1 

027500 = >60 70 
ĉi + со со со ci + со СІ СІ 

Wo eed. 203 8 OS 3-5 
сә + c со со Єз + с [65] C1 

C4 = = = C4 = = = 
3-4 2:3-4 24 3.4 3-4 12 
C3 + с» Co 1 1 Co Єз + co Cj СІ 

ёз = = + = C5 = = = 
4*5 4:516 2 30 4*5 4-5-6 120 


and so on. Finally, we see that the general solution of the equation is 
y = coyi(x) + c1y2(x), where 


(х) = 1 + Le F z sb T F e doe 
and nep d d : ж +: 
6 12 120 
Each series converges for all finite values of x. E 


NONPOLYNOMIAL COEFFICIENTS The next example illustrates how to find a 
power series solution about the ordinary point хо = 0 of a differential equation when 
its coefficients are not polynomials. In this example we see an application of the 
multiplication of two power series. 


[EXAMPLE 8 53 DE with Nonpolynomial Coefficients 


Solve y" + (cos x)y = 0. 


SOLUTION We see that x = 0 is an ordinary point of the equation because, as we 
have already seen, cos x is analytic at that point. Using the Maclaurin series for cos x 
given in (2) of Section 6.1, along with the usual assumption y = X; c,x" and the 
results in (1) of Section 6.1 we find 


Е o ox x Е 
у” + (cos x)y = У; n(n = Dex"? +01 6 6. х eux 


n-2 2! 4! 6! n=0 
NE 
= ез + best + De + Bea eer Sere + ак Жем? tn 
1 2 1 3 
= 2c5 + co + (6c3 + cı)x + 12c4 + су о ojx + 20cs 63 — биа qose). 


It follows that 


1 1 
2c» + co = 0, 6c3 + cı = 0, 1204 + с — усо = 0, 2065 +єз— „су 0, 


and so on. This gives c? = 1 c, сз = tci, C4 = 5 CQ, Cs = E C1, ... . By group- 
ing terms, we arrive at the general solution y = соуџ(х) + ciyo(x), where 
1 1 1 1 
=1 9 А... апа = 34 5 
y) ae 19° у(х) = x g” ag 
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Because the differential equation has no finite singular points, both power series 
converge for |х| < oc. [| 


SOLUTION CURVES The approximate graph of a power series solution у(х) = 
Èro Сох" can be obtained in several ways. We can always resort to graphing the 
terms in the sequence of partial sums of the series—in other words, the graphs 
of the polynomials Sy(x) = XP. c,x". For large values of N, Sy(x) should give us 
an indication of the behavior of у(х) near the ordinary point x = 0. We can also 
obtain an approximate or numerical solution curve by using a solver as we did in 
Section 4.10. For example, if you carefully scrutinize the series solutions of Airy's 
equation in Example 5, you should see that у(х) and у(х) are, in turn, the solutions 
of the initial-value problems 


y’-xy=0, у(0) = 1, y'(0)—0, 
y'— ху = 0, у00) = 0, y'(0)- 1. 


The specified initial conditions “pick out" the solutions у(х) and у(х) from 
y = соу1(х) + cıy2(x), since it should be apparent from our basic series assumption 
y = EL. CrX” that у(0) = co and y'(0) = cı. Now if your numerical solver requires а 
system of equations, the substitution y' = u in y" — xy = 0 gives y" = u' = xy, and 
so a system of two first-order equations equivalent to Airy's equation is 


(7) 


y =u 
b (8) 
и' = xy. 
Initial conditions for the system in (8) are the two sets of initial conditions in (7) 
rewritten as у(0) = 1, u(0) = 0, and у(0) = 0, u(0) = 1. The graphs of y;(x) and yo(x) 
shown in Figure 6.2.2 were obtained with the aid of a numerical solver. 


(i) In the problems that follow, do not expect to be able to write a solution in 
terms of summation notation in each case. Even though we can generate as 
many terms as desired in a series solution у = X7 сх" either through the use 
of a recurrence relation or, as in Example 8, by multiplication, it might not be 
possible to deduce any general term for the coefficients c,. We might have to 
settle, as we did in Examples 7 and 8, for just writing out the first few terms 
of the series. 


(ü) A point xo is an ordinary point of a nonhomogeneous linear second-order 
DE y" + P(x)y' + О(х)у = f(x) if Р(х), Q(x), and f(x) are analytic at хо. More- 
over, Theorem 6.2.1 extends to such DEs; in other words, we can find power 
series solutions у = X;  c,(x — xo)" of nonhomogeneous linear DEs in the 
same manner as in Examples 5—8. See Problem 26 in Exercises 6.2. 


Answers to selected odd-numbered problems begin on page ANS-9. 


In Problems 1 and 2 without actually solving the given differential In Problems 3-6 find two power series solutions of the given dif- 
equation, find the minimum radius of convergence of power series — ferential equation about the ordinary point x — 0. Compare the series 
solutions about the ordinary point x = 0. About the ordinary point solutions with the solutions of the differential equations obtained 


х= 1. 


1. (х2 
2. (x? 


25)у" + 2ху + у 


2х 


10)y" 


бху 


using ће method of Section 4.3. Try to explain any differences 
between the two forms of the solutions. 


3. y"+y=0 4. у - у= 0 
5. у" – у = 0 6. у" + 2y' = 0 
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In Problems 7—18 find two power series solutions of the given 
differential equation about the ordinary point x = 0. 


@у'+лу=0 
9. y” — 2xy' + y=0 


point x = 0? Of y" — Axy' — 4y = e"? Carry out your ideas by 
solving both DEs. 


8. у + xy = 0 27. Is х = 0 ап ordinary or a singular point of the differential 
equation ху” + (sin х)у = 0? Defend your answer with sound 
mathematics. [Hint: Use the Maclaurin series of sin x and 


then examine (sin x)/x.] 


10. у" — xy’ + 2у = 0 
11. y" + xy’ + ху = 0 
ФВ: iy’ + =0 
@By’— + Dy’-y=0 

16. (х2 + Dy" — бу =0 

17. (2 + 2)" + Зху = у= 0 
18. (22 — ly’ + xy’ = у= 0 


12. y" + 2ху + 2у = 0 


14. (x + Dy" + xy’ - у= 0 28. Is x = 0 ап ordinary point of the differential equation 


у" + 5xy! + уху = 0? 


Computer Lab Assignments 


29. (a) Find two power series solutions for y" + xy’ + y = 0 and 
express the solutions у(х) and у(х) in terms of summation 
notation. 


In Problems 19—22 use the power series method to solve the given (b) 
initial-value problem. 


Use а CAS to graph the partial sums Sy(x) for y;(x). Use 
N = 2,3,5, 6, 8, 10. Repeat using the partial sums Sy(x) 


19.(x — Dy' — ху +у= 0, у(00=—2, y'(0)=6 for yo(x). 


(c) Compare the graphs obtained in part (b) with the curve 


20. (x + у" = (2 = х)у +у = 0, у(0)=2, у'(0)=—1 

( yi yry x yO obtained by using a numerical solver. Use the initial- 
a» —2xy' + 8у 20, у(0) = 3, у'(0) = 0 conditions у1(0) = 1, y1(0) = 0, and y2(0) = 0, y5(0) = 1. 
22. (2 + Dy" + 2ху = 0, у(00) = 0, у'(0) = 1 (d) Reexamine the solution у(х) in part (a). Express this series 


as an elementary function. Then use (5) of Section 4.2 to 


In Problems 23 and 24 use the procedure in Example 8 to find two 
power series solutions of the given differential equation about the 
ordinary point x = 0. 


23. y" + (sinx)y = 0 


24. y" + ey! - y 20 


find a second solution of the equation. Verify that this 
second solution is the same as the power series 
solution у(х). 


30. (a) Find one more nonzero term for each of the solutions у(х) 


and у(х) in Example 8. 


(b) Find a series solution y(x) of the initial-value problem 
у" + (соѕ х)у = 0, у(00)=1, у'(0)=1. 


(c) Use a CAS to graph ће partial sums S)(x) for the solution 
у(х) in part (b). Use N = 2, 3, 4, 5, 6, 7. 


Discussion Problems 


25. Without actually solving the differential equation 
(cos x)y" + y' + 5y = 0, find the minimum radius of 
convergence of power series solutions about the ordinary point 
x = 0. About the ordinary point x = 1. 


(d) Compare the graphs obtained in part (c) with the curve 
obtained using a numerical solver for the initial-value 


. problem in part (b). 
26. How can the power series method be used to solve the 


nonhomogeneous equation y" — xy = 1 about the ordinary 


d 6.3 


Solutions About Singular Points 


INTRODUCTION The two differential equations 


у'—ху=0 апа xy" +у= 0 


are similar only in that they are both examples of simple linear second-order DEs 
with variable coefficients. That is all they have in common. Since x = 0 is an 
ordinary point of y" — xy = 0, we saw in Section 6.2 that there was no problem in 
finding two distinct power series solutions centered at that point. In contrast, because 
x = 015 a singular point of xy" + у = 0, finding two infinite series—notice that we 
did not say power series—solutions of the equation about that point becomes a more 
difficult task. 

The solution method that is discussed in this section does not always yield two 
infinite series solutions. When only one solution is found, we can use the formula 
given in (5) of Section 4.2 to find a second solution. 
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ADEFINITION A singular point xo of a linear differential equation 
axQ)y" + ay" + agQ)y = 0 (1) 


is further classified as either regular or irregular. The classification again depends on 
the functions P and Q in the standard form 


y" + Ро)у + QOdy = 0. (2) 


| A singular point x = xo is said to be a regular singular point of the differential 


equation (1) if the functions p(x) = (x — xo) P(x) and g(x) = (x — xo Q(x) are 
both analytic at xo. A singular point that is not regular is said to be an irregular 
singular point of the equation. 


The second sentence in Definition 6.3.1 indicates that if one or both of the func- 
tions р(х) = (x — хо) P(x) and q(x) = (x — xo)? Q(x) fail to be analytic at xo, then xo is 
an irregular singular point. 


POLYNOMIAL COEFFICIENTS As in Section 6.2, we are mainly interested in 
linear equations (1) where the coefficients a»(x), a;(x), and ао(х) are polynomials with 
no common factors. We have already seen that if a»(xo) = 0, then x = xo is a singu- 
lar point of (1), since at least one of the rational functions P(x) = a,(x)/az(x) and 
Q(x) = ao(x)/ap(x) in the standard form (2) fails to be analytic at that point. But since 
a(x) is a polynomial and хо is one of its zeros, it follows from the Factor Theorem 
of algebra that x — xo is a factor of a»(x). This means that after a;(x)/a2(x) and 
ао(х)/аз(х) are reduced to lowest terms, the factor x — хо must remain, to some posi- 
tive integer power, in one or both denominators. Now suppose that x — xo is a singular 
point of (1) but both the functions defined by the products p(x) = (x — xo)P(x) and 
q(x) = (x — xo Q(x) are analytic at хо. We are led to the conclusion that multiplying 
P(x) by x — xo and Q(x) by (x — xo)? has the effect (through cancellation) that x — xo 
no longer appears in either denominator. We can now determine whether xo is regular 
by a quick visual check of denominators: 


If x — xo appears at most to the first power in the denominator of P(x) and at 
most to the second power in the denominator of Q(x), then x — xo is a regular 
singular point. 


Moreover, observe that if x — xo is a regular singular point and we multiply (2) by 
(x — хо), then the original DE can be put into the form 


(x = xoY)y" + (x = xopGOy' + 40)у = 0, (3) 


where p and q are analytic at x = хо. 


[EXAMPLE 1 | Classification of Singular Points 


It should be clear that x = 2 and x = —2 are singular points of 
О? — y" + 3(х — 2)y' + 5у = 0. 


After dividing the equation by (x? — 4)? = (x — 2)(x + 2)? and reducing the 
coefficients to lowest terms, we find that 


3 5 


= (x — 2)(x + 2)? m Qo) = (х= 2)?(x + 2)?" 


We now test P(x) and Q(x) at each singular point. 
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For x = 2 to be a regular singular point, the factor x — 2 can appear at most to the 
first power in the denominator of P(x) and at most to the second power in the denom- 
inator of Q(x). A check of the denominators of P(x) and Q(x) shows that both these 
conditions are satisfied, so x = 2 is a regular singular point. Alternatively, we are led 
to the same conclusion by noting that both rational functions 


3 5 5 
p(x) = (х - 2) P(x) = +20 and q4% = (x — 2)" QQ) = G+ 
are analytic at x = 2. 
Now since the factor x — (—2) = x + 2 appears to the second power in the 


denominator of P(x), we can conclude immediately that x = —2 is an irregular 
singular point of the equation. This also follows from the fact that 
3 
= (x + 2) P(x) = ————— 
ро) = (к + 2)PQ) = Gay 
is not analytic at x = —2. ш 


In Example 1, notice that since x = 2 is a regular singular point, the original 
equation can be written as 
p(x) analytic q(x) analytic 
atx =2 jatx=2 


(x = 2)?y" + (x — 2) 0. 


3 , 3 Е 
tD? eD 

As another example, we can see that x — 0 is an irregular singular point 
of xy" — 2xy' + 8y = 0 by inspection of the denominators of Р(х) = —2/x? 
and Q(x) = 8/x*. On the other hand, x = 0 is a regular singular point of 
xy" — 2xy' + 8y = 0, since x — 0 and (x — 0)? do not even appear in the respec- 
tive denominators of Р(х) = —2 and Q(x) = 8/x. For a singular point x = ху any 
nonnegative power of x — хо less than one (namely, zero) and any nonnegative power 
less than two (namely, zero and one) in the denominators of P(x) and Q(x), respec- 
tively, imply that xo is a regular singular point. A singular point can be a complex 
number. You should verify that x = 3i and x = —3 are two regular singular points 
of (22 + 9)y" — 3xy' + (1 — ду = 0. 


NOTE Any second-order Cauchy-Euler equation ax’y’ + bxy' + cy = 0, where 
a, b, and с are real constants, has a regular singular point at x = 0. You should verify 
that two solutions of the Cauchy-Euler equation x2y" — 3xy' + 4y = 0 on the interval 
(0, ©) are yj = х2 and y= x In x. If we attempted to find a power series solution 
about the regular singular point х = 0 (namely, y = 7-9 cnx"), we would succeed іп 
obtaining only the polynomial solution y; = х2. The fact that we would not obtain the 
second solution is not surprising because In x (and consequently y = x? In x) is not an- 
alytic at x = O—that is, y? does not possess a Taylor series expansion centered at x = 0. 


METHOD OF FROBENIUS То solve a differential equation (1) about a regular 
singular point, we employ the following theorem due to the eminent German math- 
ematician Ferdinand Georg Frobenius (1849-1917). 


| If x = хо is a regular singular point of the differential equation (1), then there 


exists at least one solution of the form 


© 


у= = аа eso a — x) (4) 


п=0 п=0 
where the number r is a constant to be determined. The series will converge at 
least on some interval 0 < x — xo < К. 
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Notice the words at least in the first sentence of Theorem 6.3.1. This means 
that in contrast to Theorem 6.2.1, Theorem 6.3.1 gives us no assurance that two 
series solutions of the type indicated in (4) can be found. The method of Frobenius, 
finding series solutions about a regular singular point xo, is similar to the power- 
series method in the preceding section in that we substitute y = X7 Crx — xo) *" 
into the given differential equation and determine the unknown coefficients c, by a 
recurrence relation. However, we have an additional task in this procedure: Before 
determining the coefficients, we must find the unknown exponent r. If r is found 
to be a number that is not a nonnegative integer, then the corresponding solution 
y = Dey Cnlx — xo)"*" is not a power series. 

As we did in the discussion of solutions about ordinary points, we shall always 
assume, for the sake of simplicity in solving differential equations, that the regular 
singular point is x = 0. 


[EXAMPLE 2 Two Series Solutions 


Because x = 0 is a regular singular point of the differential equation 
Зху + у = у = 0, (5) 


we try to find а solution of the form у = Ў? c,x"*". Now 


у' => (n + r)c,x tr! and y" =>, (n + An др Г)схл+т—, 
п=0 еке 


so 


Зху' +y -y= ay (n + т)(п + г = l)e, х"! +> (n + rc,x"*"! = б” 
п=0 п=0 п=0 
Ya torn + 3r — 2)с„х” ^"! = gaT 


n=0 n=0 


ere — 2)! 4 Y th trn + 3r — 2)e,x"! у z 


п=1 п=0 


k=n-1 k=n 


— 2)сох ! +> [(К + r+ DGk-c 3r + 1)ck+1 ~ «e| = 0), 
k=0 
which implies that r(3r — 2)су = 0 
and (К + r+ DGk + 3r + Den ск = 0, k=0,1,2,.... 
Because nothing is gained by taking со = 0, we must then have 

r(3r—-2) = 0 (6) 


Ck 
(К + r+ Dk 3r + 1) 


and Cht1 = k=0,1,2,.... (7) 


When substituted in (7), the two values of r that satisfy the quadratic equation 
(6), ri = 2 and r2 = 0, give two different recurrence relations: 


2 Ck 
=? = k=0,1,2,... 
т=з, Ck+1 (ЗЕ + 54 D' 0, 1, 2, (8) 
=O, йы E k=0,1,2,.... (9) 


(e+ DBE +1)” 
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From (8) we find From (9) we find 
со co 
су = с = 
5и d EX 
a | & | C4 Ф 
© 8-2 21-8 2 9:4 211-4 
C2 co C2 CQ 
сз = = сз = = 
11-3 3!5:8:11 3-7 31:4-7 
C3 CQ C3 со 
S 14-4 4!5:8:11: 14 у 4-10 4!1-:4-7-10 
Co [40] 
Cn Cn 


— n5-8- 11-- (n 2y ERCE 


Here we encounter something that did not happen when we obtained solutions 
about an ordinary point; we have what looks to be two different sets of coeffi- 
cients, but each set contains the same multiple co. If we omit this term, the series 
solutions are 


— 2 1 Я 
nop «X arum ао) 


п 


œ 


2 1 
i= + acm Е 


n=1 


By the ratio test it can be demonstrated that both (10) and (11) converge for all values 
of x—that is, |x| < о, Also, it should be apparent from the form of these solutions 
that neither series is a constant multiple of the other, and therefore у(х) and у(х) 
are linearly independent on the entire x-axis. Hence by the superposition principle, 
y = Ciyi(x) + Cry2(x) is another solution of (5). On any interval that does not con- 
tain the origin, such as (0, 2), this linear combination represents the general solution 
of the differential equation. oO 


INDICIAL EQUATION Equation (6) is called the indicial equation of the problem, 
and the values rı = 2 and ғ = 0 are called the indicial roots, or exponents, of 
the singularity x = 0. In general, after substituting у = X. c,x"*" into the given 
differential equation and simplifying, the indicial equation is a quadratic equation 
in r that results from equating the total coefficient of the lowest power of x to zero. 
We solve for the two values of r and substitute these values into a recurrence relation 
such as (7). Theorem 6.3.1 guarantees that at least one solution of the assumed series 
form can be found. 

It is possible to obtain the indicial equation in advance of substituting 
y = X. сох" into the differential equation. If x = 0 is a regular singular point of 
(1), then by Definition 6.3.1 both functions р(х) = xP(x) and g(x) = x? Q(x), where 
P and О are defined by the standard form (2), are analytic at x = 0; that is, the power 
series expansions 


р(х) = xP(x) = ao + aix + ay + © and — q(x) = 200) = bo + bix + by? +- (12) 


are valid on intervals that have a positive radius of convergence. By multiplying 
(2) by х2, we get the form given in (3): 


xy"  x[xPQ)]y' + Wy = 0. (13) 
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After substituting y = У c,x' ^" and the two series in (12) into (13) and carrying 
out the multiplication of series, we find the general indicial equation to be 


r(r — 1) + agr + bg = 0, (14) 


where aq and bọ are as defined in (12). See Problems 13 and 14 in Exercises 6.3. 


[EXAMPLE З Two Series Solutions 


Solve 2xy" + (1 + х)у + y = 0. 


SOLUTION Substituting y = X7 у c,x"*" gives 


2ху”+(1+9у' +у= 2 bj (n + (п + = lDe,x"*7! + Y (п + r)c,x"*7r 
п=0 n=0 
+ bj (п + r)c,x"*" + 


ст 
п=0 п=0 


> (п + т)(2п + 2r= Dea! + У (п + г + Dea 
п= п=0 


rr = lex! + У (п + rn + 27 — 1)с„х"—1 + Y (n т + Dex 
gr n-0 
k-n-1 к=п 


xt 


— © 


x 


r(2r = 1)cgx7! + * [(К + D)Ok + 2r + 0с + (k* r + Dabe), 
k-0 


which implies that rr —1) = 0 (15) 
and (К + r+ 1)(2К + 2r + 1)ск+1 + (k +r + 0с = 0, (16) 
К = 0, 1, 2,.... Егот (15) we see that the indicial roots are гу = 1 and тә = 0. 


For rı = 5 we can divide by k + 3 in (16) to obtain 


= 
= , к= 0, 1, 2,..., 17 
Ck+1 tD (17) 
whereas for r2 = 0, (16) becomes 
ж к= 0,1,2 (18) 
Ck+1 w+? Баа 


Егот (17) ме бпа From (18) we find 
_ _ £0 dei: 
SES ed "CUR 
=@| co =@1 CQ 
* 3939 2530 | X - 1-3 
—€2 = Со = 
Са: = = C3 == = 
9S X43 оа | _ 5 -1®3=5 
=e со —C3 C0 
ГЕТ F —— 8x53 
_ (7 "со (= )"со 
C, = Ch = : 
2"! 1:3 :5:7:::(2п – 1) 
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Thus for the indicial root гү = 4 we obtain the solution 


у(х) = “|! + Y ern = » CD nn 


n n 
п=1 2"n! n=0 2"n! 


where we have again omitted co. The series converges for x = 0; as given, the series 
is not defined for negative values of x because of the presence of x!?. For r = 0 a 
second solution is 

GCD” 


= {+ xt « o, 
у(х) 5 1*3-5-7-- (2n — 1) |x| оо 


n-l 


On the interval (0, ©) the general solution is y = Суџ(х) + Coyo(x). ш 


[EXAMPLE 4 | Only One Series Solution 


Solve xy" + y = 0. 


SOLUTION From xP(x) = 0, x? Q(x) = x and the fact that 0 and x are their own 
power series centered at 0 we conclude that ао = 0 and bo = 0, so from (14) the 
indicial equation is r(r — 1) — 0. You should verify that the two recurrence relations 
corresponding to the indicial roots гү = 1 and г» = 0 yield exactly the same set of 
coefficients. In other words, in this case the method of Frobenius produces only a 
single series solution 


e CD +1 2 3 4 
= n — 74 + + DL 
n 2; un p^ ^ 2*45^ qa" " 


THREE CASES For the sake of discussion let us again suppose that x = Oisaregular 
singular point of equation (1) and that the indicial roots г) and ғ of the singularity are 
real. When using the method of Frobenius, we distinguish three cases corresponding 
to the nature of the indicial roots rı and гә. ш the first two cases the symbol rı denotes 
the largest of two distinct roots, that is, rı > r2. In the last case гү = r2. 


CASE |: Ifr, and г» are distinct and the difference гү — rz is not a positive integer, 
then there exist two linearly independent solutions of equation (1) of the form 


yıx) = Ус, жн, co * 0, у(х) = УЬ, х, Ро + 0. 


n=0 n=0 


This is the case illustrated in Examples 2 and 3. 
Next we assume that the difference of the roots is N, where N is a positive integer. 
In this case the second solution may contain a logarithm. 


САЅЕ П: If rj and г» are distinct and the difference rı — r is a positive integer, then 
there exist two linearly independent solutions of equation (1) of the form 


оо 


yx = У, ex^, со +0, (19) 


п=0 


уб) = Сух) In x + У, Б", by +0, (20) 


n=0 


where C is a constant that could be zero. 

Finally, in the last case, the case when rı = r2, a second solution will always 
contain a logarithm. The situation is analogous to the solution of a Cauchy-Euler 
equation when the roots of the auxiliary equation are equal. 
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CASE Ш: If r; and г» are equal, then there always exist two linearly independent 
solutions of equation (1) of the form 


у= еа, ees, (21) 
n=0 
у(х) = у(х) In x +5 bi. (22) 


n=1 


FINDING A SECOND SOLUTION When the difference rı — r2 is a positive 
integer (Case II), we may or may not be able to find two solutions having the form 
у = Хо CrX” +". This is something that we do not know in advance but is determined 
after we have found the indicial roots and have carefully examined the recurrence 
relation that defines the coefficients c,. We just may be lucky enough to find two so- 
lutions that involve only powers of x, that is, у(х) = X. cnx” ^" (equation (19)) and 
у(х) = У р," (equation (20) with C = 0). See Problem 31 in Exercises 6.3. 
On the other hand, in Example 4 we see that the difference of the indicial roots is a 
positive integer (rı — r2 = 1) and the method of Frobenius failed to give a second 
series solution. In this situation equation (20), with C = 0, indicates what the sec- 
ond solution looks like. Finally, when the difference rı — rz is a zero (Case III), the 
method of Frobenius fails to give a second series solution; the second solution (22) 
always contains a logarithm and can be shown to be equivalent to (20) with C — 1. 
One way to obtain the second solution with the logarithmic term is to use the fact that 


e JPG) dx 

to UR 
УТО) 

is also a solution of y" + P(x)y' + Q(x)y = 0 whenever у(х) is a known solution. We 

illustrate how to use (23) in the next example. 


[EXAMPLE 5. Example 4 Revisited Using a CAS 


Find the general solution of xy" + y = 0. 


y) = yi) | (23) 


SOLUTION From the known solution given in Example 4, 
1 1 1 
уу) =x о + т таб MT 


we can construct а second solution у(х) using formula (23). Those with the time, 
energy, and patience can carry out the drudgery of squaring a series, long division, 
and integration of the quotient by hand. But all these operations can be done with 
relative ease with the help of a CAS. We give the results: 


© о | a о] = 
Ух) = ух ах = уух 
[n cop 1,1, 1, P 
x Ac Wer XC ores 
2 12 144 
dx 
= vof 
Ё xi 5 x! 7 7 + «| «— after squaring 
12 72 
= у(х) | | : + : 4 - de =H da | dx < after long division 
X 
= у(х) [- : +Inx+ ae + Pr pe | <— after integrating 
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1 1 
or у(х) = у(х) In x + Е = a F 2* don | < after multiplying out 


On the interval (0, ©) the general solution is y = Сууџ(х) + Coy2(x). 


Note that the final form of ух in Example 5 matches (20) with C = 1; the series 
in the brackets corresponds to the summation in (20) with у» = 0. 


pmo 


EXERCISES € 


In Problems 1—10 determine the singular points of the given differ- 
ential equation. Classify each singular point as regular or irregular. 
1. ey" + 42у! +Зу=0 
2. x(x + 3)y' - у= 0 
З. — 9Yy + (х+3)у' *32y-0 
1 1 


4. y' -0 
V- tui 


5. (х + 4x)y" — 2xy’ + бу = 0 

6. х^(х — 5)2у" + 4ху' + (x7 — 25)у = 0 

7. (2 +x = 6y" + (х + 3)у + (x = 2)у = 0 

8. x(x? + 12у + у= 0 

9. (x? — 25)(х — 2)2у" + 3x(x — 2)у' + 7(х + 5)у = 0 
10. (3 — 2x? + 3xy)y" + x(x — 3)?у' – (х + Dy = 0 


In Problems 11 апа 12 put the given differential equation into form 
(3) for each regular singular point of the equation. Identify the func- 
tions p(x) and q(x). 


11. G2 = Dy" + 5a + Dy’ + (2 — х)у =0 
12. xy" + (x + 3y' + 7xy =0 


Answers to selected odd-numbered problems begin on page ANS-9. 


In Problems 13 and 14, x = 0 is a regular singular point of the 
given differential equation. Use the general form of the indicial equa- 
tion in (14) to find the indicial roots of the singularity. Without solv- 
ing, discuss the number of series solutions you would expect to find 
using the method of Frobenius. 


13. xy" + Gx + x)y' E iy =0 

14. xy" + y' + 10у = 0 

In Problems 15-24, x = 0 is a regular singular point of the given dif- 
ferential equation. Show that the indicial roots of the singularity do 
not differ by an integer. Use the method of Frobenius to obtain two 


linearly independent series solutions about x = 0. Form the general 
solution on (0, ©). 


Б.2лу' —у' +2у=0 

16. 2xy" + 5y’ + ху = 0 

17. Ax" + dy! ty =0 

18. 22у' – ху + (х2 + Dy =0 
Ш у +(2—-ху' —у=0 
20. vy" – (к у= 0 


21. 2ху" — (3 + 2х)у +y =0 
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22. xy" + xy! 4 (x? B =0 
23. 9x°y" + Oxy’ + 2y = 0 


24. 2x°y" 


3xy' + (2x — Dy =0 


In Problems 25—30, x = 0 is a regular singular point of the given dif- 
ferential equation. Show that the indicial roots of the singularity differ 
by an integer. Use the method of Frobenius to obtain at least one series 
solution about x = 0. Use (23) where necessary and a CAS, if instructed, 
to find a second solution. Form the general solution on (0, ©). 


Ш o + 2y —xy=0 
26. xy" + xy! 4 (2 Hy =0 
en» — xy' +у=0 


29. ху + (1— х)у - у= 0 


3 
28. у" +—y' - 2y = 0 
x 


30. xy" + y'+y=0 


In Problems 31 and 32, x = 0 is a regular singular point of the given 
differential equation. Show that the indicial roots of the singularity 
differ by an integer. Use the recurrence relation found by the method 
of Frobenius first with the larger root гү. How many solutions did you 
find? Next use the recurrence relation with the smaller root r2. How 
many solutions did you find? 


31. xy" + (x = 6y' - 3y = 0 
32. x(x — 1)у" + 3y' 


2y = 0 


33. (a) The differential equation x+y’ + Ay = 0 has an irregular 
singular point at x = 0. Show that the substitution 
t = 1/x yields the DE 


which now has a regular singular point at t = 0. 


(b) Use the method of this section to find two series solutions 
of the second equation in part (a) about the regular singular 
point t = 0. 


(c) Express each series solution of the original equation in 
terms of elementary functions. 


Mathematical Model 


34. Buckling of a Tapered Column In Example 4 of Section 5.2 
we saw that when a constant vertical compressive force or load 
P was applied to a thin column of uniform cross section, the 
deflection y(x) was a solution of the boundary-value problem 


ау 

dem + Py=0, у(0) = 0, y(L) = 0. (24) 
x 

The assumption here is that the column is hinged at both ends. 

The column will buckle or deflect only when the compressive 

force is a critical load Р,. 
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(a) In this problem let us assume that the column is of length 
L, is hinged at both ends, has circular cross sections, and 
is tapered as shown in Figure 6.3.1(a). If the column, 

a truncated cone, has a linear taper y — cx as shown in 
cross section in Figure 6.3.1(b), the moment of inertia of 
a cross section with respect to an axis perpendicular to the 
xy-plane is J = Іт, where г = у апа у = cx. Hence we 
can write I(x) = Ip(x/b)*, where Ig = I(b) = 1 т(сЬ)^. 
Substituting /(x) into the differential equation in (24), we see 
that the deflection in this case is determined from the BVP 
„Фу = = = 
х= +Ау= 0, у(а) = 0, yb) = 0, 
ах- 


where A = Pb*/Elp. Use the results of Problem 33 to 

find the critical loads P, for the tapered column. Use an 
appropriate identity to express the buckling modes y,(x) as 
a single function. 


(b) Use a CAS to plot the graph of the first buckling mode 
y1(x) corresponding to the Euler load P; when b = 11 


апаа = 1. 
Р 
L 
ae 
(a) (b) 


FIGURE 6.3.1 Tapered column in Problem 34 


Discussion Problems 
35. Discuss how you would define a regular singular point for the 


linear third-order differential equation 


"mo 


аз(х)у" + axo)y" + ajG)y' + ao(x)y = 0. 


36. Each of the differential equations 


ey’ +y=0 and xy" + (3х = Dy’ +у= 0 

has an irregular singular point at x = 0. Determine whether the 
method of Frobenius yields a series solution of each differential 
equation about x = 0. Discuss and explain your findings. 


37. We have seen that x = 0 is a regular singular point of any 
Cauchy-Euler equation ах?у” + bxy' + cy = 0. Are the indicial 
equation (14) for a Cauchy-Euler equation and its auxiliary 
equation related? Discuss. 
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” 6.4 Special Functions 


INTRODUCTION In the Remarks at the end of Section 2.3 we mentioned the branch 
of mathematics called special functions. Perhaps a better title for this field of applied 
mathematics might be named functions because many of the functions studied bear 
proper names: Bessel functions, Legendre functions, Airy functions, Chebyshev 
polynomials, Hermite polynomials, Jacobi polynomials, Laguerre polynomials, 
Gauss’ hypergeometric function, Mathieu functions, and so on. Historically, special 
functions were often the by-product of necessity: Someone needed a solution of a 
very specialized differential equation that arose from an attempt to solve a physical 
problem. In effect, a special function was determined or defined by the differential 
equation and many properties of the function could be discerned from the series form 
of the solution. 

In this section we use the methods of Sections 6.2 and 6.3 to find solutions of 
two differential equations 


xy" ES xy' af (x? E v?)y = 0 (1) 
(1 — xy" — 2xy’ + n(n + Ly = 0 (2) 


that arise in the advanced studies of applied mathematics, physics, and engineering. 
Equation (1) is called Bessel’s equation of order v and is named after the noted German 
astronomer and mathematician Friedrich Wilhelm Bessel (1784—1846), who was the 
first person to determine the accurate distance from the Sun to another star. Bessel first 
encountered a special form of equation (1) in his study of elliptical planetary motion and 
eventually carried out a systematic study of the properties of the solutions of the general 
equation. Differential equation (2) is known as Legendre’s equation of order п and is 
named after the French mathematician Adrien-Marie Legendre (1752—1833). When 
we solve (1) we will assume that > = 0; whereas in (2) we will consider only the case 
where п is a nonnegative integer. 


SOLUTION OF BESSEL’S EQUATION Because x = 0 is a regular singular point 
of Bessel’s equation, we know that there exists at least one solution of the form 
y = Dy cnx" ^". Substituting the last expression into (1) gives 


оо 


ху + xy’ + (х2 - yy = > cn + (п + r— 1)" + > c,(n + rx" th + > Caxt? — у? У cx" t! 
n-0 n-0 n-0 n-0 


= co(r? rtr v? Tx ` qln+ry(n+r-1)+(n+r)- ve H >, cx? 


n=1 n=0 


= er – у?) +x У cain + r — r] + x У ox. (3) 
n=1 


= n=0 


From (3) we see that the indicial equation is 7? — 1? = 0, so the indicial roots are 
гү = vand гә = —v. When ri = v, (3) becomes 


x” X, cln + 2ь)х" + х” X, cx”? 


n=1 n=0 


= ela + 2ь)сүх + У; c,n(n + 2v)x" + > T 
n=2 n=0 


K 20 S 27 
Y WC 


k=n-2 k=n 


=x’ la + 2v)cyx + b [(k + 2)(k + 2 + 2v)cp4. + ap? = 0. 
к=0 
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Therefore by the usual argument we can write (1 + 2v)c, = 0 and 


(k + 2)(К + 2 + 2v)c43 + c4 0 


—Ck 


= А к= 0, 1, 2,.... 4 
- "EET ee +2 +2») 4) 
The choice c, = 0 in (4) implies that сз = cs = c; = ··· = 0, so for k = 0, 2, 4,... 

we find, after letting К + 2 = 2n, n = 1, 2, 3,..., that 

C2n—2 
n adn c QC ONE 3 
ls 2?n(n + v) 5) 
co 
Thus £)—— 
2^1: (1 v») 
C2 Со 
C4 — — 


22.202 + v) 2*-1-2( * ») 4 0) 


C4 Co 
Cg = — == 
6 22.3(3 + y) 26-1-2-3(1 + »)2 + у)(3 +) 
— 1)" 
Cog = С n=1,2,3,.... (6) 


21 + v) + v)---(n4 vy 


It is standard practice to choose co to be a specific value, namely, 


1 


"P STO py’ 


where Г(1 + v) is the gamma function. See Appendix A for a definition of the 
gamma function. Since this latter function possesses the convenient property 
Г(1 + a) = al(o), we can reduce the indicated product in the denominator of (6) to 
one term. For example, 


Га +»+1)=(1+»ГП +» 
га +v+2=2+vHl2+vn=2+n0+ v0 +. 


Hence we can write (6) as 


= CD” Е (= 1)" 
PAI + 0)(2 + р): (п + EG v) 2nd +v +n) 


C2n 


forn = 0, 1, 2,.... 


BESSEL FUNCTIONS OF THE FIRST KIND Using the coefficients c», just obtained 
and r = v, a series solution of (1) is y = У^ усо, x?"*" This solution is usually 


denoted by J,(x): 
© (— 1)" х 2ntv 
J, (x) = : 7 
о) Za eye 2 ©) 
If v > 0, the series converges at least on the interval [0, ©). Also, for the second 
exponent r = —v we obtain, in exactly the same manner, 
= (-1)" x 2n—v 
J_(x) = А 8 
о) КЫ рыр 2 e) 
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0.4 
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—0.4 X. 


2 4 6 


ос 


FIGURE 6.4.1 Bessel functions of the first 
kind for n = 0, 1, 2, 3, 4 


2 4 6 8 


FIGURE 6.4.2 Bessel functions of 
the second kind for n = 0, 1, 2, 3, 4 


The functions J,(x) and J_,(x) are called Bessel functions of the first kind of order v 
and — v, respectively. Depending on the value of v, (8) may contain negative powers 
of x and hence converges on (0, со), 

Now some care must be taken in writing the general solution of (1). When v = 0, 
it is apparent that (7) and (8) are the same. If v > 0 and rj — n = v — (—v) = 2v is not 
a positive integer, it follows from Case I of Section 6.3 that J,(x) and J_,(x) are lin- 
early independent solutions of (1) on (0, о), and so the general solution on the interval 
is y = cJ (x) + coJ_,(x). But we also know from Case П of Section 6.3 that when 
rı = m = 2vis a positive integer, a second series solution of (1) may exist. In this second 
case we distinguish two possibilities. When v = m = positive integer, J_,,(x) defined by 
(8) and J,,(x) are not linearly independent solutions. It can be shown that J_,,, is a constant 
multiple of Jm (see Property (i) on page 267). In addition, rı — rz = 2v can be a positive 
integer when v is half an odd positive integer. It can be shown in this latter event that J,(x) 
and J_,(x) are linearly independent. In other words, the general solution of (1) on (0, ©) is 


y = ex) + eL), v # integer. (9) 
The graphs of y = Jo(x) and y = Л(х) are given in Figure 6.4.1. 


[EXAMPLE 1 | Bessel’s Equation of Order 5 


By identifying v? = i and v — 1, we can see from (9) that the general solution of the 


equation x?y" + xy’ + (2 = iy = 0 on (0, ©) is у = cjJip(x) + coJ -1p(x). B 


BESSEL FUNCTIONS OF THE SECOND KIND Ifv = integer, the function defined 
by the linear combination 


б соз зт) = J-A) (10) 


sin VT 


and the function J,(x) are linearly independent solutions of (1). Thus another form 
of the general solution of (1) is у = ciJ,(x) + c3Y, (x), provided that v # integer. As 
v — m, m an integer, (10) has the indeterminate form 0/0. However, it can be shown 
by L'Hópital's Rule that lim, ,,, Y,(x) exists. Moreover, the function 


Ү„(х) = lim Ух) 


and J,,(x) are linearly independent solutions of x2y" + xy’ + (3? — т2)у = 0. Hence 
for any value of v the general solution of (1) on (0, 2) can be written as 


y = ey (x) + Ya). (11) 


Y,(x) is called the Bessel function of the second kind of order v. Figure 6.4.2 shows 
the graphs of Yo(x) and Y,(x). 


[EXAMPLE 2 Bessel's Equation of Order 3 


By identifying 1? = 9 and v = 3, we see from (11) that the general solution of the 
equation ry" + xy’ + (х2 — 9)y = О on (0, ©) is у = с1./з(х) + c2¥3(x). E 


DEs SOLVABLE IN TERMS OF BESSEL FUNCTIONS Sometimes it is possible to 
transform a differential equation into equation (1) by means of a change of variable. 
We can then express the solution of the original equation in terms of Bessel func- 
tions. For example, if we let t = ох, œ > 0, in 


xy" + xy’ + (а22 – уђу = 0, (12) 


“When we replace х by |х], the series given in (7) and (8) converge for 0 < |х| < oc. 
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FIGURE 6.4.3 Modified Bessel functions 
of the first kind for n = 0, 1, 2 
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FIGURE 6.4.4 Modified Bessel functions 
of the second kind for n — 0, 1, 2 
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then by the Chain Rule, 

dy ауа dy Фу dídy|dt _ „Фу 

= =a and 5 = — = 

dx dt dx dt dx dt \dx} dx dt 

Accordingly, (12) becomes 
2 2 2 
EV ET E E NE a4» ду, о ә 

B a p + "E 3 + (t v^)y = 0 or t d? + р? + (t y^) = 0. 


The last equation is Bessel’s equation of order v with solution у = cjJ,(f) + c2Y,(t). By 
resubstituting t = ox in the last expression, we find that the general solution of (12) is 


y = cy (ax) + c2¥,(ax). (13) 


Equation (12), called the parametric Bessel equation of order v, and its general 
solution (13) are very important in the study of certain boundary-value problems 
involving partial differential equations that are expressed in cylindrical coordinates. 


MODIFIEDBESSELFUNCTIONS Another equation that bears aresemblance to (1) 
is the modified Bessel equation of order v, 


xy" + xy! — (2 + vy = 0. (14) 


This DE сап be solved in the manner just illustrated for (12). This time if we let 
t = ix, where i? = —1, then (14) becomes 


Фу 
аё 
Because solutions of the last DE аге J,(t) and Y,(t), complex-valued solutions of 


(14) are J,(ix) and Y,(ix). A real-valued solution, called the modified Bessel function 
of the first kind of order v, is defined in terms of J,(ix): 


Ё 


ау 
+t—+(P -ry = 0. 
di (^ — v^y 


Ix) = i "Jix). 


See Problem 21 in Exercises 6.4. 
The general solution of (14) is 


у = clix) + ceil-,(x), v = integer. (15) 


When v is an integer n the functions /,(x) and J_,,(x) are not linearly independent on 
the interval (0, ©). So analogous to (10) we define the modified Bessel function of 
the second kind of order v # integer to be 


Kj) = _ I_,) — L@) 


(16) 


sin т 
and for integer v = n, 
K,(x) = lim K,(x). 


Because Г, and K, are linearly independent on the interval (0, 2) for any value of 
V, the general solution of (14) on that interval is 


y = cih) + eK). (17) 

The graphs of у = I(x), у = Lx), and y = h(x) are given in Figure 6.4.3 and 
the graphs of y = Ko(x), y = Кү(х), and y = K(x) are given in Figure 6.4.4. Unlike 
the Bessel functions of the first and second kinds, the modified Bessel functions 
of the first and second kind are not oscillatory. Figures 6.4.3 and 6.4.4 also illustrate 
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the fact that the modified Bessel functions /,(x) and K,(x), n = 0, 1, 2,... have no 
real zeros in the interval (0, ©). Also notice that the modified Bessel functions of 
the second kind K,(x) like the Bessel functions of the second kind Y,(x) become 
unbounded as x > 0*. 

A change of variable in (14) gives us the parametric form of the modified 
Bessel equation of order v: 


xy" + xy! — (ax? + vy = 0. (18) 
The general solution of the last equation on the interval (0, ©) is 


y = cil (ax) + c2K,(ax). (19) 


[EXAMPLE 3 | Parametric Modified Bessel Equation 


By identifying o? = 25, 12 = 4, а = 5, and v = 2 it follows from (19) that the 
general solution of the equation x2y" + xy’ — (25x? + 4)у = 0 on (0, ©) is 
y= C112(5x) Е coK»(5x). al 


Yet another equation, important because many DES fit into its form by appro- 
priate choices of the parameters, is 
2 2 


y LM у + [eee кес ©), =0, р=0. (20) 

Although we shall not supply the details, the general solution of (20), 
y= Leu + enr) (21) 
can be found by means of a change in both the independent and the dependent 
variables: z = Бх“, у(х) = DELI If p is not an integer, then Y, in (21) can be 


replaced by /—,. 


[EXAMPLE 4 Using (20) 


Find the general solution of xy" + Зу’ + 9y = 0 on (0, о). 
SOLUTION By writing the given DE as 
3 9 
" er П + у= 
учу уко, 
we can make the following identifications with (20): 


1 — 2a = 3, pic = 9, 228—2 = –1, and а? — рс? = 0. 


The first and third equations imply that a = —1 and с = 1, With these values the 


second and fourth equations are satisfied by taking b = 6 and p = 2. From (21) 
we find that the general solution of the given DE on the interval (0, 9») is 
y x | [eyJo(6x"”) + c2¥2(6x")]. E 


[EXAMPLE 5 | The Aging Spring Revisited 


Recall that in Section 5.1 we saw that one mathematical model for the free undamped 
motion of a mass on an aging spring is given by mx" + ke “x = 0, a > 0. We are 
now in a position to find the general solution of the equation. It is left as a problem 
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; - k -amn ; А 
to show that the change of variables s = — , /— е transforms the differential 
З : up a Nm 
equation of the aging spring into 


dix 
ds? 


d 
kso Free 


The last equation is recognized as (1) with v = 0 and where the symbols x 
and s play the roles of y and x, respectively. The general solution of the new 
equation is x = ciJo(s) + со Үо(5). If we resubstitute s, then the general solution of 
тх" + Ке *'x = 0 is seen to be 


2 k 2 k 
x(t) = Ze Vel =F en Jen) 
а т а т 
See Problems 35 and 41 in Exercises 6.4. 


The other model that was discussed in Section 5.1 of a spring whose character- 
istics change with time was mx" + ktx = 0. By dividing through by m, we see that 


k 
the equation x" + m” = 0 is one form of Airy's differential equation. See page 248. 


The general solution of Airy’s differential equation can also be written in terms of 
Bessel functions. See Problems 36, 37, and 42 in Exercises 6.4. 


PROPERTIES We list below a few of the more useful properties of Bessel functions 
of order т, m = 0, 1, 2,...: 


@ Льо) = (Dm, Gi) Im(—x) = C Dna), 


0 m>O 


(iit) J,(0) = | a -— 


(iv) en. Ү„(х) = — 2. 

Note that Property (ii) indicates that Ј,„(х) is an even function if m is an even 
integer and an odd function if m is an odd integer. The graphs of Yo(x) and Y;(x) 
in Figure 6.4.2 illustrate Property (iv), namely, Y„(x) is unbounded at the origin. 
This last fact is not obvious from (10). The solutions of the Bessel equation of 
order 0 can be obtained by using the solutions у(х) in (21) and у(х) in (22) of 
Section 6.3. It can be shown that (21) of Section 6.3 is у(х) = Jo(x), whereas (22) 
of that section is 


_ 2 (<p пуху 
уф) = AG) Уу = [sos “Al | | 


The Bessel function of the second kind of order 0, Yo(x), is then defined to be the 


2 2 
linear combination Yo(x) = = (y = In 2)y\(x) + - yo(x) for x > 0. That is, 


nose +12 оа ag 
0 = 2A) v tins = r2 ay 2 kA2] ^ 


where y — 0.57721566 ...is Euler's constant. Because of the presence of the 
logarithmic term, it is apparent that Yo(x) is discontinuous at x = 0. 


NUMERICAL VALUES The first five nonnegative zeros of Jo(x), J1(x), Yo(x), and 
Y\(x) are given in Table 6.4.1. Some additional function values of these four func- 
tions are given in Table 6.4.2. 
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TABLE 6.4.1 


Jo(x) 


2.4048 
5.5201 
8.6537 
11.7915 
14.9309 


Zeros of Jo, Jı, Yo, and Y; TABLE 6.4.2 Numerical Values of Jo, Ji, Yo, and Y, 
Ji(x) Yo(x) Yi(x) 3? Jo(x) Jx) Yo) Үү(х) 
0.0000 0.8936 2.1971 0 1.0000 0.0000 — — 
3.8317 3.9577 5.4297 1 0.7652. 0.4401 0.0883 —07812 
7.0156 7.0861 8.5960 2 0.2239 0.5767 0.5104 —0.1070 
10.1735 10.2223 11.7492 3 —0.2601 0.3391 0.3769 0.3247 
13.3237 13.3611 14.8974 4 —0.3971 —0.0660 —0.0169 0.3979 
5 —0.1776 | —0.3276 —0.3085 0.1479 
6 0.1506 —0.2767 —0.2882 0.1750 
7 0.3001 —0.0047 —0.0059 | —0.3027 
8 0.1717 0.2346 0.2235 —0.1581 
9 —0.0903 0.2453 0.2499 0.1043 
10 —0.2459 0.0435 0.0557 0.2490 
11 —0.1712 —0.1768 —0.1688 0.1637 
12 0.0477 —0.2234 —0.22522 | —0.0571 
13 0.2060 | —0.0703 —0.0782 —0.2101 
14 0.1711 0.1334 0.1272 —0.1666 
15 —0.0142 0.2051 0.2055 0.0211 


DIFFERENTIAL RECURRENCE RELATION Recurrence formulas that relate Bessel 
functions of different orders are important in theory and in applications. In the next 
example we derive a differential recurrence relation. 


[EXAMPLE 6| Derivation Using the Series Definition 


Derive the formula xJ) = wJ,(x) — xJy4 (x). 


SOLUTION It follows from (7) that 


= (—1)"(2л + v) p 


x0) = 2, SF vn) 


n=0 


= < (= 1)" x 2п+> Е (—1)"п x 2n+v 
Е v2, T T v4 n) a Ы 2> ard tot 35] 


= п=0 
_ a ИШЕ. S AEN x 2n+v-1 
= wl) +x, (п = DIT * v4 5 (3) 
8 
k=n-1 


= VIX) ni XJ, a4). 


= (—1)* Hind 
2 


shed -* Эйт + y+k\2 = 


The result in Example 6 can be written in an alternative form. Dividing 
хх) — vJ (x) = —xJ,41(x) by x gives 


0) = 7409 = Jia. 


This last expression is recognized as a linear first-order differential equation in J,(x). 
Multiplying both sides of the equality by the integrating factor x ” then yields 


poto] = =x yaQ). (22) 
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FIGURE 6.4.5 Bessel functions of order 
1 (blue) and order —} (red) 
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It can be shown in a similar manner that 


d 

x) = x J,-109). (23) 
dx 

See Problem 27 in Exercises 6.4. The differential recurrence relations (22) and 
(23) are also valid for the Bessel function of the second kind Y,(x). Observe that 
when v = 0, it follows from (22) that 


d 
^, Fe» = -Yi(9. (24) 


d 
4,79 = —Ji(x) and dx 


An application of these derivatives is given in Problem 41 in Exercises 6.4. Results 
similar to (24) also hold for the modified Bessel functions of the first and second kind 
of order v — 0: 


d d 
4,09 =) and Кох) = —Ki(). (25) 
Dx dx 


See Problem 27 in Chapter 6 in Review for an application of the derivatives in (25). 


BESSEL FUNCTIONS OF HALF-INTEGRAL ORDER When the order is half an 
odd integer, that is, L =, +3, ..., Bessel functions of the first and second kinds 
can be expressed in terms of the elementary functions sin x, cos x, and powers of x. 
Let’s consider the case when v = І From (7) 


© (—1) DE 
) 


Лә) = 
i 2 кп 2 


In view of the property Г(1 + a) = «Г(о) and the fact that Г (3) = үт the values 
of Fd + 1 + п) forn = 0, п = 1, п = 2, and n = 3 are, respectively, 


паја 5 


221+111 


" (—1)" yee 2 << (=1)" 
Hence Ji(x) = Erri ~ єў (2n + 1)! x 


п 22n* ly] т 


In general, 


2п+1 


From (2) of Section 6.1 the infinite series in the last line is recognized as the 
Maclaurin series for sin x, and so we have shown that 


2 
Лр) = 4 |— sin x. (26) 
TX 
We leave it as an exercise to show that 
2 
J_ p(x) = — IDOS.X; (27) 
TX 


See Figure 6.4.5 and Problems 31, 32, and 40 in Exercises 6.4. 
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If nis an integer, then v = n + lis half an odd integer. Because cos (n + Da =0 
and sin(n + 2) T = cos пт = (—1)", we see from (10) that 


Yi) = (70**1J- oi). 


Forn = 0 and n = —1 we have, in turn, Yj) у(х) = —./—1у/2(Х) and У—|/›(х) = Л ә(х). 
In view of (26) and (27) these results are the same as 


[2 
Yi p(x) = = ту С^ (28) 
Pe 
and Yip) = m sin x. (29) 


SPHERICAL BESSEL FUNCTIONS Bessel functions of half-integral order are 
used to define two more important functions: 


. T T 
In(x) = Мано апа Уп(х) = NE (30) 


The function j,(x) is called the spherical Bessel function of the first kind and y,(x) 
is the spherical Bessel function of the second kind. For example, for n = 0 the 
expressions in (30) become 


(2) T, (x) т 2 0r sin x 
JAX) = s 1/24X = 2x m sın X = 3 

d w Ty aoe т 2 | COs x 
an уо) = 2x 1/2X) = 2x a“ E 


Itis apparent from (30) and Figure 6.4.2 for n > 0 the spherical Bessel of the second 
kind y,(x) becomes unbounded as x — 0*. 

Spherical Bessel functions arise in the solution of a special partial differential 
equation expressed in spherical coordinates. See Problem 56 in Exercises 6.4 and 
Problem 13 in Exercises 13.3. 


SOLUTION OF LEGENDRE'S EQUATION Since x = О is an ordinary point of 
Legendre's equation (2), we substitute the series y — Zn c.x*, shift summation 
indices, and combine series to get 


(1 — xy" — 2xy’ + n(n + 1)у = [n(n + со + 20] + [(n — 1)(п + 2)с + 6c3]x 


+ У 1G + 2) + Deja + (1 — fin +] + Do? = 0 


7=2 
which implies that n(n + 1)со + 205 = 0 
(n — 1)(п + 2)c1 + без = 0 


Cj + 2)(7 + Decja + (n — fn тј + 0с = 0 


n(n + 1) 
or fec ap, d 
(n — 1)(п + 2) 
СЗ = 31 СІ 
п= (п +3 +1 
Cj+2 = E: JX i ) J=2,3,4,.... (31) 


n А Cj, 
G + 2) + 1) 
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If we let j take on the values 2, 3, 4, . . . , the recurrence relation (31) yields 
(n — 2)(n + 3) (n — 2)n(n + 1)(п + 3) 
C4 C = co 
4:3 4! 
(п — 3)(n + 4) (n — 3)(n — 1)(п + 2)(n + 4) 
C5 = C3 — СІ 
5:4 5! 
(n — 4)(п + 5) (n — 4)(п — 2)n(n + 1)(n + 3)(n + 5) 
C6 C4 — Со 
6:5 6! 
(n — 5)(n + 6) (n — 5)(n — 3)(n — 1)(п + 2)(n + A)(n + 6) 
LN IU NEUE 7! Е 


and so on. Thus for at least |х| < 1 we obtain two linearly independent power series 


solutions: 
y(x) = “|! = n(n + 1) 2+ (n — 2)n(n + 1)(п + 3) m" 
2! 4! 
(n — 4)(п — 2)n(n + In + 3)(n + 5) , | 
б! хб + ++ 
_ = -= (32) 
у(х) = zm т T +2) gia (n — 3)n xs + 2)n + 4) 5 
(n — 5)(п — 3n — Dn + 2n + Mat €, | 


Notice that if n is an even integer, the first series terminates, whereas у(х) is an 
infinite series. For example, if n = 4, then 


4-5 2:4*:5-.7 35 
y(x) = 4 х2 + d = “|! 102 + 2| 


2! 4! 


Similarly, when л is an odd integer, the series for y2(x) terminates with x"; that is, 
when n is a nonnegative integer, we obtain an nth-degree polynomial solution of 
Legendre's equation. 

Because we know that a constant multiple of a solution of Legendre's equation 
is also a solution, it is traditional to choose specific values for со ог сі, depending 
on whether n is an even or odd positive integer, respectively. For n — 0 we choose 
co = 1, and for n = 2,4,6,... 


Т3 Жү] 
= 1)"2 , 
e TC 
whereas for n = 1 we choose c; = 1, and for n = 3, 5, 7, ... 
1:3--—«n 
= 1)" 0/2 ; 
А тте 
For example, when n = 4, we have 
153 35 1 
у(х) = сую! — 10x? + = “| =. (35x* — 30x? + 3). 


LEGENDRE POLYNOMIALS These specific nth-degree polynomial solutions are 
called Legendre polynomials and are denoted by P,(x). From the series for у(х) 
and у(х) and from the above choices of со and c, we find that the first six Legendre 
polynomials are 


Po(x) = 1, Pi(x) = x, 


Р(х) = 5x — 1), P3(x) = Te — 3x), (33) 


Р(х) = 5 5и — 30x? + 3), Р(х) = Hc — 70x? + 15x). 
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FIGURE 6.4.6 Legendre polynomials for 
п = 0, 1, 2,3,4, 5 


Remember, Ро(х), Р(х), Р(х), Рз(х), ... are, in turn, particular solutions of the 
differential equations 
n=0: (1— хЭу'— 2xy' = 0, 
п= 1: (0—35y — 2ху + 2у = 0, 
п= 2: (1— x5y' – 2xy' + бу = 0, (34) 
п= 3: (1 – xy" — 2ху' + 12у = 0, 


The graphs, on the interval [— 1, 1], of the six Legendre polynomials in (33) are 
given in Figure 6.4.6. 


PROPERTIES You are encouraged to verify the following properties using the 
Legendre polynomials in (33). 


(i) P,(—x) = (—1)"Р„(х) 
(й) P,(1) = 1 (iii) P,(-1) = (—1)" 
(iv) P,(0) = 0, n odd (v) P;(0)- 0, neven 


Property (i) indicates, as is apparent in Figure 6.4.6, that P,(x) is an even or odd 
function according to whether n is even or odd. 


RECURRENCE RELATION Recurrence relations that relate Legendre polynomials 
of different degrees are also important in some aspects of their applications. We state, 
without proof, the three-term recurrence relation 


(К + 1Ps) — Qk + DxPyx) + КРЫ 100) = 0, (35) 


which is valid for k = 1, 2, 3,.... In (33) we listed the first six Legendre poly- 
nomials. If, say, we wish to find Pe(x), we can use (35) with k = 5. This rela- 
tion expresses Р(х) in terms of the known P4(x) апа Ps(x). See Problem 47 in 
Exercises 6.4. 

Another formula, although not a recurrence relation, can generate the Legendre 
polynomials by differentiation. Rodrigues’ formula for these polynomials is 


п 


2 dx" 


P,(x) = (2 — 1)", w= O01, 2, can: (36) 


See Problem 50 in Exercises 6.4. 


| Although we have assumed that the parameter n in Legendre’s differential 


equation (1 — x2)y" — 2xy’ + n(n + 1)y = 0, represented a nonnegative in- 
teger, in a more general setting л can represent any real number. Any solution 
of Legendre's equation is called a Legendre function. If n is not a non- 
negative integer, then both Legendre functions у(х) апа у(х) given in (32) 
are infinite series convergent on the open interval (—1, 1) and divergent 
(unbounded) at x = +1. If п is a nonnegative integer, then as we have just 
seen one of the Legendre functions in (32) is a polynomial and the other 
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EXERCISES 6.4 


Bessel’s Equation 


In Problems 1-6 use (1) to find the general solution of the given 
differential equation on (0, о). 


low +(2- dy =0 

2. xy" + xy! +02 = Dy =0 

3. Ax?" + Axy' + (4x? — 25)y = 0 
4. 162y" + 16xy' + (162 — Dy = 0 
B»' +y +ху=0 


d $3 a 4 — 
в. ГУП + hx 1) 0 


In Problems 7 and 8 use (12) to find the general solution of the given 
differential equation on (0, oc). 


7. y" + ху + (902 — Dy = 0 
8. 5" + ху + (362 - 3у = 0 


In Problems 9 and 10 use (18) to find the general solution of the given 
differential equation on (0, о). 


I гу + ху (162 H у =0 
10. 22у" + xy’ = (222 + 64)y = 0 


In Problems 11 and 12 use the indicated change of variable to find the 
general solution of the given differential equation on (О, ©). 


11. 32y" + 2ху' + axy 20; yx v) 
v? 4 Dn =0; у= Vxv(x) 


12. xy" (a2x? 


In Problems 13—20 use (20) to find the general solution of the given 
differential equation on (0, о). 


2y' + 4y = 0 


13. xy" 


$ 


14. xy" + 3y' + xy =0 


15. xy" — y' +ху=0 


16. xy" — 5у + xy = 0 
17. xy" + 02 —2)y = 0 
18. 4x°y" + (168 + Dy = 0 
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Answers to selected odd-numbered problems begin on page ANS-10. 


19. xy" + 3y' + xy = 0 
20. 9x2" + Oxy’ + (x$ — 36)у = 0 


21. Use the series in (7) to verify that /,(x) = i" J,(ix) is a real 
function. 


22. Assume that b in equation (20) can be pure imaginary, that is, 
b = pi, B > 0, = —1. Use this assumption to express the 
general solution of the given differential equation in terms of 
the modified Bessel functions /, and K,. 


(а) у" - xy =0 

(b) ху" + у’ = 72у=0 
In Problems 23-26 first use (20) to express the general solution of 
the given differential equation in terms of Bessel functions. Then use 


(26) and (27) to express the general solution in terms of elementary 
functions. 


@®»"+y=0 

24. xy" + 4ху' + Q2 + 2)у =0 
GBD 62у + 32xy’ + 05 - 12)y =0 
26. 4x°y" — Axy' + (16x? + 3)у = 0 


27. (a) Proceed as in Example 6 to show that 
XIX) = — v(x) + xJ,-(x). 
[Hint: Write 2n + v = 2(n + v) — v.] 
(b) Use the result in part (a) to derive (23). 


28. Use the formula obtained in Example 6 along with part (a) of 
Problem 27 to derive the recurrence relation 


2vJ,(x) = r) + xJ,- 1). 


In Problems 29 and 30 use (22) or (23) to obtain the given result. 


29. | 6, dr = xJ (x) 
0 


31. Proceed as on page 269 to derive the elementary form of 
J—12(x) given in (27). 


30. Jax) = J-1@) = —Л(х) 


32. Use the recurrence relation in Problem 28 along with (26) and 
(27) to express J3/2(x), J—3/2(x), Јѕо(х), and J—s5/2(x) in terms of 
sin x, cos x, and powers of x. 
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33. (a) Use the first formula in (30) and Problem 32 to find the 
spherical Bessel functions /1(х) and j2(x). 


(b) Use a graphing utility to plot the graphs of j)(x) and j2(x) in 
the same coordinate plane. 


34. (a) Use the second formula in (30) and Problem 32 to find the 
spherical Bessel functions у(х) and у(х). 


(b) Use a graphing utility to plot the graphs of у(х) and у(х) 
in the same coordinate plane. 


2 k 
35. Use the change of variables s = — Ve e “ to show 
а \ т 


that the differential equation of ће aging spring 
mx" + Ке *'x = 0, a > 0, becomes 


2 ax " dx +2 0 
82 = ts—t+5x=0. 
ds? ds 


36. Show that y = x!/2w 6 ax? 2) is a solution of the given form 
of Airy’s differential equation whenever w is a solution of 
the indicated Bessel’s equation. [Hint: After differentiating, 
substituting, and simplifying, then let t = Sox 2] 


(a) y" + a2xy = 0, x > 0; иә” + tw' + (02 1и = 0,712 0 


(b) y" — аху = 0, x > 0; 2w" + tw' — (2 4 5w = 0,1> 0 


37. Use the result in parts (a) and (b) of Problem 36 to express the 
general solution on (0, œ) of each of the two forms of Airy's 
equation in terms of Bessel functions. 


38. Use Table 6.4.1 to find the first three positive eigenvalues and 
corresponding eigenfunctions of the boundary-value problem 


xy" +y + Axy = 0, 
y(x), у'(х) bounded as x> 0*, у(2) = 0. 


[Hint: By identifying А = a, the DE is the parametric Bessel 
equation of order zero. ] 


39. (a) Use (20) to show that the general solution of the differential 
equation ху” + Ay = 0 on the interval (0, ©) is 


y= eiv/xJ(2v/Ax) + oVxY,(2VA3). 


(b) Verify by direct substitution that у = VxJ\(2Vx) is a 
particular solution of the DE in the case A = 1. 


Computer Lab Assignments 
40. Use a CAS to graph J3/»(x), J—3/2(X), Jsp(x), and J—5/2(x). 


41. (a) Use the general solution given in Example 5 to solve the IVP 
4x" + ely =0, x0)—1, x'(0) = —}. 


Also use J'o(x) = —Ji(x) and Уо(х) = —Y (x) along with 
Table 6.4.1 or a CAS to evaluate coefficients. 


(b) Use a CAS to graph the solution obtained in part (a) for 
О<т<, 


42. (а) Use the general solution obtained in Problem 37 to solve 
the IVP 


4x" + tx 20, x(0.1)=1, x'(0.1) = —4. 


Use a CAS to evaluate coefficients. 


43. 


44. 


(b) Use a CAS to graph the solution obtained in part (a) for 
0 <= т = 200. 


Column Bending Under Its Own Weight A uniform 

thin column of length L, positioned vertically with one end 
embedded in the ground, will deflect, or bend away, from the 
vertical under the influence of its own weight when its length 
or height exceeds a certain critical value. It can be shown that 
the angular deflection 0(x) of the column from the vertical at a 
point P(x) is a solution of the boundary-value problem: 


do 
ET 2 + бе(1,— х)0 = 0, 6(0)=0, 0'(2) = 0, 


where Е is Young's modulus, / is the cross-sectional moment 
of inertia, 6 is the constant linear density, and x is the distance 
along the column measured from its base. See Figure 6.4.7. 
The column will bend only for those values of L for which the 
boundary-value problem has a nontrivial solution. 


(a) Restate the boundary-value problem by making the change 
of variables t = L — x. Then use the results of a problem 
earlier in this exercise set to express the general solution of 
the differential equation in terms of Bessel functions. 


(b) Use the general solution found in part (a) to find a solu- 
tion of the BVP and an equation which defines the critical 
length L, that is, the smallest value of L for which the 
column will start to bend. 


(c) With the aid of a CAS, find the critical length L of a 
solid steel rod of radius r = 0.05 in., 6g = 0.28 A Ib/in., 
E = 2.6 X 107 Ib/in2, А = тг”, and I = jar. 


FIGURE 6.4.7 Beam in Problem 43 


Buckling of a Thin Vertical Column In Example 4 of 
Section 5.2 we saw that when a constant vertical compressive 
force, or load, P was applied to a thin column of uniform cross 
section and hinged at both ends, the deflection y(x) is a solution 
of the BVP: 


d?y 
ELS + Ру= 0, y0)=0, y(L)=0. 
х 


(a) If the bending stiffness factor EJ is proportional to x, then 
El(x) = kx, where К is a constant of proportionality. If 
EKL) = kL = M is the maximum stiffness factor, then 
k = M/Land so El(x) = Mx/L. Use the information in 
Problem 39 to find a solution of 


x d?y 
M— 
L dx? 


if it is known that VxY\(2V/Ax) is not zero at x = 0. 


+ Py=0, у(0) = 0, y) —0 
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45. 


(b) Use Table 6.4.1 to find the Euler load P, for the column. 


(c) Use a CAS to graph the first buckling mode у(х) corre- 
sponding to the Euler load Р). For simplicity assume that 
c; = L and L = 1. 


Pendulum of Varying Length For the simple pendulum 
described on page 223 of Section 5.3, suppose that the rod 
holding the mass m at one end is replaced by a flexible wire and 
that the wire is fed by a pulley through the horizontal support at 
point O in Figure 6.4.8. In this manner, while it is in motion in 
a vertical plane, the mass m can be raised or lowered. In other 
words, the length /(r) of the pendulum varies with time. Under 
the same assumptions leading to equation (6) in Section 5.3, 

it follows from (1) in Chapter 5 in Review that the differential 
equation for the displacement angle 0(7) is now 


20, dl do 
d?) dt dt 


(a) If l increases at a constant rate v and /(0) = Jo, then show 
that a linearization of the foregoing differential equation is 


+ 25100 = 0. 


d?0 d6 
lo 4 + 2 
би) а? Уш 


20 = 0. (37) 


(b) Make the change of variables х = (lọ + vt)/v and show that 


(37) becomes 


d?8 
dx? 


2d0 8 
t | 0 0. 
x dx vx 


(c) Use part (b) and (20) to express the general solution of 


equation (37) in terms of Bessel functions. 


(d) Use the general solution obtained in part (c) to solve the 
initial-value problem consisting of equation (37) and the 
initial conditions 0(0) = Өө, 0'(0) = 0. [Hints: To sim- 


plify calculations, use a further change of variable 


2 
Vello + vt) = 2 a Also, recall that (22) 
v 


u= 
v 


holds for both Л (и) and У, (и). Finally, the identity 
2 
Л(и)Ү(и) = Jou) ¥i(u) = — — 
ти 


will be helpful.] 


flexible 
wire 


FIGURE 6.4.8 Pendulum of varying length in Problem 45 
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(e) Use a CAS to graph the solution 0(7) of the IVP in part (d) 
when Jp = 1 ft, 09 = 15 radian, and v = d; ft/s. Experiment 
with the graph using different time intervals such as 
[0, 10], [0, 30], and so on. 


(f) What do the graphs indicate about the displacement angle 
O(t) as the length / of the wire increases with time? 


Legendre's Equation 


46. (a) Use the explicit solutions у(х) and у(х) of Legendre's 
equation given in (32) and the appropriate choice of со and 
c; to find the Legendre polynomials Pe(x) and P7(x). 


(b) Write the differential equations for which Р(х) and P7(x) 
are particular solutions. 


a Use the recurrence relation (35) and Po(x) = 1, Р(х) = x, to 
generate the next six Legendre polynomials. 


48. Show that the differential equation 
- *y . „© 
sin g созд 29 1 


n(n + 1)(sin Ө)у = 0 
can be transformed into Legendre’s equation by means of the 
substitution x = cos Ө. 
49. Find the first three positive values of A for which the problem 
(1 = x5y" — 2ху + Ay = 0, 
y(0) = 0, у(х), у'(х) bounded on [—1, 1] 


has nontrivial solutions. 


Computer Lab Assignments 


50. For purposes of this problem ignore the list of Legendre 
polynomials given on page 271 and the graphs given in 
Figure 6.4.6. Use Rodrigues’ formula (36) to generate the 
Legendre polynomials Р(х), Р(х), . . . , P7(x). Use a CAS to 
carry out the differentiations and simplifications. 


51. Use a CAS to graph P;(x), P2(x), . . . , P7(x) on the interval [— 1, 1]. 


52. Use a root-finding application to find the zeros of 

Р(х), Po(x), . . . , P7(x). If the Legendre polynomials 

are built-in functions of your CAS, find zeros of Legendre 
polynomials of higher degree. Form a conjecture about the 
location of the zeros of апу Legendre polynomial P;(x), and 


then investigate to see whether it is true. 


Additional Differential Equations 
53. The differential equation 


y" — 2xy' + 2ay = 0 


is known as Hermite's equation of order a after the French 
mathematician Charles Hermite (1822—1901). Show that the 
general solution of the equation is у(х) = coy1(x) + cyy2(x), where 


Pala = 2)---(а—2К+2) 4. 
x 


ло) =1+ У (1) 
k=1 


(2k)! 
s 2Җ«—1)(а—3)+-+ (a—2k+1) 
= П k 2k+1 
Yala) = x4 > D (Qk +1)! * 


are power series solutions centered at the ordinary point 0. 
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54. (a) When a = n is a nonnegative integer, Hermite's differential 
equation always possesses a polynomial solution of degree n. 
Use у(х), given in Problem 53, to find polynomial 
solutions for n = 0, n = 2, and n = 4. Then use y»(x) to 
find polynomial solutions for n = 1, n = 3, and n = 5. 


(b 


= 


A Hermite polynomial H,,(x) is defined to be the nth 
degree polynomial solution of Hermite’s equation multiplied 
by an appropriate constant so that the coefficient of x” in 
H,(x) is 2". Use the polynomial solutions in part (a) to 

show that the first six Hermite polynomials are 


Нох) = 1 
Hi(x) = 2x 
Hyx)-480-2 


H3(x) = 8 — 12x 
Hax) = 16x* — 48x? + 12 
Hs(x) = 32x° — 160x? + 120x. 


Chapter 6 In Review 


In Problems 1 and 2 answer true or false without referring back to 
the text. 


1. The general solution of x2y" + xy' + (х2 


y = adi) + e (x). 


Dy-0is 


2. Because x = 0 is an irregular singular point of 
xy" — xy’ + y = 0, the DE possesses no solution 
that is analytic at x = 0. 


3. Both power series solutions of y" + In(x + 1)у - y = 0 
centered at the ordinary point x = 0 are guaranteed to converge 
for all x in which one of the following intervals? 


(a) (—=,=) 
(9 [75.2] 


2:2 
4. x = 015 an ordinary point of a certain linear differential 
equation. After the assumed solution y = 7 , c,x" is 
substituted into the DE, the following algebraic system is 
obtained by equating the coefficients of x, x!, х2, and x? 


(b) (—1, %) 
(d) [—1, 1] 


to zero: 
2c, + 2c) + со = 0 
6c3 + 4c. + с = 0 
12с4 + 6c3 + сә 1с = 0 
20с5 + 8c4 + сз 2с, = 0. 


Bearing in mind that со and с| are arbitrary, write down the first 
five terms of two power series solutions of the differential 
equation. 


. Suppose the power series $7 у cy(x — 4) is known to converge 
at —2 and diverge at 13. Discuss whether the series converges 
at —7, 0, 7, 10, and 11. Possible answers are does, does not, 
might. 
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55. The differential equation 


tà 


Xy T 


xy" о?у = 0, 


(1 


where о is a parameter, is known as Chebyshev’s equation after 
the Russian mathematician Pafnuty Chebyshev (1821—1894). 
When a = n is a nonnegative integer, Chebyshev’s differential 
equation always possesses a polynomial solution of degree n. 
Find a fifth degree polynomial solution of this differential 
equation. 


56. If n is an integer, use the substitution R(x) = (ох) PZ) to 


show that the general solution of the differential equation 


XAR" + 2xR! + [a2x? 


n(n + 1)]Ё=0 

on the interval (0, ©) is R(x) = c1j,(@x) + c» у„(ох), where 
Jn(ax) and y,(ax) are the spherical Bessel functions of the first 
and second kind defined in (30). 


Answers to selected odd-numbered problems begin on page ANS-10. 


6. Use the Maclaurin series for sin x and cos x along with long 


division to find the first three nonzero terms of a power series 
sin x 


in x for the function f(x) = . 
cos X 


In Problems 7 and 8 construct a linear second-order differential 
equation that has the given properties. 


7. A regular singular point at x = 1 and an irregular singular point 
atx = 0 


8. Regular singular points at x = 1 and at x = —3 


In Problems 9—14 use an appropriate infinite series method about 


x = 0 to find two solutions of the given differential equation. 
9. 2xy"+ y' +у= 0 10. у ху - у= 0 
11. (х = Dy" + Зу = 0 12. у" – ry’ + xy = 0 


13. xy" — (х + 2)y’ + 2y = 0 14. (соѕ х)у" + y = 0 


In Problems 15 and 16 solve the given initial-value problem. 


15. у" + xy’ + 2у = 0, у(0) = 3, y'(0) = —2 


16. (x + 2)" + 3y = 0, y(0) = 0, y'(0) = 1 


17. Without actually solving the differential equation 
(1 — 2 sin x)y" + xy = 0, find a lower bound for the radius 
of convergence of power series solutions about the ordinary 
point x = 0. 


18. Even though x = 0 is an ordinary point of the differential 
equation, explain why it is not a good idea to try to find a 


solution of the IVP 
y’+xy’+y=0, у(1) = –6, у(1) = 3 


© 


of the form у = $7 , cnx". Using power series, find a better 
way to solve the problem. 
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In Problems 19 and 20 investigate whether x = 0 is an ordinary point, 
singular point, or irregular singular point of the given differential 
equation. [Hint: Recall the Maclaurin series for cos x and e*.] 


19. ху” + (1 — cos x)y’ + xy = 0 


20. (е – 1 – х)у" + ху =0 


21. 


22. 


23. 


24. 


Note that x = 0 is an ordinary point of the differential equation 
y" 4 2x + 10x?. Use the assumption 


xy + 2ху = 5 
у = У cx. to find the general solution у = ye + y, that 
consists of three power series centered at x = 0. 


The first-order differential equation dy/dx = x? + y? cannot be 
solved in terms of elementary functions. However, a solution 
can be expressed in terms of Bessel functions. 


ld 
(a) Show that the substitution y = — — EX leads to the 
2 " De uer u dx 
equation и” + x^u = 0. 


(b) Use (20) in Section 6.4 to find the general solution of 
и” + х?и = 0. 


(с) Use (22) апа (23) in Section 6.4 in the forms 


ло) = AQ) — Ју) 


апа Ji) = — Ao + J,-1Q) 


as an aid to show that a one-parameter family of solutions 


of dy/dx = x? + y? is given by 
m ) = cJ us) 


CJ V4 (0) T- va (bx) 


(a) Use (10) of Section 6.4 and Problem 32 of Exercises 6.4 to 
show that 
2 [cosx . 
Y3/2(x) + sin x 
TX 


(b) Use the definition /,(х) = i "J,(ix) to show that 


12 |2 
lnx) = pm sinh x and Inx) = m cosh x. 


(c) Use (16) of Section 6.4 and part (b) to show that 


T =z 
Ki p(x) = xe 


(a) From (33) and (34) of Section 6.4 we know that 
when n — 0, Legendre's differential equation 
(1 — х2)у" — 2xy' = 0 has the polynomial solution 
y = Po(x) = 1. Use (5) of Section 4.2 to show that a second 
Legendre function satisfying the DE for —1 < x < 1 is 


zx f + :) 
POR yes 
We also know from (33) and (34) of Section 6.4 
that when n — 1, Legendre's differential equation 
(1 = x2)y" — 2xy’ + 2y = 0 possesses the polynomial 
solution y = Р(х) = x. Use (5) of Section 4.2 to show 


that a second Legendre function satisfying the DE 
for —=1 <x< 115 


(b) 
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(c) Use a graphing utility to graph the logarithmic Legendre 
functions given in parts (a) and (b). 


25. (a) Use binomial series to formally show that 


26. 


2 


FIGURE 6.R.1 Cooling fins on a motorcycle 
engine 


N 


(1 — 2xt + 2) 1^ — У Рх). 
n=0 
(b) Use the result obtained in part (a) to show that P,(1) = 1 and 
Р„(—1) = (—1)”. See Properties (ii) and (iii) on page 272. 


Express the general solution of the given differential equation 
on the interval (0, ©) in terms of Bessel functions. 


(а) 4x2y" + 4ху' + (642 
(b) xy" | ху' 


25)у=0 
(1&2 + 9)у =0 


. Cooling Fin A cooling fin is an outward projection from 


a mechanical or electronic device from which heat can be 
radiated away from the device into the surrounding medium 
(such as air). See Figure 6.R.1. An annular, or ring-shaped, 
cooling fin is normally used on cylindrical surfaces such as 
а circular heating pipe. See Figure 6.R.2. In the latter case, 
let r denote the radial distance measured from the center line 
of the pipe and T(r) the temperature within the fin defined 
for ro = r € rj. It can be shown that T(r) satisfies the 
differential equation 


а) ipsis 
dr\ dr] ^. id 


where a” is a constant and T, is the constant air temperature. 
Suppose го = 1, rı = 3, and Т„ = 70. Use the substitution 
w(r) = T(r) — 70 to show that the solution of the given 
differential equation subject to the boundary conditions 


T(1) 2160, 7T (3-0 


Ki(3aMo(ar) + Ii(3a)Ko(ar) 
K\a)lo(a) + 1(За)Коа) ° 


is T(r) = 70 + 90 


where and /o(x) and Ко(х) are the modified Bessel functions 
of the first and second kind. You will also have to use the 
derivatives given in (25) of Section 6.4. 


cooling 
fin _ 


|. circular 
pipe 


GDragan/iStock/Thinkstock 


FIGURE 6.R.2 Annular 
cooling fin 


28. Solve the differential equation in Problem 27 if the boundary 


conditions are 


Т(1) = 160, 7(3) = 90. 
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Definition of the Laplace Transform 

Inverse Transforms and Transforms of Derivatives 
Operational Properties | 

Operational Properties II 

The Dirac Delta Function 

Systems of Linear Differential Equations 


CHAPTER 7 IN REVIEW 


n the linear mathematical models for a physical system such as a spring/mass 

system or a series electrical circuit, the right-hand member, or driving function, 

of the differential equations mx" + Bx’ + kx = f(f) or Lq" + Rq' + q/C = E(t) 
represents either an external force f(t) or an impressed voltage E(t). In Section 5.1 
we solved problems in which the functions f and E were continuous. However, in 
practice discontinuous driving functions are not uncommon. Although we have 
solved piecewise-linear differential equations using the techniques of Chapters 2 
and 4, the Laplace transform discussed in this chapter is an especially valuable tool 


that simplifies the solution of such equations. 


dd 7.1 


We will assume throughout that s (>) 
is a real variable. 
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Definition of the Laplace Transform 


INTRODUCTION In elementary calculus you learned that differentiation and 
integration are transforms; this means, roughly speaking, that these operations 
transform a function into another function. For example, the function f(x) = x? is 
transformed, in turn, into a linear function and a family of cubic polynomial functions 
by the operations of differentiation and integration: 


d 1 
d =2x and fe dx = 3* sse. 


Moreover, these two transforms possess the linearity property that the transform 
of a linear combination of functions is a linear combination of the transforms. For 
a and 8 constants 


d 
geI t Peo л ‘@) + 88'0О) 


and [treo + Bg(x)| dx = a {roo dx + efs% dx 


provided that each derivative and integral exists. In this section we will examine 
a special type of integral transform called the Laplace transform. In addition to 
possessing the linearity property the Laplace transform has many other interesting 
properties that make it very useful in solving linear initial-value problems. 


INTEGRALTRANSFORM Iff(x, y) is a function of two variables, then a definite in- 
tegral of f with respect to one of the variables leads to a function of the other variable. 
For example, by holding y constant, we see that f a 2xy? dx = 3y°. Similarly, a defi- 
nite integral such as f 4 K(s, t) f(t) dt transforms a function f of the variable f into a 
function F of the variable s. We are particularly interested in an integral transform, 
where the interval of integration is the unbounded interval [0, o»). If (7) is defined for 
t = 0, then the improper integral f; K(s, t) f(t) dt is defined as a limit: 


oo b 
| K(s, t) f(t) dt = lim | K(s, t) РО dt. (1) 


0 0 


If the limit in (1) exists, then we say that the integral exists or is convergent; if the 
limit does not exist, the integral does not exist and is divergent. The limit in (1) will, 
in general, exist for only certain values of the variable s. 


A DEFINITION The function K(s, f) in (1) is called the kernel of the transform. 
The choice K(s, f) = е ?' as the kernel gives us an especially important integral 
transform. 


| Let f be a function defined for t = 0. Then the integral 


LIFO = | e "'f(t) dt (2) 


is said to be the Laplace transform of f, provided that the integral converges. 
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The Laplace transform is named in honor of the French mathematician and 
astronomer Pierre-Simon Marquis de Laplace (1749-1827). 

When the defining integral (2) converges, the result is a function of s. In general 
discussion we shall use a lowercase letter to denote the function being transformed 
and the corresponding capital letter to denote its Laplace transform—for example, 


PISO = Fs), LA} = Gs), LO = YO). 


As the next four examples show, the domain of the function F(s) depends on the 
function f(f). 


| EXAMPLE 1 | Applying Definition 7.1.1 


Evaluate £{1}. 


SOLUTION From (2), 


oo b 
L{1} = f e (1) dt = lim | e" dt 
0 b Jo 


—st 

. -—e 
= lim 

bo s 


rc ыл 1 
= lim = 
0 bo 5 AY 


provided that s > 0. In other words, when s > 0, the exponent —sb is negative, and 
e 3^ — 0 as b — ©, The integral diverges for s < 0. 


The use of the limit sign becomes somewhat tedious, so we shall adopt the 
notation [o as a shorthand for writing lim,—.. ( ) |b. For example, 
co _ EN e“ оо 1 
L{1} = | e*(1)dt— =, s>0. 
0 5 10 


At the upper limit, it is understood that we mean e *' — 0 as г — о for s > 0. 


| EXAMPLE 2 | Applying Definition 7.1.1 


Evaluate £{t}. 


SOLUTION From Definition 7.1.1 we have .Z(t) = [бе "' t dt. Integrating by parts 
and using lim ѓе *' = 0, s > 0, along with the result from Example 1, we obtain 
to 


» [= 1 1/1\ 1 
+1 еде Pus (7) - 2 а 


о 5 s\s 


—te 


L{t}= 


$ 


[EXAMPLE 3 | Applying Definition 7.1.1 


Evaluate (а) L{e*} (b) (e) 


SOLUTION In each case we use Definition 7.1.1. 


(a) Фет} = | ee" dt = | etd dt 
0 


0 
— e766 +3) 
s+3 
1 
s+3 


oo 


0 
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The last result is valid for s > —3 because in order to have lim,..e~ 6*?! = 0 we 
must require thats + 3 > 0 or s > —3. 


(b) Aet) = | ее" й = | et- dt 
0 0 
—e G-»t © 
EFT 0 
| 1 
s-5 
In contrast to part (a), this result is valid for s > 5 because lim;+.e 6?! = 0 
demands s — 5 > Oor s 5. а 


| EXAMPLE 4 | Applying Definition 7.1.1 


Evaluate £ (sin 2t]. 


SOLUTION From Definition 7.1.1 and two applications of integration by parts we obtain 


: * : —e^*sin2t |^ 2 [° 
Sf (sin 21) = o e *' sin 2t dt = — >, lo dos Я е“ cos 2t dt 


2 оо 
= | e cos 2t dt, 50 
0 
lime * cos 2t = 0,50 Laplace transform of sin 2t 
1>% | 
2[—e^*cos2t|^ 2 |^ f 
= 5 TTT — 0 = i е“! sin 2t dt 
5 S Jo 
2 4 
= — — —;Z[sin 2t]. 
s 52 { } 


At this point we have an equation with £ {sin 27} on both sides of the equality. 
Solving for that quantity yields the result 


Ф {sin 2t) = 


7 , s 0. Е 
s +4 


SIS ALINEAR TRANSFORM For a linear combination of functions we can write 


[ e "la f() + Bs(n]dr— а | еу dt + B | а 
@ 0 


0 


whenever both integrals converge for s > с. Hence it follows that 
P {a fA + Вв} = а 2070) + BL{gO} = a Fs) + BG). (3) 


Because of the property given in (3), £ is said to be a linear transform. 


| EXAMPLE 5 | Linearity of the Laplace Transform 


In this example we use the results of the preceding examples to illustrate the linear- 
ity of the Laplace transform. 


(a) From Examples 1 and 2 we have for s > 0, 


Lt 5 =F) sgg = 2 


5 
s? 


(b) From Examples 3 and 4 we have for s — 5, 


4 20 
L Me — 10 sin 2t | = 4Z1e*t — 10.2 (sin 2t} = = А 
{ е sin } {e \ {sin 2t} Wem gd 
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(c) From Examples 1, 2, and 3 we have for s > 0, 
L (20e?! + 7t — 9} = 202 {e°} + 72 (t) — 92 (1) 
2 
0 7 Е 9 B 


(0$43 s$ s 


We state the generalization of some of the preceding examples by means of the 
next theorem. From this point on we shall also refrain from stating any restrictions on s; 
it is understood that s is sufficiently restricted to guarantee the convergence of the 
appropriate Laplace transform. 


1 
а И E 
(b) L{t"} zu n=1,2,3,... (9 (e) = — 
А = ES 
(d) L{sin kt} = UNS (e) L{cos kt} = Sau 
; k 5 
(f) Z {sinh kt} = зр (g) Z {cosh kt} = ag 


This result in (b) of Theorem 7.1.1 can be formally justified for n a positive 
integer using integration by parts to first show that 


diee A 


Then for n = 1, 2, and 3, we have, respectively, 


1 1 1 | 
"Hp ee c жа: 

2 2 1 2:1 
ZIM = £i 3 

3 3 2*1. 3+2=1 
P= LP y=: == 


If we carry on in this manner, you should be convinced that 


п...3+2.1 п! 


511 = ЛК!” 


L{t") = 
fo 

SUFFICIENT CONDITIONS FOR EXISTENCE OF £ {f (t)} The integral that defines 
di" the Laplace transform does not have to converge. For example, neither ¥ (1/1) nor 
N A (e^) exists. Sufficient conditions guaranteeing the existence of L ( f(A} are that f 
= be piecewise continuous on [0, ©) and that f be of exponential order for t > T. Recall 
| i t ty Б b t that a function fis piecewise continuous on [0, ©) if, in any interval 0 = a S t S b, 
there are at most a finite number of points fj, k = 1,2,..., n (tk-1 < tk) at which f 
FIGURE 7.1.1 Piecewise continuous has finite discontinuities and is continuous on each open interval (f,—1, tk). See 

function Figure 7.1.1. The concept of exponential order is defined in the following manner. 


| A function 15 said to be of exponential order if there exist constants с, 


M > 0, and Т > 0 such that | (0) | = Me“ for all t > T. 
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ДО Me” (c > 0) 


fO 


-Y 


| 
| 
| 

Т 


FIGURE 7.1.2 fis of exponential 
order 


IO 4+ a? pat 


> 
с t 


FIGURE 7.1.4 е is not of 
exponential order 
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If f is an increasing function, then the condition | f(t)| = Me“, t > T, simply 
states that the graph of f on the interval (T, ©) does not grow faster than the graph 
of the exponential function Me“, where c is a positive constant. See Figure 7.1.2. 
The functions f(t) = t, f(t) = е, and f(t) = 2 cos t are all of exponential order 
because for c = 1, M = 1, T = 0 we have, respectively, for t > 0 


It - e, |е e, _ and [2 cos t| = 2e'. 
A comparison of the graphs оп the interval [0, ©) is given in Figure 7.1.3. 


fo 


fO fO 


2e! 


2 cost 


-Y 
-Y 
~Y 


(a) (b) (с) 
FIGURE 7.1.3 Three functions of exponential order 


A positive integral power of t is always of exponential order, since, for c > 0, 


n 


ct 


"| = Ме! ог = М fort>T 


е 
is equivalent to showing that тп, f"/e“ is finite for n = 1, 2, 3,.... The result 
follows from n applications of L’ Hópital's rule. A function such as f(t) = e" is not of 


exponential order since, as shown in Figure 7.1.4, e grows faster than any positive 
linear power of e fort > c > 0. This can also be seen from 

Р 
= eet = ellt—o) —00 as f— о 


ct 


for any value of c. By the same reasoning e Se — o as t — оо for any s and so the 


improper integral ре "е? dt diverges. That is, {е7} does not exist. 


If f is piecewise continuous on [0, со) and of exponential order, then L£ {f(D} 
exists for s > c. 


PROOF By the additive interval property of definite integrals we can write 


T 


oo 


e “ f(t) dt + | e *' f(t) dt ^ Ij t D. 


T 


{РО} = | 

0 
The integral Г, exists because it can be written as a sum of integrals over intervals 
on which е “ f(t) is continuous. Now since f is of exponential order, there exist 


constants c, M > 0, T > 0 so that | (0) | = Me“ for t > T. We can then write 
e G-oT 
= 2 


TAE [| le^"f()| dt = м} eet dt = м) е6 dt = M 
T T T 


for s > c. Since f} Me ©! dt converges, the integral [т |e "' f(| dt converges 
by the comparison test for improper integrals. This, in turn, implies that /› exists 
for s > c. The existence of J; and I; implies that Z(f()) = fo e “f( dt exists 
for s > c. El 


See (i) in the Remarks. 
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FIGURE 7.1.5 Piecewise continuous 
function in Example 6 


[EXAMPLE б. Transform of a Piecewise Continuous Function 


0, OSt<3 
Evaluate £(f(r) where f(t) =} 
(70) where /@) || M 
SOLUTION The function f, shown in Figure 7.1.5, is piecewise continuous and of 
exponential order for t > 0. Since f is defined in two pieces, L{ f(t)} is expressed as 
the sum of two integrals: 
3 


o0 


e * (0) a« | e * (2) dt 
3 


LAF} = fero a- | 


0 


2e "| 
=0+ 
Zs |; 
2e 35 
sel s 0. ш 


We conclude this section with an additional bit of theory related to the types of 
functions of s that we will, generally, be working with. The next theorem indicates that 
not every arbitrary function of s is a Laplace transform of a piecewise continuous func- 
tion of exponential order. 


| If f is piecewise continuous on [0, сс) and of exponential order and 


F(s) = S (f), then lim F(s) = 0. 


PROOF Since f is of exponential order, there exist constants y, M; > 0, and T > 0 so 
that | f| = Mie" for т> T. Also, since f is piecewise continuous for 0 = t = T, it 
is necessarily bounded on the interval; that is, | f()| = М = Me. If M denotes the 
maximum of the set (Mi, M2} апа c denotes the maximum of (0, y}, then 


|F(s) | =| e |р) | dts u| e “edt = м} e Sol dt = 


б С 


for s > c. As s — co, we have |F(s)| — 0, and so F(s) = £{f()} > 0. ш 


| (i) Throughout this chapter we shall be concerned primarily with functions 


that are both piecewise continuous and of exponential order. We note, however, 
that these two conditions are sufficient but not necessary for the existence of 
a Laplace transform. The function f(t) = t^!? is not piecewise continuous on 
the interval [0, оо), but its Laplace transform exists. The function f(t) = 2te" cos e" 
is not of exponential order, but it can be shown that its Laplace transform 
exists. See Problems 43 and 53 in Exercises 7.1. 


(ii) As a consequence of Theorem 7.1.3 we can say that functions of s such as 
F\(s) = 1 and F»(s) = s/(s + 1) are not the Laplace transforms of piecewise 
continuous functions of exponential order, since Fj(s) 7» 0 and F2(s) 7» 0 as 
s — cc, But you should not conclude from this that Fj(s) and F2(s) are not 
Laplace transforms. There are other kinds of functions. 
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Answers to selected odd-numbered problems begin on page ANS-11. 


In Problems 1—18 use Definition 7.1.1 to find £{f(}. 


sint О<т<т 


FIGURE 7.1.6 Graph 
for Problem 7 


Ө; 


1 


1 


FIGURE 7.1.8 Graph for 
Problem 9 


11. f(t) = е7 
13. f(t) = te^! 
Bro =e" sint 
17. f(t) = t cos t 


0, t=1 


| 
| 
0=1<1 
| 
| 


(2, 2) 


FIGURE 7.1.7 Graph for 
Problem 8 


10. у) 


FIGURE 7.1.9 Graph for 
Problem 10 


12. f(t) = e 2 
14. f(t) = 2e?! 
16. f(t) = e' cos t 
18. f) = t sin t 


In Problems 19—36 use Theorem 7.1.1 to find £( (0) }. 


19. f(t) = 21* 

Q3 = 4: — 10 

23. f(t) = +6 3 
25. f() = (t + 1? 
eno -1-e* 

29. fi) = (1 + e?y 
ago = 4? — 5 sin 3t 
G33/( = sinh kt 

35. f(t) = e' sinh t 


In Problems 37 —40 find £ ( f(1)) by first using a trigonometric identity. 


37. f(t) = sin 2t cos 2t 
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20. f(r) = г 

22. f(t) = 7t + 3 

24. f(t) = —417 + 16t + 9 
26. f(t) = 2t — 1» 

28. f(t) =? — e? + 5 
30. f(t) = (e! — ey 

32. f(t) = cos 5t + sin 2t 
34. f(t) = cosh kt 

36. f(t) =e ‘cosht 


38. f(t) = cos?t 


39. f(t) = sin(4t + 5) 


41. 


42. 


40. f(t) = 10 cn = 7) 


We have encountered the gamma function I (œ) in our study 
of Bessel functions in Section 6.4 (page 263). One definition of 
this function is given by the improper integral 


Г(а) = Í etdi, a0. 


0 
Use this definition to show that l'(a + 1) = al (a). When a =n 
is a positive integer the last property can be used to show that 
Г(п + 1) = n!. See Appendix A. 


Use Problem 41 and the change of variable и = st to obtain the 
generalization 
Tia + 1) 


5911 z 


а > —1, 


Lit} 


of the result in Theorem 7.1.1(b). 


In Problems 43—46 use Problems 41 and 42 and the fact that г) = ут 
to find the Laplace transform of the given function. 


43. f() = 112 
45. f(t) = P? 


44. f(t) = t"? 
46. f(t) = 211? + gp? 


Discussion Problems 


47. 


48. 


49. 


50. 


541. 


52. 


Suppose that L (fi(n)) = Fi(s) for s > cı and that 
L{ fa(t)} = F(s) for s > c». When does 

АО + fu) = Fi) + Fx)? 
Figure 7.1.4 suggests, but does not prove, that the function 
fo =e * is not of exponential order. How does the 
observation that ? > In M + ct, for M > 0 and t sufficiently 
large, show that e^ > Me“ for any c? 


Use part (c) of Theorem 7.1.1 to show that 
КК _s7a + ib 
(s = ay +b” 
where a and b are real and i? = —1. Show how Euler's formula 
(page 136) can then be used to deduce the results 
s—a 
Lle” cos bt} = G-a tE 
. b 
е sin bt} = —— —3——5. 
(s—a) +b 


Under what conditions is a linear function 
f(x) = mx + b, m = 0, a linear transform? 


Explain why the function 
t, 0 =1<2 
fit) = 4 4, 2«t«5 
1/@т— 5), t5 


is not piecewise continuous on [0, ос). 


Show that the function f (f) = 1/17 does not possess a Laplace 
transform. [Hint: Write (1/2) as two improper integrals: 
last © pst 


dt + d 
o 2 i? 
Show that /, diverges.] 


{1/12} t=1, +b. 
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53. The function f(t) = 21е? cos ? is not of exponential order. 
Nevertheless, show that the Laplace transform .Z[2te* cose" } 


In Problems 55—58 use the given Laplace transform and the result in 
Problem 54 to find the indicated Laplace transform. Assume that a 


exists. [Hint: Start with integration by parts.] and К are positive constants. 
54. If Z(f(r)) = F(s) and a > 0 is a constant, show that 1 
55. Ze] =——,, Se") 56. L{sint} = 5 ; L{sin kt} 
sl sot] 
ад) Fa 1 
ай} = — F|- |. 
57. Z(1 — cos t} = ; І — cos kt 
a \a { } SET { } 
$ 
This result is known as the change of scale theorem. 58. L{sin t sinh t} = fad L{sin kt sinh kt} 
s 


d 7.2 


Inverse Transforms and Transforms 
of Derivatives 


INTRODUCTION In this section we take a few small steps into an investigation 
of how the Laplace transform can be used to solve certain types of equations for an 
unknown function. We begin the discussion with the concept of the inverse Laplace 
transform or, more precisely, the inverse of a Laplace transform F(s). After some 
important preliminary background material on the Laplace transform of derivatives 


РО), f"@, ..., we then illustrate how both the Laplace transform and the inverse 


Laplace transform come into play in solving some simple ordinary differential 
equations. 


7.2.1 INVERSE TRANSFORMS 
THE INVERSE PROBLEM If F(s) represents the Laplace transform of a function 


РО), that is,  (f(r)) = F(s), we then say f(t) is the inverse Laplace transform of 


F(s) and write /() = £~'{F(s)}. For example, from Examples 1, 2, and 3 of Sec- 
tion 7.1 we have, respectively, 


Transform Inverse Transform 
1 
Spe -g-i 
5 S 
1 1 
SEE = g-i* 
{ } 2 t E [3 
1 1 
P MA = ES =1 
te 7] PES e X Р та ; 


We shall see shortly that in the application of the Laplace transform to equa- 
tions we are not able to determine an unknown function f(t) directly; rather, we 
are able to solve for the Laplace transform F(s) of f(t); but from that knowledge 
we ascertain f by computing f(t) = < (F(s)). The idea is simply this: Suppose 


—25 + 6 
F(s) = ar is a Laplace transform; find a function f(f) such that Z(f(r)) = F(s). 
s 


We shall show how to solve this problem in Example 2. 
For future reference the analogue of Theorem 7.1.1 for the inverse transform is 
presented as our next theorem. 
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! 1 
(b) т= sU. n-123,...  (Qe't- s E +} 
. z k = 5 
(d) sin kt = F =) (е) cos kt = A E ЕЗ zl 
1 " k Е 5 
(f) sinh kt = .£ = È а (g) cosh kt = 2 l B zl 


In evaluating inverse transforms, it often happens that a function of s under con- 
sideration does not match exactly the form of a Laplace transform F(s) given in a 
table. It may be necessary to "fix up" the function of s by multiplying and dividing 
by an appropriate constant. 


| EXAMPLE 1 | Applying Theorem 7.2.1 


at ale 
Evaluate (a) 2 [5 (b) L [5 


SOLUTION (a) To match the form given in part (b) of Theorem 7.2.1, we identify 
п + 1 = 5огп = 4and then multiply and divide by 4!: 


1 1 4! 1 
g- =— gl -—1, 
А 41 [5 24! 


(b) To match the form given in part (d) of Theorem 7.2.1, we identify k? = 7, so 
k = V7. We fix up the expression by multiplying and dividing by V7: 


aa i ud МЇ usb. 
411-457 амт, oO 


Ф-1 15 A LINEAR TRANSFORM The inverse Laplace transform is also a linear 
transform; that is, for constants o and 3 


& (aFG) -BG()) - a£ qF()) - B3" {Gh}, (1) 


where F and G are the transforms of some functions f and g. Like (3) of Section 7.1, 
(1) extends to any finite linear combination of Laplace transforms. 


[EXAMPLE 2 | Termwise Division and Linearity 


—2s +6 
Evaluate £7! 10 Я 
s + 4 


SOLUTION We first rewrite the given function of s as two expressions by means of 
termwise division and then use (1): 
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termwise linearity and fixing 
division | up constants | 


—25 +6 —2s 6 5 6 2 
elle т УФ. pai = -1 2 (q-1 
* | | x: [x xul vias [x] is x 2 


= —2 cos 2t + 3 sin 2t.  — parts (e) and (d) 
of Theorem 7.2.1 with k = 2 Bi 


PARTIAL FRACTIONS Partial fractions play an important role in finding inverse 
Laplace transforms. The decomposition of a rational expression into component 
fractions can be done quickly by means of a single command on most com- 
puter algebra systems. Indeed, some CASs have packages that implement Laplace 
transform and inverse Laplace transform commands. But for those of you without 
access to such software, we will review in this and subsequent sections some of the 
basic algebra in the important cases in which the denominator of a Laplace trans- 
form F(s) contains distinct linear factors, repeated linear factors, and quadratic 
polynomials with no real factors. Although we shall examine each of these cases 
as this chapter develops, it still might be a good idea for you to consult either a 
calculus text or a current precalculus text for a more comprehensive review of this 
theory. 

The following example illustrates partial fraction decomposition in the case 
when the denominator of F(s) is factorable into distinct linear factors. 


[EXAMPLE 3 | Partial Fractions: Distinct Linear Factors 


52 +6s+9 
(5 = D(s — 2)(5 + 4)] 


Evaluate Ф | 


SOLUTION There exist unique real constants A, B, and C so that 
52 + 65 + 9 А В С 
(5 _ 1)(5 – 2)(5 t4 5-1 58-2 5+4 
_ A(s — 2)(5 + 4) + B(s — 1)(5 + 4) + C(s — Ds — 2) 
(s — DG — 2)(s + 4) ` 


Since the denominators are identical, the numerators are identical: 
s? + 6s + 9 = A(s — 2)( + 4) + Bs — 1)(5 + 4) + C(s — 1Xs — 2). (3) 


By comparing coefficients of powers of s on both sides of the equality, we know that 
(3) is equivalent to a system of three equations in the three unknowns A, B, and C. 
However, there is a shortcut for determining these unknowns. If we set s = 1, s = 2, 
and s = —4 in (3), we obtain, respectively, 


16 = A(-1)Y(5), 25 = B(1)(6), and 1 = С(—5)(—6), 


and so A 16, B= E and C — 27. Hence the partial fraction decomposition is 


52 + бу + 9 _ 16/5 25/6 1/30 
(s — Ds — 2)(s + 4) s-1l s-2 5+4 


(4) 


and thus, from the linearity of £7! and part (c) of Theorem 7.2.1, 


2 
g- s^ + бу + 9 Е 16 (1 1 " 25 2-1 1 : 1 g- 1 
(з — Ds — 2)(s + 4) 5 g=] 6 0:2 30 5+4 


16 25 1 
= 5 е + б е?! + T e ^. (5) E 
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7.2.2 TRANSFORMS OF DERIVATIVES 

TRANSFORM A DERIVATIVE As was pointed out in the introduction to this chap- 
ter, our immediate goal is to use the Laplace transform to solve differential equations. 
To that end we need to evaluate quantities such as .Z (dy/dt) and  (d?y/dt?). For 
example, if f' is continuous for f > 0, then integration by parts gives 


ЖРО) А ts ] e f(t) dt 


ll e" Р) dt = e" fÀ 
0 


—f(0) + sLi FO} 
ог ЗОРО} = sF(s) — РО). (6) 


Here we have assumed that е *' f(t) — 0 as t — 2. Similarly, with the aid of (6), 


+ f e * f'(f) dt 
0 0 


S f" (t) — | e "f"(f) dt = e "f'(t) 


= —f'(0) + s LP (0) 
= s[sF(s) — f(0)] — f'(0) <—їош(б) 
or S Cf" (0) = s?F(s) — sf(0) — f'(0). (7) 


In like manner it can be shown that 
Zio = SF(G) — s?f(0) — sf'(0) — f"(0). (8) 


The recursive nature of the Laplace transform of the derivatives of a function f 
should be apparent from the results in (6), (7), and (8). The next theorem gives the 
Laplace transform of the nth derivative of f. 


| Ifff’,...,f P are continuous on [0, с) and are of exponential order and if 


f" (t) is piecewise continuous on [0, х), then 
ОО а D) — 3 FO arp 
where F(s) = (ft). 


SOLVING LINEAR ODEs It is apparent from the general result given in 
Theorem 7.2.2 that Z (d"y/ dt") depends on Y(s) = L (y(r)) and the п — 1 derivatives 
of y(t) evaluated at t = 0. This property makes the Laplace transform ideally suited 
for solving linear initial-value problems in which the differential equation has 
constant coefficients. Such a differential equation is simply a linear combination of 


terms y, y’, у",..., у: 
d"y gy 
an dm tl Gat t ке аду = gif). 
yO) = уо, y 0) = yi, ..., Y" PO) = у„—1, 
where the aj, i= 0, 1,..., and yo, y, ..., Уп: are constants. By the linearity prop- 


erty the Laplace transform of this linear combination is a linear combination of 
Laplace transforms: 


d" а"! 
on |} + ed + + aptly} = (e(t). (9) 
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From Theorem 7.2.2, (9) becomes 
ares s"™'y(0) — em у" 2(0)] 

+ anil YCS) = 5” ?у(0) = *«- — у" ®(0)] + --- + aa VS) = GO), 
where S ( y(t)} = Y(s) and L { g(t)} = G(s). In other words, 


(10) 


The Laplace transform of a linear differential equation with constant 
coefficients becomes an algebraic equation in Y(s). 


If we solve the general transformed equation (10) for the symbol Y(s), we first obtain 
P(s)Y(s) = Q(s) + G(s) and then write 


_ 0% , GG) 
P(s) P(s) 


where P(s) = ans” + a4—415" 1 +--+ + ag, Q(s) is a polynomial in s of degree 
less than or equal to п — 1 consisting of the various products of the coefficients 
ai i = 1,..., n and the prescribed initial conditions yo, yj, .. . , Y,—1, and G(s) is 
the Laplace transform of g(#)." Typically, we put the two terms in (11) over the least 
common denominator and then decompose the expression into two or more par- 
tial fractions. Finally, the solution y(t) of the original initial-value problem is 
y(t) = £~'{¥(s)}, where the inverse transform is done term by term. 
The procedure is summarized in the diagram in Figure 7.2.1. 


Y(s) (11) 


Find unknown y(t) Transformed DE 
that satisfies DE —.|SC——— тл ы becomes an algebraic 
and initial conditions equation in Y(s) 
Solution y(t) Apply inverse Laplace Solve transformed 
of original IVP transform 2 7! equation for Y(s) 


FIGURE 7.2.1 Steps in solving an IVP by the Laplace transform 


The next example illustrates the foregoing method of solving DEs, as well as 
partial fraction decomposition in the case when the denominator of Y(s) contains a 
quadratic polynomial with no real factors. 


[EXAMPLE 4| Solving a First-Order IVP 


Use the Laplace transform to solve the initial-value problem 


dy 
— + 3y = 13 sin2t, y(0)- 6. 
dt 
SOLUTION We first take the transform of each member of the differential equation: 
dy Р 
ae dr + 3L{y} = 13 Z (sin 2t]. (12) 


From (6), £ {dy/dt} = sY(s) — y(0) = sY(s) — 6, and from part (d) of Theorem 7.1.1, 
L {sin 2t} = 2/(5? + 4), so (12) is the same as 

26 
52 +4 


sY(s) — 6 + 3Y(s) = ог (s + 3)У(з) = 6 + 


5° +4 


“The polynomial P(s) is the same as the nth-degree auxiliary polynomial in (12) in Section 4.3 with the 
usual symbol m replaced by s. 
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Solving the last equation for Y(s), we get 


" 26 6s? + 50 
s+3 (s+3X2+4) (5 + 3)(52 + 4) 


Y(s) = (13) 


Since the quadratic polynomial 52 + 4 does not factor using real numbers, its assumed 
numerator in the partial fraction decomposition is a linear polynomial in s: 


6s? + 50 A В + С 
(s+ 3)(52 + 4) 5+3 52 +4 


Putting the right-hand side of the equality over а common denominator and equating 
numerators gives 6s? + 50 = A(s? + 4) + (Bs + C)(s + 3). Setting s = —3 then 
immediately yields A = 8. Since the denominator has no more real zeros, we equate 
the coefficients of s? and s: 6 = A + B and 0 = 3B + C. Using the value of A in the 
first equation gives B = —2, and then using this last value in the second equation 
gives C = 6. Thus 


652 + 50 8 —2s + 6 
(s+ 3)(52 + 4) 5+3 52 +4 


Ү(5) 


We аге not quite finished because the last rational expression still has to be written as 
two fractions. This was done by termwise division in Example 2. From (2) of that 


example, 
1 s 2 
0 = 8.2 -! — 22-1 32071 i 
n 1) а 21 


It follows from parts (с), (d), and (e) of Theorem 7.2.1 that the solution of the initial- 
value problem is y(t) = 8e ?' — 2 cos 2t + 3 sin 2t. El 


[EXAMPLE 5 | Solving a Second-Order IVP 


Solve y" - 3у' + 2y = е7“, yO)=1, у'(0) = 5. 


SOLUTION Proceeding as in Example 4, we transform the DE. We take the sum of 
the transforms of each term, use (6) and (7), use the given initial conditions, use (c) of 
Theorem 7.1.1, and then solve for Y(s): 


ау dy now 
s?Y(s) — sy(0) — y'(0) — 3[sY(s) — »(0)] + 2Y(s) = 
s+4 
-3s + DYO) = 5 +2 + —— 
5+2 1 s? + бу + 9 


Ү(5) = (14) 


+ = 
52 — 35 +2 (52 — 35 + 2)(5 + 4)  (s— DXs — 2)(5 + 4) 


The details of the partial fraction decomposition of Y(s) in (14) have already been 
carried out in Example 3. In view of the results in (4) and (5) we have the solution 
of the initial-value problem 


16 25 1 
yA = 2-ЧҮ()} Р е + E ле Е 


Examples 4 апа 5 illustrate the basic procedure for using the Laplace transform 
to solve a linear initial-value problem, but these examples may appear to demonstrate 
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a method that is not much better than the approach to such problems outlined in 
Sections 2.3 and 4.3—4.6. Don't draw any negative conclusions from only two 
examples. Yes, there is a lot of algebra inherent in the use of the Laplace transform, 
but observe that we do not have to use variation of parameters or worry about the 
cases and algebra in the method of undetermined coefficients. Moreover, since 
the method incorporates the prescribed initial conditions directly into the solution, 
there is no need for the separate operation of applying the initial conditions to the 
general solution y = суур + суур + +++ + c,y, + ур Of the DE to find specific 
constants in a particular solution of the IVP. 

The Laplace transform has many operational properties. In the sections that fol- 
low we will examine some of these properties and see how they enable us to solve 
problems of greater complexity. 


REMARKS 


(i) The inverse Laplace transform of a function F(s) may not be unique; in other 
words, it is possible that Z ( fi(r)) = L {f(A} and yet fi # f». For our purposes 
this is not anything to be concerned about. If апа f? are piecewise continuous 
on [0, сс) and of exponential order, then fı and f? are essentially the same. See 
Problem 50 in Exercises 7.2. However, if f; and f? are continuous on [0, ©) and 
(fin) = L {hO}, then fı = fo on the interval. 


(ii) This remark is for those of you who will be required to do partial fraction 
decompositions by hand. There is another way of determining the coefficients in 
a partial fraction decomposition in the special case when .Z { f (t)} = F(s) is a ra- 
tional function of s and the denominator of F is a product of distinct linear factors. 
Let us illustrate by reexamining Example 3. Suppose we multiply both sides of the 
assumed decomposition 

52 + бу + 9 А В С 


= + Es (15) 
(= IBS — JS sa» у= Е que 


by, say, s — 1, simplify, and then set s = 1. Since the coefficients of B and C 
on the right-hand side of the equality are zero, we get 


2+ бу + 1 
а = А ог A= ы 
(= ?)( 9) |n 2 
Written another way, 
See Oso 16 A 
(s — Is — 2)(5 + 4) 1,=1 5 Í 


where we have shaded, or covered up, the factor that canceled when the left- 
hand side was multiplied by s — 1. Now to obtain B and C, we simply evaluate 
the left-hand side of (15) while covering up, in turn, s — 2 and s + 4: 


52 +65 + 9 l2 0 
=Й = Б» © 
52 + 65 + 9 1 

T ашала == 
= = 1s = De | КЕ 30 


The desired decomposition (15) is given in (4). This special technique for 
determining coefficients is naturally known as the cover-up method. 
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(iii) In this remark we continue our introduction to the terminology of 
dynamical systems. Because of (9) and (10) the Laplace trans- 
form is well adapted to linear dynamical systems. The polynomial 
P(s) = ays" + ap—15"7! + +++ + ag in (11) is the total coefficient of Y(s) in 
(10) and is simply the left-hand side of the DE with the derivatives d‘y/dt* 
replaced by powers 5 к= 0, 1,..., п. Itis usual practice to call the recipro- 
cal of P(s)—namely, W(s) = 1/P(s)—the transfer function of the system 
and write (11) as 


Y(s) = W(s)Q(s) + W(s)G(s). (16) 


In this manner we have separated, in an additive sense, the effects on the response 
that are due to the initial conditions (that is, W(s)Q(s)) from those due to the 
input function g (that is, W(s)G(s)). See (13) and (14). Hence the response y(t) of 
the system is a superposition of two responses: 


yq) = £ (W()QG)) + !(WG)GG)) = yo) + у1@). 


If the input is g(f) = 0, then the solution of the problem is yo(t) = 2 ! ( W(s)Q(s)]. 
This solution is called the zero-input response of the system. On the other hand, 
the function у) = L- ! (W(s)G(s)) is the output due to the input g(t). Now 
if the initial state of the system is the zero state (all the initial conditions are zero), 
then Q(s) = 0, and so the only solution of the initial-value problem is y(t). The 
latter solution is called the zero-state response of the system. Both yo(f) and у(%) 
are particular solutions: yo(f) is a solution of the IVP consisting of the associated 
homogeneous equation with the given initial conditions, and y;(f) is a solution of 
the IVP consisting of the nonhomogeneous equation with zero initial conditions. In 
Example 5 we see from (14) that the transfer function is W(s) = 1/(s? — 3s + 2), 
the zero-input response is 


gar 2 
= 27! = —3e + 4e”, 
yo(t) | == 5l e e 
and the zero-state response is 
1 1 1 1 
у=! = c = 
0 k = D) у= 3l EQ 


Verify that the sum of yo(f) and у|() is the solution y(t) in Example 5 and that 
yo(0) = 1, (0) = 5, whereas у1(0) = 0, у1(0) = 0. 


EXERCISES 7.2 Answers to selected odd-numbered problems begin on page ANS-11. 


7.2.1 Inverse Transforms 1 
d 4s +1 Ld 552 
In Problems 1—30 use appropriate algebra and Theorem 7.2.1 to find s i 
the given inverse Laplace transform. E 5 —, 10s 
12. L 
us s? + 49 s? + 16 
1 1 
2°55 2° 
А || 1з. 71] 5 14, #1 
45? + 1 4s2 +1 
1 48 2 17 
041-20) Е] ~1) 28 — 6 -j 5 +1 
52 5 s Ò 15. 2 IS 16. £7! 45 
_,] (5 + 1 _ f(s + 2)? +1 
өз { | 6..7 | 17. £7! 18. 745 
s s + 35 52 — 4s 
I~, "d 1 4 6 1 5 1 
ФА + 8. 9 - + = “u ‚2 L——— 
@ E s з) Р 55 к did | + Lj es [ul 
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21. е e | 
(s — 0.1)(5 + 0.2) 
—3 
22. zl 3 | 
(s — V3)(s s V3) 
=f 5 
uid [c — 2)(5 — 3)(5 — -| 
24. zi ul | 
s(s = Ds + 1)(s — 2) 
25. a 36, 71 = —_. 
s + 5s (s + 2)(s? + 4) 
f 25-4 al d 
umi iN де 


30, ¢-! 6s + 3 
i st + 552 + 4 


In Problems 31—34 find the given inverse Laplace transform Бу 
finding the Laplace transform of the indicated function f. 


1 
(s + Da? + а 


31. 


[s Е = Е zl f(t) = e" sinh bt 


32. #7 | ЈО) = at — sinat 


1 
52052 + а?) 


33. 6 [c 25 zi ГО) = asinbt — bsinat 


34. 2 [= mm a} f(t) = cos bt — cosat 


7.2.2 Transforms of Derivatives 


In Problems 35—44 use the Laplace transform to solve the given 
initial-value problem. 


dy 
35. g TL y(0)=0 
36 224 =0 == 
‚ту ‚ yO 3 


Emy «6-6 yO = 2 

»(0) = 0 

QW» +4у=0, уб=1, уо = 0 

40. у” — 4y = 6e” —3e *, y(0 71, y'(0--1 


38. у - y = 2 cos St, 


d 7.3 


INTRODUCTION 


8B +y=V2sin v2, yO) = 10, y0) = 0 

y(0) = 0, y'(0)—0 

y(0)=0, y(0)=0, y'0-1 
y(0)=0, y'(0)—0, yO)=1 


42. y" + 9y = е!, 
43. 2y" + 3y" - 3y' — 2y = e, 


44. y" + 2y" — у — 2y = sint, 
The inverse forms of the results in Problem 49 in Exercises 7.1 are 


5 — а 


ана = ecos bt 
5 — а} T 


Ь 
zt y zl = ей! sin bt. 
s—ay- 


In Problems 45 and 46 use the Laplace transform and these inverses 
to solve the given initial-value problem. 


45. y + y - e? соѕ 21, у(0)=0 
46. у" – 2у + y = 0, y(0)—1, у'(0) = 3 

In Problems 47 and 48 use one of the inverse Laplace transforms 
found in Problems 31—34 to solve the given initial-value problem. 


y(0) = 0, y'(0) =0 
y(0) = 0, y'(0) = 0 


47. y" + 4y = 10cos5t, 


48. y" + 2y = 4t, 


Discussion Problems 


49. (a) With a slight change in notation the transform in (6) is the 
same as 


LIFO = sL{FO} — FO). 


With f(t) = te“, discuss how this result in conjunction with 
(c) of Theorem 7.1.1 can be used to evaluate .Z (1e^']. 


(b) Proceed as in part (a), but this time discuss how to use 
(7) with f(t) = t sin kt in conjunction with (d) and (e) of 
Theorem 7.1.1 to evaluate . {t sin kt}. 


50. Make up two functions fı and f» that have the same Laplace 
transform. Do not think profound thoughts. 


51. Reread (iii) in the Remarks on page 293. Find the zero-input 
and the zero-state response for the IVP in Problem 40. 


52. Suppose f(t) is a function for which f'(t) is piecewise 
continuous and of exponential order c. Use results in this 
section and Section 7.1 to justify 


f 0 = lim sF(), 


where F(s) = S ( f()}. Verify this result with f(t) = cos kt. 


Operational Properties I 


It is not convenient to use Definition 7.1.1 each time we wish to find 


the Laplace transform of a function f(t). For example, the integration by parts involved 
in evaluating, say, £ {e'f sin 31) is formidable, to say the least. In this section and the 
next we present several labor-saving operational properties of the Laplace transform 
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FIGURE 7.3.1 Shift on s-axis 
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that enable us to build up a more extensive list of transforms (see the table in Appendix C) 
without having to resort to the basic definition and integration. 


7.3.1 TRANSLATION ON THE s-AXIS 


A TRANSLATION Evaluating transforms such as Z (e?) and Z (e ?'cos 4t} 
is straightforward provided that we know (and we do) £ {P} and L{cos 4t}. In 
general, if we know the Laplace transform of a function f, £{ f(D} = F(s), it is 
possible to compute the Laplace transform of an exponential multiple of f, that is, 
SL {е f (t), with no additional effort other than translating, or shifting, the transform 
F(s) to F(s — a). This result is known as the first translation theorem or first 
shifting theorem. 


| If £{f(} = F(s) and a is any real number, then 


(Л) = Pisa). 


PROOF The proof is immediate, since by Definition 7.1.1 
S (e"'f(r) -f e “е f(t) a- | e * ?'f(t) dt = F(s — a). ш 
0 0 


If we consider s a real variable, then the graph of F(s — a) is the graph of F(s) 
shifted on the s-axis by the amount |a|. If a > 0, the graph of F(s) is shifted a units to 
the right, whereas if a < 0, the graph is shifted |a | units to the left. See Figure 7.3.1. 

For emphasis it is sometimes useful to use the symbolism 


Xe" f) = SUO) us; 


where s — s — a means that in the Laplace transform F(s) of f(t) we replace the 
symbol s wherever it appears by s — a. 


[EXAMPLE 1 | Using the First Translation Theorem 


Evaluate (a) Z(ef) (b) Lfe” cos 4t}. 
SOLUTION The results follow from Theorems 7.1.1 and 7.3.1. 


3! 
(a) КАГЫ = PAA aes = m 


6 


s—>s—5 7 (s al 5)* 


5+2 


s 
b) Z(e ?'cos At] = F {cos 4t} lss- = = — < 
(b set Ж аа accio. aT ат 


INVERSE FORM OF THEOREM 7.3.1 То compute the inverse of F(s — a), we 
must recognize F(s), find f(t) by taking the inverse Laplace transform of F(s), and 
then multiply f(t) by the exponential function e“. This procedure can be summarized 
symbolically in the following manner: 


Z7 P = a} = EPO а =е Ди), (1) 


where f (f) = ^ !(F(s)). 
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The first part of the next example illustrates partial fraction decomposition in the 
case when the denominator of Y(s) contains repeated linear factors. 


[EXAMPLE 2 | Partial Fractions: Repeated Linear Factors 


_\[ 25 +5 -1) 8/2 + 5/3 
Evaluate (a) Z | "m zl (b) L {3 +45 +6] 


SOLUTION (а) A repeated linear factor is a term (s — a)", where a is a real number 
and n is a positive integer = 2. Recall that if (s — a)" appears in the denominator of a 
rational expression, then the assumed decomposition contains n partial fractions 
with constant numerators and denominators s — a, (s — a}, ..., (s — а)". Hence 
with a — 3 and n — 2 we write 


25 + 5 А В 
= + 
(s—3?» s-3 (5 – 3)2 


By putting the two terms on ће right-hand side over а соттоп denominator, we obtain the 
numerator 2s + 5 = A(s — 3) + B, and this identity yields A = 2 and B = 11. Therefore 


25 + 5 21 1 à 
(s—32 5—3 (s—3y 
and s E а = ie | | + us | jJ (3) 
(s — 3) 8—3 (s — 3) 


Now 1/(5 — 3)? is F(s) = 1/s? shifted three units to the right. Since 27 {1/52} = t, 
it follows from (1) that 
| = ер 
5—25—3 


T 1 25! 
d T. - | n | 


25 +5 
Finally, (3) is | са = 2e? + 11e. (4) 


(b) To start, observe that the quadratic polynomial s? + 4s + 6 has по real zeros and 
so has no real linear factors. In this situation we complete the square: 


5/2 + 5/3 . 8/2 я 3/3 
52+ 45+6 (5+ 2)2 +2 


(5) 


Our goal here is to recognize the expression on the right-hand side as some Laplace 
transform F(s) in which s has been replaced throughout by s + 2. What we are 
trying to do is analogous to working part (b) of Example 1 backwards. The denom- 
inator in (5) is already in the correct form — that is, s? + 2 with s replaced by s + 2. 
However, we must fix up the иша by manipulating the constants: 
ts +2 =5(94+2) +3 -FH=F(st+ 2) +4. 

Now bs termwise division, the linearity of £~', parts (d) and (e) of Theorem 7.2.1, 
and finally (1), 


s/2+5/3 162-93 1 +2 y) 1 


+ 
(st2P+2 (+ 2)2 +2 маи 3 (5+ 2)2 + 2 
4] 8/2973 Do 5+2 1 
--g! +5 
52+ 45 +6] 2 (= + 2)2 + 2 оао +2 
1 V2 
= 2.97! а 6 
2 i 249 “hs 3V2 al " | i 


s +2 
1 v2, 
= 2 e ?! cos V2t + — e? sin УЕ. 7 BM 
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| EXAMPLE 3 | An Initial-Value Problem 
Solve y" — 6y' + 9у = Pe", y(0) = 2, у'(0) = I7. 
SOLUTION Before transforming the DE, note that its right-hand side is similar to the 
function in part (a) of Example 1. After using linearity, Theorem 7.3.1, and the initial 
conditions, we simplify and then solve for Y(s) = Z(f(t)): 


(У) — 620) + 920) = £(Pe) 


s^Y(s) — sy(0) — у'(0) — 6[sYGs) — у(0)] + 9Y(s) = 


— _ 
(5 — 3)? 
a OC ee 
(5 — 3)? 
s — 3)°Ү(з)= 2s + 5 + ———— 
(s = 39 YG) TES 
25 + 5 2 

2 + 5 
(s—3y (5 — 3) 
The first term on the right-hand side was already decomposed into individual partial 
fractions in (2) in part (a) of Example 2: 


Y(s) = 


о 2а а 
Mo ed Gea qe 


ETE PEE 2 ua] a 
Thus — y0-224 [| eus +27 [sl (8) 


From the inverse form (1) of Theorem 7.3.1, the last two terms in (8) are 
4! 


1 ! 
sl | = te? and slt | = fe”, 
S 155—3 S [25-3 


Thus (8) is y(t) = 2е + 1118? + pte”, B 


[EXAMPLE 4 | An Initial-Value Problem 


Solve y” + 4y' + 6y 1 + е7", у(0) = 0, у'(0) = 0. 


SOLUTION Lly"} + A£(y') + 620) = £(ü) + (e) 
s^Y(s) — sy(0) — у'(0) + 4[sYGs) — у(0)] + 6Y(s) = Lu t. 
5 Scl 
adu da 
s(s + 1) 
2s+ 1 


Y(s) = 
Ae 4 E 
Since the quadratic term in the denominator does not factor into real linear factors, 
the partial fraction decomposition for Y(s) is found to be 
1/6 1/3 s/2 5/3 


Y(s) = + — А 
(9) 5 stl 52 +45 +6 


Moreover, in preparation for taking the inverse transform we already manipulated the 
last term into the necessary form in part (b) of Example 2. So in view of the results 
in (6) and (7) we have the solution 
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Ioil ЕТ Е Е РЕТ ПИЕ 3+2 Em мл v2 
0 = 6 {i} ats Il 24 IA 35 а 


1 1 1 2 
- 2 + = m ~ cos V2t — У зц Vat. B 


7.3.2 TRANSLATION ON THE t-AXIS 


UNIT STEP FUNCTION In engineering, one frequently encounters functions that are 
either “off” or “on.” For example, an external force acting on a mechanical system or a 
voltage impressed on a circuit can be turned off after a period of time. It is convenient, 
then, to define a special function that is the number 0 (off) up to a certain time t = a and 
then the number 1 (on) after that time. This function is called the unit step function or the 
Heaviside function, named after the English polymath Oliver Heaviside (1850—1925). 


| The unit step function W(t — a) is defined to be 


ОШКО == 
il, = Oh, 


пао | 


Notice that we define U(t — a) only on the nonnegative f-axis, since this is all 
that we are concerned with in the study of the Laplace transform. In a broader sense 
U(t — a) = 0 for t < a. The graph of U(t — a) is given in Figure 7.3.2. In the case 
when a = 0, we take (Т) = 1 for t > 0. 

When a function f defined for t = 0 15 multiplied by U(t — a), the unit step function 
“turns off" a portion of the graph of that function. For example, consider the function 
f(t) = 2t — 3. To “turn off" the portion of the graph of f for 0 = t < 1, we simply form 
the product (2t — 3)9/(t — 1). See Figure 7.3.3. In general, the graph of f(t) U(t — a) 
is О (off) for 0 = t < a and is the portion of the graph of f (on) for t = a. 

The unit step function can also be used to write piecewise-defined functions in a 
compact form. For example, if we consider 0 <= t < 2, 2 = t < 3, and т = 3 and the 
corresponding values of U(t — 2) and U(t — 3), it should be apparent that the piecewise- 
defined function shown in Figure 7.3.4 is the same as f(t) = 2 — 3U(t — 2) + U(t — 3). 
Also, a general piecewise-defined function of the type 


gf), О<т<а 
t) = 9 
FIGURE 7.3.3 Function is FO Be tza (9) 
Дю = @—3уй@ 1) is the same as 
f+ fO = sib ИК еа + hOD WEE = а). (10) 
A EE: Similarly, a function of the type 
Д | 
| 0, O<t<a 
E эш. 
-14 | ' №) = 180, ast«b (11) 
0, t=b 
can be written 
FIGURE 7.3.4 Function is 
Р) = 2 —3U(t — 2) + Ut — 3) FO sop а) = U(t — Ь)]. (12) 
| EXAMPLE 5 | A Piecewise-Defined Function 


201, 0zt«5 


in terms of unit step functions. Graph. 
0, t=5 p р 


Express f(t) = | 
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FIGURE 7.3.5 Function fin Example 5 


f 


~ 


| $ 
(a) f(x), t= 0 


f 


а t 


(b) f(t — a) U(t — а) 
FIGURE 7.3.6 Shift on t-axis 


L{ f(t — a) U(t а)} = | 
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SOLUTION The graph of f is given in Figure 7.3.5. Now from (9) and (10) with 
a = 5, g(t) = 20t, and h(t) = 0 we get f(t) = 20t — 20t U(t — 5). Е 


Consider a general function у = f(t) defined for t = 0. The piecewise-defined function 
0, Ost<a 
f(t — a) U(t — a) p dr M (13) 
plays a significant role in the discussion that follows. As shown in Figure 7.3.6, for 
a> 0 the graph of the function y = f(t — a) U(t — a) coincides with the graph of 
y = f(t — a) for t = a (which is the entire graph of y = f(t), t = 0 shifted a units to 
the right on the /-ахіѕ), but is identically zero for 0 = t < a. 

We saw in Theorem 7.3.1 that an exponential multiple of f(t) results in a transla- 
tion of the transform F(s) on the s-axis. As a consequence of the next theorem we see 
that whenever F(s) is multiplied by an exponential function e ^5, a > 0, the inverse 
transform of the product e^ ^* F(s) is the function f shifted along the /-ахіѕ in the man- 
ner illustrated in Figure 7.3.6(b). This result, presented next in its direct transform 
version, is called the second translation theorem or second shifting theorem. 


| If F(s) = L{ f(} and a > 0, then 


Li{ f(t — a) Yt — a)) = e “F(s). 


PROOF By the additive interval property of integrals, 


| e “f(t — a) U(t — a) dt 


0 


can be written as two integrals: 


oc 


e “f(t — a) Ut — a) dt + | 
куш? 


оо 


& *f(r — a) Wt — a) dt = | ет“ — a) dt. 
UY 


a 


0 a a 


zero for one for 


0=f=a tza 


Now if we let v = t — a, dv = dt in the last integral, then 


oo 


JI f(t — a) Ut — a)) = [esto dy — “| e *'f(v) dv = e *V(f(t)). шп 
0 


0 

We often wish to find the Laplace transform of just a unit step function. This can be 
from either Definition 7.1.1 or Theorem 7.3.2. If we identify (0) = 1 in Theorem 7.3.2, 
then f(t — а) = 1, F(s) = 2{1} = 1/5, and so 


—as 


S (Att — a) = = (14) 


F А 


[EXAMPLE 6 | Figure 7.3.4 Revisited 


Find the Laplace transform of the function fin Figure 7.3.4. 


SOLUTION We use f expressed in terms of the unit step function 
f(t) = 2 — 3U (t — 2) + U(t- 3) 
and the result given in (14): 
JA f(t)) = 2.(1) — 3L{Ut — 2)) + L{Ut — 3)} 
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INVERSE FORM OF THEOREM 7.3.2 If f(t) = £^ !(F(s)), the inverse form of 
Theorem 7.3.2, a > 0,15 


4 '{e-“F(s)} = f(t — a) Ut — a). (15) 


[EXAMPLE 7 | Using Formula (15) 


1 
Evaluate (а) s = d (b) risen 


SOLUTION (a) With the three identifications a = 2, F(s) = 1/(5 — 4), and 
E! F(s)}= e”, we have from (15) 


1 
zl d = gt U(t — 2). 
= 


(b) With a = 17/2, F(s) = s/(s? + 9), and Z^! (F(s)) = cos 3t, (15) yields 


52-1 = e 21 сов 3(¢— =) el — =). 
52 + 9 2 2 


The last expression can be simplified somewhat by using the addition formula for 


the cosine. Verify that the result is the same as —sin 3f aj = =) L| 


ALTERNATIVE FORM OF THEOREM 7.3.2 We are frequently confronted with 
the problem of finding the Laplace transform of a product of a function g and a 
unit step function U(t — a) where the function g lacks the precise shifted form 
f(t — a) in Theorem 7.3.2. To find the Laplace transform of g(f)U(t — a), it is 
possible to fix up g(t) into the required form f(t — a) by algebraic manipula- 
tions. For example, if we wanted to use Theorem 7.3.2 to find the Laplace trans- 
form of f(t — 2), we would have to force g(t) = Ê into the form f(t — 2). You 
should work through the details and verify that P-(t—2y +4(@—2)+41%ап 
identity. Therefore 


JP — 2)) = Ф — 27 Ut — 2) + 4(t — 2) WEE — 2) + 4001  2)}, 


where each term on the right-hand side can now be evaluated by Theorem 7.3.2. But 
since these manipulations are time consuming and often not obvious, it is simpler to 
devise an alternative version of Theorem 7.3.2. Using Definition 7.1.1, the definition 
of U(t — a), and the substitution u = t — a, we obtain 


оо 


L{ g(t) Ut — a)) = | e *'g(t) dt = [= g(u + a) du. 
0 


a 


That is, PIDU — a)} = e gt + a). (16) 


| EXAMPLE 8 | ИЗЕЛ Second Translation Theorem—Alternative Form 


Evaluate L{cos t U(t — т) }. 


SOLUTION With g(t) = cos t and a = т, then g(t + т) = cos(t + т) = —cos t by 
the addition formula for the cosine function. Hence by (16), 


{соз UE т) = —e ™ Lleos t} = —— " 187^ E 
s 


In the next two examples we solve, in turn, an initial-value problem and a boundary- 
value problem involving a piecewise-linear differential equation. 
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m 


FIGURE 7.3.7 Graph of function (18) in 
Example 9 


w(x) 


FIGURE 7.3.8 Embedded beam with 
variable load in Example 10 
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[EXAMPLE 9 | An Initial-Value Problem 


0, OSt< т 
Solve у +y =f, y(0)=5, where f(t) = | 
3 cos t, ї > т. 


SOLUTION The function f сап be written as f(t) = 3 cos t U(t — т), so by linearity, 
the results of Example 7, and the usual partial fractions, we have 


Jy) + Lly} = 3L{cos tUl — 7)} 


—T S 


sY(s) — y(0) + Y(s) = т Ih 
6+ DYO) = 5 - S em 
dá d 2+1“ 


Ү( ) 5 3 1 TS + 1 —TS + $ -TS (17) 
5) = — е В е e 5 
+1 2| 5+1 e+) s +1 


Now proceeding as we did in Example 7, it follows from (15) with a = т that the 
inverses of the terms inside the brackets are 


ca | e = eg mt — т), sl : e = sin(t — т) (7 — т), 


s +1 


and s > je] = cos(t — qr) U(t — т). 
s 


Thus the inverse of (17) is 


y(t) = Se t+ 56-0-9440 — п) — sing — nm) U(t — т) — > cost — qr) (t — т) 


3 
= íe“ + К + sin f + cos t] U(t — т) < trigonometric identities 
5e, Ost<7 
= 3 3 3 ae 
бе + le 7 +> sint +> cost, t=T. 
2 2 2 


We obtained the graph of (18) shown in Figure 7.3.7 by using a graphing utility. В 


BEAMS In Section 5.2 we saw that the static deflection у(х) of a uniform beam 
of length L carrying load w(x) per unit length is found from the linear fourth-order 
differential equation 

4 


Асый (19) 
de "e 


where Е is Young's modulus of elasticity and / is a moment of inertia of a cross sec- 
tion of the beam. The Laplace transform is particularly useful in solving (19) when 
w(x) is piecewise-defined. However, to use the Laplace transform, we must tacitly 
assume that y(x) and w(x) are defined on (0, ©) rather than on (0, L). Note, too, that 
the next example is a boundary-value problem rather than an initial-value problem. 


|ЕХАМРІЕ 10 | А Boundary-Value Problem 


A beam of length L is embedded at both ends, as shown in Figure 7.3.8. Find the 
deflection of the beam when the load is given by 


b 0<x<L/2 
wx =e L* ч 


0. L/2<x<L. 
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SOLUTION Recall that because the beam is embedded at both ends, the boundary 


conditions are y(0) = 0, y'(0) = 0, y(L) = 0, у'(1) = 0. Now by (10) we can express 
w(x) in terms of the unit step function: 


Transforming (19) with respect to the variable x gives 


EI(s*¥(s) — s*y(0) — sy'(0) — зу'(0) — у”(0)) = 2 E а oun] 


5 5 
2wo| L/2 1 1 
^y оу _ M = EN —Ls/2 й 
кезу Uca el s g gf 


If we let cı = y"(0) and c2 = y"(0), then 


2 L/2 1 1 
Ys) z а + C2 4 zl / = 4 jm 
5 


s$ ЕП| 5 56 s 


and consequently 


а tl ООР Косе ЖО а 
Ya) = 51 B 312 | mla || b'a | 


с\ C3 wo |51, ГА? L 
= +++ tap рее х= |. 
ПИМА СЪ X N a 
Applying the conditions y(L) = 0 and y'(L) = 0 to the last result yields a system of 
equations for c, and c»: 


p 12 49woL4 


+ = 
964 *€ 6 Т 1920ET 
12  85wgD? 

ciL о = + Wo = 
2  960EI 


Solving, we find c; = 23у0/12/(960Е and c; = —9woL/(40ED). Thus the deflection 
is given by 


1920EI 80ЕІ 60EIL| 2 а 


2 5 
у(х) = NIE № – SE d FERA B ^— + ( — 2) u(x — 3l E 


FIGURE 7.3.9 Boxcar function 
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EXERCISES 7.3 Answers to selected odd-numbered problems begin on page ANS-11. 


7.3.1 Translation on the s-Axis 


In Problems 1—20 find either F(s) or f(t), as indicated. 


1. L{te!} 2. (te 9 
07777 4. S (110971) 

5. Фе! + ey 6. Z(e"(t — 1) 
Zie sin 31} 8. {е ?'cos 4t} 


9. Z((1— e + Зе ^) cos 5t] 


t 
10. sef — At + 10 sin ‘| 


1 1 
ud 12.977! 
@ Fe + =| k = »| 
43:23. l 14. £7! l 
s? — 6s + 10 52 + 25 + 5 
25 + 5 
up E ES 16.7! 
09 {3 4s +} 52 + 6s + 34 
17. | -| 18. s = ; 
(s +1) (s — 2) 


25 — 1 
19. £4) — 
s^(s + 1) 
In Problems 21—30 use the Laplace transform to solve the given 
initial-value problem. 


@#› + 4y=e%*, O = 2 

22. y'’-y=1+te', у(0) = 0 

23. y” +2у cy 0, у(0) = 1, у'(0) =1 

24. y" — Ay + 4y = Pe”, у(0) = 0, у'(0) = 0 


25. y" — 6у + 9у =, у(0) = 0, у'(0) = 1 

26. у" - 4у + Ay 2 P, у(0) = 1, у'(0) = 0 
@@у'—6у' + 13y=0, уо = 0, у'0 = -3 
28. 2y" + 20у + 51у 20, у(0) = 2, у'(0) = 0 
у(00) = 0, у'(0) = 0 

xO = 0, у'(0) = 4 


In Problems 31 and 32 use the Laplace transform and the procedure 
outlined in Example 10 to solve the given boundary-value problem. 


2y'+y=0, у'(0)=2, y(1) 22 
8у' + 20у = 0, у(0) = 0, у'(т)=0 


29. y" — y' = e'cost, 


30. y"—2y' + 5у= 1 +1, 


31. у" 
32." 


33. A 4-pound weight stretches a spring 2 feet. The weight is 
released from rest 18 inches above the equilibrium position, 
and the resulting motion takes place in a medium offering a 


damping force numerically equal to 2 times the instantaneous 
velocity. Use the Laplace transform to find the equation of 
motion x(t). 


34. Recall that the differential equation for the instantaneous charge 
q(t) on the capacitor in an LRC-series circuit is given by 


а?а dq 1 
Lc qj E(). 
dr? a gi ^ 


(20) 


See Section 5.1. Use the Laplace transform to find q(t) when 
L=1h,R = 20 Q, С = 0.005 f, E(r) = 150 V, t > 0, q(0) = 0, 
and i(0) = 0. What is the current i(t)? 


35. Consider a battery of constant voltage Eo that charges the 
capacitor shown in Figure 7.3.10. Divide equation (20) by L and 
define 2А = R/L and w? = 1/LC. Use the Laplace transform to 
show that the solution g(t) of q” + 2Aq' + од = Eo/L subject to 
q(0) = 0, i(0) = O is 


вс = e™(cosh A? — ot 
+ N sinh VA? — zl À 0, 
VA = о? 
q(t) =< ЕСІ — e "(1 + Ад], А = о, 
ndi — e™ (cos в? — АІ 
A 


+ o——————- sin sx) А € в. 
Мө? — А2 ) 
Eo = S SR 

| | 

11 

С 


FIGURE 7.3.10 Series circuit in Problem 35 
36. Use the Laplace transform to find the charge q(t) in an RC 


series circuit when q(0) = 0 and E(t) = Еде“, k > 0. 
Consider two cases: k # 1/RC and К = 1/RC. 


7.3.2 Translation on the t-Axis 


In Problems 37—48 find either F(s) or f(t), as indicated. 


37. £((r — DUE — 1)} 38. {е2 Ult — 2)) 
89) Lir wt — 2)} 40. Z((3t + 1) Ut — 1)} 
41. L{cos 2t Ut — т)} 42. sn ra = 7 
аз. 9-46 a, gto 
` 53 ` s+2 
am e 75 i gi se "32 
etl ` 52 + 4 
-g —2s 
47. | € | 48. © 
s(s + 1) s(s — 1) 
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In Problems 49—54 match the given graph with one of the functions 54. f(t) 
in (a)-(f). The graph of f(t) is given in Figure 7.3.11. 


(а) FO -FOUG — a) 
(b) f(r — b) Ut — b) 
(с) FOUG- а) 

(d) Л) -FOUG — b) 


а b ; 
FIGURE 7.3.17 Graph for Problem 54 


In Problems 55—62 write each function in terms of unit step 


(e) FAUM- a) — fi) att — b) functions. Find the Laplace transform of the given function. 
(f) fE- DUE- a) — ft — a) t(r — b) 2, QEI«3 
eo Е =2 t=3 
fo | 
1, Osr<4 
56. р) 240, 4<т<5 
_ 1; 12 5 
| а Ь t 
_]0, 0st<1 
FIGURE 7.3.11 Graph for Problems 49-54 ей rsi 
49. fo 0, 0=1<3т/2 
58. f() =1 d 
sin f, t > 37/2 
| 59. f(t) = t, Ost<2 
E Н " ` 0, t=2 
FIGURE 7.3.12 Graph for Problem 49 ып, OSt<27 
60. f(t) = 
50. KOLS 0, t= 2т 
{\ 61 
| 
Dod 
= 
а b d 


FIGURE 7.3.13 Graph for Problem 50 


rectangular pulse 


51. HOL, 
FIGURE 7.3.18 Graph for Problem 61 
N 62. Р А | 
| | | 
| | IT p 
SS | 
t 
& o 2T = | 
| | | 
FIGURE 7.3.14 Graph for Problem 51 | | | 
Р 1 | | | 
s2. ло EMEN M NN 
i 2 E a 
| staircase function 
| 
Р FIGURE 7.3.19 Graph for Problem 62 
a b 
In Problems 63—70 use the Laplace transform to solve the given 
FIGURE 7.3.15 Graph for Problem 52 initial-value problem. 
53. fo) By +y =f, yO) = 0, where 
0, Ozr«l1 
t == 
me zi 
a b t 64. у - у= 00), y(0) = 0, where 


FIGURE 7.3.16 Graph for Problem 53 1 0=1<1 


=1, = 1 


JO =| 
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65. у + 2y = f(), y(0) = 0, where 


t Ost<l 


fO= | m» 


66. y" + 4y =f, y(0) = 0, у'(0) = —1, where 


уд = 1, Ost<l 

0, t=1 
67. y" + 4y=sintU(t—27), yO)=1, у'(0) = 0 
68. y" — 5у + бу =U(t— 1), yO)=0, у'(0)=1 


(69 у” +у= 300), у(0) = 0, у/'(0) = 1, where 


0 OsSst<a7 


fQ=41, т=г<2т 
0, t=27 
70. y" + Ay! + 3y = 1 — U(t — 2) — U(t — 4) + W(t — 6), 


у0)=0, y'(0-0 


71. Suppose a 32-pound weight stretches a spring 2 feet. If the weight 
is released from rest at the equilibrium position, find the equation 
of motion x(t) if an impressed force f(t) = 20t acts on the system 
for 0 = t « 5 and is then removed (see Example 5). Ignore any 
damping forces. Use a graphing utility to graph x(f) on the interval 
[0, 10]. 


72. Solve Problem 71 if the impressed force f(t) = sin t acts on the 
system for 0 = t < 27 and is then removed. 


In Problems 73 and 74 use the Laplace transform to find the charge 
q(t) on the capacitor in an RC-series circuit subject to the given 
conditions. 


73. q(0) = 0, R = 2.5 О, C = 0.08 f, E(t) given in Figure 7.3.20 


E(t)4 
5+ с— 

| 
| 
| 
| 
| 
| 

1—} > 
3 t 


FIGURE 7.3.20 E(t) in Problem 73 


74. 4(0) = qo, R = 10 Q, C = 0.1 f, E(® given in Figure 7.3.21 
E(t) + 


30 


FIGURE 7.3.21 E(f) in Problem 74 


75. (a) Use the Laplace transform to find the current 
i(t) in a single-loop LR-series circuit when i(0) = 0, 
L=1h,R = 10 О, and E(?) is as given in 
Figure 7.3.22. 
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(b) Use a graphing utility to graph i(t) for 0 = t = 6. Use the 
graph to estimate imax and imin, the maximum and minimum 
values of the current. 


E(t)4 
1 m 


sint, 0x t < 37/2 


—1 4 


FIGURE 7.3.22 E(t) in Problem 75 


76. (a) Use the Laplace transform to find the charge q(t) on the 
capacitor in an RC-series circuit when q(0) = 0, R = 50 О, 
C = 0.01 f, and E(f) is as given in Figure 7.3.23. 


(b) Assume that Eo = 100 V. Use a graphing utility to graph 


q(t) for 0 = т = 6. Use the graph to estimate qmax, the 
maximum value of the charge. 


E(t) 
Eo ol 
| | 
| | 
| = 
1 3 f 


FIGURE 7.3.23 E(t) in Problem 76 


77. A cantilever beam is embedded at its left end and free at its 
right end. Use the Laplace transform to find the deflection y(x) 
when the load is given by 


T wo O<x<L/2 
TUM Ties fps. 


78. Solve Problem 77 when the load is given by 


0, 0<x<L/3 
wo, L/3<x<2L/3 
0, 21/3 « x « L. 


w(x) — 


79. Find the deflection y(x) of a cantilever beam embedded at its 
left end and free at its right end when the load is as given in 
Example 10. 


80. A beam is embedded at its left end and simply supported at its 
right end. Find the deflection y(x) when the load is as given in 
Problem 77. 


Mathematical Model 


81. Cake Inside an Oven  Reread Example 4 in Section 3.1 
on the cooling of a cake that is taken out of an oven. 


(a) Devise a mathematical model for the temperature of a cake 
while it is inside the oven based on the following assump- 
tions: At t = 0 the cake mixture is at the room temperature 
of 70°; the oven is not preheated, so at t = 0, when the 
cake mixture is placed into the oven, the temperature inside 
the oven is also 70°; the temperature of the oven increases 
linearly until t = 4 minutes, when the desired temperature 
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of 300° is attained; the oven temperature is a constant 300° 
for 2 4. 


(b) Use the Laplace transform to solve the initial-value 
problem in part (a). 


Discussion Problems 


82. Discuss how you would fix up each of the following functions so 
that Theorem 7.3.2 could be used directly to find the given Laplace 
transform. Check your answers using (16) of this section. 


(а) Z(Qr + DUG- D) (b) Pie Ult- 5)) 
(с) L{cos t (7 — v)) (d) PÊ —304L( — 2)} 


83. (a) Assume that Theorem 7.3.1 holds when the symbol a is 
replaced by ki, where k is a real number and i? = —1. Show 
that {те} can be used to deduce 


=? 
Zt cos kt} = Gg 
: n 2ks 
L{t sin kt} = (02 3 gy + Be 


(b) Now use the Laplace transform to solve the initial- 
value problem x" + w?x = cos wt, x(0) = 0, x'(0) = 0. 


7.4 Operational Properties II 


INTRODUCTION In this section we develop several more operational properties 
of the Laplace transform. Specifically, we shall see how to find the transform of a 
function f(t) that is multiplied by a monomial г", the transform of a special type of 
integral, and the transform of a periodic function. The last two transform properties 
allow us to solve some equations that we have not encountered up to this point: 
Volterra integral equations, integrodifferential equations, and ordinary differential 
equations in which the input function is a periodic piecewise-defined function. 


7.4.1 DERIVATIVES OF A TRANSFORM 


MULTIPLYING A FUNCTION BY t” The Laplace transform of the product of a 
function f(t) with t can be found by differentiating the Laplace transform of f(t). To 
motivate this result, let us assume that F(s) = £{ f(t} exists and that it is possible 
to interchange the order of differentiation and integration. Then 


oo 


ps =4 | “ef dt = | 2 pe" fi] dt = — | “et ft) dt = - ufi 
ds ds Jo о 95 0 


а 
that is, Lush = = o). 


We can use the last result to find the Laplace transform of (f(t): 


d df d d? 
L{PfO} = £u tf} = 2100] ата" 170} |= ga UO 


The preceding two cases suggest the general result for Z(1" f(r)). 


| If F(s) = L{ Ff} and n = 1, 2,3,..., then 


du 
F(s). 
de (s) 


Lit" fo} = (-1" 
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[EXAMPLE 1 | Using Theorem 7.4.1 


Evaluate S{t sin kt}. 


SOLUTION With f(t) = sin kt, F(s) = k/(s? + 2), and n = 1, Theorem 7.4.1 gives 


| а | а k 2ks 
Сане M cer (5 + a) EFE E 


If we want to evaluate (f? sin kt} and {7 sin kt}, all we need do, in turn, is 
take the negative of the derivative with respect to s of the result in Example 1 and 
then take the negative of the derivative with respect to s of {17 sin kr}. 


NOTE То find transforms of functions t”e“’ we can use either Theorem 7.3.1 or 
Theorem 7.4.1. For example, 


1 1 
Th 7.3.1: (te) = Zit] = 7 
еогет (te) {t} a= 9 TE eS 
d d 1 1 
Th 7.4.1: Pite” {е} = – = 
eorem te") ds (ej К (5 ) (5 3) 


[EXAMPLE 2 | Ап Initial-Value Problem 


Solve x” + 16x = cos 4t, x(0)=0, x'(0)- 1. 


SOLUTION The initial-value problem could describe the forced, undamped, and 
resonant motion of a mass on a spring. The mass starts with an initial velocity of 
1 ft/s in the downward direction from the equilibrium position. 

Transforming the differential equation gives 


5 1 S 
X(s) = + | 
suqg © Ота шы 


(52 + 16) X(s) = 1 + 


Now we just saw in Example 1 that 


2ks . 
| | = t sin kt, (1) 


and so with the identification k = 4 in (1) and in part (d) of Theorem 7.2.1, we obtain 


1 4 1 8з 
LA +! 
x07, [5 * " 8 [a + ssl 


1 1 
= —sin4t + — t sin 4t. ш 
4 8 


7.4.2 TRANSFORMS OF INTEGRALS 


CONVOLUTION If functions f and g are piecewise continuous on the interval 
[0, ©), then the convolution of f and g, denoted by the symbol f « g, is a function 
defined by the integral 


fg. [rose = т)ат. (2) 


Because we are integrating in (2) with respect to the variable т (the lower case Greek 
letter tau), the convolution f » g is a function of t. To emphasize this fact, (2) is also 
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written (f x g)(t). As the notation f g suggests, the convolution (2) is often inter- 
preted as a generalized product of two functions f and g. 


[EXAMPLE 3 | Convolution of Two Functions 


Evaluate (a)e'«sint (b) Hex sint}. 


SOLUTION (a) With the identifications 
Р) = e, g(f) = sint and fT) = е", g(t — т) = sin(t — т), 
it follows from (2) and integration by parts that 


t 
e x sint = [esie — т)ат 
0 
1 Tai T, 1 
= 51 sin(t — т) + e'cos(t — 7)]0 
1 : 
= (зш? — cost + e). (3) 
(b) Then from (3) and parts (c), (d), and (e) of Theorem 7.1.1 we find 


1 1 1 
Фе! x sint) = E fisin} — ^ Jf cos й + л Фед 


_1 1 _1 5 1 1 
22-41 252 +1 2s-1 
1 


~ (gs — DG? - 01) 


It is left as an exercise to show that 


[лоно — т)ат = [л — T)g(7) dr, 


thatis, f * g = g * f. In other words, the convolution of two functions is commutative. 


CONVOLUTION THEOREM We have seen that if f and g are both piecewise con- 
tinuous for t = 0, then the Laplace transform of a sum f + g is the sum of the individ- 
ual Laplace transforms. While it is not true that the Laplace transform of the product 
fg is the product of the Laplace transforms, we see in the next theorem—called the 
convolution theorem—that the Laplace transform of the generalized product fx g 
is the product of the Laplace transforms of f and g. 


| If f(f) and g(t) are piecewise continuous on [0, œ) and of exponential 


order, then 
SAf xg) = L{fO} Lie} = FS)GG). 
PROOF Let F(s) = L{fO} = | e "f(7) ат 
0 
and G(s) = L{g(t)} = | e "Pe(B) ав. 
0 
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| | "efo) | | | ед) D 
0 0 


| : | "e PfGye(B) dr dB 
0 JO 


Proceeding formally, we have 


F(s)G(s) 


= | f(t) ат | e *"*Pg(B) dB. 
Holding 7 fixed, we let t = т + B, dt = dB, so that 
F(s)G(s) = | f(t) «| e “g(t — т) dt. 
0 T 


In the t7-plane we are integrating over the shaded region in Figure 7.4.1. Since f and 
g are piecewise continuous on [0, ©) and of exponential order, it is possible to inter- 
change the order of integration: 


F(s) G(s) = [ea [ree = т) ат = [e Ii fet — т) a dt=Lf{fxg}. E 


Theorem 7.4.2 shows that we can find the Laplace transform of the convolution 
f ж g of two functions without actually evaluating the definite integral f, s fegt — т) ат 
as we did in (3). The next example illustrates the idea. 


[EXAMPLE 4 | Using Theorem 7.4.2 


t 
Evaluate 2 {| e*sin(t — т) 2 
0 


SOLUTION This is the same as the transform S{e' x sin t} that we found in part (b) 
of Example 3. This time we use Theorem 7.4.2 that the Laplace transform of the 
convolution of f and g is the product of their Laplace transforms: 


L [v sin(t — т) a = Ф {e x sint} 
0 


= Ф {e}: 2 {sint} 
1 | 1 


= s a 
(s — 1)(5- + 1) 


INVERSE FORM OF THEOREM 7.4.2 The convolution theorem is sometimes use- 
ful in finding the inverse Laplace transform of the product of two Laplace transforms. 
From Theorem 7.4.2 we have 


L7'{F(s)G(s)} = » g. (4) 
Many of the results in the table of Laplace transforms in Appendix C can be derived 
using (4). For example, in the next example we obtain entry 25 of the table: 


2g 
(s? + К)” 


[EXAMPLE 5 | Inverse Transform as a Convolution 


_ 1 
Evaluate 2 ata 


1 
SOLUTION Let F(s) = G(s) = зүр so that 


SL {sin kt — kt cos kt} = (5) 


1. k i 
fd = g(t) = к^ s "i zl = sin kt. 
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In this case (4) gives 
fo! ЗИ ЕЕ : [s kr sin k(t )d (6) 
= > T — т) ат. 
( 52 4 у? k2 0 
With the aid of the product-to-sum trigonometric identity 


1 
sin A sin B = z LoostA — B) — cos(A + B)] 


and the substitutions A = kr and В = k(t — т) we can carry out the integration in (6): 


E 1 j^. 
4 m + es ~ ыр | [cos k(27 — f) — cos kt] dr 


1 j1 ' 
= sala sin К(2т — f) — T cos 2i 


sin kt — kt cos kt 
2k | 
Multiplying both sides by 2k? gives the inverse form of (5). L| 


TRANSFORM OF AN INTEGRAL When g(t) = 1 and Z(g(r)) = G(s) = 1/5, the 
convolution theorem implies that the Laplace transform of the integral of f'is 


{ | t | F(s) 
x fdr? = ; (7) 
0 S 


[лә dr = {FO (8) 


The inverse form of (7), 


$ 


can be used in lieu of partial fractions when s” is a factor of the denominator and 
JO = L'{ F(s)} is easy to integrate. For example, we know for f(f) = sin t that 
F(s) = 1/(s? + 1), and so by (8) 


2 t 
gl : =f! шалы = [а= 1 — cost 
s( + 1) 5 0 


2 t 
ca а Е |} = [5e = 2|- fa — cosr) dr = t — sin t 
s^(s^ + 1) $ 0 


1 1/s (s? +1 ' 
£o =g! eu - fe sint) dr = 1? — 1 + cost 
5705 + 1) 5 0 


апа ѕо оп. 


VOLTERRA INTEGRAL EQUATION The convolution theorem and the result in (7) 
are useful in solving other types of equations in which an unknown function appears un- 
der an integral sign. In the next example we solve a Volterra integral equation for f(t), 


f(t) = gO + | f(r) h(t — т) ат. (9) 


The functions g(t) and h(t) are known. Notice that the integral in (9) has the convo- 
lution form (2) with the symbol / playing the part of g. 


[EXAMPLE 6 | An Integral Equation 


Solve f(t) = 32 — e^ — [ f(t) eT dr for f(t). 
0 
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SOLUTION In the integral we identify h(t — т) = е' ѕо that h(t) = e'. We take the 
Laplace transform of each term; in particular, by Theorem 7.4.2 the transform of the 
integral is the product of Z( f(r)) = F(s) and {е = 1/(s — 1): 


F(s) =3 2 1 
n s stl 


F(s)* : 
(9 8-1 


After solving the last equation for F(s) and carrying out the partial fraction 
decomposition, we find 


6 6 
F(s) = 4 
(5) з у 


The inverse transform then gives 


БЕРЕ С _\[3! |а 
поз ela el 


=32-P+1-2e% El 


SERIES CIRCUITS In a single-loop or series circuit, Kirchhoff's second law states 
that the sum of the voltage drops across an inductor, resistor, and capacitor is equal to 
the impressed voltage E(t). Now it is known that the voltage drops across an inductor, 
resistor, and capacitor are, respectively, 


E Ri(t) d Lf ima 

== ift, and — | т) ат, 

dt C Jo 

where i(f) is the current and L, R, and C are constants. It follows that the current in 
a circuit, such as that shown in Figure 7.4.2, is governed by the integrodifferential 
equation 


LË + Ri(t) + ako dt = E(t). (10) 


[EXAMPLE 7 | An Integrodifferential Equation 


Determine the current i(f) in a single-loop LRC-series circuit when L = 0.1 h, 
R=20,C = 0.1 f, i(0) = 0, and the impressed voltage is 

E(t) = 120r — 120r U(t — 1). 
SOLUTION With the given data equation (10) becomes 


di |. ? 
01^ + 21+ of i(7) ат = 120t — 120r UQ — 1). 
0 


Now by (7), aet i(7) dz} = I(s)/s, where I(s) = L{i(t)}. Thus the Laplace transform 
of the integrodifferential equation is 

(s) 
5 
Multiplying this equation by 105, using s? + 20s + 100 = (s + 10)’, and then solv- 
ing for J(s) gives 


1 1 1 
I(s) = 1200 =s zi! 
9 E +102 s(s+102 (у+10?° | 


1 


1 1 1 
0.15105) + 21(5) + 10 = i| pete zi < by (16) of Section 7.3 
5 s 5 


By partial fractions, 


—S 


1/100 1/100 1/10 1/100 
Ks) — 1200| / / / / e 


s+10 (s+ 10)? 5 
1/100 _ 1/10 | 1 E 

+ e 5 + 3€ S 3€ 5 
5 + 10 (5 + 10) (5 + 10) 
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207 ^ 
10 

t 
—10 
—20 
—30 

M P 


0.5 1 1.5 2 2.5 


FIGURE 7.4.3 Graph of current i(7) in 
Example 7 


Optional material if Section 4.8 (>) 
was covered. 


In Example 4 of Section 4.8, the 
roles of the symbols x and t are 
played by t and 7 in this discussion. 


From the inverse form of the second translation theorem, (15) of Section 7.3, we 
finally obtain 


i(f) = 12[1 — U(t — 1)] — 12[e t — e 1 Daye — 1)] 
— 120ге 10 — 1080(t — 1)e 197 YE — 1). 
Written as a piecewise-defined function, the current is 


D 12 — 12е71% — 120ге 1°, 0=1<1 
у 
= 126710 + 12671007D — 1201е7 10 — 108007 — Le 190-2, [zm]. 


Using this last expression and a CAS, we graph i(f) on each of the two intervals 
and then combine the graphs. Note in Figure 7.4.3 that even though the input E(f) is 
discontinuous, the output or response i(t) is a continuous function. Е 


POST SCRIPT—GREEN’S FUNCTIONS REDUX Ву applying the Laplace trans- 
form to the initial-value problem 


y" +ау' + by=f@, у(0) = 0, у'(0)=0, 
where a and b are constants, we find that the transform of y(f) is 


F(s) 


Y(s) = >=————_.,, 
(9) 52 +as +b 


where F(s) = L{ f(}. By rewriting the foregoing transform as the product 


1 
Y(s) = 2145 (s) 


52 + as 


we can use the inverse form of the convolution theorem (4) to write the solution of 
the IVP as 


уа) = [хо — т) f(T) ат, (11) 


1 
where а) = g(t) апа £ ! (F(s)) = f(t). On the other hand, we know 
s? + as 


from (10) of Section 4.8 that the solution of the IVP is also given by 


y(t) = | Са, т) f(T) ат, (12) 


where G(t, т) is the Green’s function for the differential equation. 
By comparing (11) and (12) we see that the Green’s function for the differen- 


1 
tial equation is related to £7! I = g(t) by 
Са, т) = g(t — т). (13) 


For example, for the initial-value problem y" + 4y = (0), y(0) = 0, y'(0) = 0 we 
find 


1 
sl m +} = зїп 2t = g(f). 


Thus from (13) we see that the Green's function for the DE у” + 4y = (0) is 
G(t, т) = gt — т) = 1 sin 2(t — 7). See Example 4 in Section 4.8. 
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| Although the Laplace transform was known for а long time prior to the twen- 


tieth century, it was not used to solve differential equations. The fact that we 
use the Laplace transform today to solve a variety of equations is due to Oli- 
ver Heaviside (see page 298). In 1893 Heaviside invented an operational cal- 
culus for solving differential equations encountered in electrical engineering. 
Heaviside was no mathematician, and his procedures for solving differential 
equations were formal manipulations or procedures lacking mathematical jus- 
tification. Nonetheless these procedures worked. In an attempt to put his op- 
erational calculus on a sound foundation, mathematicians discovered that the 
rules of his calculus matched many properties of the Laplace transform. Over 
time, Heaviside’s operation calculus disappeared to be replaced by the theory 
and applications of the Laplace transform. 

You should verify either by substitution in the equation or by the meth- 
ods of Section 2.3 that y(t) = е" farz du is a perfectly good solution of the 
linear initial-value problem у' + y = e, y(0) = 0. We now solve the same 
equation with a formal application of the Laplace transform. If we denote 
4 iyd} = Y(s) and L fe^) = F(s), then the transform of the equation is 


F(s) 


sY(s) — yO) + Y(s) = F(s) ог Y(s)= СЕЛ 


1 
Using Z (F(s)) = ef and || = e ‘it follows from the inverse form 
(4) of the convolution theorem that the solution of the initial-value problem is 
1 А 2 А Di 
y(t) = £HF):——(-2]|e':e*?dr— e| е" **adr. 
gar il 0 0 


With 7 playing the part of и, this is the solution as first given. What’s wrong 
here? 


7.4.3 TRANSFORM OF A PERIODIC FUNCTION 


PERIODIC FUNCTION Ifa periodic function has period T, T > 0, then f(t + T) = f(t). 
The next theorem shows that the Laplace transform of a periodic function can be ob- 
tained by integration over one period. 


| If f(t) is piecewise continuous on [0, ©), of exponential order, and periodic with 


period T, then 
1 a 
L{fO} = | e ade 
ES 7 


PROOF Write the Laplace transform of f as two integrals: 
T оо 
Lif} = | e “f(t) dt + | e “f(t) dt. 
0 T 


When we let t = u + T, the last integral becomes 


oo 


J "еси dt = | етуи + T) du = е7" | еи) du = TPSO). 
T 0 и 
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FIGURE 7.4.4 Square wave in Example 8 
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Therefore 


T 
LIFO =| e "f(r) dt + eT LA FO}. 


Solving the equation in the last line for #{ f (r)) proves the theorem. ш 


| EXAMPLE 8 | ЭЗЕЛ Transform of a Periodic Function 


Find the Laplace transform of the periodic function shown in Figure 7.4.4. 


SOLUTION The function E(t) is called a square wave and has period T = 2. For 
0 = t « 2, E(t) can be defined by 


1, Ost<1 
во} 


0, 1=1<2 


and outside the interval by E(t + 2) = E(t). Now from Theorem 7.4.3 


1 2 1 1 2 
LIED} = a Os. e E(t) dt = 1 e 5 š ldt + et 7 0 dt 
1-е7* Jo 1— e7” | Jo | 
1 1=е° А 
үз,» у —1-e*-ü*e-e7 
-— (14) M 
ste) 


[EXAMPLE 9 | A Periodic Impressed Voltage 


The differential equation for the current i(f) in a single-loop LR-series circuit is 


L ш + Ri = E(t) (15) 
= = s 
dt 


Determine the current i(t) when i(0) = 0 and Е(ї) is the square wave function given 
in Figure 7.4.4. 


SOLUTION If we use the result in (14) of the preceding example, the Laplace trans- 
form of the DE is 


1 : Wh. 
Greg © 4" ERD pe 


LsI(s) + RI(s) = (16) 


To find the inverse Laplace transform of the last function, we first make use of geo- 
metric series. With the identification x = e 5, s > 0, the geometric series 


1 2 3 1 Е -2 -3 
= Leese es becomes SSL er е er see 
1+x lt+e $ 
1 L/R L/R 
From 
s(s + R/L) s s+ R/L 
we can then rewrite (16) as 
1/1 1 = 28 = 
Ks) = (Ie te са ot 9а) 
К\з  s+R/L 
1(1 e% e? es 1 1 1 _ es e 
+ Te e 5 Te 
R\s 5 5 5 R\s+R/L s+R/L ST R/L . sc R/L 
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By applying the form of the second translation theorem to each term of both series, 


we obtain 


i) = = UG- 1) + Ut = 2) — UG- 3) + E 


1 (e IL — ова qq — 1) + e REDE бф, — 2) — g- REL Фф — 3) +.) 


R 


or, equivalently, 


i(t) = ET = n => (—-1y eE) U(t — n). 
n=1 


To interpret the solution, let us assume for the sake of illustration that R = 1, L = 1, 
and 0 < f « 4. In this case 


й=1—еёе"'—(1—е!)%(т—1)+(1—-е ©”) Ut 2) — (1 е3) Ut 3); 


2 in other words, 
1.5 
1 
0.5 dc 


1 2 3 4 


FIGURE 7.4.5 Graph of current i(t) in 


Example 9 a CAS. 


EXERCISES 7.4 


1—-e' 0zxr«l 
—e tt eg D, 1=57<2 
tect taser Ере 
ет! + e *D—ge2.g05 35 < 4, 


The graph of i(t) for 0 = t < 4, given in Figure 7.4.5, was obtained with the help of 


7.4.1 Derivatives of a Transform 


In Problems 1—8 use Theorem 7.4.1 to evaluate the given Laplace 
transform. 


1. Фет 19") 2. Lie} 


3. L{t cos 21} 4. {т sinh 3t} 


Ө 7 (? sinh г} 6. V (cos t) 


7. L£{ te” sin 6t} 8. L{te~* cos 3t} 


In Problems 9—14 use the Laplace transform to solve the given initial- 
value problem. Use the table of Laplace transforms in Appendix C as 
needed. 


9. y'* y-tsint, у(0) = 0 
10. у — y = te'sint, y(0) = 0 
11. y” + 9y = соѕ 31, у(0) = 2, у(0)=5 
12.y"+y=sint, у(0) = 1, у(0) = –1 


Ey’ +16 =F, yO) = 0, у'(0) = 1, where 
fo- cos 4, OSt<7 
0, 12 т 


14. y" +у= f(t, у(0) = 1, у'(0) = 0, where 
1, 0=1< п/2 

Р = ў. 
sin f, tzqm/2 


Answers to selected odd-numbered problems begin on page ANS-12. 


In Problems 15 and 16 use a graphing utility to graph the indicated 
solution. 


15. y(t) of Problem 13 for 0 = t < 2 
16. y(t) of Problem 14 for 0 = t < 3 
In some instances the Laplace transform can be used to solve 
linear differential equations with variable monomial coefficients. In 
Problems 17 and 18 use Theorem 7.4.1 to reduce the given differ- 
ential equation to a linear first-order DE in the transformed func- 


tion Y(s) = L{y(t)}. Solve the first-order DE for Y(s) and then find 
y(t) = F (Y). 


17. ty" — у 20, у(0) = 0 
18. 2y" + ty’ — 2y = 10, y(0) = у'(0) =0 


7.4.2 Transforms of Integrals 


In Problems 19—22 proceed as in Example 3 and find the convolu- 
tion f xg of the given functions. After integrating find the Laplace 
transform of f х g. 


19. f(t) = 4t, g(t) = 32 
21. f(t) = e”, 


20. f(fr ^t, gA) =e" 


g(t) = е 22. f(t) = cos2t, g(t) = e 


In Problems 23-34 proceed as in Example 4 and find the Laplace 
transform of f « g using Theorem 7.4.2. Do not evaluate the convolu- 
tion integral before transforming. 


23. Z(1* P} 
| 2:2. e cos t} 


24. ФР x te} 
26. (e? xsin t} 
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t 

28. zl cos je 
0 
t 

30. 2 [тата 
0 


1 
32. zl sin 7 cos(t — т) «| 


0 


t t 
33. 1] sin т «| 34. fe е" «| 
0 0 


In Problems 35—38 use (8) to evaluate the given inverse transform. 


35. s : | 36. e 
s(s — 1) s^(s — 1) 


37.4! —— 38. 7-1 ЭЕ = 
ss — 1) s(s — ay 


39. The table in Appendix C does not contain an entry for 


_1 8ks 
eios) 


(a) Use (4) along with the results in (5) to evaluate this inverse 


transform. Use a CAS as an aid in evaluating the convolu- 
tion integral. 


(b) Reexamine your answer to part (a). Could you have 
obtained the result in a different manner? 


40. Use the Laplace transform and the results of Problem 39 to 
solve the initial-value problem 


y’+y=sint+tsint, y(0)—0, у'(0)=0. 


Use a graphing utility to graph the solution. 


In Problems 41—50 use the Laplace transform to solve the given 
integral equation or integrodifferential equation. 


41. f(t) + [в = т) (т) ат =ї 
0 
42. f(t) = 2t — a [sm era - 7) dr 
0 
43. f(t) = te! + | P f(t — т) dr 
0 


44. f(t) +2 fro cos (t — т) dr = Ae ' + sint 
0 


45. f(t) + [ Кт) ат = 1 

46. f(t) = cost + [ел — т) йт 
47. fo = 19 t— sfe = t f(7) dr 
48. t — 2f (t) = fe —e")f(t—1)dt 


@)y') = 1— sint — [oe dr, y0)=0 
0 


d t 
50. "E 6y(t) + 9 [o атъ, 90) = 0 
0 


In Problems 51 and 52 solve equation (10) subject to i(0) = 0 
with L, R, C, and E(t) as given. Use a graphing utility to graph the 
solution for 0 = 7 = 3. 


51. L = 0.1 h, R = 3 Q, C = 0.05 f, 
E(t) = 100[U(t — 1) — (7 — 2)] 


52. L = 0.005 h, R = 1 Q, C = 0.02 f, 
E(t) = 100: — (t — DUE — 1)] 


7.4.3 Transform of a Periodic Function 


In Problems 53—58 use Theorem 7.4.3 to find the Laplace transform 
of the given periodic function. 


(63) Ko 


meander function 


FIGURE 7.4.6 Graph for Problem 53 
54. fi) 


1 EE ~ 
| 


————, 
а 2а За 4а 


square wave 
FIGURE 7.4.7 Graph for Problem 54 
55. ғ) 


ТИЛДА. 


b 2b 3b 4b 


sawtooth function 
FIGURE 7.4.8 Graph for Problem 55 
28 fo 


triangular wave 


FIGURE 7.4.9 Graph for Problem 56 
57. fo 


1 


т 2т Зп Ат t 


full-wave rectification of sin t 


FIGURE 7.4.10 Graph for Problem 57 
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58. f 


-Y 


т 2т Зп 4m 


half-wave rectification of sin t 


FIGURE 7.4.11 Graph for Problem 58 


In Problems 59 and 60 solve equation (15) subject to i(0) = 0 
with E(t) as given. Use a graphing utility to graph the solution for 
0 < г 4 in the case when L = 1 and R = 1. 


59. E(f) is the meander function in Problem 53 with amplitude 1 
anda = 1. 


60. E(t) is the sawtooth function in Problem 55 with amplitude 1 
and b — 1. 


In Problems 61 and 62 solve the model for a driven spring/mass system 
with damping 


dix 


d 
m gp” p +e =fO, x0)—0, х'(0) 0, 


where the driving function fis as specified. Use a graphing utility to 
graph x(t) for the indicated values of r. 


61. т = 1, В = 1, k = 5, fis the meander function in Problem 53 
with amplitude 10, and a = 7,0 S t = 27. 


62. m = 1, B = 2, k = 1, fis the square wave in Problem 54 with 
amplitude 5, and a = 7,0 S t = 47. 


Discussion Problems 
63. Discuss how Theorem 7.4.1 can be used to find 


lm 2 3 
sl 


64. In Section 6.4 we saw that ty" + y' + ty = 015 Bessel's 
equation of order v — 0. In view of (24) of that section 
and Table 6.4.1 a solution of the initial-value problem 

ty” + у' + ty = 0, y(0) = 1, y'(0) = 0, is y = Jo(t). Use this 

result and the procedure outlined in the instructions to Problems 

17 and 18 to show that 


1 
Фл} = ea 
S 


[Hint: You might need to use Problem 52 in Exercises 7.2.] 


65. (a) Laguerre's differential equation 


ty" + (1 ду + ny = 0 


is known to possess polynomial solutions when n is 

a nonnegative integer. These solutions are naturally called 
Laguerre polynomials and are denoted by L, (f). Find 

y = L.(t), for n = 0, 1, 2, 3, 4 if itis known that L,(0) = 1. 


(b) Show that 


n! d" 


t m 
zl: E re} = Y(s), 


67. 


68. 


69. 


70. 


71. 
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where Y(s) = {у} and y = L, (ft) is a polynomial solution 
of the DE in part (a). Conclude that 


t 1 


e 
Lt) NN Ga 


її x 
nt dt * 


n=0,1,2,.... 

This last relation for generating the Laguerre polynomials 
is the analogue of Rodrigues’ formula for the Legendre 
polynomials. See (36) in Section 6.4. 


. The Laplace transform £ (e^) exists, but without finding 


it solve the initial-value problem y" y — et, у(0) = 0, 
y'(0) = 0. 
Solve the integral equation 
t 
ft-e-c 2 [ео ат. 
0 


(a) Show that the square wave function E(t) given in Figure 7.4.4 
can be written 


E(t) = рУ (= 1) Ut — k). 
k=0 


(b) Obtain (14) of this section by taking the Laplace transform 
of each term in the series in part (a). 


Use the Laplace transform as an aide in evaluating the 
improper integral уге?! sin 4t dt. 


If we assume that L {f(t)/t} exists and Z(f(r)) = F(s), then 


fel = [ foa 


Use this result to find the Laplace transform of the given 
function. The symbols a and К are positive constants. 


2(1 — cos kt) 
л (b) f(0 = M 


sin at 


(а) f= 


Transform of the Logarithm Because f(t) = Int has an 
infinite discontinuity at ¢ = 0 it might be assumed that Z (In t} 
does not exist; however, this is incorrect. The point of this 
problem is to guide you through the formal steps leading to 
the Laplace transform of f(t) = In t, > 0. 


(a) Use integration by parts to show that 


Ф (In t) = s.Z {tint} E 
E 


(b) If Z(In t} = Y(s), use Theorem 7.4.1 with n = 1 to show 
that part (a) becomes 


dY 1 
s—+Y=—, 
ds 5 


Find an explicit solution Y(s) of the foregoing differential 
equation. 


(c) Finally, the integral definition of Euler’s constant 
(sometimes called the Euler-Mascheroni constant) is 
y= е Int dt, where у = 0.5772156649. . . . Use 
Y(1) = —yin the solution in part (b) to show that 


In; 
я) = =2- 25, 


5 > 0. 
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Computer Lab Assignments diffequat = y"[t] + 6y'[t] + 9y[t] == t Sin[t] 
transformdeq = LaplaceTransform [diffequat, t, s] /. 
{y[0] — > 2, y'[0] 7 > —1, 
LaplaceTransform [y[t], t, s] — > Y) 
soln = Solve[transformdeq, Y]//Flatten 
Y = Y/.soln 
InverseLaplaceTransform Y, s, t] 


72. In this problem you are led through the commands in 
Mathematica that enable you to obtain the symbolic Laplace 
transform of a differential equation and the solution of the 
initial-value problem by finding the inverse transform. In 
Mathematica the Laplace transform of a function y(t) is 
obtained using LaplaceTransform [y[t], t, s]. In line two of the 
syntax we replace LaplaceTransform [y[t], t, s] by the symbol 
Y. (Jf you do not have Mathematica, then adapt the given 
procedure by finding the corresponding syntax for the CAS you 
have on hand.) y" + 3y! — 4y = 0, 

Consider the initial-value problem у(0) =0, y(0 0, yo 1. 


73. Appropriately modify the procedure of Problem 72 to find a 
solution of 


У + бу' + 9у =tsint, 0-2, у(0) = –1. 74. The charge q(t) on a capacitor in an LC-series circuit is 


. given by 
Load the Laplace transform package. Precisely reproduce and 
then, in turn, execute each line in the following sequence of d q 
commands. Either copy the output by hand or print out the p H q= 1 — 40(1 — т) + 6U(t — 3m), 


results. ; 
q(0) — 0, q*0)- 0. 
Appropriately modify the procedure of Problem 72 to find g(t). 
Graph your solution. 


á 7.5 The Dirac Delta Function 


INTRODUCTION In the last paragraph on page 284, we indicated that as an 
immediate consequence of Theorem 7.1.3, F(s) = 1 cannot be the Laplace transform 
of a function f that is piecewise continuous on [0, ©) and of exponential order. In the 
discussion that follows we are going to introduce a function that is very different 
from the kinds that you have studied in previous courses. We shall see that there does 
indeed exist a function—or, more precisely, a generalized function—whose Laplace 
transform is F(s) = 1. 


UNIT IMPULSE Mechanical systems are often acted on by an external force (or 
electromotive force in an electrical circuit) of large magnitude that acts only for a 
very short period of time. For example, a vibrating airplane wing could be struck by 
lightning, a mass on a spring could be given a sharp blow by a ball peen hammer, and 
a ball (baseball, golf ball, tennis ball) could be sent soaring when struck violently by 
some kind of club (baseball bat, golf club, tennis racket). See Figure 7.5.1. The graph 
of the piecewise-defined function 


0, 0zt«tg—a 


th = а=1< 10 +а (1) 
FIGURE 7.5.1 A golf club applies a force 
of large magnitude on the ball for a very 0, t= t d, 
short period of time 


а > 0, to > 0, shown in Figure 7.5.2(a), could serve as a model for such a force. 
For a small value of a, a (t — to) is essentially a constant function of large magnitude 
that is “оп” for just a very short period of time, around ѓо. The behavior of 5,(t — to) 
as a — 0 is illustrated in Figure 7.5.2(b). The function 6,(t — fo) is called a unit 
impulse, because it possesses the integration property f o94(t — to) dt = 1. 
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1/2a 
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ty— a to to ta 


(a) graph of &(t — to) 


(b) behavior of 6, as a > 0 
FIGURE 7.5.2 Unit impulse 
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DIRAC DELTA FUNCTION In practice it is convenient to work with another type 
of unit impulse, a “function” that approximates 6,(¢ — fo) and is defined by the limit 


oU > 1) = lim da(t — to). (2) 
The latter expression, which is not a function at all, can be characterized by the two 


properties 


osi [o AE EE. СЕТ 
0 


0, tto 


The unit impulse (7 — tọ) is called the Dirac delta function. 
It is possible to obtain the Laplace transform of the Dirac delta function by the for- 
mal assumption that ZZ(8(t — to)} = lim; 0L{6,(t — to)}. 


| For fo > 0, L{S(t — tg)) =e. (3) 


PROOF To begin, we can write 6,(t — fo) in terms of the unit step function by virtue 
of (11) and (12) of Section 7.3: 


1 
Balt 0) = 2 [W(t — (to — a)) — U(t — (to + а))]. 


By linearity and (14) of Section 7.3 the Laplace transform of this last expression is 


1 —s(to— a) —s(to+a) Sd — ,—Ssa 
(Bt — 19) = —|——— – - =e) a) 
2a 5 5 25 


Since (4) has Һе indeterminate form 0/0 as a — 0, we apply L' Hópital's Rule: 


а _ 5—sa 
Minn S | = ge ш 


LISM — to)} = lim L{8,(t — to)} = e^ im ( 
a0 a—0 2sa 


Now when to — 0, it seems plausible to conclude from (3) that 
L18} = 1. 


The last result emphasizes the fact that 6(f) is not the usual type of function that 


we have been considering, since we expect from Theorem 7.1.3 that L{f()} > 0 
as s—> co, 


[EXAMPLE 1 | Two Initial-Value Problems 


Solve y" + y = 4 (7 — 2) subject to 

(a) у(0) = 1, у(0=0 (b 0-70, y'(0) = 0. 

The two initial-value problems could serve as models for describing the motion of 
a mass on a spring moving in a medium in which damping is negligible. At t = 27 


the mass is given a sharp blow. In (a) the mass is released from rest 1 unit below the 
equilibrium position. In (b) the mass is at rest in the equilibrium position. 


SOLUTION (а) From (3) the Laplace transform of the differential equation is 


É (s) (s) us (s) T 
Y t) = or Y == + А 
5 5 AY M 4e M 2 1 2 1 
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FIGURE 7.5.3 Mass is struck at f = 27 in 
part (a) of Example 1 


FIGURE 7.5.4 No motion until mass is 
struck at t = 277 in part (b) of Example 1 


y(t) = cos t + 4 sin (t — 23) U(t — 277). 


Since sin(t — 277) = sin t, the foregoing solution can be written as 


COS f, Ost<27 
yt) = | 
cost + 4sint, ї > 2т. 


(b) In this case the transform of the equation is simply 


у ) Е 4e 21% 
А r+ 
and so y(t) = 4 sin (t — 277) Ult — 277) 
. JO. 0О<;<2т 
4 sin f, f > 2т. 


REMARKS 


(i) If 6(t — to) were a function in the usual sense, then property (i) on page 319 
would imply / 5(t — to) dt = 0 rather than f, 5(t — to)dt = 1. Because the 
Dirac delta function did not “behave” like an ordinary function, even though 
its users produced correct results, it was met initially with great scorn by 
mathematicians. However, in the 1940s Dirac's controversial function was 
put on a rigorous footing by the French mathematician Laurent Schwartz in 
his book Théorie des distributions, and this, in turn, led to an entirely new 
branch of mathematics known as the theory of distributions or generalized 
functions. In this theory (2) is not an accepted definition of 6(t — fo), nor 
does one speak of a function whose values are either © or 0. Although we 
shall not pursue this topic any further, suffice it to say that the Dirac delta 
function is best characterized by its effect on other functions. If fis a continu- 
ous function, then 


| f(D) 8(t — to)dt = f(to) (7) 


can be taken as the definition of 5(t — to). This result is known as the sifting 
property, since (7 — fo) has the effect of sifting the value f(t9) out of the 
set of values of f on [0, ©). Note that property (ii) (with f(A = 1) and (3) 
(with f(t) = e ^) are consistent with (7). 

(ii) In (iii) in the Remarks at the end of Section 7.2 we indicated that the trans- 
fer function of a general linear nth-order differential equation with constant 
coefficients is W(s) = 1/P(s), where P(s) = a„s” + a, ,5" | +--+ + ag. The 
transfer function is the Laplace transform of function w(t), called the weight 
function of a linear system. But w(t) can also be characterized in terms of the 
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Using the inverse form of the second translation theorem, (15) of Section 7.3, we find 


G) 


In Figure 7.5.3 we see from the graph of (5) that the mass is exhibiting simple 
harmonic motion until it is struck at = 27. The influence of the unit impulse is to 
increase the amplitude of vibration to V 17 for t > 27. 


(6) 


The graph of (6) in Figure 7.5.4 shows, as we would expect from the initial conditions 
that the mass exhibits no motion until it is struck at t = 2r. 


EXERGISES 


In Problems 1—12 use the Laplace transform to solve the given initial- 
value problem. 


1.у —3y=6(t- 2), у(0) = 0 
2.у +у= 0(- 1), у(0) = 2 
З.у' +у=8(1—2т), у(0) = 0, у'(0) = 1 
4. у" + 16у = (7 – 27), у(0) = 0, у'(0) = 0 
5.у ty = A(t — bn) + a(t 3), yO) = 0, у(0) =0 
6.y'-y-8(—29)-8(t—4m, y(0)=1, y'(0-0 
7. y" +2у' -6((- 1), у(00) = 0, y (00-1 
8. y"—2y'=1+6(t-2), у(0) = 0, у'(0)=1 
9. y" + 4y' + 5y = (7 – 20), у(0) = 0, у'(0) = 0 
10. у" + 2у Бу = (7 1), у(0) = 0, у(0) = 0 
11. y” + 4y' + 13у = ó((— т) + (1 – Зт), у(0) = 1, Уу'(0) = 0 
12. у" — 7у + бу= е + (1 — 2) + (7 4), у(0) = 0, у'(0) = 0 


In Problems 13 and 14 use ће Laplace transform to solve the given 
initial-value problem. Graph your solution on the interval [0, 877]. 


13. y"+y=)> ôlt— km) у(0) = 0, у'(0)=1 


k=1 


14. y” +y = > 0(t—2km), у(0) = 0, у'(0)=1 
1 


k= 
In Problems 15 and 16 a uniform beam of length L carries a con- 
centrated load wo at x = IL. See Figure 7.5.5 (Problem 15) and 
Figure 7.5.6 (Problem 16). Use the Laplace transform to solve the 
differential equation 


d^y 


EE 
dx* 


= wo8(x — 11), О<х< Г, 


subject to the given boundary conditions. 
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Answers to selected odd-numbered problems begin on page ANS-12. 


15. 00 = 0, yO) = 0, y(L)=0, у") = 0 


y 


FIGURE 7.5.5 Beam embedded at its left end and free at its right end 


16. 0) = 0, у'(0) = 0, у) = 0, у'(0) = 0 


Wo 


y 


FIGURE 7.5.6 Beam embedded at both ends 


Discussion Problems 
17. Someone tells you that the solutions of the two IVPs 


y" + 2y' + 10y = 0, 
y" + 2y' + 10y = (0, 


у(0) = 0, yO) =1 
у(0) = 0, y'(0) =0 


are exactly the same. Do you agree ог disagree? Defend your 
answer. 


18. Reread (i) in the Remarks at the end of this section. Then use 
the Laplace transform to solve the initial-value problem: 


y" + 4y' + 3y = e(t — 1), y(0 = 0, y'(0) = 2. 


Use a graphing utility to graph y( for 0 = t= 5. 
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di 7.6 


Куху 
Ex, — Х|) 
Kx, = x1) 


(a) equilibrium (b) motion (е) forces 


FIGURE 7.6.1 Coupled spring/mass 
system 


Systems of Linear Differential Equations 


INTRODUCTION When initial conditions are specified, the Laplace transform of 
each equation in a system of linear differential equations with constant coefficients 
reduces the system of DEs to a set of simultaneous algebraic equations in the 
transformed functions. We solve the system of algebraic equations for each of the 
transformed functions and then find the inverse Laplace transforms in the usual 
manner. 


COUPLED SPRINGS Two masses mı and m are connected to two springs A and 
B of negligible mass having spring constants kı and Ко, respectively. In turn the two 
springs are attached as shown in Figure 7.6.1. Let х1(ї) and x2(f) denote the vertical 
displacements of the masses from their equilibrium positions. When the system is 
in motion, spring B is subject to both an elongation and a compression; hence its 
net elongation is x? — xı. Therefore it follows from Hooke's law that springs A and 
B exert forces — Куху and (хо — xı), respectively, on mı. If no external force is 
impressed on the system and if no damping force is present, then the net force on 
mı is —kjxj + (х — ху). By Newton’s second law we can write 


d 2x 1 
d? 
Similarly, the net force exerted on mass тә is due solely to the net elongation of 
B; that is, —k2(x2 — xj). Hence we have 


m, = —hx, + EG — x). 


а?х» 
тор T —ky(x2 — xi). 


In other words, the motion of the coupled system is represented by the system of 
simultaneous second-order differential equations 


mxi = —kyx, + (0 — xi) 


(1) 


mjx5 = =k — х1). 


In the next example we solve (1) under the assumptions that Кү = 6, k2 = 4, 
ту = 1, т = 1, and that the masses start from their equilibrium positions with 
opposite unit velocities. 


[EXAMPLE 1 | Coupled Springs 
Solve xi + 10x — 40 = 0 
(2) 
—4ху +х5 +40 = 0 


subject to х1(0) = 0, x1(0) = 1, (0) = 0, (0) = —1. 
SOLUTION The Laplace transform of each equation is 
52Х (5) — sxi(0) — х1(0) + 10X4(s) — 4X2(s) = 0 
–4Х1(5) + s?Xo(s) — sx4(0) — x5(0) + 4X(s) = 0, 
where Х(5) = L{x,(f)} and Xo(s) = L {x}. The preceding system is the same as 
(s? + 10) X(s) — 4Х›(в) = 1 


А (3) 
—4Xi(s) + (s^ + 4) (5) = – 1. 
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2:5 5 7.5 10 12.5 15 


(a) plot of x(t) 


X2 
0.4 
0.2 


—0.2 
—0.4 


2.5 5 75 10 12.5 15 


(b) plot of x(t) 


FIGURE 7.6.2 Displacements of the two 
masses in Example 1 


FIGURE 7.6.3 Electrical network 
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Solving (3) for X;(s) and using partial fractions on the result yields 


52 1/5 6/5 
Xi) = 5 2 = 5 +5 > 
(s^ + 2)(s^ + 12) +2 s + 12 
and therefore 
1 2 V 12 
x(t) = xs i Е gu 2 
5V2 8+2] 5\12 52 + 12 


2 
= v sin V2t + 3 sin 2V3t. 


Substituting the expression for Xj(s) into the first equation of (3) gives 


Xs) = 2+6 | 2/5. — 3/5 
"m (52 + 2)(s2 + 12) $242 52+ 12 
ара x(t) = — : pa Ма _ Pl > < 
5V2 52 +2] 5v12 52 + 12 


2 
= 2 sin V2t — э sin 2VAt. 


Finally, the solution to the given system (2) is 


x(t) = а sin V2t + э sin 2\/3ї 
(4) 


2 
x(t) = “2 sin V2t — м sin 2 VAt. 


The graphs of x, and x» in Figure 7.6.2 reveal the complicated oscillatory motion of 
each mass. ш 


NETWORKS  In(18) of Section 3.3 we saw the currents i;(f) and i>(f) in the network 
shown in Figure 7.6.3, containing an inductor, a resistor, and a capacitor, were gov- 
erned by the system of first-order differential equations 


E » + Ri = E(f) 
(5) 


P 
RCT + 1 = 0. 


We solve this system by the Laplace transform in the next example. 


[EXAMPLE 2 | An Electrical Network 


Solve the system in (5) under the conditions E(t) = 60 V, L = 1 h, R = 500, С = 1074 f, 
and the currents i, and i are initially zero. 


SOLUTION We must solve 


di 
— + 50i» = 60 
dt ia 


а di | : 
50(10 Э ebd cg 


subject to i; (0) = 0, 200) = 0. 
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FIGURE 7.6.4 Double pendulum 


Applying the Laplace transform to each equation of the system and simplifying gives 
60 
sI(s) + 50h(s) = p 
—2001,(s) + (s + 200)/5() = 0, 


where /,(s) = 2{п()} апа h(s) = L{in(f}. Solving the system for Л and /» and 
decomposing the results into partial fractions gives 


is) = 60s + 12,000 6/5 6/5 60 
s(s + 100)2 5 = + 100 (5 + 100)? 
ыз) = 12,000 6/5 6/5 120 | 
s(s + 100)? s — $4100 (s+ 100) 


Taking the inverse Laplace transform, we find the currents to be 
| 6 6 _ - 
RO) = Э = 5° 100r __ 60te 100r 


6 6 

in(t) = = — —e 190 — 120ге 100r Oo 
5 5 

Note that both (2) and i»(f) in Example 2 tend toward the value E/R = g as f — œ, 

Furthermore, since the current through the capacitor is 13(0) = (0) — in(f) = 60te 10", 

we observe that i3(t) — 0 as t — coc. 


DOUBLE PENDULUM Consider the double-pendulum system consisting of a 
pendulum attached to a pendulum shown in Figure 7.6.4. We assume that the system 
oscillates in a vertical plane under the influence of gravity, that the mass of each rod 
is negligible, and that no damping forces act on the system. Figure 7.6.4 also shows 
that the displacement angle 6; is measured (in radians) from a vertical line extending 
downward from the pivot of the system and that 62 is measured from a vertical line extend- 
ing downward from the center of mass mı. The positive direction is to the right; the nega- 
tive direction is to the left. As we might expect from the analysis leading to equation (6) 
of Section 5.3, the system of differential equations describing the motion is nonlinear: 


(m, + т›)20; + т»11105 COs (0; = 05) + тә1\1›(0Ө» y sin (0; = 05) + (mı + m5)lg sin Ө; = 0 


(6) 
m0} + mli {cos (01 — 05) = molilo(01y? sin (01 2 02) + mlg sin 02 =0. 


But if the displacements Ө1(ї) and 05(f) are assumed to be small, then the approxima- 
tions cos(0; — 05) = 1, sin(0; — 05) = 0, sin 0; = 01, sin Ө» = 05 enable us to replace 
system (6) by the linearization 


(m, + то) + malil507 + (m, + т)180, = 0 


2p) n (7) 
m50? + то1ЬбӨү + mlhgb = 0. 


| EXAMPLE 3 | Double Pendulum 


It is left as an exercise to fill in the details of using the Laplace transform to solve 
system (7) when m; = 3, m = 1, hL = h = 16, 0,(0) = 1, 02(0) = —1, 0i(0) = 0, 
and 05(0) = 0. You should find that 


04 Í COS t COS 
0 1 COS 
\/3 COS 


With the aid of a CAS the positions of the two masses at t = 0 and at subsequent 
times are shown in Figure 7.6.5. See Problem 21 in Exercises 7.6. 
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(a) = 0 (b) ¢ = 14 (c) г = 2.5 (d) t= 8.5 


FIGURE 7.6.5 Positions of masses on double pendulum at various times in Example 3 а 


EXERCISES И 


Answers to selected odd-numbered problems begin оп раде ANS-12. 


In Problems 1—12 use the Laplace transform to solve the given sys- 


tem of differential equations. 


oes 
ШЕ? x y 
dy _ 
dt 
х(0) = 0, у(0) = 1 
ах 
— = — 2 
a o 
dy 
— = 5y — 
а 
x(0) = –1, у(0) = 2 
ах | dy 
2— 4 2 = 1 
"er dro 
dx | dy 
+ 3x = Зу =2 
d a o 


x(0)=0, у(0)=0 


d?x 
——++x-y=0 
\ ree 
d?y 
qe. 
x(0) = 0, x'(0)- —2, 


yO) = 0, y(0-1 


9 d? 
gti uy 
d? d 
2 d? 
d'x == oy = 4t 
d? ае 
x(0)=8, х'(0=0, 


yO) =0, y'(0) =0 


d?x dy 

11. 432 4 3y= 
d ae 
d?x 
TOM у ERG 
dP dii 
x(0) = 0, 


10. 


x'(0) =2, у(0=0 


dx 
—=9y4+ e 
dt FORE 
dy 
= 80-1 
dt 
x0) = 1, у(0)=1 
dx dy 
И H 3x + = 1 
g v 
dx П ау e 
mo Ux SCA 
х(0) = 0, у(0) = 0 
ах ау 
+ = 
d ae En 
dx dy 
2y=0 
dt ж ~ 


x(0 = 0, yO)=1 


2 d 
ptos. ы 

d?) dt dt 
d? d 

ск ж ag 
dt dt dt 
x(0)=1, x'(0) = 0, 
y(0) = –1, y(0)=5 
dx dy 

4x 4 = sin t 
da T ap O 
dx dy 
+2x-2——= 

a эд, 


x(0) = 0, у(0) = 0, 
у'00) = 0, y'(00—0 


12. а i 2у 


2 1 
а „м. 
” 3 U(t — 1) 
dt i » 


х0) =0, у(0=» 


13. Solve system (1) when kı = 3, k; = 2, m, = 1, m» = 1 and 
xı(0) = 0, xi(0) = 1, x2(0) = 1, x2(0) = 0. 


(14) Derive the system of differential equations describing the 
straight-line vertical motion of the coupled springs shown in 
Figure 7.6.6. Use the Laplace transform to solve the system 
when kı = 1, k2 = 1, k3 = |, m = 1, m = 1 and х1(0) = 0, 
x{(0) = —1, x2(0) = 0, х5(0) = 1. 


ky 
CS en 

ky 
my =0--- 

k3 


FIGURE 7.6.6 Coupled springs in Problem 14 


@5ў (a) Show that the system of differential equations for the 
currents i2(t) and i3(f) in the electrical network shown in 
Figure 7.6.7 is 


di» ; ; 

Li — + Ri + Кїз = E(t) 
dt 
dis ; А 

12 ae = Riz s Riz zx: E(t). 


(b) Solve the system in part (a) if R = 5 Q, Lı = 0.01 h, 
L = 0.0125 h, E = 100 V, i2(0) = 0, and i3(0) = 0. 


(c) Determine the current i;(f). 
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FIGURE 7.6.7 Network in Problem 15 


16. (a) In Problem 12 in Exercises 3.3 you were asked to show that 
the currents i>(t) and 73(f) in the electrical network shown 


in Figure 7.6.8 satisfy 


LË 4L + кү = ке 
dt dt 1 
di аз 1 
RIA E Led 
JUL BS 


Solve the system if А = 100, № =50,L= 1h, 
C=0.2f, 


12 =1<2 
E(t) = WM 
0, t=2, 


i2(0) = 0, and i3(0) = 0. 


(b) Determine the current i,(7). 


FIGURE 7.6.8 Network in Problem 16 


17. Solve the system given in (17) of Section 3.3 when А = 6 О, 
1h, E() = 50 sint V, i2(0) = 0, and 


Ro =5Q, L = 1h, L2 
13(0) = 0. 


18. Solve (5) when E = 60 V, L = Ih, R = 500, C = 107^ f, 
100) = 0, and i4(0) = 0. 
19. Solve (5) when E = 60 V, L = 2h, R = 50 О, C = 107^ f, 


11(0) = 0, and i2(0) = 0. 


20. (a) Show that the system of differential equations for the charge 
on the capacitor q(t) and the current i3(f) in the electrical 


network shown in Figure 7.6.9 is 


8i eT REO 
dt C ` 
йз "mE 

Ly 5 EC 


(b) 


Find the charge on the capacitor when L = 1h, № = 10, 
К = 19, С= 16 


0, 0<1<1 
EQ) = E 
50e ', t=1, 


i3(0) = 0, and (0) = 0. 


FIGURE 7.6.9 Network in Problem 20 


Computer Lab Assignments 


21. (a) 


(b) 


(c) 


(d) 


(e) 


(f) 


Use the Laplace transform and the information given in 
Example 3 to obtain the solution (8) of the system given 

in (7). 

Use a graphing utility to graph 01(7) and 02(¢) in the 
t0-plane. Which mass has extreme displacements of 
greater magnitude? Use the graphs to estimate the first 
time that each mass passes through its equilibrium 
position. Discuss whether the motion of the pendulums is 
periodic. 


Graph 0,(f) and 05(f) in the 0,05-plane as parametric 
equations. The curve defined by these parametric equations 
is called a Lissajous curve. 


The positions of the masses at t = 0 are given in 

Figure 7.6.5(a). Note that we have used 1 radian == 57.3°. 
Use a calculator or a table application in a CAS to 
construct a table of values of the angles 0; and 05 for 
t=1,2,..., 10s. Then plot the positions of the two 
masses at these times. 


Use a CAS to find the first time that 0;(f) = 0»(r) and 
compute the corresponding angular value. Plot the positions 
of the two masses at these times. 


Utilize the CAS to draw appropriate lines to simulate 
the pendulum rods, as in Figure 7.6.5. Use the animation 
capability of your CAS to make a “movie” of the motion 
of the double pendulum from т = 0 to t = 10 using a 
time increment of 0.1. [Hint: Express the coordinates 
(х1(@), y1() and (x2(t), y2(t)) of the masses m, and тә, 
respectively, in terms of 0;(t) and 05(f).] 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


CHAPTER 7 IN REVIEW 327 


Ch a pter / l n Revi ew Answers to selected odd-numbered problems begin on page ANS-13. 
In Problems 1 and 2 use the definition of the Laplace transform to 24, Y{ So e" f(r) dt} = whereas 
find L{ fÐ}. ; 
Ple" fy fdh = 
|, 0=1<1 . . | 
1. 30 = In Problems 25—28 use the unit step function to find an equation for 
к; pee each graph in terms of the function y = f(t), whose graph is given in 
0 о<г<2 Figure 7.R.1. 
2.10 = )1, 2xt«4 y 
0, t=4 у= 50) 


In Problems 3—24 fill in the blanks or answer true or false. 


3. If fis not piecewise continuous on [0, ©), then Z( f(A} will not 


RUM: FIGURE 7.R.1 Graph for Problems 25-28 
4. The function f(t) = (е')! is not of exponential order. 25. ji 
5. F(s) = s?/(s? + 4) is not the Laplace transform of a function 
that is piecewise continuous and of exponential order. P di 
6. If Z(f()) = Fi d L{g(t)} = th | 
{F} = F(s) and Z(g(r)) = G(s), then - 
4^ (FG)GG) = fg. —__ fo 
7. Z(e 7) = 8. L{te""} = FIGURE 7.R.2 Graph for Problem 25 
9. L{sin 2t} = 10. L{e~™ sin 2t} = 26. уф 
11. L{t sin 2t} = Im 
12. L{sin 2t U(t — 7)) = | 
= _——- 
20 t 
13. Z El = fo 
5 


FIGURE 7.R.3 Graph for Problem 26 


1 27. 
14. 7 | | = X 
3s= 1 
А nw di. 
15:2 sf = | 
(s — 5y " 
1 fo ‘ 
16. Z^ | 5 = 
so=5 FIGURE 7.R.4 Graph for Problem 27 
28. y 
5 
17. 474 ———————[— 
Р — 105 + z Uf x 
| 
e? | 
18. £7! = | l 
| 5° = - 
0 f 
19. 5 et = FIGURE 
* Pig? = 7.R.5 Graph for Problem 28 
1 In Problems 29—32 express f in terms of unit step functions. Find 
20. oa rf m L{ f(t} апа Lfe fA}. 


29. f(t) 
21. Z(e ?'| exists for s > ; 1 


22. If L{ f(t)} = F(s), then L{te* f()} = 


23. If L{ f(O} = F(s) and k > 0, then 


Lle"f(t – ЮЦ – k)) = ; 
EL PM ) FIGURE 7.R.6 Graph for Problem 29 
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30. f(t) 4 


y=sint, п=7= Зп 


FIGURE 7.R.7 Graph for Problem 30 
n 


31. РО) 
| 0:3) 
2 


1 efa 
>_> 


FIGURE 7.R.8 Graph for Problem 31 
32. ПО! 


1 


1 2 
FIGURE 7.R.9 Graph for Problem 32 


In Problems 33 and 34 sketch the graph of the given function. Find 
Li fO. 


33. f(t) = —1+ D (1) !Ф(т— k) 
k=1 


оо 


34. Д) = У, (26+ 1 


k=0 


DEUC — 2k) — U(t — 2k — 1)] 


In Problems 35-42 use the Laplace transform to solve the given 
equation. 


35. y"— 2у cy - e, y(0)=0, y'(0—5 
36. y" — 8y' + 20y = te’, y(0)=0, y' (0-0 
37.y" + 6y' +5у=т—1%Ш(— 2), у(0) = 1, у'(0) = 0 
38. y' — 5y = f(t), where 
f() = | PSIS, 0-1 
0, t=1 


39. у + 2y=f(t), y(0) = 1, where f(A) is given in Figure 7.R.10. 
fO 


1 


FIGURE 7.R.10 Graph for Problem 39 


40. y" + 5y' + 4y =f(), у(0)=0, y'(0) = 3, where 


f(t) = 12 Ў (—1)*®%(т — k). 
k=0 
41. y'(f) = cos t + f y(t) cos(t — т) ат, у(0) = 1 
0 


42. | | f(a ft — т) dr = 6 
0 


In Problems 43 and 44 use the Laplace transform to solve each system. 


43. x'+y=t 44. x"+y"= е! 

4x t y' 20 2x! + y" = —e” 
x(0)=1, у(0) = 2 х(0) = 0, yO) = 0, 
x'(0)=0, y'(0) = 0 


45. The current i(f) in ап RC-series circuit can be determined from 
the integral equation 


Ri + Е[® dr = E(t), 


where E(t) is the impressed voltage. Determine i(t) when 
R=100,C = 0.5 f, and E(t) = 2(? + 0). 


46. A series circuit contains an inductor, a resistor, and a capacitor 
for which L = +h, R= 10 О, and С = 0.01 f, respectively. The 


voltage 
1 st< 
E() = 0, 0 5 
0, t=5 


is applied to the circuit. Determine the instantaneous charge q(t) 
on the capacitor for t > 0 if q(0) = 0 and q'(0) = 0. 


47. A uniform cantilever beam of length L is embedded at its left 
end (x = 0) and free at its right end. Find the deflection y(x) 
if the load per unit length is given by 


w(x) = 2wo Е xd b 2) | 3l 
1, |2 2 2 


48. When a uniform beam is supported by an elastic foundation, the 
differential equation for its deflection y(x) is 


EI 29 tk (x) 

m — w(x), 

dx* d 

where К is the modulus of the foundation and —ky is the restor- 
ing force of the foundation that acts in the direction opposite to 
that of the load w(x). See Figure 7.R.11. For algebraic conve- 


nience suppose that the differential equation is written as 


d^y w(x) 

— + 4aty = ——, 

ай ET 
where a = (k/4EI)"*, Assume L = т and a = 1. Find the deflec- 
tion y(x) of a beam that is supported on an elastic foundation when 


(a) the beam is simply supported at both ends and a constant 
load wo is uniformly distributed along its length, 


(b) the beam is embedded at both ends and w(x) is a 
concentrated load wo applied at x = 7/2. [Hint: In 
both parts of this problem use the table of Laplace 
transforms in Appendix C and the fact that 
s^ + 4 = (s? — 25 + 2)(52 + 25 + 2).] 


Y 


elastic foundation 
y 


FIGURE 7.R.11 Beam on elastic foundation in Problem 48 
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50. 


(а) Suppose two identical pendulums are coupled by means of 
a spring with constant k. See Figure 7.R.12. Under the same 
assumptions made in the discussion preceding Example 3 
in Section 7.6, it can be shown that when the displacement 
angles 01(7) and 05(r) are small, the system of linear 
differential equations describing the motion is 


"n 8 k 
Өү + 7” = —— (0; — 02) 
m 
"m 8 
05 + 19 = — (0; — 02) 


Use the Laplace transform to solve the system when 
0100) = 00, 0100) = 0, 0200) = tho, 65(0) = 0, where 6o and 
Wo are constants. For convenience let o? = g/l, К = k/m. 


(b) Use the solution in part (a) to discuss the motion of the 
coupled pendulums in the special case when the initial con- 
ditions аге 0,(0) = 8o, 01(0) = 0, 05(0) = Өө, Ө5(0) = 0. 
When the initial conditions are 01(0) = 606, 01(0) = 0, 
05(0) = —06, 0X(0) = 0. 


FIGURE 7.R.12 Coupled pendulums in Problem 49 


Coulomb Friction Revisited In Problem 27 in Chapter 5 in 
Review we examined a spring/mass system in which a mass 

m slides over a dry horizontal surface whose coefficient of 
kinetic friction is a constant д. The constant retarding force 

Jk = шпа of the dry surface that acts opposite to the direction 
of motion is called Coulomb friction after the French physicist 
Charles-Augustin de Coulomb (1736—1806). You were asked 
to show that the piecewise-linear differential equation for the 
displacement x(t) of the mass is given by 


d?x Tes x’ < 0 (motion to left) 
m— + Кх = i | 
dr? =, x’ > 0 (motion to right). 


(a) Suppose that the mass is released from rest from a point 
x(0) = xo > 0 and that there are no other external forces. 
Then the differential equations describing the motion of the 
mass m are 


=F, 0<t<T/2 


= 

€ 

м 
| 


x" + оёх = -Е, T/2<t<T 


xX + ох = F, T<t<3T/2, 


and so on, where o? = k/m, F = fi/m = ug, g = 32, 
and T = 27r/w. Show that the times 0, 7/2, T, 3T/2, . . . 
correspond to x'(f) = 0. 
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(b) Explain why, in general, the initial displacement must 
satisfy 002 | xo] > F. 


(с) Explain why the interval —F/w? < x < F/w is 
appropriately called the “dead zone” of the system. 


(d) Use the Laplace transform and the concept of the meander 
function to solve for the displacement x(t) for t = 0. 


(e) Show that in the case m = 1, k = 1, fk = 1, and xo = 5.5 
that on the interval [0, 277) your solution agrees with parts 
(a) and (b) of Problem 28 in Chapter 5 in Review. 


(f) Show that each successive oscillation is 2F/w7 shorter than 
the preceding one. 


(g) Predict the long-term behavior of the system. 


51. Range of a Projectile—No Air Resistance (a) A projectile, 


such as the canon ball shown in Figure 7.R.13, has weight 
w — mg and initial velocity vo that is tangent to its path 

of motion. If air resistance and all other forces except its 
weight are ignored, we saw in Problem 23 of Exercises 4.9 
that motion of the projectile is described by the system of 
linear differential equations 


Use the Laplace transform to solve this system subject to 
the initial conditions 


x(0) = 0, x'(0) = vocos Ө, y(0) = 0, y'(0) = vo sin Ө, 


where vo = |vo| is constant and 0 is the constant angle 
of elevation shown in Figure 7.R.13 on page 330. The 
solutions x(t) and y(t) are parametric equations of the 
trajectory of the projectile. 


(b) Use х(7) in part (a) to eliminate the parameter ѓ in y(t). Use 
the resulting equation for y to show that the horizontal 
range Ё of the projectile is given by 


LN 
R — — sin 20. 
8 


(c) From the formula in part (b), we see that А is a maximum 
when sin 20 = 1 or when Ө = 7/4. Show that the same 
range—less than the maximum—can be attained by 
firing the gun at either of two complementary angles Ө 
and 7/2 — 0. The only difference is that the smaller angle 
results in a low trajectory whereas the larger angle gives a 
high trajectory. 


(d) Suppose g = 32 ft/s”, 0 = 38°, and vo = 300 ft/s. Use part 
(b) to find the horizontal range of the projectile. Find the 
time when the projectile hits the ground. 


(e) Use the parametric equations x(t) and y(f) in part (a) along 
with the numerical data in part (d) to plot the ballistic curve 
of the projectile. Repeat with Ө = 52° and vo = 300 ft/s. 
Superimpose both curves on the same coordinate system. 
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FIGURE 7.R.13 Projectile in Problem 51 


52. Range of a Projectile—With Air Resistance (a) Now 


suppose that air resistance is a retarding force tangent 

to the path but acts opposite to the motion. If we take 

air resistance to be proportional to the velocity of the 
projectile, then we saw in Problem 24 of Exercises 4.9 that 
motion of the projectile is describe by the system of linear 
differential equations 


d?x dx 
di^ Pg 
LIE 
dr? Ж. 


where B > 0. Use the Laplace transform to solve this system 
subject to the initial conditions x(0) = 0, x'(0) = vocos 0, 
y(0) = 0, y'(0) = vo sin Ө, where vo = |vo| and Ө are 
constant. 


(b) 


(c) 


(d) 


Suppose m — L slug, g = 32 ft/s”, B = 0.02, 0 = 38°, and 
vo = 300 ft/s. Use a CAS to find the time when the 
projectile hits the ground and then compute its 
corresponding horizontal range. 


Repeat part (b) using the complementary angle 0 = 52° 
and compare the range with that found in part (b). Does 
the property in part (c) of Problem 51 hold? 


Use the parametric equations x(f) and y(f) in part (a) 

along with the numerical data in part (b) to plot the ballistic 
curve of the projectile. Repeat with the same numerical 
data in part (b) but take Ө = 52°. Superimpose both curves 
on the same coordinate system. Compare these curves with 
those obtained in part (e) of Problem 51. 
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Preliminary Theory-Linear Systems 


Homogeneous Linear Systems 
Nonhomogeneous Linear Systems 
Matrix Exponential 


CHAPTER 8 IN REVIEW 


e encountered systems of ordinary differential equations in 
Sections 3.3, 4.9, and 7.6 and were able to solve some systems using 
either systematic elimination or the Laplace transform. In this chapter 
we focus only on systems of linear first-order differential equations. We will 
see that the general theory of systems of linear DEs and the solution procedure 
is similar to that of linear higher-order equations considered in Chapter 4. This 
material is fundamental to the analysis of systems of nonlinear first-order equations 
in Chapter 10. 
Matrix notation and properties are used extensively throughout this chapter. If 


you are unfamiliar with these concepts, review Appendix B or a linear algebra text. 
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8.1 Preliminary Theory—Linear Systems 


INTRODUCTION Recall that in Section 4.9 we illustrated how to solve systems of 
n linear differential equations in n unknowns of the form 


Py(D)yx, + Pi D) ++ Pia) = bit) 
Р,(Р)х + Р(О)х ++ + Р,„(Р)х, = (0 (1) 
Py(D)x1 + Pr(D)x2 der PD), = bt), 

where the Pj; were polynomials of various degrees in the differential operator D. In 


this chapter we confine our study to systems of first-order DEs that are special cases 
of systems that have the normal form 


dx 

— = git Хр, Хо... Xn) 

dt 

dx 2 
2 = p ху, dae. 3 Ke) ( ) 
dt 

dx 

a = gif, Xis х, ..., Xn). 


A system such as (2) of n first-order equations is called a first-order system. 


LINEAR SYSTEMS When each of the functions gi, 82,..., gn in (2) is linear 
in the dependent variables xj, x2, . . . , Xn, we get the normal form of a first-order 
system of linear equations: 


d. 
= ay (Oxy + a(x + + ay, (Ox, + fit) 


x = алх + а(х +: as, + AO (3) 


ах 
е ~ An (£x + Anat) Xo к ы а ay Dx t fit). 


We refer to a system of the form given in (3) simply as a linear system. We 
assume that the coefficients aj; as well as the functions f; are continuous on a com- 
mon interval /. When f;(t) = 0, i = 1, 2, ..., n, the linear system (3) is said to be 
homogeneous; otherwise, it is nonhomogeneous. 


MATRIX FORM OF A LINEAR SYSTEM If X, A(t), and F(t) denote the respective 


matrices 
x(t) anl) alt) > ayy) ШО, 
x(t) y(t) a(t) +++ a(t) hO 
x=| | dee. р вде. |, 
X,(t) anı(t) am(t) ii ast) f 
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then the system of linear first-order differential equations (3) can be written as 


x, ay) y(t) +++ a) [xy AGO 
d|e _ aa dox) +++ ao) | | Xo К RO 
dt | : : : : : 

Xn asi) Ant) in ay t) Xn no 

or simply X' - AX + Е. 


If the system is homogeneous, its matrix form is then 


X' — AX. 


(4) 


(5) 


[EXAMPLE 1 | Systems Written in Matrix Notation 


(a) If X = J then the matrix form of the homogeneous linear system 
y 


dx 

c = 3x +4 

d А 3 4 
is Х'= X. 

Da $ 

dt " y 


=бх+ yctzcb tf 
d 6 1 1 t 
"m LI ee is X’={8 7 -—1]|X-| 10r . 
29 =] 6t 


x 
(b) If X = [ , then the matrix form of the nonhomogeneous linear system 
2 
ах 
dt 
y 


dz 
— = 2х + 9у - 2+ ót 
аі E dio 


| A solution vector on an interval / is апу column matrix 


xy(f) 
X(t) 


Xn(t) 


whose entries are differentiable functions satisfying the system (4) on the 


interval. 


A solution vector of (4) is, of course, equivalent to л scalar equations 
xı = h(t), xo = b2(f),..., x, = &,(t) and can be interpreted geometrically as a 
set of parametric equations of a space curve. In the important case n = 2 the equa- 
tions x = (ft), x; = фә(ї) represent a curve in the x;x2-plane. It is common prac- 
tice to call a curve in the plane a trajectory and to call the x;x2-plane the phase 
plane. We will come back to these concepts and illustrate them in the next section. 
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[EXAMPLE 2 | Verification of Solutions 


Verify that on the interval (— oo, со) 


1\ _ e?! 3 Зеб! 
wen) ав 05) 


1 3 
are solutions of Х'= | 5 Ух (6) 
, [7267 , [18e 
SOLUTION From X! = 2022 and X= 3065! we see that 
Lm е” pg eda А =e ui 
Ай 15 a-et T Aser aet) T| ago) = 
] 3\(3e% Зеб! + 1566! 18e5' 
АХ» = = = =X}. 
and : | er 15е®] aoe*] ^? m 


Much of the theory of systems of n linear first-order differential equations is 
similar to that of linear nth-order differential equations. 


INITIAL-VALUE PROBLEM Let tọ denote a number in an interval J and 


X(t) y 
Xx(to) yo 
хао) = , and Xo =|. |, 
Xn(to) Vn 
where the у, i = 1, 2, ..., n are given constants. Then the problem 
Solve: X' = A(DX + Е(0 


: (7) 
Subject to: X(to) = Xo 


is an initial-value problem on the interval. 


| Let the entries of the matrices А (7) and F(t) be functions continuous on a 


common interval / that contains the point fo. Then there exists a unique solu- 
tion of the initial-value problem (7) on the interval. 


HOMOGENEOUS SYSTEMS In the next several definitions and theorems we 
are concerned only with homogeneous systems. Without stating it, we shall always 
assume that the aj; and the f; are continuous functions of t on some common interval /. 


SUPERPOSITION PRINCIPLE The following result is a superposition principle 
for solutions of linear systems. 


| Let Х|, X2, . . . , X, be а set of solution vectors of the homogeneous system (5) 


on an interval /. Then the linear combination 
Х = c1X4 = co Xo Sp ect Se CEXk, 


where the cj, i = 1, 2,..., k are arbitrary constants, is also a solution of the 
system on the interval. 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


336 


CHAPTER 8 SYSTEMS OF LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


It follows from Theorem 8.1.2 that a constant multiple of any solution vector of 
a homogeneous system of linear first-order differential equations is also a solution. 


[EXAMPLE 3 | Using the Superposition Principle 


You should practice by verifying that the two vectors 


COS f 0 
X = —icost + 1 sint and X, = {е 
—cost — sin t 0 
are solutions of the system 
1 0 1 
xX’ = 1 1 0 |X. (8) 
-2 0 -1 
By the superposition principle the linear combination 
COS f 0 
X=cX + OX = с —5 cost + }8їпї + cj e 
—cos Г — sint 0 
is yet another solution of the system. ш 


LINEAR DEPENDENCE AND LINEAR INDEPENDENCE We are primarily inter- 
ested in linearly independent solutions of the homogeneous system (5). 


Let Х|, Xo, . . . , X; be a set of solution vectors of the homogeneous system (5) 
on an interval /. We say that the set is linearly dependent on the interval if 
there exist constants с, со, . . . , cx, not all zero, such that 


cy X, + с›Хә + een + cX = 0 


for every t in the interval. If the set of vectors is not linearly dependent on the 
interval, it is said to be linearly independent. 


The case when k = 2 should be clear; two solution vectors Х and X» are lin- 
early dependent if one is a constant multiple of the other, and conversely. For k > 2 
a set of solution vectors is linearly dependent if we can express at least one solution 
vector as a linear combination of the remaining vectors. 


WRONSKIAN As in our earlier consideration of the theory of a single ordinary 
differential equation, we can introduce the concept of the Wronskian determinant 
as a test for linear independence. We state the following theorem without proof. 


X11 X12 Xin 

X21 X22 Xn 
et X, = Р 5 X, = р 5 6-6 5B X, = 

Хт Xn2 Xnn 
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ben solution vectors of the homogeneous system (5) оп an interval /. Then the set 
of solution vectors is linearly independent on / if and only if the Wronskian 


Xii X12 --- Xn 
W(X,X,..,X)-2 | "mg (9) 
Хр Xn +++ Xm 
for every t in the interval. 
It can be shown that if Х|, X», . . . , X, are solution vectors of (5), then for every 


t in J either W(X), X5,..., X,) = 0 or W(X), X5,..., Xn) = 0. Thus if we can 
show that W # 0 for some fo in Z, then W = 0 for every t, and hence the solutions are 
linearly independent on the interval. 

Notice that, unlike our definition of the Wronskian in Section 4.1, here the 
definition of the determinant (9) does not involve differentiation. 


[EXAMPLE 4 | Linearly Independent Solutions 


1 3 
In Example 2 we saw that X; = Ё je and X; = e are solutions of system (6). 


Clearly, X, and X; are linearly independent on the interval (— o, ©), since neither 
vector is a constant multiple of the other. In addition, we have 


W(X), X2) = Le ses 


for all real values of f. E 


| Any set Xj, Xo,...,X, of n linearly independent solution vectors of the 


homogeneous system (5) on an interval / is said to be a fundamental set of 
solutions on the interval. 


There exists a fundamental set of solutions for the homogeneous system (5) 
on an interval /. 


The next two theorems are the linear system equivalents of Theorems 4.1.5 
and 4.1.6. 


Let Xj, X», ... , X, be a fundamental set of solutions of the homogeneous 
system (5) on an interval /. Then the general solution of the system on the 
interval is 


X = cy Xy + ох +. + Cy Xp, 


where the cj, i = 1, 2,..., are arbitrary constants. 
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[EXAMPLE 5 | General Solution of System (6) 


1 3 
From Example 2 we know that X; = ME and X, = "E are linearly 


independent solutions of (6) on (—%, ©). Hence X, and X» form a fundamental set 
of solutions on the interval. The general solution of the homogeneous system on 
the interval is then 


1 3 
X=cX + oX, = ie + «e. (10 Hm 


[EXAMPLE 6 | General Solution of System (8) 


The vectors 


COS f 0 sin f 
X, =| -icos t + 3sint |, X% = |1 Je’, Хз =| -isint — 1cost 
—cos f — sin t 0 —sin f t cost 


are solutions of the system (8) in Example 3 (see Problem 16 in Exercises 8.1). Now 


cos f 0 sin f 
W(Xi, Xo, X3) = —icos t+ jsin toe —$sin = Scos t =e + 0 
—cost— sint 0 —sin t + cost 


for all real values of t. We conclude that Х|, X», and X5 form a fundamental set of 
solutions on (—%, oc). Thus the general solution of the homogeneous system on the 
interval is the linear combination X = сІХ + с›Х» + c3X3; that is, 


cos t 0 sin f£ 
Х = с —icos t+ jsin t +o] 1 |е c —isin = Scos t А a 
—cos f — sin t 0 —sin f + cos f 


NONHOMOGENEOUS SYSTEMS For nonhomogeneous systems a particular 
solution X, on an interval / is any vector, free of arbitrary parameters, whose entries 
are functions that satisfy the system (4). 


Let X, be a given solution of the nonhomogeneous system (4) on an interval 7 
and let 


X. = €1X, ar €2X5 + ооо 5 Cex 


denote the general solution on the same interval of the associated homo- 
geneous system (5). Then the general solution of the nonhomogeneous system 
on the interval is 


X - X, ^ X, 


The general solution X, of the associated homogeneous system (5) is called 
the complementary function of the nonhomogeneous system (4). 
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[EXAMPLE 7 | General Solution—Nonhomogeneous System 


3t— 4 


The vector X, — E Ee 


| is a particular solution of the nonhomogeneous system 


1 3 12t — 11 
xX’ = X+ 
5 3 =з 
on the interval (— 2, оо). (Verify this.) The complementary function of (11) on the 
1 


(11) 


same interval, or the general solution of X’ X, was seen in (10) of Example 5 


_ 1) -z 3| s 
to be X, = с _1 e ^ tc 5 e^. Hence by Theorem 8.1.6 


los, E 
+ + 
ie 2), —5 + 6 


is the general solution of the nonhomogeneous system (11) on (— o, оо). 


x-x «X =al 


EXERCISES 8. 1 Answers to selected odd-numbered problems begin on page ANS-13. 


In Problems 1—6 write the given linear system in matrix form. F E 1 =i 2 Vx 1 3 
dx dx 9.—|»|2| 3 -4 1]|»|]«|2]e'-| -1]t 
—=3x-5 2.— = 4х – 7 
e,-*» dt ee Hi dem sow M 1 

E 4x + 8 2 5 

— = 4x y == E =] 4 —4 

: ZEE 
Д ах , А " " dx dt Vy 1 1/\ у 8 2t+1 

= = —3x + 4y — .— =x 

Е dt 

d 

= 6x — y — — x + 2; In Problems 11-16 verify that the vector X is a solution of the given 

а : homogeneous linear system. 

z z 

— = 10х + 4y + 3 — = —х + 

de o e а^ an^ = 3x — 4y 

dx 

=x Fztt—-l d 1 

ө, Á Liy Ty, Ж=| ет 
d dt 2 
—=2x+y-z- 32 4 
а 12. = -2x + 5y 
E x4 2 -1+ 2 И 
dt сула | dy 5 cost i 

= —2x + 4y; X= з е 
ах . dt 3 cost — sin t 
.— = —3x + 4y + e ‘sin 2t 
dt = 1 1 
ау _ 13. X' = Vx; X= e 31/2 
—— = Sx + 9z + 4e 'соѕ 2t ] -1 
dt 
dz 2.1 1 4 
= —yct6z-e! 14. X' = X; X- E іе! 
i à gs xe 
In Problems 7-10 write the given linear system without the use 1 9 1 1 
of matrices. 15. Х' = | 6 =i olx: х= 6 
4 2 1 =i —- =i —13 
Өөх - E jx + M 
1 0 1 sin f 
7 5 -9 0 8 16.Х'=| 1 1 O|X; X-|-isinr—- icosr 
8.Х'=|4 1 |х + [2 |е – |0 Je —2 0 -1 —sin t + cos t 
0 :=2 3 1 3 
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In Problems 17—20 the given vectors are solutions of a system ‚_{2 1 1\ 1\ Wy: = 
X’ = AX. Determine whether the vectors form a fundamental seton 23. Х = 3 4l^ 13 е; X,= 1 ec _1 te 
the interval (—%, оо). 
1 1 1 2 3 =1 sin 3f 
1720 = (дез X5 =| je 24.X'—-|-4 2 O|X-«| 4|sin35; X,-| 0 
—6 1 0 3 cos 3t 
== 1 t = 2 1 8 t 
18. Xı = =i e, X= 6 EE 28 8 ie 25. Prove that the general solution of the homogeneous linear 
system 
1 1 1 ii d 
19. Х= | –-2| +12 |, X272|-2] , 
Х'=[1 0 1|Х 
4 2 4 
1 1 0 
3 2 
Ххз=|—6|+{|4 on the interval (—%, оо) is 
12 4 6 =з 2 
1 1 2 Х=с|—1|е'+с›| 1ļe” + ез| 1 |e”. 
20.X:=| 6| X-|-2]e'*, Xs-| 3 |е -5 | 1 
-13 =I -2 26. Prove that the general solution of the nonhomogeneous linear 
In Problems 21—24 verify that the vector X, is a particular solution вуеш 
f the gi h li tem. sh x 1 4 ze 
of the given nonhomogeneous linear system x= | jx à | Je " | ) P | | 
dx =1 1 1 —6 5 
IB. 272-7 
dt 


on the interval (— 20, оо) is 


BY cg + 2у – 41—18; X,= are bi 1 
“a 009 is ae 1 K =a 


t 1 = 
ali] fe Lug 
22. ке e х, = (2) 
1 = 1 2 3 


Aye Cel 


á 8.2 Homogeneous Linear Systems 


INTRODUCTION We saw in Example 5 of Section 8.1 that the general solution of 


1 
the homogeneous system X’ = ; 3 X is 


1 3 
X= cıXı + C2X2 == a[ ie + ee 
Because the solution vectors X; and X» have the form 
k 
Xi | ‘ew е 
ky 


where kı, k2, А, and A» are constants, we are prompted to ask whether we can always 
find a solution of the form 


X-]|.|e" = Кем (1) 


for the general homogeneous linear first-order system 
Х' = AX, (2) 


where A is ann X n matrix of constants. 
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EIGENVALUES AND EIGENVECTORS If (1) is to be a solution vector of the homo- 
geneous linear system (2), then X’ = KAe", so the system becomes KAe" = AKe™. 
After dividing out е^ and rearranging, we obtain AK = AK or AK — АК = 0. Since 
K = IK, the last equation is the same as 


(A — ADK = 0. (3) 


The matrix equation (3) is equivalent to the simultaneous algebraic equations 


(ay, — A)ky + аро ++ aink = 0 
ak, + (an — ЭКЮ) ++ ankn = 0 
anıkı + amka pede (ann ~ АЭК, = 0. 


Thus to find a nontrivial solution Х of (2), we must first find a nontrivial solu- 
tion of the foregoing system; in other words, we must find a nontrivial vector K 
that satisfies (3). But for (3) to have solutions other than the obvious solution 
kj = ko = ++: =k, = 0, we must have 


det(A — AD = 0. 


This polynomial equation in A is called the characteristic equation of the matrix A; 
its solutions are the eigenvalues of A. A solution К = 0 of (3) corresponding to an 
eigenvalue A is called an eigenvector of A. A solution of the homogeneous system (2) 
is then X = Ke". 

In the discussion that follows we examine three cases: real and distinct eigen- 
values (that is, no eigenvalues are equal), repeated eigenvalues, and, finally, complex 
eigenvalues. 


8.2.1 DISTINCT REAL EIGENVALUES 


When the n X n matrix A possesses n distinct real eigenvalues А |, A5, . . . , Àn, then a 
set of n linearly independent eigenvectors Kj, K3, ... , K, can always be found, and 
X = Kye", X, = K;e^, TER X, = K,e" 


is a fundamental set of solutions of (2) on the interval (— oo, ©). 


| Let Aj, Az, ..., Àn be n distinct real eigenvalues of the coefficient matrix A 


of the homogeneous system (2) and let К, Ko, .. . , К, be the corresponding 
eigenvectors. Then the general solution of (2) on the interval (—co, oo) is 
given by 


X = cj Ke" + оке  - + ¢,K,e". 


[EXAMPLE 1| Distinct Eigenvalues 


Sol — —2x + 3 
olve a 2х + 3у 
4 
"AN (4) 
docto 


SOLUTION We first find the eigenvalues and eigenvectors of the matrix of 
coefficients. 
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From the characteristic equation 


2-A 3 А 
= А2 - ЗА -4= (А + А – 4) =0 


je -ap- | "nap 


we see that the eigenvalues are A; — —1 and A» — 4. 
Now for A; = — 1, (3) is equivalent to 
3k; + 3k; = 0 
2ki T 2k» = 0. 


Thus kı = —ky. When k = — 1, the related eigenvector is 


к=) 


For A2 = 4 we have —2k, + Зо = 0 
2k; — З = 0 


so ky = 3 ko; therefore with ky = 2 the corresponding eigenvector is 


<-0) 


Since the matrix of coefficients A is а 2 X 2 matrix and since we have found two 
linearly independent solutions of (4), 


1 3 
X = [ie and X, = be. 


we conclude that the general solution of the system is 


1 3 
X-—cX| + с›Х) = Zu + ape (5 Ш 


PHASE PORTRAIT You should keep firmly in mind that writing a solution of a 
system of linear first-order differential equations in terms of matrices is simply an 
alternative to the method that we employed in Section 4.9, that is, listing the indi- 
vidual functions and the relationship between the constants. If we add the vectors on 
the right-hand side of (5) and then equate the entries with the corresponding entries 
in the vector on the left-hand side, we obtain the more familiar statement 


х= сүе + 3ce”, у= —сүе + 2ce*. 


As was pointed out in Section 8.1, we can interpret these equations as parametric 
equations of curves in the xy-plane or phase plane. Each curve, corresponding to 
specific choices for c, and c», is called a trajectory. For the choice of constants 
cı = с = 1 in the solution (5) we see in Figure 8.2.1 the graph of x(t) in the 


x y y 

6 ^x ( 4T > 
5 2 
4 
4 t 
2 =2 
1 —4 

Zt 6 N —10 У Е, 
=з =2 —1 1 2 3 =9 eA =Í її 2-9% 2.5 5 "L5 10: 12.5.15 
(a) graph of x = e™ + 3e^t (b) graph of y = —e™ + 2e (c) trajectory defined by 


х= e™ Зе“, у e! 4 2e^t 
in the phase plane 


FIGURE 8.2.1 A solution from (5) yields three different curves in three different planes 
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FIGURE 8.2.2 A phase portrait of 
system (4) 
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tx-plane, the graph of y(t) in the ty-plane, and the trajectory consisting of the points 
(x(t), y(£)) in the phase plane. A collection of representative trajectories in the phase 
plane, as shown in Figure 8.2.2, is said to be a phase portrait of the given lin- 
ear system. What appears to be two red lines in Figure 8.2.2 are actually four red 
half-lines defined parametrically in the first, second, third, and fourth quadrants 
by the solutions X2, —Х|, — X», and Xj, respectively. For example, the Cartesian 
equations y — x, x > 0, and y = —x, x > 0, of the half-lines in the first and fourth 
quadrants were obtained by eliminating the parameter / in the solutions x = Зе“, 
y = 2e", and x = e', y = —e™', respectively. Moreover, each eigenvector can be 
visualized as a two-dimensional vector lying along one of these half-lines. The 
eigenvector K, = (5 lies along y — ix in the first quadrant, and K; = lies 


along y = —x in the fourth quadrant. Each vector starts at the origin; K» terminates 
at the point (2, 3), and К, terminates at (1, — 1). 

The origin is not only a constant solution x = 0, y = 0 of every 2 X 2 homoge- 
neous linear system X' — AX, but also an important point in the qualitative study 
of such systems. If we think in physical terms, the arrowheads on each trajectory 
in Figure 8.2.2 indicate the direction that a particle with coordinates (x(t), y(t)) on 
that trajectory at time ¢ moves as time increases. Observe that the arrowheads, with 
the exception of only those on the half-lines in the second and fourth quadrants, 
indicate that a particle moves away from the origin as time t increases. If we imagine 
time ranging from —оо to ©, then inspection of the solution x = cje ' + 3coe", 
у= —ce ! + 2ce", сү 7 0, со # 0 shows that a trajectory, or moving particle, 
"starts" asymptotic to one of the half-lines defined by X, or — X, (since e^ is negli- 
gible for t — —) and “finishes” asymptotic to one of the half-lines defined by X; 
and —X> (since e ' is negligible for t > co). 

We note in passing that Figure 8.2.2 represents a phase portrait that is typical of 
all 2 X 2 homogeneous linear systems X' = AX with real eigenvalues of opposite 
signs. See Problem 19 in Exercises 8.2. Moreover, phase portraits in the two cases 
when distinct real eigenvalues have the same algebraic sign are typical of all such 
2 X 2 linear systems; the only difference is that the arrowheads indicate that a par- 
ticle moves away from the origin on any trajectory as t > © when both A, and A» 
are positive and moves toward the origin on any trajectory when both A, and A» are 
negative. Consequently, we call the origin a repeller in the case A; > 0, A» > 0 and 
an attractor in the case A, < 0, А < 0. See Problem 20 in Exercises 8.2. The origin 
in Figure 8.2.2 is neither a repeller nor an attractor. Investigation of the remaining 
case when А = 015 an eigenvalue of a 2 X 2 homogeneous linear system is left as an 
exercise. See Problem 53 in Exercises 8.2. 


[EXAMPLE 2 | Distinct Eigenvalues 


Sol Hepy? 
olve d Xx y 2 
E. + 5y — (6) 
di x у Z 
dz 
— = =z. 
dt „к 


SOLUTION Using the cofactors of the third row, we find 


—4—A 1 1 
det(A — AD = 1 5—A -1 = —(А + 3A + 40 —5) = 0, 
0 1 —3—A 
and so the eigenvalues are A; = —3,A2 = —4, апал; = 5. 
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For A; = —3 Gauss-Jordan elimination gives 


(A + 310) =| 1 8 –1[0 | operations |o 1 ој |. 
0 1 оо 00 O10 


Therefore kı = Аз and ky = 0. The choice k = 1 gives an eigenvector and corre- 
sponding solution vector 


1 1 
Kji-[0] ге |е (7) 
1 1 


Similarly, for A; = —4 


D i alol жж 1 0 —10/0 
(A + 41/0) —-|1 9 -—1|O]| otos |o 1 1/0 
01 110 00 010 


implies that kı = 10k3 and k2 = —Кз. Choosing Кз = 1, we get a second eigenvector 
and solution vector 


10 10 
K,-|-1|] х= | –1 |е (8) 
1 1 


Finally, when Аз = 5, the augmented matrices 


-9 1 10| rw 1 0 —1|0 
(А – 510) 2| 1 0 —1|0| 9Peaion | 9 1 –80 
0 1 -810 оо 00 
1 1 
yield K;-|[8] X3=[8 e". (9) 
1 1 


The general solution of (6) is a linear combination of the solution vectors in (7), 
(8), and (9): 


1 10 1 
X =c)| 0 Je + ce] -1]e*- сз | 8 |e. El 
1 1 1 


USE OF COMPUTERS Software packages such as MATLAB, Mathematica, 
and Maple can be real time savers in finding eigenvalues and eigenvectors of a 
matrix A. 


8.2.2 REPEATED EIGENVALUES 


Of course, not all of the n eigenvalues A}, A2,..., A, of an n X n matrix A need be 
distinct; that is, some of the eigenvalues may be repeated. For example, the charac- 
teristic equation of the coefficient matrix in the system 


se p 10 
= _9 (10) 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


8.2 HOMOGENEOUS LINEAR SYSTEMS 345 


is readily shown to be (A + 3)? = 0, and therefore Ау = Аз = —3 is a root of multi- 
plicity two. For this value we find the single eigenvector 


3 3 
К; = a) s Х = l)e (11) 


is one solution of (10). But since we are obviously interested in forming the general 
solution of the system, we need to pursue the question of finding a second solution. 

In general, if m is a positive integer and (A — A)" is a factor of the characteristic 
equation while (A — A)"*! is not a factor, then A; is said to be an eigenvalue of 
multiplicity m. The next three examples illustrate the following cases: 


(i) Forsome n X n matrices A it may be possible to find m linearly inde- 
pendent eigenvectors К, K3, ... , K,, corresponding to an eigenvalue À; of 
multiplicity m = n. In this case the general solution of the system contains 
the linear combination 


с\К е^“ + c; Koe^' +++ c, Ket. 


(ii) If there is only one eigenvector corresponding to the eigenvalue A, of 
multiplicity m, then m linearly independent solutions of the form 


Xj = Кел" 
X, n К, е^" + Кел“ 
: ШЫ! [n-2 
Xn = Kung — pie” + Keg cage toot Кең, 


where К, are column vectors, can always be found. 
EIGENVALUE OF MULTIPLICITY TWO We begin by considering eigenvalues of 


multiplicity two. In the first example we illustrate a matrix for which we can find two 
distinct eigenvectors corresponding to a double eigenvalue. 


|ЕХАМР1Е 3 | Repeated Eigenvalues 


1 -2 2 
Solve X' 2| -2 1 -2|X. 
2 —2 1 


SOLUTION Expanding the determinant in the characteristic equation 


PHA. 2 2 
det(A -AD = | -2 1]-A -2 | =0 

2 =2 ]-A 

yields —(A + 1)?(A — 5) = 0. We see that Àj = Ay = —1 апал; = 5. 

For A; = —1 Gauss-Jordan elimination immediately gives 
2 —2 2|0 row 1 =i 1/0 
(A +10 =|-2 2 —2/0] operations | (у 00|. 
2 =2 210 0 0 010 


The first row of the last matrix means ky — А + Кз = О or ky = Ко — з. The choices 
ky = 1, Кз = 0 and k = 1, Кз = 1 yield, in turn, А = 1 and Ку = 0. Thus two 


eigenvectors corresponding to A; = —1 are 
1 0 
K, = |1 апа К, = |1 
0 1 
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Since neither eigenvector is a constant multiple of the other, we have found two 
linearly independent solutions, 
1 0 
X, = | 1 |е! апа Х»=[1|е', 
0 1 


corresponding to the same eigenvalue. Lastly, for Аз = 5 the reduction 


(А – 51/0) = |-2 —4 –2 |0 | operations |0 1 11/0 
2 -2 -4\0 00 olo 


implies that k; = Кз and о = —Кз. Picking Ёз = 1 gives kı = 1, о = —1; thus a third 
eigenvector is 
1 
K; = | –1 |. 
1 


We conclude that the general solution of the system is 


1 0 1 
X-cllle'-cocllle*-ci|-1|eY. B 
0 1 1 


The matrix of coefficients A in Example 3 is a special kind of matrix known 
as a symmetric matrix. An n X n matrix A is said to be symmetric if its trans- 
pose AT (where the rows and columns are interchanged) is the same as A—that 
is, if A" — A. It can be proved that if the matrix A in the system X' — AX is sym- 
metric and has real entries, then we can always find n linearly independent eigen- 
vectors Kj, K2, ..., K,, and the general solution of such a system is as given in 
Theorem 8.2.1. As illustrated in Example 3, this result holds even when some of the 
eigenvalues are repeated. 


SECOND SOLUTION Now suppose that A; is an eigenvalue of multiplicity two 
and that there is only one eigenvector associated with this value. A second solution 
can be found of the form 


X, = Kte" + Pe, (12) 
ky Pi 
k p 
where K= - and P- T 
k, Pn 


To see this, we substitute (12) into the system X' = AX and simplify: 


(AK — A,K)te^! + (AP — àP — K)e*" = 0. 


Since this last equation is to hold for all values of t, we must have 
(A — ADK = 0 (13) 
and (A —AiDP = К. (14) 


Equation (13) simply states that K must be an eigenvector of A associated with A}. 
By solving (13), we find one solution X, = Ke". To find the second solution X5, we 
need only solve the additional system (14) for the vector P. 
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Xi 


FIGURE 8.2.3 A phase portrait of 
system (10) 
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[EXAMPLE 4 | Repeated Eigenvalues 


Find the general solution of the system given in (10). 


SOLUTION From (11) we know that A; = —3 and that one solution is 


3 3 
X = (е. Identifying K = MH and P — (e) we find from (14) that we must 
Рә 
now solve 
брі — 18p2 = 3 
(A+3DP=K о 2 22 
2р1 — бр = 1. 


Since this system is obviously equivalent to one equation, we have an infinite 
number of choices for p; and p». For example, by choosing p; = 1, we find p» = А. 


1 
However, for simplicity we shall choose p; = 1 so that p? = 0. Hence P = | 


3 1 
Thus from (12) we find X; = (e + H e >. The general solution of (10) is 


then X = c(X, + c) X5 or 


Х = 3 -3t + 3) cx (2 —3t ш 
еце C21) 4 | Pe 0)? è 


By assigning various values to cı and сә in the solution in Example 4, we can 
plot trajectories of the system in (10). A phase portrait of (10) is given in Figure 8.2.3. 
The solutions X; and — X; determine two half-lines y = Ix, x > 0andy = ix x « 0, 
respectively, shown in red in the figure. Because the single eigenvalue is negative 
and e ?' 0 as г œ on every trajectory, we have (x(t), y(t)) > (0, 0) as t — œ. 
This is why the arrowheads in Figure 8.2.3 indicate that a particle on any trajectory 
moves toward the origin as time increases and why the origin is an attractor in this 
case. Moreover, a moving particle or trajectory x = 3cje ?' + с2(31е ?' + le 35. 
у= cie + cote *, co = 0, approaches (0, 0) tangentially to one of the half-lines as 
t — ©, In contrast, when the repeated eigenvalue is positive, the situation is reversed 
and the origin is a repeller. See Problem 23 in Exercises 8.2. Analogous to Figure 8.2.2, 
Figure 8.2.3 is typical of al] 2 X 2 homogeneous linear systems X' — AX that have 
two repeated negative eigenvalues. See Problem 34 in Exercises 8.2. 


EIGENVALUE OF MULTIPLICITY THREE When the coefficient matrix A has only 
one eigenvector associated with an eigenvalue A; of multiplicity three, we can find a 
second solution of the form (12) and a third solution of the form 


X3 = Ko + Pte’ + Qe, (15) 
kı Di di 
where К= i. А Р = E ; and Q- ы 
М Pr а 


By substituting (15) into the system X' = AX, we find that the column vectors К, P, 
and Q must satisfy 


(A — A\DK = 0 (16) 
(A —A,DP=K (17) 
and (A — A1DQ =P. (18) 


Of course, the solutions of (16) and (17) can be used in forming the solutions Х| 
and X3. 
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[EXAMPLE 5 | Repeated Eigenvalues 


1 6 
Solve X' = 2 5 |X. 
0 2 


о о м 


SOLUTION The characteristic equation (A — 2)? = 0 shows that A, = 2 is an eigen- 
value of multiplicity three. By solving (A — 2DK = 0, we find the single eigenvector 


1 
К = [0 |. 
0 


We next solve the systems (A — 20Р = К and (A — 200 = P in succession and 
find that 


0 
P-|I and О = | – 
0 


umun © 


Using (12) and (15), we see that the general solution of the system is 


1 1 0 1 0 0 
X = cy 0 |е2 + col | olre” | 1 |е | +03] | 0 |е | 1 | ге + -$ e|. E 
0 0 0 0 0 І 


| When an eigenvalue A, has multiplicity т, either we can find m linearly 


independent eigenvectors or the number of corresponding eigenvectors is 
less than m. Hence the two cases listed on page 345 are not all the possi- 
bilities under which a repeated eigenvalue can occur. It can happen, say, that 
а 5 X 5 matrix has an eigenvalue of multiplicity five and there exist three 
corresponding linearly independent eigenvectors. See Problems 33 and 54 in 
Exercises 8.2. 


8.2.3 COMPLEX EIGENVALUES 
If А, = a + Bi and A, =a — Bi, B > 0, i? = —1 are complex eigenvalues of the 
coefficient matrix А, we can then certainly expect their corresponding eigenvectors 
to also have complex entries." 

For example, the characteristic equation of the system 


dx 


4 Y 
(19) 

СЕР 
——— UE 
dt 7 

—А -1 

is det(A — AD = ° à Е 10А + 29 = 0. 
5 4 = л 


From the quadratic formula we find A, = 5 + 21, А = 5 — 2i. 


“When the characteristic equation has real coefficients, complex eigenvalues always appear іп conjugate 
pairs. 
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Now for A; = 5 + 2i we must solve 
(1 — 20); — ky = 0 
5k, umi (1 + 2i) kz =0. 


Since ky = (1 — 20), the choice kı = 1 gives the following eigenvector and 
corresponding solution vector: 


1 1 | 
K, = ; X = (5 +201 
| А ы | , y) 


In like manner, for А> = 5 — 2i we find 


1 1 
K, = А Х, = (5 = 201 
: f 2s] : f ME 


We can verify by means of the Wronskian that these solution vectors are linearly 
independent, and so the general solution of (19) is 


1 А 1 | 
(542i)t (6—2). 20 
Je el + sie o 


X = 
af, - 2i 


Note that the entries in K» corresponding to A» are the conjugates of the entries 
in K; corresponding to A1. The conjugate of A, is, of course, A». We write this as 
А = A, and Ky = К|. We have illustrated the following general result. 


| Let A be the coefficient matrix having real entries of the homogeneous 


system (2), and let К be an eigenvector corresponding to the complex eigen- 
value A; = a + 18, а and B real. Then 


Ке" and Kye" 


are solutions of (2). 


It is desirable and relatively easy to rewrite a solution such as (20) in terms of 
real functions. To this end we first use Euler’s formula to write 


eO +201 = eel = @ (cos 2t + i sin 2f) 
eO 7201 = ee 2" = e(cos 2t — i sin 2f). 


Then, after we multiply complex numbers, collect terms, and replace су + cz by С, 
and (cı = C2)i by C2, (20) becomes 


X = СХ, + ОХ), (21) 


І бё. a 

where X = | cos 2t — E sin 2t | e” 
0 n. s 

and X= ә соз 2t + i sin 2t | e”. 


It is now important to realize that the vectors X, and X» in (21) constitute a linearly 
independent set of real solutions of the original system. Consequently, we are justi- 
fied in ignoring the relationship between С, C» and сі, c», and we can regard C, and 


"Note that the second equation is simply (1 + 2i) times the first. 
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C» as completely arbitrary and real. In other words, the linear combination (21) is 
an alternative general solution of (19). Moreover, with the real form given in (21) we 
are able to obtain a phase portrait of the system in (19). From (21) we find x(t) and 
y(t) to be 


x = Cie” cos2t + Ce” sin2t 


y = (Сү — 2C2)e” cos 2t + (2C, + C;)e?' sin 2t. 


By plotting the trajectories (х(7), y() for various values of C, and C2, we obtain the 
phase portrait of (19) shown in Figure 8.2.4. Because the real part of A, is 5 > 0, e?! > © 


FIGURE 8.2.4 A phase portrait of as f — ©, This is why the arrowheads in Figure 8.2.4 point away from the origin; a 


system (19) 


particle on any trajectory spirals away from the origin as t — oc. The origin is a repeller. 

The process by which we obtained the real solutions in (21) can be gener- 
alized. Let K, be an eigenvector of the coefficient matrix A (with real entries) 
corresponding to the complex eigenvalue A; = a + if. Then the solution vectors in 
Theorem 8.2.2 can be written as 


Кей = Кее = K,e“(cos Bt + i sin Bt) 
Kye" = Kee P! = Kye" (cos Bt — isin Br). 


By the superposition principle, Theorem 8.1.2, the following vectors are also 
solutions: 


METER = i ВЕЕР 
X = 7 Kie F4 Ke") = 7 {Ki + Kj)e*' cos Bt — NS + Kye sin Bt 
Я o В u 1 Е 
X, = а + Куел) = scm + Kye cos Br + 7 (K, + Кре" sin Вг. 
Both iz + 2) =a and li(-z + z) = b are real numbers for any complex number 
2=а+ ір. Therefore, the entries іп the column vectors ІК, + Ку) and 
69 + К) are real numbers. By defining 


1 = j = 
В, = 5 (i + К) апа В» == 5K + К), (22) 


we are led to the following theorem. 


Let A; = a + iB be a complex eigenvalue of the coefficient matrix A in the 
homogeneous system (2) and let Bj and В» denote the column vectors defined 
in (22). Then 


X, = [Bi cos Bt — В sin ВДе“ 


(23) 
X» = [B5cos Bt + B, sin Btle“ 
are linearly independent solutions of (2) on (— 0, оо). 
The matrices B, and В» in (22) are often denoted by 
B, = Re(Ki) and B; = (К) (24) 


since these vectors are, respectively, the real and imaginary parts of the eigenvector К|. 
For example, (21) follows from (23) with 


] — 31 1 =2 
1 0 
В; = Re(K)) = H and B2 = In(K)) = 9) 
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FIGURE 8.2.5 A phase portrait of (25) in 
Example 6 
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[EXAMPLE 6 | Complex Eigenvalues 


Solve the initial-value problem 


,_( 2. 8 EE 
X Is eo xo -[ 1) Q5) 


SOLUTION First we obtain the eigenvalues from 


2 —À 8 


det(A — AI) — -1 2-A 


=x 4-0 


The eigenvalues are A, = 2iandA, = A, = —2i. For A, the system 
(2 — 21) + 8k, = 0 
= + (-2 — 21) = 0 


gives kj = —(2 + 2i)k». By choosing о = —1, we get 
2 4 2i 2 2 
Ki = : = ti . 
—1 -1 0 


2 2 
Bi = Re(Ki) = M and B; == (К) = о) 


Now from (24) we form 


Since a = 0, it follows from (23) that the general solution of the system is 


xen] en Cen 


p cos2t — 2 ab ( cos 2t + 2 i 
= с + с 


26 
— cos 2t 5 


—sin 2t 


Some graphs of the curves or trajectories defined by solution (26) of the system 
are illustrated in the phase portrait in Figure 8.2.5. Now the initial condition 


2 

X(0) = " | or, equivalently, х(0) = 2 and у(0) = —1 yields the algebraic system 

2c; + 20 = 2, —су = —1, whose solution is сү = 1, c2 = 0. Thus the solution 
2 cos 2t — 2 sin 2t 


to the problem is X = . The specific trajectory defined 


—cos 27 
parametrically by the particular solution x = 2 cos 27 — 2 sin 2f, y = —cos 2t is the 
red curve in Figure 8.2.5. Note that this curve passes through (2, — 1). ш 
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where 


m 0 = =®% ko x(t) 
M= K= Х = А 
| 0 | | lo Mi a Hn 


Since M is nonsingular, we can solve for X" as X" — AX, where A — МКК. 
Thus (27) is equivalent to 


ky ko ky 
ee ee 

x'- " s (28) 
m т 


The methods of this section сап used to solve (28) by transforming it into 
a first-order system by means of substitutions. If we let ху = хз and x5 = x4, 
then x3 = x1 and x4 = x5 and so (28) is equivalent to a system of four linear 
first-order DEs: 


ж = 0 Оо 
X5 = X4 0 o © il 
k k k k k k 
a=- L4 3E ао or Х’'= |-– — 2:0) X. (29) 
m, mı mı mı mı mı 
k k k k 
ме ao = 200 
nm» nm» m» m» 


By finding the eigenvalues and eigenvectors of the coefficient matrix A in (29), 
we see that the solution of this first-order system gives the complete state of 
the physical system — the positions of the masses relative to the equilibrium 
positions (x; and x2) as well as the velocities of the masses (хз and хд) at time t. 
See Problem 52 in Exercises 8.2. 


EXERCISES 8.2 Answers to selected odd-numbered problems begin on page ANS-13. 


8.2.1 Distinct Real Eigenvalues -1 1 0 

In Problems 1-12 find the general solution of the given system. a= o : | х 
ах _ ах _ 

Jg ey „лл. 10 1 

dy dy 10.X’=/0 1 O|X 
yp TY 2 ee 1 0 1 
dx dx 5 =k =] 0 
— = —4x +2 4,—— ——x-2 

e 5*7» d 2 7 "n.x'-| 2 3 Fix 
d 5 dy 3 рор = 
= cay a 4 P? 8 4 2 

=1 4 2 
10 —5 =6 2 12.X'2| 4 -1 -2|X 

X'- X 6.Х' = X 

e | 8 e ie 1 0 0 6 
d d P 

7. dx _ "— 8. ах _ 2х— Ty In Problems 13 and 14 solve the given initial-value problem. 
dt dt 1 p 3 
280 A -sprdipdd meet fi ii е 3 
= — = 5x + 10y + =2 
dt " dt x pru 
do dz — | 1 1 4 1 
d c * d yr 22 14. Х'=|0 2 0|X, Х(0)=|3 

1 1 4 0 
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15. As shown in Figure 8.2.6 two large connected mixing tanks А 
and B initially contain 100 gallons of brine. Liquid is pumped 
in and out of the tanks as indicated in the figure; the mixture 
pumped between and out of a tank is assumed to be well-stirred. 


(a) Construct a mathematical model in the form of a linear system 
of first-order differential equations for the number of pounds 
x,(t) and x(t) of salt in tanks A and B, respectively, at time t. 
Write the system in matrix form. [Hint: Review Section 3.3.] 


(b) Use the eigenvalue method of this section to solve the 
linear system in part (a) subject to x1(0) = 20, x2(0) = 5. 


(c) Use a graphing utility or CAS to plot the graphs of 
x,(t) and x(t) in the same coordinate plane. 


(d) Suppose the system of mixing tanks is to be turned off 
when the number of pounds of salt in tank B equals that in 
tank A. Use a root-finding application of a CAS or calcula- 
tor to approximate that time. 


pure water mixture 
2 gal/min 1 gal/min 


mixture mixture mixture 
1 gal/min 2 gal/min 1 gal/min 


FIGURE 8.2.6 Mixing tanks in Problem 15 


16. In Problem 27 of Exercises 4.9 you were asked to solve the 
following linear system 


ап l 

di 50 

do 1 2 
EE CLIMA 
dt 80 7 — 78 
ахз 2 1 
т = А 
dt 75 25 


using elimination techniques. This system is а mathematical 
model for the number of pounds of salt х1(ї), xo(t), and хз(ї) in 
the connected mixing tanks A, B, and C shown in Figure 3.3.8 
on page 112. 


(a) Use the eigenvalue method of this section to solve the 
system subject to x,(0) = 15, х2(0) = 10, x3(0) = 5. 


(b) What are lim x(t), lim xxt), and lim x3(t)? Interpret this 
result. 


Computer Lab Assignments 


In Problems 17 and 18 use a CAS or linear algebra software as an aid 
in finding the general solution of the given system. 


0.9 2.1 3.2 
17.Х'=|07 65 42|X 
l1 1.7 34 
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1 0 2 =1.8. 0 
0 ox r ^0 =1 3 
18. X' = 1 2 =з 0 0/х 
0 1 =g 4 0 
=28 0 0 15 1 


19. (a) Use computer software to obtain the phase portrait of the 
system in Problem 5. If possible, include arrowheads as in 
Figure 8.2.2. Also include four half-lines in your phase portrait. 


(b) Obtain the Cartesian equations of each of the four half-lines 
in part (a). 


(c) Draw the eigenvectors on your phase portrait of the system. 


20. Find phase portraits for the systems in Problems 2 and 4. For 
each system find any half-line trajectories and include these 
lines in your phase portrait. 


8.2.2 Repeated Eigenvalues 


In Problems 21—30 find the general solution of the given system. 


En з. 22. = 6x +5 
dt ^^ ` dt bii 
dy dy 
— = 9y — ——= —5у +4 
E. 9x — Зу di 5х + 4y 
AG 12 —9 
@x = X 24. X' = X 
= 4 0 
25. © =3 2в. P = 3х + 2у +4 
Won 0 E = pem m c Ed 
dt yu dt i: y И 
„Р зды 
ш = gno m 
dz dz 
AM Ix-yc =“ 24x 2y +3 
dt * dt н: 
5 -4 0 i 00 
27.X'-|1 0 2)x 28.X'-|O0 3 I|X 
0 25 0 —1 1 
10 0 410 
29.X'-|2 2 -1|x 30.X'-|0 4 1|X 
D 004 


Tea 
31.X'=|_ X, Х(0) = 


0 0 1 1 
32.X'—-|0 1 0|Х, Х(0) = [2 
1 0 0 5 
33. Show that the 5 X 5 matrix 
210 0 0 
0 20 0 0 
A=/0 0 2 0 0 
0002 1 
0 00 0 2 


has an eigenvalue A; of multiplicity 5. Show that three linearly 
independent eigenvectors corresponding to A, can be found. 
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Computer Lab Assignments 


34. Find phase portraits for the systems in Problems 22 and 23. For 
each system find any half-line trajectories and include these 
lines in your phase portrait. 


8.2.3 Complex Eigenvalues 


In Problems 35—46 find the general solution of the given system. 


dx dx 
—=6x- .—=x+ 
a бх —y 36 di x+y 
B esso et 
dt E 4 dt E 
NS зв. ede 
dp Ут "ap 5-9 
dy dy 
—--2x43 —=-2x+ 6 
dt и x dt à i 
4 — 1 = 
39. Х' 5\х 40.Х' = abe 
5 —4 1 —3 
дї s дә, eoi ys 
‘dt | a. oe 
dy dy 
“un 4g ute 
dz dz 
— = —=-4 a 
dt y dt а: 
1 —12 4 0 1 
43. X' =| -1 1 0|X 44. X' = 0 6 0|X 
—1 0 1 —4 0 4 
2 o» 2 4 
45.X'—-|-5 -6 4|X 46.Х'=| 1 —2 


© 
© 
N 
| 
= 
© 


In Problems 47 and 48 solve the given initial-value problem. 


1 -12 =i4 4 
47.X'=|1 2 -3|X XO)=| 6 
1 D -2 =7 
6 =1 =2 
48. X' = X, Х(0) = 
e 4r хә 0 


49. The system of mixing tanks shown іп Figure 8.2.7 is a closed 
system. The tanks A, B, and C initially contain the number of 
gallons of brine indicated in the figure. 


(a) Construct a mathematical model in the form of a linear sys- 
tem of first-order differential equations for the number of 
pounds of salt x(t), x2(t), and x3(f) in the tanks A, B, and C 
at time f, respectively. Write the system in matrix form. 


(b) Use the eigenvalue method of this section to 
solve the linear system in part (a) subject to 
x1(0) = 30, xX(0) = 20, xx(0) = 5. 


CHAPTER8 SYSTEMS OF LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


mixture 
5 gal/min 


mixture 
5 gal/min 


mixture 
5 gal/min 


FIGURE 8.2.7 Mixing tanks in Problem 49 


50. For the linear system in Problem 49: 
(a) Show that x(t) + (0) + x3(t) = 55. Interpret this result. 


(b) What are lim xy (f), lim x(t), and lim x3(t). Interpret this 
result. 


Computer Lab Assignments 


51. Find phase portraits for the systems in Problems 38, 39, 
and 40. 


52. Solve (2) of Section 7.6 using the method outlined in the 
Remarks (page 351)—that is, express (2) of Section 7.6 as 
a first-order system of four linear equations. Use a CAS or 
linear algebra software as an aid in finding eigenvalues and 
eigenvectors of a 4 X 4 matrix. Then apply the initial conditions 
to your general solution to obtain (4) of Section 7.6. 


Discussion Problems 


53. Solve each of the following linear systems. 


Lo 1 1 
(a) Х'= X X 

1 1 =й =] 
Find a phase portrait of each system. What is the geometric 
significance of the line y = —x in each portrait? 


(b) X' -( 


54. Consider the 5 X 5 matrix given in Problem 33. Solve the system 
X' — AX without the aid of matrix methods, but write the 
general solution using matrix notation. Use the general solution 
as a basis for a discussion of how the system can be solved using 
the matrix methods of this section. Carry out your ideas. 


55. Obtain a Cartesian equation of the curve defined parametrically 
by the solution of the linear system in Example 6. Identify the 
curve passing through (2, — 1) in Figure 8.2.5. [Hint: Compute 
х2, у?, and xy.] 


56. Examine your phase portraits in Problem 51. Under what 
conditions will the phase portrait of a 2 X 2 homogeneous 
linear system with complex eigenvalues consist of a family of 
closed curves? Consist of a family of spirals? Under what 
conditions is the origin (0, 0) a repeller? An attractor? 
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8.3 Nonhomogeneous Linear Systems 


INTRODUCTION In Section 8.1 we saw that the general solution of a 
nonhomogeneous linear system X’ = AX + F(f) on an interval / is X = X, + X,, 
where X, = c1X; + c2X2 +: t c4,X, is the complementary function or general 
solution of the associated homogeneous linear system X' — AX and X, is any 
particular solution of the nonhomogeneous system. In Section 8.2 we saw how 
to obtain X, when the coefficient matrix А was an n X n matrix of constants. In the 
present section we consider two methods for obtaining Xp. 

The methods of undetermined coefficients and variation of parameters used 
in Chapter 4 to find particular solutions of nonhomogeneous linear ODEs can both 
be adapted to the solution of nonhomogeneous linear systems X’ = AX + F(t). Of 
the two methods, variation of parameters is the more powerful technique. However, 
there are instances when the method of undetermined coefficients provides a quick 
means of finding a particular solution. 


8.3.1 UNDETERMINED COEFFICIENTS 


THE ASSUMPTIONS As in Section 4.4, the method of undetermined coefficients 
consists of making an educated guess about the form of a particular solution vector 
Xp; the guess is motivated by the types of functions that make up the entries of the 
column matrix F(t). Not surprisingly, the matrix version of undetermined coefficients 
is applicable to X' = AX + Е(/) only when the entries of A are constants and the 
entries of F(t) are constants, polynomials, exponential functions, sines and cosines, 
or finite sums and products of these functions. 


[EXAMPLE 1 | Undetermined Coefficients 


=] 2 —8 
Solve the system X' = © х + | ; on (—®, oo). 


SOLUTION We first solve the associated homogeneous system 


The characteristic equation of the coefficient matrix A, 


=1 =À 2 | 


=)?+1=0, 
-1 1-A 


det(A — AI) = | 


yields the complex eigenvalues A, = i and Ay = A; = —i. By the procedures of 
Section 8.2 we find 


cost + sint cos Г — sin f 
Х. = с + сә Р ] 
COS Í —sin f 


Now since F(f) is a constant vector, we assume a constant particular solution vector 


X 


p^ Hh . Substituting this latter assumption into the original system and equating 
1 


entries leads to 


0 = -a + 2b, = 8 
0=-a,+ b, + 3. 
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Solving this algebraic system gives a, = 14 and Бу = 11, and so a particular solution 


1 
is X, = ul The general solution of the original system of DEs on the interval 
(— 90, оо) is then X = X, + X, or 
cost + sint cos f — sint 14 
X= Cl + с? : + & 
COS f —sin f 11 
[EXAMPLE 2 | Undetermined Coefficients 
6 1 6t 
Solve the system X' = X+ on (—%, оо) 
4 3 —10 +4 


SOLUTION The eigenvalues and corresponding eigenvectors of the associated 


6 1 1 
homogeneous system X' = P ух аге found to be A, = 2, A2 = 7, К; e 


1 
and Ky = p Hence the complementary function is 


1 1 
х. = “(е + «e 


6 0 
Now because F(t) can be written F(1) = E + p we shall try to find a 


particular solution of the system that possesses the same form: 


a» ај 
х, = (eee) 


Substituting this last assumption into the given system yields 


a 6 1\|{а› ay 6 0 
= t+ + t+ 
b2 4 3/Д\Ь› by —10 4 
" 0 = (6a2 + b; + 6)t + бај + by — а 
0 (4a + 3b; — 10)t + 4a; + ЗЫ — ba + AJ. 


From the last identity we obtain four algebraic equations in four unknowns 


бал + b, + 6=0 m бау + bi = а = 0 
4a: + 3b; — 10 = 0 4a, + 3b} — 5 +4 = 0). 


Solving the first two equations simultaneously yields a? = —2 and bz = 6. We then 
substitute these values into the last two equations and solve for a, and ру. The results 
аге ај = —3, by = D It follows, therefore, that a particular solution vector is 


The general solution of the system on (—%, 2) is X = X, + X, or 


4 
TV oe КО С И 
x-a[ je «(e je 19 Р El 
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[EXAMPLE 3 | Form of Xp 


Determine the form of a particular solution vector X, for the system 


EE 5x +3 2e! +1 
edem. = ze 

dt y 

dy 

aay 5р, 
dt x y e 


SOLUTION Because F(t) can be written in matrix terms as 


ve 


a natural assumption for a particular solution would be 


X,- 9 gri s) e (s) ш 


8.3.2 VARIATION OF PARAMETERS 


A FUNDAMENTAL MATRIX If Xi, Х›,..., X, is a fundamental set of solutions 
of the homogeneous system X’ = AX on an interval /, then its general solution on the 
interval is the linear combination X = c)X, + ХХ ++ c,X, or 


Xu Хр Хуп Суху + Сә + + бл 

Xy X22 Хәл Сур + Сә СХ 
Х= со. [tol .|+9+с„|. |= А . @) 

Хп Xn2 Xnn Cq1Xy1 + C2Xn2 ae ee er CnXnn 
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The last matrix in (1) is recognized as the product of an n X n matrix with an 
п X | matrix. In other words, the general solution (1) can be written as the product 


X = Ф()С, (2) 


where C is an n X 1 column vector of arbitrary constants сі, co,...,C, and then X n 
matrix, whose columns consist of the entries of the solution vectors of the system 
X' = AX, 


Хур Xi Xin 
21 X22 X2n 

M(t) = © г 
Xni Xm 777 Xm 


is called a fundamental matrix of the system on the interval. 
In the discussion that follows we need to use two properties of a fundamental 
matrix: 


* A fundamental matrix ®(f) is nonsingular. 
* If Ф(ї) is a fundamental matrix of the system X’ = AX, then 


L'A = AQ). (3) 


A reexamination of (9) of Theorem 8.1.3 shows that det ®(f) is the same as the 
Wronskian М(Х, Xo,..., X,). Hence the linear independence of the columns 
of ®(f) on the interval / guarantees that det B(t) = 0 for every t in the interval. Since 
Ф(т) is nonsingular, the multiplicative inverse b ! (7) exists for every t in the interval. 
The result given in (3) follows immediately from the fact that every column of ®(f) 
is a solution vector of X' — AX. 


VARIATION OF PARAMETERS Analogous to the procedure in Section 4.6 we ask 
whether it is possible to replace the matrix of constants C in (2) by a column matrix 
of functions 


u(t) 


() 
б=| | ю X,- (000) (4) 


u(t) 


is a particular solution of the nonhomogeneous system 
Х' = АХ + Е(0). (5) 
By the Product Rule the derivative of the last expression in (4) is 
X, = Ф(00' (0 + $'()U(). (6) 


Note that the order of the products in (6) is very important. Since U(f) is a column 
matrix, the products U’(t)®(t) and U(r) ' (t) are not defined. Substituting (4) and (6) 
into (5) gives 


Ф(0)0'(0 + Ф'(00(0 = ABU) + FC. (7) 
Now if we use (3) to replace ®'(t), (7) becomes 

Ф(200'(0 + ABU(D = АФ(00(0 + F(A 
or Ф(00'(0 = FO. (8) 
Multiplying both sides of equation (8) by Ф !(r) gives 


U'(r = OFA andso чш = [OOF dt. 
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Since X, = Ф(т)Ц(ї), we conclude that a particular solution of (5) is 
x= «o [- oro dt. (9) 


To calculate the indefinite integral of the column matrix d (rnF(? in (9), we inte- 
grate each entry. Thus the general solution of the system (5) is X = X, + X, or 


X = AC + eo | e- voro dt. (10) 
Note that it is not necessary to use a constant of integration in the evaluation of 


ЈФУ (0)F(?) dt for the same reasons stated in the discussion of variation of parame- 
ters in Section 4.6. 


[EXAMPLE 4 | Variation of Parameters 


Solve the system 


=) 1 3t 
xX’ = X+{ _, (11) 
2 —4 e 
on (=, о). 
SOLUTION We first solve the associated homogeneous system 
=з 1 
xX’ = X. (12) 
2 —4 


The characteristic equation of the coefficient matrix is 


=3 =A 1 
det(A — AD = = (A + 2)(А + 5) = 0, 
et( ) > 2424179 * 20 5 
so the eigenvalues are A; = —2 and A; = —5. By the usual method we find that the 
eigenvectors corresponding to A; and A» are, respectively, К; = and 


1 
1 
К = 2) The solution vectors of the homogeneous system (12) are then 


1\ _,,_ fe i. eo 
ve) = ®-Шк-Ш7) 


The entries in X, form the first column of Ф(ї), and the entries іп X, form the second 
column of (f). Hence 


=2t e? 


9o - (53 pos add Ф = 


From (9) we obtain the particular solution 


—2t —5t 2.2 1 2г 
_ е е зе зе” M 3t 
х, = ooje oroa- | т а 
р (0 (OFM e? —Qe—5t Ley —ie" et 
NI p е?! + ie й 
e? —2g^ tet — Тем 
E e7% e75 te?! — le”! + le! 
e?! —2е79 це?! = xe! _ be” 
6 27 ] — 
= E: — 50 + де | 
743, 21 4 1-2} 
5! — 50 + 5e 
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Hence from (10) the general solution of (11) on the interval (— o, оо) is 
g eN ca 61 27 bie" 
X= -2t _»4,—5t + 3. 21 l,-t 
e 2e C2 st — $5 + 3€ 
1 1 £ pi 
= cl le? + c) eo + 3 t— 2 + 
1 =2 3 50 


INITIAL-VALUE PROBLEM The general solution of (5) on an interval can be writ- 
ten in the alternative manner 


Ni = Ble 


e n 


X = PAC + Ф() [oor ds, (13) 


where г and fo are points in the interval. This last form is useful in solving (5) sub- 
ject to an initial condition X(fo) = Xo, because the limits of integration are chosen 
so that the particular solution vanishes at t = fo. Substituting t = fo into (13) yields 
Xo = W(f)C from which we get С = Ф !(ryX». Substituting this last result into 
(13) gives the following solution of the initial-value problem: 


t 
X = POP- !(у)Хо + we | @~!(s)F(s) ds. (14) 
to 
EXERCISES 8.3 Answers to selected odd-numbered problems begin on page ANS-14. 
8.3.1 Undetermined Coefficients In Problems 9 and 10, solve the given initial-value problem. 
Я i =] -2 3 —4 
In Problems 1-8 use the method of undetermined coefficients to 9.X'= | x 4 | | X(0) = | | 
solve the given nonhomogeneous system. 3 4 3 5 
dx 1 -1 t 3 
1. —=2x+3y-7 10. X' = X+ >. X(0)- 
qom \ | fa (0) G) 
dy 2 11. Consider the large mixing tanks shown in Figure 8.3.1. Suppose 
dt xm that both tanks A and B initially contain 100 gallons of brine. 
di Liquid is pumped in and out of the tanks as indicated in the 
2.— = 5х + 9y + 2 figure; the mixture pumped between and out of the tanks is 
dt | 
assumed to be well-stirred. 
а = —x+ lly+6 (a) Construct a mathematical model in the form of a linear system 
dt of first-order differential equations for the number of pounds 
1 3 —2g x,(t) and x(t) of salt in tanks A and B, respectively, at time t. 
3. X'— t | | i+ ; Write the system in matrix form. [Hint: Review Section 3.3.] 
Е (b) Use the method of undetermined coefficients to solve the 
4.Х' = \ d 2 “ + де ) linear system in part (а) subject to x,(0) = 60, (0) = 10. 
Ь 4 1 — + еб 
e (c) What are lim x(t) and lim x(t)? Interpret this result. 
1 >o zm 
5.X'— х + PL (d) Use а graphing utility to plot the graphs of x;(r) and x(f) on 
9 6 10 the same coordinate axes. 
6.Х' = = 3 X+ sin f pure water mixture V5 Ib/gal 
` -1 1 =2 COS t 2 gal/min 1 gal/min 2 gal/min 
1 1 1 1 
7.Х'=|0 2 3|X-*|-1]e* 
0.0 5 2 
0.0 5 5 
8.X'2|0 5 0O|X-| —10 
5.00 40 : T а е 
mixture mixture mixture 
1 gal/min 2 gal/min 3 gal/min 


FIGURE 8.3.1 Mixing tanks in Problem 11 
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12. (a) The system of differential equations for the currents i(t) 
and i3(f) in the electrical network shown in Figure 8.3.2 is 


d (i) (-R/L -Ri/L, gu E/Li 
dt Ni —Ri/L; (К + Ro)/L2)\is E/L] 
Use the method of undetermined coefficients to solve 


the system if А = 20, R5 = 3 О, Ш = 1h, [5 = 1h, 
E = 60 V, i2(0) = 0, and i3(0) = 0. 


(b) Determine the current і (2). 


FIGURE 8.3.2 Network in Problem 12 


8.3.2 Variation of Parameters 


In Problems 13—32 use variation of parameters to solve the given 
nonhomogeneous system. 


d. 
7-5 


dy 
—-2x-2y-1 
dt х ч 
14. —2 
yo шл = 
dt y 
dy 
— = 3x — 2y + 4t 
dt T y 
— 1 
15. Х' = | ME + | Jer 
3-1 -1 
2 =] sin 2t | , 
16. X' = X+ et 
4 2 2 cos 2t 
0 2 1 
х= X+ ; 
ex -(1 e 
2 2 
i. x'-( 0 7x4 e 
=1 3 et 
1 12 
19. X' = i X+ t 
1 =] 12 
1 8 e 
20. X' = X+ 
1 -1 te’ 
=? 
axe Asal 
—2 —1 Ёё 
3 2 1 
22. X' = X+ 
2 ae 
0 -1 sec t 
23. X' = + 
1 0 0 
1. = 1 
24. X' = x« (le 
1 1 3 
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e - 1 =i Xa ad. 
1 1 sin f 


26. X' = 


zx -( e(t 
=f Q sec f tan t 


1 
28. X' = 9 х T 


1 2 csc t 
29. X'=| „| X+ е! 
— 4 sec t 


ox el eel 
1 —1 1 
1 10 е! 
31.X'2|1 1 0|Х+[е” 
0 0 3 te! 
3 -1 -1 0 
32.X'-|1 1 -1/X+4+ {+ 


In Problems 33 and 34 use (14) to solve the given initial-value 
problem. 
3 -1 4e?! 1 
X+ X(0) = 

-1 ; p © H 

1. ==] 1/7 2 
34. X' = xX + / ‚ х1) = 

1 =l 1/t = 


35. The system of differential equations for the currents i,(f) and 
12(2) in the electrical network shown in Figure 8.3.3 is 


d () -[* + Rə)/L2 ae «(ur 
—Ro/ Li Aio 0 / 


dt Ro/Li 
Use variation of parameters to solve the system if А = 8 О, 


33. Х' -( 


in 


Ro =3 Q, Li = 1h, L = 1h, Е = 100 sin г V, i(0) = 0, and 
ix0) = 0. 
ANN > 
Ai А ho^" 


FIGURE 8.3.3 Network in Problem 35 


Discussion Problems 


36. If y, and yp are linearly independent solutions of the associated 
homogeneous DE for y" + P(x)y' + О(х)у = f(x), show in 
the case of a nonhomogeneous linear second-order DE that 
(9) reduces to the form of variation of parameters discussed in 
Section 4.6. 
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Computer Lab Assignments 


(b) Form a fundamental matrix Ф(7) and use the computer to 


-1 
37. Solving a nonhomogeneous linear system X’ = AX + F(t) by find P- (0. 
variation of parameters when A is a 3 X 3 (or larger) matrix is (c) Use the computer to carry out the computations of: 
almost an impossible task to do by hand. Consider the system PIFO, [® DFO а, PASO "HF dt, 
9-29. 9 1 tet PAC, and PAC + SOHF) dt, where С is a column 
=i з 0 3 ет! matrix of constants сі, со, сз, and сд. 
xX’ = XH a 
0 0 4 -2 (d) Rewrite the computer output for the general solu- 
0 0 2 =! 1 tion of the system in the form X = X, + X,, where 


(a) Use a CAS or linear algebra software to find the eigenval- 


X. Cc1X4 H loop. ©) H C3X5 H C4X4. 


ues and eigenvectors of the coefficient matrix. 


Е 8.4 


Matrix Exponential 


INTRODUCTION Matrices can be used in an entirely different manner to solve a 
system of linear first-order differential equations. Recall that the simple linear first- 
order differential equation x’ = ax, where a is constant, has the general solution 
x = се“, where c is a constant. It seems natural then to ask whether we can define а 
matrix exponential function еА! where A is a matrix of constants, so that a solution 
of the linear system X' = AX is e^. 


HOMOGENEOUS SYSTEMS We shall now see that it is possible to define a ma- 
trix exponential e^' so that 


X eg (1) 


is a solution of the homogeneous system X' = AX. Here А is an n X n matrix of 
constants, and C is an n X 1 column matrix of arbitrary constants. Note in (1) that 
the matrix C post multiplies e^ because we want e^' to be an n X n matrix. While the 
complete development of the meaning and theory of the matrix exponential would 
require a thorough knowledge of matrix algebra, one way of defining e^' is inspired 
by the power series representation of the scalar exponential function e^: 


p? nk 
е! = 1 + +O + „© + 
Р Р. О. (2) 
= 2 eae eke k 
= ane ер teu Уа ту 


k=0 


The series in (2) converges for all t. Using this series, with 1 replaced by the identity 
matrix I and the constant a replaced by an n X n matrix A of constants, we arrive at 


a definition for the n X n matrix e^. 


For any n X n matrix A, 


Ё К оо tk 
= Dee ee k з = k 
MaTt Att AT + ШШ УА "m (3) 


k=0 


It can be shown that the series given in (3) converges to an п X п matrix for 
every value of t. Also, A? = AA, А? = A(A?), and so on. 
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[EXAMPLE 1 | Matrix Exponential Using (3) 


Compute e^' for the matrix 
2 
A= K А 
0 3 


SOLUTION From the various powers 


2 0 2 0 25 0 2 4 
A= А? = 3) At = aA eee: = — 
0 3 0 3 0 3 0 35 
we see from (3) that 


г. 
ЕРАТА оен 


1 0 [2 0 2 Юр 2 б\г" 
= + t+ „| tee — + 
0-1 0 3 О 3752! О 3"/n! 


n 
[+2 +25 + 0 


t 
= шоу 
0 йс сл лш 


In view of (2) and the identifications а = 2 and а = 3, the power series in the first 
and second rows of the last matrix represent, respectively, e" and e°% and so we have 


2t 
е 0 


The matrix in Example 1 is an example of а 2 X 2 diagonal matrix. In general, 
an n X n matrix А is a diagonal matrix if all its entries off the main diagonal are 
zero, that is, 


Ba 0- = 0 
0 0 tU Am 
Hence if А is any n X n diagonal matrix it follows from Example 1 that 
ей! 0 КЕ” 0 
EV 0 et "en 0 
0 0 eee ell 


DERIVATIVE OF е^“ The derivative of the matrix exponential is analogous to the 


differentiation property of the scalar exponential di е = ae“. To justify 


d 
d eX = Де“, (4) 
we differentiate (3) term by term: 


d A d É d 2 1 342 
ел —|1+ Art А?—+ + АК + |= А + А? + А2 4 - 
dt dt 2! k 2! 


г 
УЕ 


Because of (4), we can now prove that (1) is a solution of X’ = AX for every n X 1 
vector C of constants: 


d 
Х' = Ж е^!С = Ae^'C = A(e^'C) = АХ. 
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е^“ IS A FUNDAMENTAL MATRIX If we denote the matrix exponential е^! 
by the symbol Ҹ(7), then (4) is equivalent to the matrix differential equation 
W'(t) = AW(f) (see (3) of Section 8.3). In addition, it follows immediately from 
Definition 8.4.1 that W(0) = e^? = I, and so det W(0) + 0. It turns out that these 
two properties are sufficient for us to conclude that W(t) is a fundamental matrix of the 
system X' — AX. 


NONHOMOGENEOUS SYSTEMS We saw in (4) of Section 2.3 that the general 
solution of the single linear first-order differential equation x’ = ax + f(t), where a 
is a constant, can be expressed as 


t 
x= cet + ej e “f(s) ds. 


to 
For a nonhomogeneous system of linear first-order differential equations it can be 
shown that the general solution of X' = АХ + F(?), where A is an n X n matrix of 
constants, 1s 


t 
X =е^“С + eA! | e ^*F(s) ds. (5) 


to 


Since the matrix exponential e^ is a fundamental matrix, it is always nonsingular and 


e 4’ = (e^5) 1. In practice, e ^* can be obtained from e by simply replacing t by — s. 


COMPUTATION OF e^! The definition of e^ given in (3) can, of course, always 
be used to compute e^. However, the practical utility of (3) is limited by the fact that 
the entries іп е^“ are power series in t. With a natural desire to work with simple and 
familiar things, we then try to recognize whether these series define a closed-form 
function. Fortunately, there are many alternative ways of computing e^'; the follow- 
ing discussion shows how the Laplace transform can be used. 


USE OF THELAPLACE TRANSFORM We saw in (5) that X — e^' is a solution of 
X' — AX. Indeed, since e^? — LX- e^ is a solution of the initial-value problem 
X’=AX, XO)=L (6) 
If x(s) = Z(X() = Z(e^), then the Laplace transform of (6) is 
sx(s) — X(0) = Ax(s) or (sI — A)x(s) = I. 


Multiplying the last equation by (51 — A) ! implies that x(s) = (sI — A)! 
I = (sI — A) !. In other words, Z(e^) = (sI — A)! or 


e?! = $£ (sI— A) !. (7) 


[EXAMPLE 2 | Matrix Exponential Using (7) 


1 1 
Use the Laplace transform to compute е^“ for A = ( E 


SOLUTION First we compute the matrix sI — A and find its inverse: 


= 1 1 
DES TS А 
—2 5+2 


Se? —1 
= ду [571 1 \!_{[5 +1) s(s+1) 
d =з ро 2 ped 


s(s + 1) s(s +1) 
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Then we decompose the entries of the last matrix into partial fractions: 


2 1 1 1 

(I — A)! = s stl (08$ +1 (8) 
2, 2 1 2 
s stl E s+] 


It follows from (7) that the inverse Laplace transform of (8) gives the desired result, 


Zeg =] +g” 
At 
° ( =9e =i + A n 


USE OF COMPUTERS For those who are willing to momentarily trade understand- 
ing for speed of solution, e“’ can be computed with the aid of computer software. See 
Problems 27 and 28 in Exercises 8.4. 


EXERCISES 8.4 Answers to selected odd-numbered problems begin on page ANS-15. 


In Problems 1 and 2 use (3) to compute e^ and е^“. 


1 
" 


In Problems 5-8 use (1) to find the general solution of the given 15. X = | 4 jx 


0 2 


| 


In Problems 3 and 4 use (3) to compute e^. 


13. Solve the system in Problem 7 subject to the initial condition 
1 
Х(0) = | —4 |. 
6 


14. Solve the system in Problem 9 subject to the initial condition 
4 

Х(0) = (|. 

о = (5) 


In Problems 15—18 use the method of Example 2 to compute e^ 
for the coefficient matrix. Use (1) to find the general solution of the 
given system. 


system. 4 —4 1 
1 0 0 1 
5.Х' = X X 5 —9 0 1 
i А \ А 17. Х' = X 18. X' = X 
] =1 —2 —2 
1 1 ооо 
7. Х' = 1 1IX 3 0 olx Let P denote a matrix whose columns are eigenvectors 
-2 —2 d» 510 K,, Ky, ..., К, corresponding to distinct eigenvalues 
Лу, A2,...,A, of an n X n matrix A. Then it can be shown 


that A = PDP' !, where D is a diagonal matrix defined by 


In Problems 9—12 use (5) to find the general solution of the given 


system. 


12. X' = 


à 0 0 
0 л» 0 

D-|. . u (9) 
0 0 Àn 


In Problems 19 and 20 verify the foregoing result for the given 
matrix. 


19°.д.=| 2 еа ! 
o 4-3 6 UNUM 
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21. Suppose A = PDP~!, where D is defined as in (9). Use (3) to 
show that e^! = PeP'P ^ !, 


22. If D is defined as in (9), then find e™. 


In Problems 23 and 24 use the results of Problems 19—22 to solve 


the given system. 


23. Х' = 2 lx зд. х’ -[ 1х 
: -3 6 : 1 2 


Discussion Problems 
25. Reread the discussion leading to the result given in (7). Does 


the matrix sI — A always have an inverse? Discuss. 


26. A matrix A is said to be nilpotent if there exists some positive 
integer m such that A” = 0. Verify that 


-1 1 1 
A-|[-10 1 
= 1 1 


is nilpotent. Discuss why it is relatively easy to compute e^ 
when À is nilpotent. Compute e^' and then use (1) to solve the 
system X' — AX. 


Chapter 8 In Review 


In Problems 1 and 2 fill in the blanks. 


4 
1. The vector X — М is a solution of 


fork = 
= 9 5 7i: z 
2. The vector X = с, 1 e ^ + сә 3 e! is a solution of 


— ] 10 2 
the initial-value problem X' = X, X(0) = 0 


6 —3 
forci—c. | аро = 
4 6 6 
3. Consider the linear system X' — 1 3 2 |X. 
=f. =. =3 


Without attempting to solve the system, determine which one of 


the vectors 


0 1 3 6 
K,=]1], Ko={| 1], K=| 1], K=| 2 
1 -1 -1 —5 


is an eigenvector of the coefficient matrix. What is the solution 
of the system corresponding to this eigenvector? 


4. Consider the linear system X' = AX of two differential 
equations, where A is a real coefficient matrix. What is the 
general solution of the system if it is known that 


Computer Lab Assignments 


4 2 
27. (a) Use (1) to find the general solution of X’ = É jx 


Use a CAS to find e^. Then use the computer to find 
eigenvalues and eigenvectors of the coefficient matrix 


4 2 
А = һ ; and form the general solution in the manner 


of Section 8.2. Finally, reconcile the two forms of the gen- 


eral solution of the system. 
=3 -1 
(b) Use (1) to find the general solution of X' — | PER jx 
Use a CAS to find е^“, In the case of complex output, utilize 
the software to do the simplification; for example, in 
Mathematica, if m = MatrixExp[A t] has complex entries, 
then try the command Simplify[ ComplexExpand[m]]. 


28. Use (1) to find the general solution of 


-4 06 0 

TEIL 
-1 0 1 0 
0 30 2 


Use MATLAB or a CAS to find e“. 


Answers to selected odd-numbered problems begin on page ANS-15. 


1 Е 
A, = 1 + 2i is an eigenvalue апа К, = | ] is a corresponding 
eigenvector? à 


In Problems 5 – 14 solve the given linear system. 


СЕ 6S ape 9 
Д E! E Di 
dy dy 
—-- —-—2x-4 
dt р а E y 
1 2 =2. 5 
7.Х' = X 8.X'— X 
—2 1 —2 4 
] = 0 2 1 
9.х'=|0 1 3|X 10.X'—-|1 1] -2|X 
4 2 2 —1 


14. X' = 


| 
E 

wx «(3 pet) 
E 
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15. (a) Consider the linear system X' = AX of three first-order (b) Use the procedure of part (a) to solve 
differential equations, where the coefficient matrix is 1-11 
X’=]1 1 IJ|X. 
5 3 3 1 1 1 
А=| 3 5 3 
902—5 5 16. Verify that X = | е! is a solution of the linear system 
c? 

and А = 2 is known to be an eigenvalue of multiplicity two. 1 0 
Find two different solutions of the system corresponding X= ( jx 


to this eigenvalue without using a special formula (such as 
(12) of Section 8.2). for arbitrary constants c; and c». By hand, draw a phase portrait 
of the system. 
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CHAPTER 9 IN REVIEW 


ven if a solution of a differential equation exists, we may not be able to 

exhibit it in explicit or implicit form. In many instances we have to be content 

with an approximation of the solution. If a solution exists, it represents a set 
of points in the Cartesian plane. In this chapter we continue to explore the basic 
idea introduced in Section 2.6, that is, using the differential equation to construct an 
algorithm to approximate the y-coordinates of points on the actual solution curve. 
Our concentration in this chapter is primarily on first-order initial-value problems, 
but it concludes with a method for approximating solutions of linear second-order 


boundary-value problems. 


368 
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Euler Methods and Error Analysis 


INTRODUCTION In Chapter 2 we examined one of the simplest numerical methods 
for approximating solutions of first-order initial-value problems у’ = f(x, у), 
y(xo) = yo. Recall that the backbone of Euler’s method is the formula 


Yn+1 = Yn ЕЯ hf &n, 353. (1) 


where f is the function obtained from the differential equation y' — f(x, y). The 
recursive use of (1) for n = 0, 1, 2,... yields the y-coordinates yi, yo, уз,... 
of points on successive "tangent lines" to the solution curve at xj, xo, x3,... ог 
Xn = xo + nh, where Л is a constant and is the size of the step between x, and х„+1. 
The values yi, y2, y3,... approximate the values of a solution y(x) of the IVP at 
X1, X2, X3, . . . . But whatever advantage (1) has in its simplicity is lost in the crudeness 
of its approximations. 


A COMPARISON In Problem 4 in Exercises 2.6 you were asked to use Euler's 
method to obtain the approximate value of y(1.5) for the solution of the initial-value 
problem y' = 2xy, y(1) = 1. You should have obtained the analytic solution y = el 
and results similar to those given in Tables 9.1.1 and 9.1.2. 


Euler's Method with h — 0.1 TABLE 9.1.2  Euler's Method with h — 0.05 
Actual Abs. % Rel. Actual Abs. % Rel. 
Yn value error error X Yn value error error 
1.0000 1.0000 0.0000 0.00 1.00 1.0000 1.0000 0.0000 0.00 
1.2000 1:2337 0.0337 2.73 1.05 1.1000 1.1079 0.0079 0.72 
1.4640 1.5527 0.0887 5.71 1.10 1.2155 1.2337 0.0182 1.47 
1.8154 1.9937 0.1784 8.95 1.15 1.3492 1.3806 0.0314 2.27 
2.2874 2.6117 0.3244 12.42 1.20 1.5044 1.5527 0.0483 3.11 
2.9278 3.4903 0.5625 16.12 1.25 1.6849 1,7551 0.0702 4.00 
1.30 1.8955 1.9937 0.0982 4.93 
1.35 2.1419 2.2762 0.1343 5.90 
1.40 2.4311 2.6117 0.1806 6.92 
1.45 2.7114 3.0117 0.2403 7.98 
1.50 3.1733 3.4903 0.3171 9.08 


In this case, with a step size Л = 0.1 a 16% relative error in the calculation of 
the approximation to y(1.5) is totally unacceptable. At the expense of doubling the 
number of calculations, some improvement in accuracy is obtained by halving the 
step size to Л = 0.05. 


ERRORS IN NUMERICAL METHODS In choosing and using a numerical method 
for the solution of an initial-value problem, we must be aware of the various sources 
of errors. For some kinds of computation the accumulation of errors might reduce the 
accuracy of an approximation to the point of making the computation useless. On the 
other hand, depending on the use to which a numerical solution may be put, extreme 
accuracy might not be worth the added expense and complication. 

One source of error that is always present in calculations is round-off error. 
This error results from the fact that any calculator or computer can represent numbers 
using only a finite number of digits. Suppose, for the sake of illustration, that we have 
a calculator that uses base 10 arithmetic and carries four digits, so that 1 is represented 
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in the calculator as 0.3333 and 5 is represented as 0.1111. If we use this calculator to 
compute (2 = 1)/ (x = 1) for x = 0.3334, we obtain 


(0.3334)? — 0.1411 0.1112 — 0.1111 
0.3334 — 0.3333 0.3334 — 0.3333 


With the help of a little algebra, however, we see that 


enh (Mer) 1 
: 


so when х = 0.3334, (x? — 5) /(x — 1) = 0.3334 + 0.3333 = 0.6667. This example 
shows that the effects of round-off error can be quite serious unless some care is 
taken. One way to reduce the effect of round-off error is to minimize the number of 
calculations. Another technique on a computer is to use double-precision arithmetic 
to check the results. In general, round-off error is unpredictable and difficult to ana- 
lyze, and we will neglect it in the error analysis that follows. We will concentrate on 
investigating the error introduced by using a formula or algorithm to approximate the 
values of the solution. 


TRUNCATION ERRORS FOR EULER'S METHOD In the sequence of values 
Yr Y2, уз,... generated from (1), usually the value of y; will not agree with the 
actual solution at x, — namely, y(x1) — because the algorithm gives only a straight- 
line approximation to the solution. See Figure 2.6.2. The error is called the local 
truncation error, formula error, or discretization error. It occurs at each step; 
that is, if we assume that y, is accurate, then у, +; will contain local truncation error. 

To derive a formula for the local truncation error for Euler's method, we use 
Taylor's formula with remainder. If a function у(х) possesses k + 1 derivatives that 
are continuous on an open interval containing a and x, then 


(x = а)**! 


(к+1)!” 


x—a 
1! 


— qx 
EN орна 


у(х) = уба) + у'(а) + у D(C) 
where c is some point between a and x. Setting k = 1, a = x,, and x = х, = x, + h, 
we get 

2 


— £ h n h 
Убх) = Уба) + y ба) тү t Y (07 


h2 
or VAn) = Yn + AEn Yn) + YO) FF 
UM. li 


Уп+1 


Euler’s method (1) is the last formula without the last term; hence the local truncation 
error in y,+1 is 


2 
y"(c) or where х, <с< 21. 


The value of с is usually unknown (it exists theoretically), so the exact error can- 
not be calculated, but an upper bound on the absolute value of the error is Mh’/2!, 
where М = тах |y"(x)|. 

X, xXx 


In discussing errors that arise from the use of numerical methods, it is helpful 
to use the notation O(h”). To define this concept, we let е(л) denote the error in a 
numerical calculation depending on h. Then e(h) is said to be of order h”, denoted 
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by O(h"), if there exist a constant C and a positive integer n such that |e(h)| = Ch" 
for h sufficiently small. Thus the local truncation error for Euler’s method is O(h’). 
We note that, in general, if e(/) in a numerical method is of order Л” and h is halved, 
the new error is approximately C(h/2)" = Ch"/2"; that is, the error is reduced by a 
factor of 1/2”. 


[EXAMPLE 1 | Bound for Local Truncation Errors 


Find a bound for the local truncation errors for Euler’s method applied to 
y' = 2xy, у(1) = 1. 


SOLUTION From the solution y = е1 we get у” = (2+ 4х?)е* 71, so the local 
truncation error is 


су = о + ауес Ё 
с) — C Je -Ty 
g 2 


where с is between x, and x, + h. In particular, for Л = 0.1 we can get an upper 
bound on the local truncation error for y; by replacing c by 1.1: 


[2 + (0.1 1e — 0.0422. 


y-nD (0.1)? 
2 
From Table 9.1.1 we see that the error after the first step is 0.0337, less than the value 
given by the bound. 
Similarly, we can get a bound for the local truncation error for any of the five steps 
given in Table 9.1.1 by replacing c by 1.5 (this value of c gives the largest value of y"(c) 
for any of the steps and may be too generous for the first few steps). Doing this gives 


27 (15-1 (0.1)? 
[2  (4)(.5]e€ ® = = 0.1920 (2) 
as an upper bound for the local truncation error in each step. a 


Note that if h is halved to 0.05 in Example 1, then the error bound is 0.0480, 
about one-fourth as much as shown in (2). This is expected because the local trunca- 
tion error for Euler's method is O(/?). 

In the above analysis we assumed that the value of y, was exact in the calcula- 
tion of y,+1, but it is not because it contains local truncation errors from previous 
steps. The total error in y,4. is an accumulation of the errors in each of the previous 
steps. This total error is called the global truncation error. A complete analysis of 
the global truncation error is beyond the scope of this text, but it can be shown that 
the global truncation error for Euler’s method is O(h). 

We expect that, for Euler's method, if the step size is halved the error will 
be approximately halved as well. This is borne out in Tables 9.1.1 and 9.1.2 where 
the absolute error at x = 1.50 with Л = 0.1 is 0.5625 and with Л = 0.05 is 0.3171, 
approximately half as large. 

In general it can be shown that if a method for the numerical solution of a 
differential equation has local truncation error O(A^*!), then the global truncation 
error is O(h^). 

For the remainder of this section and in the subsequent sections we study meth- 
ods that give significantly greater accuracy than does Euler's method. 


IMPROVED EULER'S METHOD The numerical method defined by the formula 


TU Yn) E yim) (3) 


where yt = Уһ + И] Ds Yn) (4) 


Yn+1 = Yn EA 
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ya - is commonly known as the improved Euler’s method. To compute y„+ı for 
paea п = 0, 1, 2, . . . from (3), we must, at each step, first use Euler's method (4) to obtain 
an initial estimate у. For example, with n = 0, (4) gives yf = yo + Af(xo, yo), and 
= fo, yo) + far. y) 
^ : then, knowing this value, we use (3) to get y; = yo +h : — 
7; m = fea. yp 2 
то = Јо, yo) — x1 = xo + h. These equations can be readily visualized. In Figure 9.1.1, observe that 


(х, уб) where 


Qa. у) 


(х1, у) mo = f(Xo, yo) and m, = f(x1, yi‘) are slopes of the solid straight lines shown passing 
through the points (хо, yo) and (xi, y), respectively. By taking an average of these 
7 fe уо) + feas YD * 
ave 7 2 f (xo, yo) + f(x, MI ) 


slopes, that is, Maye = , We obtain the slope of the parallel 


| | x 2 
x 
Е: p: dashed skew lines. With the first step, rather than advancing along the line through 
h (хо, yo) with slope f(xo, yo) to the point with y-coordinate y; obtained by Euler’s 
FIGURE 9.1.1 Slope of red dashed line is method, we advance instead along the red dashed line through (xo, yo) with slope 
the average of mo and mı Maye until we reach ху. It seems plausible from inspection of the figure that уу is an 
improvement over уў. 
In general, the improved Euler's method is an example of a predictor-corrector 
method. The value of уў, у given by (4) predicts a value of у(х,), whereas the value of 
Yn41 defined by formula (3) corrects this estimate. 
[EXAMPLE 2 Improved Euler's Method 
Use the improved Euler's method to obtain the approximate value of y(1.5) for the 
solution of the initial-value problem y' = 2xy, y(1) = 1. Compare the results for 
h = 0.1 and Л = 0.05. 
SOLUTION With xo = 1, yo = 1, f(x,, Yn) = 2x,y,, n = 0, and Л = 0.1, we first 
compute (4): 
yf = yo + (0.1)(2х0уо) = 1 + (0.1)2(1)(1) = 1.2. 
We use this last value in (3) along with x; = 1 + h = 1 + 0.1 = I.I: 
2xoyo + 2x yT 200001) + 2(1.1)(1.2 
yapsan T 2 19 О РЕВНО үш, 
2 2 
The comparative values of the calculations for h = 0.1 and h = 0.05 are given in 
Tables 9.1.3 and 9.1.4, respectively. 
TABLE 9.1.3 Improved Euler’s Method with h = 0.1 TABLE 9.1.4 Improved Euler’s Method with h = 0.05 
Actual Abs. % Rel. Actual Abs. % Rel. 
Xa Yn value error error Xs Yh value error error 
1.00 1.0000 1.0000 0.0000 0.00 1.00 1.0000 1.0000 0.0000 0.00 
1.10 1.2320 1.2337 0.0017 0.14 1.05 1.1077 1.1079 0.0002 0.02 
1.20 1.5479 1.5527 0.0048 0.31 1.10 1.2332 1.2337 0.0004 0.04 
1.30 1.9832 1.9937 0.0106 0.53 1:15 1.3798 1.3806 0.0008 0.06 
1.40 2.5908 2.6117 0.0209 0.80 1.20 1.5514 1:5527 0.0013 0.08 
1.50 3.4509 3.4904 0.0394 1.13 1.25 1.7531 1.7551 0.0020 0.11 
“ЕИ ИННИ —_— 1.30 1.9909 1.9937 0.0029 0.14 
1:35 2.2721 2.2762 0.0041 0.18 
1.40 2.6060 2.6117 0.0057 0.22 
1.45 3.0038 3.0117 0.0079 0.26 
1.50 3.4795 3.4904 0.0108 0.31 


A brief word of caution is in order here. We cannot compute all the values of y; 
first and then substitute these values into formula (3). In other words, we cannot use 
the data in Table 9.1.1 to help construct the values in Table 9.1.3. Why not? 
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TRUNCATION ERRORS FOR THE IMPROVED EULER’S METHOD The local trun- 
cation error for the improved Euler's method is O(h?). The derivation of this result is 
similar to the derivation of the local truncation error for Euler's method. Since the 
local truncation error for the improved Euler's method is O(h?), the global truncation 
error is О(А2). This can be seen in Example 2; when the step size is halved from 
h = 0.1 to h = 0.05, the absolute error at x = 1.50 is reduced from 0.0394 to 0.0108, 


a reduction of approximately (5) =a 


1 


EXERCISES 9.1 Answers to selected odd-numbered problems begin on page ANS-15. 


In Problems 1—10 use the improved Euler’s method to obtain a four- 
decimal approximation of the indicated value. First use h = 0.1 and 


then use h = 0.05. 


10 


11. 


12. 


13. 


y =2x-3yt+1, у(1) = 5; у(1.5) 

у = 4х – 2y, у(0) = 2; y(0.5) 

у= 1+2, у(0) = 0; y(0.5) 

y =x? +y, у(0) = 1; (0.5) 

у =e, у(0) = 0; y(0.5) 

у =х+у2, у(0) = 0; у(0.5) 

у= (х – у)?, у(0) = 0.5; у(0.5) 

у= ху+ Vy, у(0) = 1; (0.5) 

y=xy- у) = ц (1.5) 
у= у-у, у(0) = 0.5; у(0.5) 


Consider the initial-value problem y' = (x + y — 1)?, y(0) = 2. 
Use the improved Euler’s method with h = 0.1 and h = 0.05 to 
obtain approximate values of the solution at x = 0.5. At each 
step compare the approximate value with the actual value of the 
analytic solution. 


Although it might not be obvious from the differential equation, 
its solution could “behave badly” near a point x at which we 
wish to approximate y(x). Numerical procedures may give widely 
differing results near this point. Let y(x) be the solution of the 
initial-value problem y' = x? + у?, у(1) = 1. 


(a) Use a numerical solver to graph the solution on the interval 
[1, 1.4]. 


(b) Using the step size h = 0.1, compare the results obtained 
from Euler’s method with the results from the improved 
Euler’s method in the approximation of y(1.4). 


Consider the initial-value problem y' = 2y, y(0) = 1. The 
analytic solution is у = e?*. 


(a) Approximate y(0.1) using one step and Euler’s method. 
(b) Find a bound for the local truncation error in y;. 
(c) Compare the error in y; with your error bound. 


(d) Approximate y(0.1) using two steps and Euler's method. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


(e) Verify that the global truncation error for Euler's method is 
O(h) by comparing the errors in parts (a) and (d). 


Repeat Problem 13 using the improved Euler's method. Its 
global truncation error is O(/?). 


Repeat Problem 13 using the initial-value problem y' = x — 2y, 
у(0) = 1. The analytic solution is 
у(х) = ix = h + ie 


Repeat Problem 15 using the improved Euler's method. Its 
global truncation error is O(/2). 


2x 


Consider the initial-value problem y' 
The analytic solution is 


Зу+1,у(1) = 5. 


yx) = + ix E e 3D, 
(a) Find a formula involving c and л for the local truncation 
error in the nth step if Euler's method is used. 


(b) 


Find a bound for the local truncation error in each step if 
h = 0.1 is used to approximate y(1.5). 


(с) Approximate y(1.5) using Л = 0.1 апал = 0.05 with 


Euler's method. See Problem 1 in Exercises 2.6. 


(d) Calculate the errors in part (c) and verify that the global 


truncation error of Euler’s method is O(h). 


Repeat Problem 17 using the improved Euler's method, which 
has a global truncation error O(h7). See Problem 1. You might 
need to keep more than four decimal places to see the effect of 
reducing the order of the error. 


Repeat Problem 17 for the initial-value problem у = e ?, у(0) = 0. 
The analytic solution is у(х) = In(x + 1). Approximate y(0.5). See 
Problem 5 in Exercises 2.6. 


Repeat Problem 19 using the improved Euler's method, which 
has global truncation error O(A?). See Problem 5. You might 
need to keep more than four decimal places to see the effect of 
reducing the order of error. 


Discussion Problems 


21. 


Answer the question “Why not?" that follows the three 
sentences after Example 2 on page 372. 
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Runge-Kutta Methods 


INTRODUCTION Probably one of the more popular as well as most accurate 
numerical procedures used in obtaining approximate solutions to a first-order initial- 
value problem y' = f(x, y), y(xo) = yo is the fourth-order Runge-Kutta method. As 
the name suggests, there are Runge-Kutta methods of different orders. 


RUNGE-KUTTA METHODS Fundamentally, all Runge-Kutta methods are gener- 
alizations of the basic Euler formula (1) of Section 9.1 in that the slope function f'is 
replaced by a weighted average of slopes over the interval x, = x S x,4,. That is, 


weighted average 


KX 
r ^ 
Уп+1 — Yn sb h (wk, + Wk» PSF Wy ky). (1) 
Here the weights w; i = 1, 2,..., m, are constants that generally satisfy 
Wi + w2 ++ + Wm = 1, and each kj, i = 1, 2,..., m, is the function f evalu- 


ated at a selected point (x, y) for which x, = x = х„+1. We shall see that the k; are 
defined recursively. The number m is called the order of the method. Observe that 
by taking m = 1, и = 1, and Ку = f(x,, yn), we get the familiar Euler formula 
Yn+1 = Yn + hf(x,, Yn). Hence Euler's method is said to be a first-order Runge- 
Kutta method. 

The average in (1) is not formed willy-nilly, but parameters are chosen so that 
(1) agrees with a Taylor polynomial of degree m. As we saw in the preceding section, 
if a function у(х) possesses k + 1 derivatives that are continuous on an open interval 
containing a and x, then we can write 


= =e 2 - k+1 
2-8 ig OO асе ш 


уб) = уба) + YQ, 2! (KD 


where c is some number between a and x. If we replace a by x, and x by 
Xn+1 = Xn + h, then the foregoing formula becomes 


2 htt! 


h 
= = П Рег w% =t 
YAn+1) = YOn + h) = у(х„) + Ау (х) + 21? (Xn) tot + (ҮЕ y" Xoc), 


where с is now some number between x, and x,+;. When у(х) is a solution of 
у! = f(x, у) in the case k = 1 and the remainder 1/7 y"(c) is close to 0, we see that 
a Taylor polynomial y(x,41) = yn) + hy'(x,) of degree one agrees with the 
approximation formula of Euler's method 


Уп+1 © Yn ЛЕ hyn = Уһ F hf (Xn, Yn). 


A SECOND-ORDER RUNGE-KUTTA METHOD To further illustrate (1), we con- 
sider now a second-order Runge-Kutta procedure. This consists of finding con- 
stants or parameters wi, w2, œ, and B so that the formula 


Уп+1 = Yn + h(wiki + и), (2) 


where ki = f&n, Yn) 
ky = f(x, + ah, y, + ВАК), 


agrees with a Taylor polynomial of degree two. For our purposes it suffices to say that 
this can be done whenever the constants satisfy 

— чы ы 

wi + Ww» Я Wo » an wo 7 


(3) 
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This is an algebraic system of three equations in four unknowns and has infinitely 
many solutions: 
1 1 
= —, and = ——, 
2w» 2w» 


(4) 


wi = 1 = wn, a 


where и» # 0. For example, the choice ил = 1 yields и = 1, a = 1, and B = 1, and 
so (2) becomes 


h 
Уп+1 = Yn + z% sr k2), 
where ki = f (Xn, Yn) and ky = f (xn + h, yn + АК). 


Since x, + h = x44, and y, + hk, = y, + hf(Xn, Yn), the foregoing result is rec- 
ognized to be the improved Euler’s method that is summarized in (3) and (4) of 
Section 9.1. 

In view of the fact that w2 # O can be chosen arbitrarily in (4), there are many 
possible second-order Runge-Kutta methods. See Problem 2 in Exercises 9.2. 

We shall skip any discussion of third-order methods in order to come to the 
principal point of discussion in this section. 


A FOURTH-ORDER RUNGE-KUTTA METHOD A fourth-order Runge-Kutta 
procedure consists of finding parameters so that the formula 


Уп+1 = Yn + A(wiky + мо + w3k3 + waka), (5) 
where ki = f (Xn, Yn) 
ky = f&n + ой, y, + ВАК) 
Кз = f(x, + azh, yn + Вћ + Bshkz) 
k4 = f(x, + ash, yn + Bahk; + Bshkz + Bohks), 
agrees with a Taylor polynomial of degree four. This results in a system of 11 equa- 


tions in 13 unknowns. The most commonly used set of values for the parameters 
yields the following result: 


h 
Yn+1 = Yn Р s e + 2k, m 2k3 + ka), 


ky =f On, Yn) 
ka = f(x, + 5h, y, + 1А) (6) 
ks = f(x, + 5h, yn + Tak) 
k4 = f On + h, yn + hk). 
While other fourth-order formulas are easily derived, the algorithm summarized in (6) 
is so widely used and recognized as a valuable computational tool it is often referred to 
as the fourth-order Runge-Kutta method or the classical Runge-Kutta method. It is (6) 
that we have in mind, hereafter, when we use the abbreviation the RK4 method. 
You are advised to look carefully at the formulas in (6); note that k2 depends on 


kı, Кз depends on kz, апа k4 depends on Кз. Also, kz апа k3 involve approximations 
to the slope at the midpoint х„ + 1 h of the interval defined by x, € x € x,44. 


[EXAMPLE 1 | RK4 Method 


Use the RK4 method with h = 0.1 to obtain an approximation to y(1.5) for the 
solution of y' = 2xy, y(1) = 1. 
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TABLE 9.2.1 ЕК4 Method with 
һ = 0.1 


Хп 


1.00 
1.10 
1.20 
1.30 
1.40 
1.50 


Уп 


1.0000 
1.2337 
1.5527 
1.9937 
2.6116 
3.4902 


Actual 
value 


1.0000 
1.2337 
1.5527 
1.9937 
2.6117 
3.4904 


Abs. % Rel. 
error error 


0.0000 0.00 
0.0000 0.00 
0.0000 0.00 
0.0000 0.00 
0.0001 0.00 
0.0001 0.00 


TABLE 9.2.2 у’ = 2xy, у(1) = 1 


Comparison of numerical methods with h = 0.1 


1.00 
1.10 
1.20 
1.30 
1.40 
1.50 


Euler 


1.0000 
1.2000 
1.4640 
1.8154 
2.2874 
2.9278 


Improved 
Euler 


1.0000 
1.2320 
1.5479 
1.9832 
2.5908 
3.4509 


SOLUTION For the sake of illustration let us compute the case when n = 0. From (6) 
we find 


kı = f (Xo, yo) = 2xoyo = 2 
ky =f (xo + 10.1), yo + 10.12) 
= xq + 10.1), + 10.2) = 2.31 
ks = f(x + 200.1), yo + 20.12.31) 
= 2(ж + 10. D) yo + 1(0.231)) = 2.34255 
k4 = f (xo + (0.1), yo + (0.1)2.34255) 
= 2(х + 0.1)(yo + 0.234255) = 2.715361 


and therefore 


0.1 
y — yo + % ® + 20 + 203 + k4) 
0.1 
=1+ PX + 2(2.31) + 2(2.34255) + 2.715361) = 1.23367435. 


The remaining calculations are summarized in Table 9.2.1, whose entries are 
rounded to four decimal places. a 


Inspection of Table 9.2.1 shows why the fourth-order Runge-Kutta method is 
so popular. If four-decimal-place accuracy is all that we desire, there is no need 
to use a smaller step size. Table 9.2.2 compares the results of applying Euler’s, 
the improved Euler’s, and the fourth-order Runge-Kutta methods to the initial-value 
problem y’ = 2xy, y(1) = 1. (See Tables 9.1.1—9.1.4.) 


Comparison of numerical methods with h = 0.05 


Actual Improved Actual 

RK4 value Xn Euler Euler RK4 value 
1.0000 1.0000 1.00 1.0000 1.0000 1.0000 1.0000 
1.2337 1.2337 1.05 1.1000 1.1077 1.1079 1.1079 
1.5527 1.5527 1.10 1:2155 1.2332 1:2337 1.2337 
1.9937 1.9937 1.15 1.3492 1.3798 1.3806 1.3806 
2.6116 2.6117 1.20 1.5044 1.5514 135527 1.5527 
3.4902 3.4904 1.25 1.6849 1.7531 1.7551 1.7551 
1.30 1.8955 1.9909 1.9937 1.9937 

1.35 2.1419 2.2721 2.2762 2.2762 

1.40 2.4311 2.6060 2.6117 2.6117 

1.45 2.7714 3.0038 3.0117 3.0117 

1.50 3.1733 3.4795 3.4903 3.4904 


TRUNCATION ERRORS FOR THE RK4 METHOD In Section 9.1 we saw that 
global truncation errors for Euler’s method and for the improved Euler’s method are, 
respectively, О(Л) and Oh’). Because the first equation in (6) agrees with a Taylor 
polynomial of degree four, the local truncation error for this method is yc) h°/5! 
or O(I?), and the global truncation error is thus Oth’). It is now obvious why Euler’s 
method, the improved Euler’s method, and (6) are first-, second-, and fourth-order 
Runge-Kutta methods, respectively. 


[EXAMPLE 2 | Bound for Local Truncation Errors 


Find a bound for the local truncation errors for the КК4 method applied to 
y! = 2xy, y(1) = 1. 
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SOLUTION By computing the fifth derivative of the known solution у(х) = et 
we get 


y(C) — = (120c + 160c? + 32с5)ес–! E (7) 


I? I? 
5 
Thus with c — 1.5, (7) yields a bound of 0.00028 on the local truncation error for 
each of the five steps when Л = 0.1. Note that in Table 9.2.1 the error in y; is much 
less than this bound. 
Table 9.2.3 gives the approximations to the solution of the initial-value problem 
АС аі x = 1.5 that are obtained from the RK4 method. By computing the value of the an- 
h Approx. Error alytic solution at x — 1.5, we can find the error in these approximations. Because the 
"na ллу, cGasa-non oap Method is so accurate, many decimal places must be used in the numerical solution 
to see the effect of halving the step size. Note that when Л is halved, from Л = 0.1 to 
h = 0.05, the error is divided by a factor of about 2^ = 16, as expected. E 


TABLE 9.2.3 RK4 Method 


0.1  3.49021064 1.32321089 x 1074 
0.05 3.49033382 9.13776090 x 1076 


ADAPTIVE METHODS We have seen that the accuracy of a numerical method for 
approximating solutions of differential equations can be improved by decreasing the 
step size h. Of course, this enhanced accuracy is usually obtained at a cost—namely, 
increased computation time and greater possibility of round-off error. In general, 
over the interval of approximation there may be subintervals where a relatively large 
step size suffices and other subintervals where a smaller step is necessary to keep the 
truncation error within a desired limit. Numerical methods that use a variable step 
size are called adaptive methods. One of the more popular of the adaptive routines is 
the Runge-Kutta-Fehlberg method. Because Fehlberg employed two Runge-Kutta 
methods of differing orders, a fourth- and a fifth-order method, this algorithm is fre- 
quently denoted as the RKF45 method.” 


"The Runge-Kutta method of order four used in RKF45 is not the same as that given in (6). 


EXERCISES 9.2 Answers to selected odd-numbered problems begin on page ANS-16. 


1. Use the ККА method with л = 0.1 to approximate y(0.5), Е р: . 
where y(x) is the solution of the initial-value problem We cu x yay уэ) 
у= (x + y — 1, у(0) = 2. Compare this approximate 12. y'=y-—y*, у(0) = 0.5; y(0.5) 
value with the actual value obtained in Problem 11 in 
Exercises 9.1. 


13. If air resistance is proportional to the square of the instantaneous 
velocity, then the velocity v of a mass m dropped from a given 


2. Assume that ил = 3 in (4). Use the resulting second-order height is determined from 
Runge-Kutta method to approximate y(0.5), where 
y(x) is the solution of the initial-value problem in Problem 1. m dv = mg — ky’, к> 0. 
Compare this approximate value with the approximate value dt 
obtained in Problem 11 in Exercises 9.1. Let v(0) = 0, К = 0.125, m = 5 slugs, and g = 32 ft/s’. 
In Problems 3—12 use the RK4 method with h = 0.1 to obtain a four- (a) Use the ККА method with л = 1 to approximate the 
decimal approximation of the indicated value. velocity v(5). 


(b) Use a numerical solver to graph the solution of the IVP on 


3.у = 2х-3у+1, y) = 5; y(15) the interval [0, 6]. 
4. у = 4х —2y, y(0 = 2; y(0.5) (c) Use separation of variables to solve the IVP and then find 
5.y —14 yh yO) = 0; (0.5) the actual value v(5). 
6.y' =x +y, у(0) = 1; y(0.5) 14. A mathematical model for the area A (in cm?) that a colony of 
7.у'=е?, у(0) = 0; (0.5) bacteria (В. dendroides) occupies is given by 
8.y —-x ty, 00) = 0; у(0.5) dA _ 42.128 — 0.0432A)." 
9.у'=(х—у), y0) = 0.5; (0.5) ш 
10. у = ху + Vy у(0) = 1; у(0.5) 


*See У. A. Kostitzin, Mathematical Biology (London: Harrap, 1939). 
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15. 


16. 


17. 


18. 
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Suppose that the initial area is 0.24 cm?. 


(a) Use the RK4 method with A — 0.5 to complete the 
following table: 


t (days) 1 2 3 4 5 


A (observed) 2.78 13.53 36.30 47.50 49.40 


A (approximated) 


(b) Use a numerical solver to graph the solution of the initial- 
value problem. Estimate the values A(1), A(2), A(3), A(4), 
and A(5) from the graph. 


(c) Use separation of variables to solve the initial-value prob- 
lem and compute the actual values A(1), A(2), A(3), A(4), 
and A(5). 


Consider the initial-value problem y' = x? + y?, y(1) = 1. See 
Problem 12 in Exercises 9.1. 


(a) Compare the results obtained from using the RK4 method 
over the interval [1, 1.4] with step sizes h = 0.1 and 
h = 0.05. 

(b) Use a numerical solver to graph the solution of the initial- 


value problem on the interval [1, 1.4]. 


Consider the initial-value problem y' = 2y, y(0) = 1. The 


analytic solution is у(х) = e”. 


(a) Approximate y(0.1) using one step and the RK4 method. 

(b) Find a bound for the local truncation error in y;. 

(c) Compare the error in y; with your error bound. 

(d) Approximate y(0.1) using two steps and the RK4 method. 

(e) Verify that the global truncation error for the RK4 method 
is O(h*) by comparing the errors in parts (a) and (d). 


Repeat Problem 16 using the initial-value problem 
у= —2y + x, y(0)- 1. The analytic solution is 


1 1 5,-2x 
уб) =»х—4+11е 


Consider the initial-value problem y' = 2x — Зу + 1, y(1) = 5. 


The analytic solution is 
уо) = E + ix + E e 9€-VD, 


(a) Find a formula involving c and Л for the local truncation 
error in the nth step if the RK4 method is used. 


(b) Find a bound for the local truncation error in each step if 
h = 0.1 is used to approximate y(1.5). 


9.3 


(c) Approximate y(1.5) using the RK4 method with h = 0.1 
and Л = 0.05. See Problem 3. You will need to carry more 
than six decimal places to see the effect of reducing the 
step size. 


19. Repeat Problem 18 for the initial-value problem y' = e >, y(0) = 0. 


The analytic solution is у(х) = In(x + 1). Approximate y(0.5). See 
Problem 7. 


Discussion Problems 


20. A count of the number of evaluations of the function f used in 


solving the initial-value problem y' = f(x, y), y(xo) = yo is used 
as a measure of the computational complexity of a numerical 
method. Determine the number of evaluations of f required 

for each step of Euler's, the improved Euler's, and the RK4 
methods. By considering some specific examples, compare 

the accuracy of these methods when used with comparable 
computational complexities. 


Computer Lab Assignments 


21. The RK4 method for solving an initial-value problem over 


an interval [a, b] results in a finite set of points that 

are supposed to approximate points on the graph of the 

exact solution. To expand this set of discrete points to an 
approximate solution defined at all points on the interval [a, b], 
we can use an interpolating function. This is a function, 
supported by most computer algebra systems, that agrees 
with the given data exactly and assumes a smooth transition 
between data points. These interpolating functions may be 
polynomials or sets of polynomials joined together smoothly. 
In Mathematica the command y = Interpolation[data] can 
be used to obtain an interpolating function through the points 
data = {{хо, уо}. xi. Y1}, - - -> G9 Yn} }. The interpolating 
function y[x] can now be treated like any other function built 
into the computer algebra system. 


(a) Find the analytic solution of the initial-value problem 
y' = —y + 10 sin 3x; у(0) = 0 on the interval [0, 2]. Graph 
this solution and find its positive roots. 

(b) Use the RK4 method with h = 0.1 to approximate a 
solution of the initial-value problem in part (a). Obtain 
an interpolating function and graph it. Find the positive 
roots of the interpolating function of the interval [0, 2]. 


Multistep Methods 


INTRODUCTION  Euler's method, the improved Euler's method, and the Runge- 


Kutta methods are examples of single-step or starting methods. In these methods 
each successive value y,+; is computed based only on information about the 
immediately preceding value y;. On the other hand, multistep or continuing methods 
use the values from several computed steps to obtain the value of у„+1. There аге a 
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large number of multistep method formulas for approximating solutions of DEs, but 
since it is not our intention to survey the vast field of numerical procedures, we will 
consider only one such method here. 


ADAMS-BASHFORTH-MOULTON METHOD The multistep method that is 
discussed in this section is called the fourth-order Adams-Bashforth-Moulton 
method. Like the improved Euler’s method it is a predictor-corrector method—that 
is, one formula is used to predict a value y%+1, which in turn is used to obtain a 
corrected value у, +1. The predictor in this method is the Adams-Bashforth formula 


h 
Уй+1 = Jj F 24 (55y;, = 3895-1 T 37yn—2 m 9уп-3), (1) 
Yn = л. Yn) 
Yn-1 = Ps Frail 
Yn-2 = Fg: Yn-2) 
Yn-3 = fonds 33) 
for n > 3. The value of y. у is then substituted into the Adams-Moulton corrector 


h 
Yn+1 = Yn + sha iE 19y;, E 5yn-1 + Yn-2) 
24 (2) 


Yati = f(Xn+1, М): 


Notice that formula (1) requires that we know the values of yo, у, y», and уз to 
obtain y4. The value of yọ is, of course, the given initial condition. The local trunca- 
tion error of the Adams-Bashforth-Moulton method is O(h°), the values of y1, y», and 
уз are generally computed by a method with the same error property, such as the 
fourth-order Runge-Kutta method. 


[EXAMPLE 1 | Adams-Bashforth-Moulton Method 


Use the Adams-Bashforth-Moulton method with h = 0.2 to obtain an approximation 
to y(0.8) for the solution of 


у'\=х+у—1, у(0) = 1. 


SOLUTION With a step size of Л = 0.2, y(0.8) will be approximated Бу уд. То get 
started, we use the RK4 method with xo = 0, yo = 1, and Л = 0.2 to obtain 


yı = 1.02140000, y2 = 1.09181796, y3 = 1.22210646. 


Now with the identifications x9 — 0, x; = 0.2, х = 0.4, хз = 0.6, and 
f(x,y) =x + y — 1, we find 

yo = fo, yo) = (0) + (D -— 1 =0 

y1 = Да, у) = (0.2) + (1.02140000) — 1 = 0.22140000 

yh = 00, у) = (0.4) + (1.09181796) — 1 = 0.49181796 

уз = f (x3, уз) = (0.6) + (1.22210646) — 1 = 0.82210646. 


With the foregoing values the predictor (1) then gives 


0.2 
yi = уз + туу (б5у% — 59у} + 37yi — 9y6) = 142535975. 
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To use the corrector (2), we first need 
y4 = f (x4, уч) = 0.8 + 1.42535975 — 1 = 1.22535975. 


Finally, (2) yields 


0.2 
y4 = уз + 34 (9y4 + 19y5 — 5у5 + yl) = 1.42552788. H 


You should verify that the actual value of y(0.8) in Example 1 is 
y(0.8) = 1.42554093. See Problem 1 in Exercises 9.3. 


STABILITY OF NUMERICAL METHODS An important consideration in using nu- 
merical methods to approximate the solution of an initial-value problem is the stabil- 
ity of the method. Simply stated, a numerical method is stable if small changes in the 
initial condition result in only small changes in the computed solution. A numerical 
method is said to be unstable if it is not stable. The reason that stability considera- 
tions are important is that in each step after the first step of a numerical technique we 
are essentially starting over again with a new initial-value problem, where the initial 
condition is the approximate solution value computed in the preceding step. Be- 
cause of the presence of round-off error, this value will almost certainly vary at least 
slightly from the true value of the solution. Besides round-off error, another common 
source of error occurs in the initial condition itself; in physical applications the data 
are often obtained by imprecise measurements. 

One possible method for detecting instability in the numerical solution of a spe- 
cific initial-value problem is to compare the approximate solutions obtained when 
decreasing step sizes are used. If the numerical method is unstable, the error may 
actually increase with smaller step sizes. Another way of checking stability is to 
observe what happens to solutions when the initial condition is slightly perturbed 
(for example, change y(0) — 1 to y(0) — 0.999). 

For a more detailed and precise discussion of stability, consult a numerical 
analysis text. In general, all of the methods that we have discussed in this chapter 
have good stability characteristics. 


ADVANTAGES AND DISADVANTAGES OF MULTISTEP METHODS Many 
considerations enter into the choice of a method to solve a differential equation 
numerically. Single-step methods, particularly the RK4 method, are often chosen be- 
cause of their accuracy and the fact that they are easy to program. However, a major 
drawback is that the right-hand side of the differential equation must be evaluated 
many times at each step. For instance, the RK4 method requires four function evalua- 
tions for each step. On the other hand, if the function evaluations in the previous step 
have been calculated and stored, a multistep method requires only one new function 
evaluation for each step. This can lead to great savings in time and expense. 

As an example, solving y' = f(x, y), y(xo) = yo numerically using n steps by the 
fourth-order Runge-Kutta method requires 4n function evaluations. The Adams- 
Bashforth multistep method requires 16 function evaluations for the Runge-Kutta 
fourth-order starter and n — 4 for the n Adams-Bashforth steps, giving a total of 
n 12 function evaluations for this method. In general the Adams-Bashforth multi- 
step method requires slightly more than a quarter of the number of function evalua- 
tions required for the RK4 method. If the evaluation of f(x, y) is complicated, the 
multistep method will be more efficient. 

Another issue that is involved with multistep methods is how many times the 
Adams-Moulton corrector formula should be repeated in each step. Each time 
the corrector is used, another function evaluation is done, and so the accuracy is 
increased at the expense of losing an advantage of the multistep method. In prac- 
tice, the corrector is calculated once, and if the value of у, +1 is changed by a large 
amount, the entire problem is restarted using a smaller step size. This is often 
the basis of the variable step size methods, whose discussion is beyond the scope 
of this text. 
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EXERCISES 9.3 Answers to selected odd-numbered problems begin on page ANS-16. 


1. Find the analytic solution of the initial-value problem in Example 1. 
Compare the actual values of y(0.2), y(0.4), y(0.6), and y(0.8) with 
the approximations y1, y», уз, and y4. 


2. Write a computer program to implement the Adams-Bashforth- 
Moulton method. 


In Problems 3 and 4 use the Adams-Bashforth-Moulton method to ap- 
proximate y(0.8), where у(х) is the solution of the given initial-value 
problem. Use л = 0.2 and the RK4 method to compute уу, y», and уз. 


In Problems 5—8 use the Adams-Bashforth-Moulton method to ap- 
proximate y(1.0), where y(x) is the solution of the given initial-value 
problem. First use Л = 0.2 and then use Л = 0.1. Use the RK4 method 
to compute y1, y2, and y3. 


5.y'=1+y, y0)-—0 


6. y'=y+cosx, у(0)=1 


7.у'=(х—-у), «0-0 


3. у= 2х – Зу + 1, 


4. у = 4х — 2y, 


p 


9.4 


8. у = ху + Vy, (0) = 1 


Higher-Order Equations and Systems 


INTRODUCTION So far, we have focused on numerical techniques that 
can be used to approximate the solution of a first-order initial-value problem 
y' = f(x, у), y(xo) = yo. In order to approximate the solution of a second-order 
initial-value problem, we must express a second-order DE as a system of two first- 
order DEs. To do this, we begin by writing the second-order DE in normal form by 
solving for у” in terms of x, у, and y’. 


SECOND-ORDER IVPs A second-order initial-value problem 


y"=f(x,y,y'), у(хо) = уо, y'(xo) = uo (1) 


can be expressed as an initial-value problem for a system of first-order differen- 
tial equations. If we let y' = u, the differential equation in (1) becomes the system 


y =u 


2 
u' = f(x, y, u). 0) 


Since y'(xo) = и(хо), the corresponding initial conditions for (2) are then у(хо) = yo, 
и(хо) = uo. The system (2) can now be solved numerically by simply applying a par- 
ticular numerical method to each first-order differential equation in the system. For 
example, Euler's method applied to the system (2) would be 


Уп+1 = Yn + ћи, 
(3) 
Wn] = Un + АЕТ Уп, иһ), 
whereas the fourth-order Runge-Kutta method, or ЕК4 method, would be 
h 
Yn+1 = Yn + g + 2m» + 2m3 + тд) 
(4) 


І 
иал = Up + Aa + 2k, + Qks + ka) 


where mj = иһ ky =n, Yn> Иа) 


m = ил + Ihk, ka dis ge sh, yy ihm, TE - ink) 
ma = иһ + ВК» Кз i + Ір, gu thm, lin T thks) 


ma = ил + hka Ка = f(x, + h, yn + hing, и, + hks). 
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Euler’s method 


RK4 method 
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(a) Euler’s method (red) and the 
RK4 method (blue) 
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(b) RK4 method 


FIGURE 9.4.1 Numerical solution curves 
generated by different methods 


we can express every nth-order differential equation 
y") as a system of n first-order equations using the 
do y" Stags USE 


In general, 


y = f(x, y, УУ n 
substitutions y = и, y' 


[EXAMPLE 1 | Euler’s Method 


Use Euler’s method to obtain the approximate value of y(0.2), where y(x) is the 
solution of the initial-value problem 


у"+ху +у= 0, у(0) = 1, у'(0)=2. (5) 


SOLUTION In terms of the substitution y’ = u, the equation is equivalent to the system 
y =u 
и! = —xu — y. 

Thus from (3) we obtain 


Yn+1 = Yn + hug 


Un+1 = Un F hl —Xnun = Уп]. 
Using the step size Л = 0.1 and yo = 1, uo = 2, we find 


yı = yo + (0.1)uo = 1 + (0.1)2 = 1.2 
u; = ug + (0.1) [—xoup — yo] = 2 + (0.1)[—(0)(2) — 1] = 1.9 

yo = ур + (0.Du; = 1.2 + (0.1)(1.9) = 1.39 

u = ш + (0.1)[—х — yi] = 1.9 + (0.1)[—(0.1)(1.9) — 1.2] = 1.761. 


In other words, y(0.2) = 1.39 and y'(0.2) = 1.761. [ [ 


With the aid of the graphing feature of a numerical solver, in Figure 9.4.1(а) we com- 
pare the solution curve of (5) generated by Euler’s method ( = 0.1) on the interval [0, 3] 
with the solution curve generated by the RK4 method (h = 0.1). From Figure 9.4.1(b) it 
appears that the solution y(x) of (4) has the property that у(х) — 0 and x > cc. 

If desired, we can use the method of Section 6.2 to obtain two power series 
solutions of the differential equation in (5). But unless this method reveals that 
the DE possesses an elementary solution, we will still only be able to approximate 
y (0.2) using a partial sum. Reinspection of the infinite series solutions of Airy's 
differential equation y" — xy — 0, given on page 246, does not reveal the oscilla- 
tory behavior of the solutions y; (x) апа y2(x) exhibited in the graphs in Figure 6.2.2. 
Those graphs were obtained from a numerical solver using the RK4 method with 
a step size of h = 0.1. 


SYSTEMS REDUCED TO FIRST-ORDER SYSTEMS Using a procedure similar 
to that just discussed for second-order equations, we can often reduce a system of 
higher-order differential equations to a system of first-order equations by first solv- 
ing for the highest-order derivative of each dependent variable and then making 
appropriate substitutions for the lower-order derivatives. 


[EXAMPLE 2 | A System Rewritten as a First-Order System 


Write x" — x! + 5x + 2y" = e! 
=2x + y" +2y = 32 


as a system of first-order differential equations. 
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SOLUTION Write the system as 
x" + 2y" =e — 5x + х 
y" = 3f + 2x — 2y 
and then eliminate y" by multiplying the second equation by 2 and subtracting. This 


gives 
x" = —9х + Ay + x' + e — 62. 


Since the second equation of the system already expresses the highest-order derivative of 
y in terms of the remaining functions, we are now in a position to introduce new vari- 
ables. If we let x’ = и and y' = v, the expressions for x" and y" become, respectively, 
и = x" = —9х+4у+и+е'— 6 
y! = у” = 2х — 2y + 32. 


The original system can then be written in the form 


(d 


x'—u 
'=y 

и! = —9x + 4y + u + æ — 6? 

у = 2x — 2y + 32. 8 


It might not always be possible to carry out the reductions illustrated in 
Example 2. 


NUMERICAL SOLUTION OF A SYSTEM The solution of a system of the form 


dx, 


— = g(t, Xy, X», ..., Xp) 
dt 
dx; 
"ox g(t, Xp X» sss, Xn) 
dt 
dx 

diam gnt, Xp X» +.. х.) 
dt 


can be approximated by a version of Euler’s, the Runge-Kutta, or the Adams- 
Bashforth-Moulton method adapted to the system. For instance, the RK4 method 
applied to the system 


x' = f(t, x, y) 
у = g(t, x, y) (6) 
X(fo) = хо,  y(to) = yo. 
looks like this: 


h 
Xp] = Xn + gm + 2m» + 2m3 ma) 


М (7) 
Уп+1 = Yn + ge + 2k, + 2k3 + №), 
where 
т = f (tn, Xn, Yn) ki = g (tn, Xn, Yn) 
m» =f (tn E ih, + bhm, уп E + hk) Ко = glin F +h, XT 1 hmi, уп E ink) 
ma =f (tn + Ір, Xn t І hm, Yn + ло) Кз = К? +F +h, Xr ihm, ju + hko) ш 
ma = f (ty + h, Xn + hms, у, + hk) k4 = g(t, + h, x, + hms, y, + hka). 
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[EXAMPLE З RK4 Method 
Consider the initial-value problem 


x’ = 2x + 4y 
y = —x + бу 


х(0) = —1, у(0) = 6. 


Use the RK4 method to approximate x(0.6) and y(0.6). Compare the results for 
h = 0.2 and h = 0.1. 


SOLUTION We illustrate the computations of xı and уу with step size h = 0.2. With 
the identifications f(t, х, у) = 2x + 4y, g(t, x, у) = —х + бу, to = 0, ху = —1, and 
yo = 6 we see from (8) that 


m, = f (to, хо, yo) = f (0, —1, 6) = 2(—1) + 4(6) = 22 


kı = g(to, хо, yo) = 8(0, —1, 6) = —1(—1) + 6(6) = 37 


тз = f (to + 5h, xo + Shim, yo + 1А) = f (0.1, 3.12, 11.7) = 53.04 


m = f (to + $h, xo + ihmi, yo + $hky) = f (0.1, 1.2, 9.7) = 41.2 


ky = glto + 3h, xo + hm, yo + hki) = g(0.1, 1.2, 9.7) = 57 


TABLE 9.4.1 h = 0.2 


tn ГЕ Yn ks = g(to + £h, хо + hm, yo + 1л) = g(0.1, 3.12, 11.7) = 67.08 
0.00 —1.0000 6.0000 
0.20 9.2453 19.0683 m4 = f (to + h, X0 + һтз, Уо + hka) — f(0.2, 9.608, 19.416) — 06.88 
0.40 46.0327 55.1203 
o ыш {ш ka = g(to + h, xo + hms, yo + hks) = (0.2, 9.608, 19.416) = 106.888. 


Therefore from (7) we get 
TABLE 9.4.2  n-04 


tn Xn Yn 0.2 
Xj = хо + — (m, + 2m + 2m3 + тд) 
0.00 — 1.0000 6.0000 6 
0.10 2.3840 10.8883 
0.20 2.3373 19:1332 = —1 + 02 (22 + 2(41.2) + 2(53.04) + 96.88) = 9.2453 
0.30 22.5541 32.8539 6 
0.40 46.5103 55.4420 02 
и я nont as eae +h 
0.2 
xd =б+ 6 Ө? + 2(57) + 2(67.08) + 106.888) = 19.0683, 
where, as usual, the computed values of x; апа уу are rounded to four decimal 
places. These numbers give us the approximation x; = x(0.2) and y; = y(0.2). 
The subsequent values, obtained with the aid of a computer, are summarized in 
Tables 9.4.1 and 9.4.2. m 
: y(t) 
' You should verify that the solution of the initial-value problem in Example 3 is 
x(t) given by x(t) = (26t — 1)e*', у(ї) = (137 + 6)e*'. From these equations we see that 
M / the actual values x(0.6) = 160.9384 and у(0.6) = 152.1198 compare favorably with 


the entries in the last line of Table 9.4.2. The graph of the solution in a neighborhood 
FIGURE 9.4.2 Numerical solution curves Of = 0 is shown in Figure 9.4.2; the graph was obtained from a numerical solver 
for IVP in Example 3 using the RK4 method with h = 0.1. 
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In conclusion, we state Euler’s method for the general system (6): 


Xn+1 = Xn + hf(t,, Xn, Yn) 


Yn+1 = Yn + hg (ths Xn» Уп). 


EXERCISES 9.4 Answers to selected odd-numbered problems begin on page ANS-16. 


1. Use Euler’s method to approximate y(0.2), where y(x) is the 


solution of the initial-value problem 
y"—4y'+4y=0, у(0) = –2, у'(0) = I. 


Use л = 0.1. Find ће analytic solution of the problem, and 


where i,(0) = 0 and i3(0) = 0. Use the ККА method to 
approximate 7,(t) and i3(f) at t = 0.1, 0.2, 0.3, 0.4, and 0.5. 
Use h = 0.1. Use a numerical solver to graph the solution for 
0 =t < 5. Use the graphs to predict the behavior of i; (t) and 
13(t) as f — ©, 


compare the actual value of y(0.2) with y». 


2. Use Euler's method to approximate y(1.2), where y(x) is the 
solution of the initial-value problem 


02у" = 2ху +2у=0, у(1)=4, у(1) = 9, 


where х > 0. Use h = 0.1. Find the analytic solution of ће 
problem, and compare the actual value of y(1.2) with yo. 


FIGURE 9.4.3 Network in Problem 6 


In Problems 3 and 4 repeat the indicated problem using the RK4 


method. First use h = 0.2 and then use h = 0.1. In Problems 7—12 use the Runge-Kutta method to approximate 


x(0.2) and y(0.2). First use л = 0.2 and then use Л = 0.1. Use a 


3. Problem 1 4. Problem 2 numerical solver and Л = 0.1 to graph the solution in a neighbor- 
5. Use the RK4 method to approximate y(0.2), where y(x) is the hood of t = 0. 

solution of the initial-value problem Toe) = Wey 8. х =x + 2у 

" = = $ zm as ' =4х+ 3 
y" —2y' + 2у = e'cost, у(0) = 1, у'(0)= 2. у = х y y 
x(0)=6, у(0=2 x(0)=1, у(0)=1 
First use Л = 0.2 and then use Л = 0.1. 
9. х= -у+і 10. x' 2 6x + y + 6t 

6. When Е = 100 V, R = 10 О, and L = I h, the system of y =x-t у= 4х + Зу — 10r + 4 


differential equations for the currents і (1) and /3(7) in the x(0) = —3, у(0) = 5 х(0) = 0.5, у(0) = 0.2 
electrical network given in Figure 9.4.3 is 
11. х + 4x — y' = 7 12. х + y'= 4t 
dij _ ETT x + y! — 2y = 3t xX +y +у= 62 + 10 
dt 204 Т 10 + 100 x(0) = 1, y(0) = —2 x(0) = 3, y(0) = —1 
e 10i, — 20i 
d п 13, 


9.5 


Second-Order Boundary-Value Problems 


INTRODUCTION We just saw in Section 9.4 how to approximate the solution of 
a second-order initial-value problem 


y'—f(xyyh  y(xo7y» y'(%o) = uo. 


In this section we are going to examine two methods for approximating a solution of 
a second-order boundary-value problem 


у” = f(x, y. y), y(b) = В. 


Unlike the procedures that аге used with second-order initial-value problems, the 
methods of second-order boundary-value problems do not require writing the second- 
order DE as a system of first-order DEs. 


у(а) = а, 
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FINITE DIFFERENCE APPROXIMATIONS The Taylor series expansion, centered 
at a point a, of a function y(x) is 
xcd (x = a)? (x — a)? 


п COE C CRY Gu +. 


у(х) = y(a) + y'a) 
If we set h = x — a, then the preceding line is the same as 
y, h " n n n? 
уб) = у(а) + у(а)т, +У aS +у Ne) scena 


For the subsequent discussion it is convenient then to rewrite this last expression in 
two alternative forms: 


n n? 
ух + В) = уб) + уо) + ут) T+ у") + (1) 

n? h? 
and ух №) = уб) — y Gh + y'G)7- Уа) +. (2) 
If h is small, we can ignore terms involving A^, h°, . . . since these values are neg- 


ligible. Indeed, if we ignore all terms involving A? and higher, then solving (1) and 
(2), in turn, for y'(x) yields the following approximations for the first derivative: 


1 
y'(x) = БОТ 5 - yo] (3) 


1 
y= p 9 —у@— 0]. (4) 


Subtracting (1) and (2) also gives 
y'a) e - [у(х + h) — yx — h)]. (5) 


On the other hand, if we ignore terms involving Л? and higher, then by adding (1) and 
(2), we obtain an approximation for the second derivative y"(x): 


1 
у"(х) = py DE +h —2у(@х) + у@ 0]. (6) 


The right-hand sides of (3), (4), (5), and (6) are called difference quotients. The 
expressions 


ух + h) — у(х), уб) – убх = №), ya +h) – у(х —h), 
апа у(х + А) — 2у(х) + у(х — h) 


are called finite differences. Specifically, у(х + h) — у(х) is called a forward difference, 
у(х) — у(х = А) is a backward difference, and both ya+h)—ya-—h) and 
у(х + h) — 2y(x) + у(х — A) are called central differences. The results given in (5) and 
(6) are referred to as central difference approximations for the derivatives y' and y". 


FINITE DIFFERENCE METHOD Consider now a linear second-order boundary- 
value problem 


у" + POY + О()у -fG, | y(a)-a, Уу(Ь) = В. (7) 
Suppose a = xo < x1 < xo < + < х, € x, = b represents a regular partition of 
the interval [a, b], that is, x; = a + ih, where i = 0, 1,2, ..., n and h = (b — a)/n. 
The points 
xy=ath, X.=at2h,..., Xn-1 = а + (п = 1)h 
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are called interior mesh points of the interval [a, b]. If we let 
yi = у(х), Pj — P(xi), Qi = Об), and fj = f(x) 


and if y" and y' in (7) are replaced by the central difference approximations (5) and (6), 


we get 
уні 2yi t yi Уні — Yi-1l 
T + Qiyi = fi 
12 2h Qiyi = fi 
or, after simplifying, 
h 2 h 2 
IT J“ ум t (2 + rOy t= а" Pera RA. (8) 


The last equation, known as a finite difference equation, is an approximation 
to the differential equation. It enables us to approximate the solution y(x) of (7) 


at the interior mesh points xj, x2,..., x4, of the interval [a, b]. By letting i 
take on the values 1,2,...,n — lin (8), we obtain n — 1 equations in the n — 1 
unknowns yj, yo....,.Ya-1. Bear in mind that we know yo and y,, since 


these are the prescribed boundary conditions yo = у(хо) = у(а) = а and 
Yn = уб) = y(b) = B. 

In Example | we consider а boundary-value problem for which we can compare 
the approximate values that we find with the actual values of an explicit solution. 


[EXAMPLE 1 | Using the Finite Difference Method 


Use the difference equation (8) with n = 4 to approximate the solution of the 
boundary-value problem y" — 4y = 0, y(0) = 0, y(1) = 5. 


SOLUTION To use (8) we identify Р(х) = 0, Q(x) = —4, f(x) = 0, and 
h=(1-0)/4= L Hence the difference equation is 


У+1 — 2.25 y; + yi-1 = 0. (9) 


Now the interior points are xy = 0 + 1, хо = 0+ 2x, =0+ i so for i — 1, 2, and 3, 
(9) yields the following system for the corresponding у, у», and уз: 
y2 — 2.25у| + уо = 0 
уз — 2.25у + y, = 0 
ул — 2.25 y3 + y2 = 0. 
With the boundary conditions yọ = 0 and y4 = 5 the foregoing system becomes 
—225y, + ya =0 
yı — 2.25y2 + уз = 0 
y2 — 2.25 уз = — 5. 


Solving the system gives y, = 0.7256, y2 = 1.6327, and уз = 2.9479. 

Now the general solution of the given differential equation is у = c; cosh 2x + 
c2 sinh 2x. The condition y(0) = 0 implies that c; = 0. The other boundary condition 
gives c2. In this way we see that a solution of the boundary-value problem is 
у(х) = (5 sinh 2x)/sinh 2. Thus the actual values (rounded to four decimal places) of 
this solution at the interior points are as follows: y(0.25) = 0.7184, y(0.5) = 1.6201, 
and y(0.75) = 2.9354. B 


The accuracy of the approximations in Example 1 can be improved by using a 
smaller value of Л. Of course, the trade-off here is that a smaller value of Л necessitates 


solving a larger system of equations. It is left as an exercise to show that with h = І 
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approximations to y(0.25), y(0.5), and y(0.75) are 0.7202, 1.6233, and 2.9386, respec- 
tively. See Problem 11 in Exercises 9.5. 


[EXAMPLE 2 | Using the Finite Difference Method 


Use the difference equation (8) with n — 10 to approximate the solution of 
у"+3у'+ 2у= 402, у(1) =1, у(2) = 6. 


SOLUTION In this case we identify Р(х) = 3, О(х) = 2, fw= 4x? and 
h = (2 — 1)/10 = 0.1, and so (8) becomes 


1.15 y:41 — 1.98y; + 0.85y;-1 = 0.0422. (10) 


Now the interior points аге x, = 1.1, x2 = 1.2, хз = 1.3, x4 = 1.4, x5 = 1.5, x6 = 1.6, 
хт = 1.7, xg = 1.8, and xo = 1.9. Богі = 1, 2,...,9 and yo = 1, уо = 6, (10) gives a 
system of nine equations and nine unknowns: 


1.15y2 = 1.98у = —0.8016 
1.15y3 — 1.98y; + 0.85уу = 0.0576 
1.15y4 — 1.98y3 + 0.85y; = 0.0676 
1.15ys — 1.98y4 + 0.85y3 = 0.0784 
1.15yg — 1.98ys + 0.85y4 = 0.0900 
1.15y; — 1.98у6 + 0.85ys = 0.1024 
1.15yg — 1.98y7 + 0.85yg = 0.1156 
1.15y9 — 1.98yg + 0.85y7 = 0.1296 
— 1.98 yo + 0.85yg = —6.7556. 


We can solve this large system using Gaussian elimination or, with relative ease, 
by means of a computer algebra system. The result is found to be у; = 2.4047, 
y2 = 3.4432, y3 = 4.2010, y4 = 4.7469, ys = 5.1359, yg = 5.4124, y7 = 5.6117, 
ys = 5.7620, and yo = 5.8855. a 


SHOOTING METHOD Another way of approximating a solution of a boundary- 
value problem у” = f(x, у, у’), y(a) = a, y(b) = B is called the shooting method. 
The starting point in this method is the replacement of the second-order boundary- 
value problem by a second-order initial-value problem 


у" =/(х,у,у), уба) = а, уа) = т. aD 


The number m; in (11) is simply a guess for the unknown slope of the solution curve at 
the known point (a, y(a)). We then apply one of the step-by-step numerical techniques 
to the second-order equation in (11) to find an approximation [| for the value of y(b). If 
В; agrees with the given value y(b) = В to some preassigned tolerance, we stop; other- 
wise, the calculations are repeated, starting with a different guess y'(a) = m» to obtain 
a second approximation 5 for y(b). This method can be continued in a trial-and-error 
manner, or the subsequent slopes m3, m4, ... can be adjusted in some systematic way; 
linear interpolation is particularly successful when the differential equation in (11) is 
linear. The procedure is analogous to shooting (the “aim” is the choice of the initial 
slope) at a target until the bullseye y(5) is hit. See Problem 14 in Exercises 9.5. 

Of course, underlying the use of these numerical methods is the assumption, 
which we know is not always warranted, that a solution of the boundary-value prob- 
lem exists. 
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The approximation method using finite differences can be extended to boundary- 
value problems in which the first derivative is specified at a boundary—for 
example, a problem such as y" = f (x, у, y'), у (а) = a, y(b) = В. See Problem 13 in 
Exercises 9.5. 


EXERCISES 9.5 Answers to selected odd-numbered problems begin on page ANS-16. 


In Problems 1—10 use the finite difference method and the indicated Use the method of this section with n = 6 to approximate the 
value of n to approximate the solution of the given boundary-value solution of this boundary-value problem. 
blem. 
eas 13. Consider the boundary-value problem y" + xy = 0, y'(0) = 1, 
1.у"+9у=0, yO)=4, у(2) = 1; n=4 y(1) = -1. 
2.y"-y=x, y0)=0, 301) = 0; n=4 (a) Find the difference equation corresponding to the 
differential equation. Show that fori = 0, 1, 2,...,n— 1 
3. y” +2у' +y = 5х, у(0=0, yd) = 0; n=5 the difference equation yields n equations inn + 1 
4.y'—10y + 25y=1, у(0) = 1, y)=0; n=5 unknowns У-1, Yos Уз, У, Уп Неге Jed and yo are 
unknowns, since у у represents an approximation to у at 
5. у — 4у' + 4y = (x + De?, the exterior point x = —/ and yo is not specified at x = 0. 
40 -—3, XU-—0; n=6 (b) Use the central difference approximation (5) to show that 


6. y" -5y =4Vx, y(DD 21, у2)=-—-1; n=6 yı — y-1 = 2h. Use this equation to eliminate y_, from the 
7.2 4 3 à Р system in part (а). 
. ГА + $ ДЕ = = = (0): = 

Ta К ол 0 (c) Use n = 5 and the system of equations found in parts 
8. xy" – ху cy 2 ах, y(D = 0, у(2) = -2; п= 8 (a) and (b) to approximate the solution of the original 
9 
0 


.y'*tü-3y txy=x, 0)=0, у1)=2; n=10 boundary-value problem. 


yty +у=х, у0=1, xD-6. п=10 Computer Lab Assignments 


11. Rework Example 1 using п = 8. 14. Consider the boundary-value problem у” = y' — sin (xy), 

y(0) = 1, y(1) = 1.5. Use the shooting method to approximate 

the solution of this problem. ( The approximation can be obtained 
using a numerical technique — say, the RK4 method with h = 0.1; 


12. The electrostatic potential u between two concentric spheres of 
radius r — 1 and r — 4 is determined from 


du 2du Е Е Е or, even better, if you have access to a CAS such as Mathematica 
dr ткы Or: BEE) = зо; aaa) К or Maple, the NDSolve function can be used.) 
Ch a pter 9 | п Revi ew Answers to selected odd-numbered problems begin on page ANS-17. 
In Problems 1—4 construct a table comparing the indicated values y" — (2x + Dy = 1, y(0) = 3, y'(0) = I. First use one step 
of y(x) using Euler’s method, the improved Euler’s method, and the with h = 0.2 and then repeat the calculations using two 
RK4 method. Compute to four rounded decimal places. First use steps with h = 0.1. 


h = 0.1 and th h = 0.05. 
коше 6. Use the Adams-Bashforth-Moulton method to approximate 


1.у =2Inxy, y(1)= 2; y(0.4), where y(x) is the solution of the initial-value problem 
y(1.1) У(1.2), y(1.3, yd.4), y(1.5) y! = 4х — 2y, у(0) = 2. Use Л = 0.1 and the ККА method to 


Я t > У2, А 
2. у' = sin x? + cosy’, у(0) = 0; compute у, y2, and уз 


y(0.1), у(0.2), у(0.3), у(0.4), у(0.5) 7. Use Euler’s method with Л = 0.1 to approximate x(0.2) and 
3y = Vers у(0.5) = 0.5; y(0.2), where х(7), y(t) is the solution of the initial-value problem 


y(0.6), у(0.7), у(0.8), y(0.9, y(1.0) x —xcty 
4.y =x +y, у() = 1; y =x-y 
y(1.1), y(1.2), y(1.3, Уу(1.4), y(1.5) x(0)=1, y(0)=2. 


8. Use the finite difference method with n = 10 to approximate 
the solution of the boundary-value problem 


у" + 6.55(1 + х)у = 1, yO)=0, y) = 0. 
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5. Use Euler’s method to approximate y(0.2), where 
y(x) is the solution of the initial-value problem 
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Autonomous Systems 

Stability of Linear Systems 

Linearization and Local Stability 

Autonomous Systems as Mathematical Models 


CHAPTER 10 IN REVIEW 


n Chapter 8 we used matrix techniques to solve systems of linear first-order 
differential equations of the form X’ = AX + F(r). When a system of differential 
equations is not linear, it is usually not possible to find solutions that can be 
expressed in terms of elementary functions. In this chapter we will demonstrate 
that valuable information on the geometric nature of the solutions can be acquired 
by first analyzing special constant solutions obtained from the critical points of 
the system and by searching for periodic solutions. The important concept of 
stability will be introduced and illustrated with mathematical models from physics 


and ecology. 
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10.1 Autonomous Systems 


INTRODUCTION We introduced the notions of autonomous first-order DEs, 
critical points of an autonomous DE, and the stability of a critical point in Section 2.1. 
This earlier consideration of stability was purposely kept at a fairly intuitive level; 
it is now time to give the precise definition of this concept. To do this, we need to 
examine autonomous systems of first-order DEs. In this section we define critical 
points of autonomous systems of two first-order DEs; the autonomous systems can 
be linear or nonlinear. 


AUTONOMOUS SYSTEMS A system of first-order differential equations is said 
to be autonomous when the system can be written in the form 


dx, 

um 81(%1, X2, EEPE 

dx» 

dt = gxi, х2, ... adiu) (1) 
dx, 

ғ = gii. Хз» + ж» х5). 


Observe that the independent variable t does not appear explicitly on the right-hand 
side of each differential equation. Compare (1) with the general system given in (2) 
of Section 8.1. 


[EXAMPLE 1 | A Nonautonomous System 


The system of nonlinear first-order differential equations 


t dependence 

dx, D 
р 3x, +1 
dt 
dx; * 
=== fX, sin x, 
dt t 

t dependence 


is not autonomous because of the presence of ¢ on the right-hand sides of both 
DEs. E 


NOTE When n — 1 in (1), a single first-order differential equation takes on the 
form dx/dt — g(x). This last equation is equivalent to (1) of Section 2.1 with the 
symbols x and : playing the parts of y and x, respectively. Explicit solutions can be 
constructed, since the differential equation dx/dt = g(x) is separable, and we will 
make use of this fact to give illustrations of the concepts in this chapter. 


SECOND-ORDER DE AS A SYSTEM Any second-order differential equation 
x" = g(x, x’) can be written as an autonomous system. As we did in Section 4.10, 
if we let y = x', then x" = g(x, x') becomes y' = g(x, y). Thus the second-order 
differential equation becomes the system of two first-order equations 


х= у 
у = gG y). 
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[EXAMPLE 2 | The Pendulum DE as an Autonomous System 


In (6) of Section 5.3 we showed that the displacement angle 0 for a simple pendulum 
satisfies the nonlinear second-order differential equation 


If we let x = 0 and y = 6’, this second-order differential equation can be rewritten 
as the autonomous system 


NOTATION If X(r) and g(X) denote the respective column vectors 


x(t) 8X; 0, ..., А) 


X(t) = x А g(X) = 821, is тае Xn) 


х,(0 ©. (Жү. 0, ..., XS) 


then the autonomous system (1) may be written іп the compact column vector form 
X' = g(X). The homogeneous linear system X' = AX studied in Section 8.2 is an 
important special case. 

In this chapter it is also convenient to write (1) using row vectors. If we let 
X(t) = (x1), хо(0), ..., х0) and 


g(X) = (g1(X1, X2, reg Xn), go, X2, s ws Xn); Wok o gi. X2, *o* Xn)), 


then the autonomous system (1) may also be written in the compact row vector form 
X’ = g(X). It should be clear from the context whether we are using column or row 
vector form; therefore we will not distinguish between X and X", the transpose of 
X. In particular, when n = 2, it is convenient to use row vector form and write an 
initial condition as X(0) = (xo, yo). 

When the variable ¢ is interpreted as time, we can refer to the system of differen- 
tial equations in (1) as a dynamical system and a solution X(f) as the state of the 
system or the response of the system at time t. With this terminology a dynamical 
system is autonomous when the rate X'(f) at which the system changes depends only 
on the system's present state X(t). The linear system X’ = AX + F(f) studied in 
Chapter 8 is then autonomous when Е(7) is constant. In the case n = 2 or 3 we can 
call a solution a path or trajectory, since we may think of x = х1(0), y = x2(f), and 
z = х3(0) as the parametric equations of a curve. 


VECTOR FIELD INTERPRETATION When 7 = 2, the system in (1) is called a 
plane autonomous system, and we write the system as 


= = P(x, y) 

t 2) 
dy i 
u Qy): 


The vector V(x, у) = (P(x, y), Q(x, у)) defines a vector field in a region of the plane, 
and a solution to the system may be interpreted as the resulting path of a particle as it 
moves through the region. To be more specific, let V(x, у) = (P(x, y), Q(x, y)) denote 
the velocity of a stream at position (x, y), and suppose that a small particle (such as a 
cork) is released at a position (xo, yo) in the stream. If X(t) = (x(t), y(1)) denotes the 
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FIGURE 10.1.1 Vector field of a fluid 
flow in Example 3 


X(0) 1 


(а) (b) 
FIGURE 10.1.2 Curve in (a) is called 


an arc 


X(0) 


FIGURE 10.1.3 Periodic solution or cycle 
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position of the particle at time т, then X'(f) = (х'(0), y'(n)) is the velocity vector V. 
When external forces are not present and frictional forces are neglected, the velocity 
of the particle at time ¢ is the velocity of the stream at position X(f): 


dx 

a Р(х(0), y(t) 
X'(t) = VA, yO) ог p 

a Q(x(t), yO). 


Thus the path of the particle is a solution to the system that satisfies the initial 
condition X(0) = (xo, yo). We will frequently call on this simple interpretation of 
a plane autonomous system to illustrate new concepts. 


[EXAMPLE З | Plane Autonomous System of a Vector Field 
A vector field for the steady-state flow of a fluid around a cylinder of radius 1 is 


given by 
—2xy 
@? + yy" о + yy, 


х – у? 


V(x, y) = wi 


where Vo is the speed of the fluid far from the cylinder. If a small cork is released 
at (—3, 1), the path X(r) = (х(7), y(2) of the cork satisfies the plane autonomous 
system 


dx ж – у? 

= |1 2.4.22 
dt (x^ + y^) 
dy —2xy 


V 
a Qd yy 


subject to the initial condition X(0) = (—3, 1). See Figure 10.1.1 and Problem 46 in 
Exercises 2.4. E 


TYPES OF SOLUTIONS If P(x, y), Q(x, y), and the first-order partial derivatives 
дР/дх, ӘР/ду, д0/дх, and дО/ду are continuous in a region R of the plane, then a 
solution of the plane autonomous system (2) that satisfies X(0) = Xo is unique and 
of one of three basic types: 


(i) А constant solution x(t) = xo, y(t) = yo (or X(t) = Xo for all 2. A 
constant solution is called a critical or stationary point. When the 
particle is placed at a critical point Xo (that is, X(0) = Xo), it remains 
there indefinitely. For this reason a constant solution is also called an 
equilibrium solution. Note that because X'(f) = 0, a critical point is a 
solution of the system of algebraic equations 


P(x, у) = 0 
О(х, у) = 0. 


(ii) А solution x = x(t), у = y(f) that defines an arc—a plane curve that does 
not cross itself. Thus the curve in Figure 10.1.2(a) can be a solution to 

a plane autonomous system, whereas the curve in Figure 10.1.2(b) 

cannot be a solution. There would be two solutions that start from the 
point P of intersection. 

A periodic solution x = x(t), y = y(t). A periodic solution is called a 
cycle. If p is the period of the solution, then X(t + p) = X(t) and a particle 
placed on the curve at Xo will cycle around the curve and return to Xo in 

p units of time. See Figure 10.1.3. 


(iii) 
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(a) periodic solution 


Ya 


[EXAMPLE 4 Finding Critical Points 


Find all critical points of each of the following plane autonomous systems: 

(a) x' 2 —x t y (b)x-22-y-6 (c) x' = 0.01x(100 — x — y) 
y=x-y y -x-y y' = 0.05y(60 — y — 0.2x) 
SOLUTION We find the critical points by setting the right-hand sides of the 

differential equations equal to zero. 
(a) The solution to the system 
-х+у= 0 
х-у= 0 
consists of all points on the line у = x. Thus there are infinitely many critical points. 
(b) To solve the system 
х + у? —6=0 
?—у=0 
we substitute the second equation, x? — y, into the first equation to obtain 


y + у— 6 = (у + 3)(у — 2) = 0. If y = —3, then x? = —3, so there are no real 
solutions. If y = 2, then x =+V2, so the critical points are (V2, 2) and (— V2, 2). 


(c) Finding the critical points in part (c) requires a careful consideration of cases. 
The equation 0.01x(100 — x — у) = O implies that x = 0 or x + у = 100. 

If х= 0, then by substituting in 0.05y(60 — y — 0.2х) = 0, we have 
y(60 — y) = 0. Thus y = 0 or 60, so (0, 0) and (0, 60) are critical points. 

If x + y = 100, then 0 = y(60 — y — 0.2(100 — y)) = y(40 — 0.8y). It follows 
that y = 0 or 50, so (100, 0) and (50, 50) are critical points. E 


When a plane autonomous system is linear, we can use the methods in Chapter 8 
to investigate solutions. 


[EXAMPLE 5 | Discovering Periodic Solutions 


Determine whether the given linear system possesses a periodic solution: 
(a) х' = 2x + 8y (b) x’ =x + 2y 
y = —х—2у у= —5х+у 
In each case sketch the graph of the solution that satisfies Х(0) = (2, 0). 
SOLUTION (a) In Example 6 of Section 8.2 we used the eigenvalue-eigenvector 
method to show that 
x = с|(2 cos 2t — 2 sin 2f) + co(2 cos 2t + 2 sin 21) 
y = —cı cos 2t — cz sin 2t. 


Thus every solution is periodic with period p = m. The solution satisfying 
X(0) = (2, 0) is x = 2 cos 2t + 2 sin 2t, у = —sin 2t. This solution generates 
the ellipse shown in Figure 10.1.4(a). 


(b) Using the eigenvalue-eigenvector method, we can show that 


x = 2cje' cos t + 2coe'sint, y = —се!ѕіп t + ce cos t. 


(b) nonperiodic solution К . "VE К 
Because of the presence of e' in the general solution, there are no periodic solutions 


FIGURE 10.1.4 Solution curves in (that is, cycles). The solution satisfying X(0) = (2, 0) is x = 2e' cos t, y = —e' sin t, 
Example 5 and the resulting curve is shown in Figure 10.1.4(b). E] 
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CHANGING TO POLAR COORDINATES Except for the case of constant solu- 
tions, it is usually not possible to find explicit expressions for the solutions of a 
nonlinear autonomous system. We can solve some nonlinear systems, however, by 
changing to polar coordinates. From the formulas 7? = x? + y? and Ө = tan !(y/x) 
we obtain 


dr l[ dx dy аб 1 ах dy 
patah атана) 9 


+ 
dt rV dt > dt dt pr det 


We can sometimes use (3) to convert a plane autonomous system in rectangular 
coordinates to a simpler system in polar coordinates. 


[EXAMPLE 6 | Changing to Polar Coordinates 


Find the solution of the nonlinear plane autonomous system 


x’ = —у— М2 + у? 
y -x-yvxty 


satisfying the initial condition X(0) = (3, 3). 


SOLUTION Substituting for dx/dt and dy/dt in the expressions for dr/dt and d0/dt 
in (3), we obtain 


dr 1 2 
dqé r EO COM) T у -— уг)] cr 
dð l 

q pantas y=. 


Since (3, 3) is (зу, п/4) in polar coordinates, the initial condition X(0) = (3, 3) 
becomes r(0) = 3V2 and 0(0) = 7/4. Using separation of variables, we see that the 
solution of the system is 


|. 1 
tto 


r 0-—t-c c 


for r # 0. (Check this!) Applying the initial condition then gives 


: 0 [t 
r= ; € я 
t+ 2/6 4 
The spiral : is sketched in Fi 10.1.5 ш 
e Spiral r = 1s Sketched 1n Figure 135 
Ө + N/2/6 — т/4 


[EXAMPLE 7 | Solutions in Polar Coordinates 


When expressed in polar coordinates, a plane autonomous system takes the form 


Е 0.5(3 — r) 
dt є F 
do 

—=1. 

dt 
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m Find and sketch the solutions satisfying the initial conditions X(0) = (0, 1) and 
4+ X(0) = (3, 0). 


SOLUTION Applying separation of variables to dr/dt = 0.5(3 — r) and integrating 
d0/ dt leads to the solution r = 3 + сүе 99, 9 = t + с». 
If X(0) = (0, 1), then r(0) = 1 and 6(0) = 7/2, and so cı = —2 and о = т/2. 


| = Тһе solution curve is the spiral r = 3 — 2e 030-7) Note that as t > oo, 0 increases 
-4 4 without bound and r approaches 3. 

If X(0) = (3, 0), then r(0) = 3 and 6(0) = 0. It follows that c, = c» = 0, so 

r = 3and0 = t. Hence x = rcos0 = 3 cos t and y = r sin Ө = 3sint,sothe solution 

is periodic. The solution generates a circle of radius 3 about (0, 0). Both solutions are 

—4 + shown in Figure 10.1.6. m 


FIGURE 10.1.6 Solution curves in 
Example 7 


EXERCISES 1 0.1 Answers to selected odd-numbered problems begin on page ANS-17. 


In Problems 1—6 write the given nonlinear second-order differential (c) With the aid of a calculator or a CAS graph the solution in 
equation as a plane autonomous system. Find all critical points of the part (b) and indicate the direction in which the curve is traversed. 


lti tem. 
resulting system 17. x! =х+2у 


1. х" + 9sinx = 0 у= 4х + 3y, Х(0) = (2, 2) 


(РгоЫет 1, Ехегсіѕеѕ 8.2) 
2. x! + (0) + 2x 20 


" j 18. x' = —6x + 2y 
3.x' +x r= =0 y = -3х + y, X(0) = (3, 4) 
4. x" +4 x ; + 2x" 20 (Problem 6, Exercises 8.2) 
IFE F ө = 
19. x’ = 4х — 5y 
5.x" +x = єў fore>0 у= 5х – 4у, X(0) = (4, 5) 


Probl Б, i 2 
6. x” + x — ex|x| =O fore >0 (Problem 37, Exercises 8.2) 


20.х'=х+у 
y = —2х—у, Х(0) = (—2,2) 


In Problems 7—16 find all critical points of the given plane autonomous (Problem 34, Exercises 8.2) 


system. 
21.x' 2 5x + y 
Pees fu. 
Tax TAFA acu y = —2х+3у, Х(0) (1,2) 
yc» EE: (Problem 35, Exercises 8.2) 
NOE = P$. - 
ке 4у ae уа су 22, x = x = By 
с 2 y 2x-3y Х(0) = (2,1) 
11. х’ = x(10 —x— 1 12. x! = —2x - y+ 10 (Problem 38, Exercises 8.2) 
y= y(16 - y - 3 y 22x-y-15— | | 
дыд, In Problems 23—26 solve the given nonlinear plane autonomous 
13. x’ = de 14. x' = siny system by changing to polar coordinates. Describe the geometric 
y = у(е*— 1) уб 26-1 behavior of the solution that satisfies the given initial condition(s). 
beca ak A 
15.x/— x(1 = x EE Зу?) 16. х' = —x(4 = y’) 23. S TE ae Ty! 
y = у(3 — х2 -3y) y = 4y(1 — х2) y —*—y»Xx Ty, X(0) = (4, 0) 
24. х = y + x? + y?) 
In Problems 17—22 the given linear system is taken from y = —х + уб? + у), XO) = (4,0) 
Exercises 8.2. 25.x' = —y + x1 — 2 — y?) 


' 


(a) Find the general solution and determine whether there are y —xd yd -x -— y), X0) = (1, 0), Х(0) = (2, 0) 


periodic solutions. [Hint: The resulting differential equation for r is a Bernoulli 


(b) Find the solution satisfying the given initial condition. differential equation. See Section 2.5.] 
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26. x = у (4— x – у?) 
V х2 + у? 
= У 2 _\2 
y x (Ae = у), 
Vx? + у> 


X(0) = (1, 0), X(0) = (2, 0) 


10.2 


T 


e 
critical point 


(a) locally stable 


Xo 


critical point 
(b) locally stable 


Xo 


critical point 


critical point 
(c) unstable 


FIGURE 10.2.1 Critical points 
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If a plane autonomous system has a periodic solution, then there 
must be at least one critical point inside the curve generated by the 
solution. In Problems 27—30 use this fact together with a numerical 
solver to investigate the possibility of periodic solutions. 


27. x! = —x + бу 28. x' = —x + 6xy 
у= xy +12 у = —8xy + 2y 
29. x’ =y 30. x' = xy 
y -y1-32-2y)-x y--1-xx-y 


Stability of Linear Systems 


INTRODUCTION We have seen that a plane autonomous system 


Lm Р(х, y) 
dt ds 
dy 

u Q(x, y) 


gives rise to a vector field V(x, у) = (P(x, y), Q(x, у)), and a solution X = X(f) of the 
system may be interpreted as the resulting path of a particle that is initially placed at 
position X(0) = Xo. If Xo is a critical point of the system, then the particle remains 
stationary. In this section we examine the behavior of solutions when Xo is chosen 
close to a critical point of the system. 


SOME FUNDAMENTAL QUESTIONS Suppose that X, is a critical point of a 
plane autonomous system and X = X(f) is a solution of the system that satisfies 
X(0) = Xo. If the solution is interpreted as a path of a moving particle, we are inter- 
ested in the answers to the following questions when Xo is placed near Х|: 


(i) Will the particle return to the critical point? More precisely, does 
lim;>» X(f) = Х|? 

(ii) If the particle does not return to the critical point, does it remain close to 
the critical point or move away from the critical point? It is conceivable, 
for example, that the particle may simply circle the critical point, or it may 
even return to a different critical point or to no critical point at all. See 
Figure 10.2.1. 


If in some neighborhood of the critical point case (a) or (b) in Figure 10.2.1 always 
occurs, we call the critical point locally stable. If, however, an initial value Xo that 
results in behavior similar to (c) can be found in any given neighborhood, we call the 
critical point unstable. These concepts will be made more precise in Section 10.3, 
where questions (7) and (ii) will be investigated for nonlinear systems. 


STABILITY ANALYSIS We will first investigate these two stability questions 
for linear plane autonomous systems and lay the foundation for Section 10.3. The 
solution methods of Chapter 8 enable us to give a careful geometric analysis of the 
solutions to 


x’ = ax + by 
(1) 
у = сх + dy 
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in terms of the eigenvalues and eigenvectors of the coefficient matrix 


=) 


To ensure that Xo = (0, 0) is the only critical point, we will assume that the 
determinant A = ad — bc + 0. Ет = a + dis the trace" of matrix A, then the char- 
acteristic equation det(A — AI) = 0 can be rewritten as 


Ат +А = 0. 


Therefore the eigenvalues of A are A = (т + Уут? – 4A) /2, and the usual three 
cases for these roots occur according to whether 7? — 4A is positive, negative, or 
zero. In the next example we use a numerical solver to discover the nature of the 
solutions corresponding to these cases. 


[EXAMPLE 1 | Eigenvalues and the Shape of Solutions 


Find the eigenvalues of the linear system 
x’ =-xt+y 
y =cx—y 
in terms of c, and use a numerical solver to discover the shapes of solutions 
corresponding to the cases c = 1, 4, 0, and —9. 


=] 


SOLUTION The coefficient matrix | 
rm 


| has trace т = —2 and determinant 


A = 1 — с, and so the eigenvalues are 


2— B = Z 
NUES : 4A _ 0 41-с) _ jas 


The nature of the eigenvalues is therefore determined by the sign of c. 

If c= i then the eigenvalues are negative and distinct, A = -4 and -3. In 
Figure 10.2.2(a) we have used a numerical solver to generate solution curves, or 
trajectories, that correspond to various initial conditions. Note that except for the tra- 
jectories drawn in red in the figure, the trajectories all appear to approach 0 from a 
fixed direction. Recall from Chapter 8 that a collection of trajectories in the xy-plane, 
or phase plane, is called a phase portrait of the system. 

When c = 4, the eigenvalues have opposite signs, А = 1 and —3, and an interest- 
ing phenomenon occurs. АП trajectories move away from the origin in a fixed direction 
except for solutions that start along the single line drawn in red in Figure 10.2.2(b). 
We have already seen behavior like this in the phase portrait given in Figure 8.2.2. 
Experiment with your numerical solver and verify these observations. 

The selection c = 0 leads to a single real eigenvalue A = — 1. This case is very 
similar to the case c — i with one notable exception. АП solution curves in 
Figure 10.2.2(c) appear to approach 0 from a fixed direction as ¢ increases. 

Finally, when c 9. A 1+V-9 1 + 3i. Thus the eigenvalues are 
conjugate complex numbers with negative real part — 1. Figure 10.2.2(d) shows that 
solution curves spiral in toward the origin 0 as / increases. m 


The behaviors of the trajectories that are observed in the four phase portraits 
in Figure 10.2.2 in Example 1 can be explained by using the eigenvalue-eigenvector 
solution results from Chapter 8. 


"In general, if A is an n X n matrix, the trace of A is the sum of the main diagonal entries. 
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(a) c=} (b) c= 4 


0.5 + 


—0.5[ 


X. А А J 
=0:5 0.5 — 0:5 0.5 


(c) с= 0 (d) c = -9 
K, FIGURE 10.2.2 Phase portraits of linear system in Example 1 for various values of c 


CASE I: REAL DISTINCT EIGENVALUES (7? — 4 А > 0) According to Theorem 8.2.1 
in Section 8.2, the general solution of (1) is given by 


XO = Куе + c; Koe^, (2) 


ay 


where A, and A» are the eigenvalues and K, and К» are the corresponding eigenvec- 
tors. Note that X(f) can also be written as 


X(t) = е^“(сүК\ + co K5e0? ^9]. (3) 


(a) Both eigenvalues negative (T? — 4A > 0, т< 0, and A > 0) 

FIGURE 10.2.3 Stable node Stable node (A; < A, < 0): Since both eigenvalues are negative, it 
follows from (2) that іт, X(t) = 0. If we assume that Ал < А], then 
№ = Ay € 0, and so e^ is an exponential decay function. We may 
therefore conclude from (3) that X(r) ~ c; Кел! for large values of t. 
When c, # 0, X(f) will approach 0 from one of the two directions 
determined by the eigenvector K; corresponding to A. If c; = 0, 

X(t) = соК›е\ and X(f) approaches 0 along the line determined by 
the eigenvector K3. Figure 10.2.3 shows a collection of solution curves 
around the origin. A critical point is called a stable node when both 
eigenvalues are negative. 

(b) Both eigenvalues positive (1? — 4A > 0, 7 > 0, and A > 0) 

Unstable node (0 < А» < A): The analysis for this case is similar to (a). 

Again from (2), X(t) becomes unbounded as t increases. Moreover, 

again assuming that A» < A, and using (3), we see that X(t) becomes 

unbounded in one of the directions determined by the eigenvector 

К, (when c; # 0) or along the line determined by the eigenvector 
FIGURE 10.2.4 Unstable node K: (when c, = 0). Figure 10.2.4 shows a typical collection of solution 


«Y 
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Ya 


K, 


FIGURE 10.2.5 Saddle point 


FIGURE 10.2.7 Stable node 


ay 


curves. This type of critical point, corresponding to the case when both 
eigenvalues are positive, is called an unstable node. 

Eigenvalues have opposite signs (77 — 4A > 0 and A < 0) 

Saddle point (A; < 0 < A4): The analysis of the solutions is identical to 

(b) with one exception. When c; = 0, X(r) = c;Koe"^", and since А < 0, 
X(t) will approach 0 along the line determined by the eigenvector K3. If 
X(0) does not lie on the line determined by Kg, the line determined by 

К, serves as an asymptote for X(t). Thus the critical point is unstable even 
though some solutions approach 0 as t increases. This unstable critical point 
is called a saddle point. See Figure 10.2.5. 


wa 


(c 


Real Distinct Eigenvalues 


Classify the critical point (0, 0) of each of the following linear systems X' = AX as 
either a stable node, an unstable node, or a saddle point. 


23 -10 6 
wash | wa- 15 К. 


In each case discuss the nature of the solutions in a neighborhood of (0, 0). 
SOLUTION (a) Since the trace т = 3 and the determinant A = —4, the eigenvalues are 


n TX NT —4AN 34 N3—-4(-4 345 4-1 
2 2 2 К 


The eigenvalues have opposite signs, so (0, 0) is a saddle point. It is not hard to show 
(see Example 1, Section 8.2) that eigenvectors corresponding to à; = 4 and A» = — 1 are 


Rb a E-|! 
Wes an «= ү} 


respectively. If X(0) = Xo lies on the line y = —x, then X(f) approaches 0. For any 
other initial condition, X(t) will become unbounded in the directions determined 
by Kı. In other words, the line у = 2х serves as an asymptote for all these solution 
curves. See Figure 10.2.6. 


(b) From 7 = —29 and A = 100 it follows that the eigenvalues of A are A, = —4 
and A» = —25. Both eigenvalues are negative, so (0, 0) is in this case a stable node. 
Since eigenvectors corresponding to A, = —4 and Az = —25 are 


1 2 
Kı = H and K, = 3) 


respectively, it follows that all solutions approach 0 from the direction defined by Ky 
except those solutions for which X(0) = Xo lies on the line у = -ix determined by 
K2. These solutions approach 0 along y = —3x. See Figure 10.2.7. E 


CASE 11: A REPEATED REAL EIGENVALUE (72 — 4А = 0) Recall from Sec- 
tion 8.2 that the general solution takes on one of two different forms depending on 
whether one or two linearly independent eigenvectors can be found for the repeated 
eigenvalue А |. 


(a) Two linearly independent eigenvectors 
If К, and К, are two linearly independent eigenvectors corresponding to А |, 
then the general solution is given by 


X(t) = аке + oK" = (ci Ky + c; Ko)e^. 
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If A; < 0, then X(t) approaches 0 along the line determined by the vector 
c,K, + c; K» and the critical point is called a degenerate stable node (see 
Figure 10.2.8(a)). The arrows in Figure 10.2.8(a) are reversed when A, > 0, 
and we have a degenerate unstable node. 


cK, р c; K5 


К, K; 


=Y 
= 


(a) (b) 


FIGURE 10.2.8 Degenerate stable nodes 


(b) A single linearly independent eigenvector 
When only a single linearly independent eigenvector K, exists, the general 
solution is given by 


Х@ = cj Kye + (Kyte! + Pe’), 


where (A — AjDP = К, (see Section 8.2, (12)-(14)), and the solution may 
be rewritten as 


X = ZEE + ү K; + Zel 


If A, < 0, then іт, > te^" = 0, and it follows that X(f) approaches 0 in one 
of the directions determined by the vector K, (see Figure 10.2.8(b)). The 
critical point is again called a degenerate stable node. When A, > 0, the 
solutions look like those in Figure 10.2.8(b) with the arrows reversed. 

The line determined by К, is an asymptote for all solutions. The critical 
point is again called a degenerate unstable node. 


CASE Ill: COMPLEX EIGENVALUES (72 — 4A < 0) If A; = а + iB and 
A, = a — if are the complex eigenvalues and K; = B, + iB? is a complex eigenvector 
corresponding to Aj, the general solution can be written as X(t) = ci X4(t) + coX»(t), 
where 


X, (4) = (В| cos Bt — B» sin Bre, X»(t) = (Bo cos Bt + В, sin Bhe“. 
See (23) and (24) in Section 8.2. A solution can therefore be written in the form 


x(t) = е (cy, cos Bt + ci» sin Bf), y(t) = e” (со cos Bt + co» sin Bt), (4) 
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Ya and when а = 0, we have 


x(t) = с cos Bt + суо sin Bt, y(t) = со cos Bt + соо sin Bt. (5) 


(a) Pure imaginary roots (7) — 4A < 0, т = 0) 
Center: When a = 0, the eigenvalues are pure imaginary, and from (5) all 
solutions are periodic with period p = 21/8. Notice that if both c12 and c21 
happened to be 0, then (5) would reduce to 


BY 


x(t) = cı; cos Bt, y(t) = co» sin Bt, 


which is a standard parametric representation for the ellipse 

x*/ch + у”/сзә = 1. By solving the system of equations in (4) for cos Bt 
FIGURE 10.2.9 Center and sin Вг and using the identity sin? Bt + cos*Bt = 1, it is possible to show 
that all solutions are ellipses with center at the origin. The critical point 

(0, 0) is called a center, and Figure 10.2.9 shows a typical collection 

of solution curves. The ellipses are either all traversed in the clockwise 
direction or all traversed in the counterclockwise direction. 


(b) Nonzero real part (7? — 4A < 0, 7 # 0) 
Spiral points: When a # 0, the effect of the term е in (4) is similar to 
the effect of the exponential term in the analysis of damped motion given 
in Section 5.1. When a < 0, е — 0, and the elliptical-like solution spirals 
closer and closer to the origin. The critical point is called a stable spiral 
point. When a > 0, the effect is the opposite. An elliptical-like solution 
is driven farther and farther from the origin, and the critical point is now 
called an unstable spiral point. See Figure 10.2.10. 


ay 


[EXAMPLE 3 | Repeated and Complex Eigenvalues 


Classify the critical point (О, 0) of each of the following linear systems X' = AX: 


3 -18 -1 2 
e a-(; il ®А-[ | | 


(a) stable spiral point 


In each case discuss the nature of the solution that satisfies X(0) = (1, 0). Determine 


у, : : А 
parametric equations for each solution. 


SOLUTION (a) Since т = —6 апа А = 9, the characteristic polynomial is 
№ + OA +9 = (А + 3), so (0, 0) is a degenerate stable node. For the repeated 


3 
eigenvalue A = —3 we find a single eigenvector K; = И! so the solution X() that 


satisfies X(0) — (1, 0) approaches (0, 0) from the direction specified by the line 
x y=x J3, 


(b) Since т = 0 and A = 1, the eigenvalues are А = +i, so (0, 0) is a center. The 
solution X(f) that satisfies X(0) = (1, 0) is an ellipse that circles the origin every 
27 units of time. 

From Example 4 of Section 8.2 the general solution of the system in (a) is 


3 3 5 
X(t) = -3t 4 te ? + 2 31|. 
(b) unstable spiral point 0) ZH 2 aly i H и 


FIGURE 10.2.10 Spiral points The initial condition gives c; = 0 and c; = 2, and so x = (67 + 1)е ?', у = 2te * are 
parametric equations for the solution. 
The general solution of the system in (b) is 


cos f + sint cos f — sint 
+ C2 . 
cos t 


xo = a 


—sint 
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FIGURE 10.2.11 Critical points in 
Example 3 
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The initial condition gives c; = 0 and сз = 1, so x = cos Г — sin f, у = —sin f are 
parametric equations for the ellipse. Note that y < 0 for small positive values of t, 
and therefore the ellipse is traversed in the clockwise direction. 


The solutions of (a) and (b) are shown in Figures 10.2.11(a) and 10.2.11(b), 
respectively. a 


CLASSIFYING CRITICAL POINTS Figure 10.2.12 conveniently summarizes the 
results of this section. The general geometric nature of the solutions can be deter- 
mined by computing the trace and determinant of A. In practice, graphs of the solu- 
tions are most easily obtained not by constructing explicit eigenvalue-eigenvector 
solutions but rather by generating the solutions using a numerical solver and the 
Runge-Kutta method for first-order systems. 


AA 
т2 = 4А 


unstable 
spiral 


stable 
spiral 


unstable node 


т^—4А<0 
n 
center 
Sy five 
degenerate 


unstable node 


stable node 


degenerate 
stable node 


saddle 


A 


FIGURE 10.2.12 Geometric summary of Cases I, II, and III 


Classifying Critical Points 


Classify the critical point (0, 0) of each of the following linear systems Х' = AX: 


1.01 3.10 
-1.10 -1.02 


—ax — i 


b) A= 
e b —dy 


(a) A — | 
for positive constants a, b, c, d, £, апаў. 


SOLUTION (a) For this matrix т = —0.01, А = 2.3798, so 1? — 4А < 0. Using 
Figure 10.2.12, we see that (0, 0) is a stable spiral point. 


(b) This matrix arises from the Lotka-Volterra competition model, which we will 
study in Section 10.4. Since т = —(ax + ay) and all constants in the matrix are posi- 
tive, т < 0. The determinant may be written as A = ааху(1 — bc). If bc > 1, then 
A « 0 and the critical point is a saddle point. If bc < 1, A > 0 and the critical point 
is either a stable node, a degenerate stable node, or a stable spiral point. In all three 
cases lim; >» X(t) = 0. Ш 


The answers to the questions posed at the beginning of this section for the 
linear plane autonomous system (1) with ad — bc # 0 are summarized in the next 
theorem. 
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For a linear plane autonomous system X’ = AX with det A # 0, let X = X(r) 
denote the solution that satisfies the initial condition X(0) = Xo, where X; # 0. 


(a) lim; X(t) = 0 if and only if the eigenvalues of A have negative real 
parts. This will occur when A > 0 and 7 « 0. 

(b) X(f) is periodic if and only if the eigenvalues of A are pure imaginary. 
This will occur when A > 0 and 7 = 0. 

(c) In all other cases, given any neighborhood of the origin, there is at least 
one X, in the neighborhood for which X(t) becomes unbounded as 
t increases. 


The terminology that is used to describe the types of critical points 
varies from text to text. The following table lists many of the alternative terms 
that you may encounter in your reading. 


Term Alternative Terms 

critical point equilibrium point, singular point, 
stationary point, rest point 

spiral point focus, focal point, vortex point 

stable node or spiral point attractor, sink 

unstable node or spiral point repeller, source 


EXERCISES 1 0.2 Answers to selected odd-numbered problems begin on page ANS-17. 


In Problems 1-8 the general solution of the linear system X' — AX 24 
is given. Bec -1 6/ 
(a) In each case discuss the nature of the solutions in a 2 2 1 
neighborhood of (0, 0). X() = 195 + c5 е + "nd 
(b) With the aid of a calculator or a CAS graph the solution that 5 1 i í 
satisfies X(0) — (1, 1). 7.A= E X(t) = t =t 
. 3 —of (0) = с 1 е C2 3 e 
ik] ^ 7L а-а) jets es 
-A=|_, 5р Greil ,]Je + eje kis —1 5) 
—m a 
= -2 1 —4 
бей apes Sacs te "T 
3 4 -1 6 ха) = с : to | 
cos 2t — 2 sin 2t 2 cos 2t + sin 2t 


1 =l —sin t t 
a) oed tle 
У ix In Problems 9-16 classify the critical point (0, 0) of the given 
=j ~) linear system by computing the trace т and determinant А and using 


4. А = | Figure 10.2.12. 


1 == 
ns 9. х' = —5x + Зу 10. x’ = —5x + Зу 
X() = e^ ao " 2 sin 2t hee ло y - 2x- Ty 
sin 2f cos 2t 
11. x! = —5x + Зу 12. x’ = —5x + Зу 
sa| `) y = -2x + 5y ye ч Ду 
=5 4/ 
13. x! = —3x + ly 14. x! = 3x + 1у 
1\ 1\ o = 04 Ше! 
Ха) = сце" te je ie y 2Y y ay 
5 
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19. 


20. 
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x' = 0.02x — 0.11у 16. x' = 0.03x + 0.01у that satisfies the initial condition Х(0) = Xo. Determine 
y' = 0.10х — 0.05y y' = —0.01x + 0.05y conditions on the real constants o and £ that will ensure 

іт, X(t) = (0, 0). , 0) bi d ddle point? 
Determine conditions on the real constant u so that (0, 0) is a ux (= (0; One Сап 0, 0): bexa node or saddle рош 


center for the linear system 


0 


x ——ux-Fy 
—x + py. 


$ 


y 


21. Show that the nonhomogeneous linear system 
X' = AX + F has a unique critical point X, when 
A = det А = 0. Conclude that if X = X(t) is a solution 
to the nonhomogeneous system, 7 « 0 and A > 0, then 
іт, X(t) = Х|. [Hint: X(t) = X(t) + X.] 


Determine a condition on the real constant u so that (0, 0) is a 


stable spiral point of the linear system 


, 


22. In Example 4(b) show that (0, 0) is a stable node when bc < 1. 


х= у 
у= =х + py. In Problems 23-26 a nonhomogeneous linear system X' = AX + F 
is given. 
Show that (0, 0) is always an unstable critical point of the linear (a) In each case determine the unique critical point X4. 
system 
А (b) Use a numerical solver to determine the nature of the critical 
х —px*y point in (a). 
у= х + у, ; TN - 
(c) Investigate the relationship between X, and the critical point 
where и. is a real constant and ш  —1. When is (0, 0) an (0, 0) of the homogeneous linear system X' — AX. 
s : ; "- 
unstable saddle point? When is (0, 0) an unstable spiral point? 25.4 = 2х+3у—6 24. x = —5х + 9y + 13 
Let X = X(t) be the response of the linear dynamical system y7-x-2y-*5 y = —x — 11у – 23 
x = ах By 25. x’ = 0.1x — 0.2y + 0.35 26. x’ = Зх – 2y - 1 
у= 0.1х + 0.ly = 0.25 y = 5х – Зу – 2 
у= Bx + ay 


d 10.3 


Linearization and Local Stability 


INTRODUCTION The key idea in this section is that of linearization. Recall from 
calculus and Section 2.6 that a linearization of a differentiable function f(x) at a 
number x; is the equation of the tangent line to the graph of f at the point: 


y =f) t f'G)G = x). 


For x close to x; the points on the graph of fare close to the points on the tangent line 
so the values y(x) obtained from the equation of the tangent line are said to be local 
linear approximations to the corresponding function values f(x). Similarly, a linear- 
ization of a function of two variables f(x, y) that is differentiable at a point (xi, y1) is 
the equation of the tangent plane to the graph of f at the point: 


gf y)-t AG WIS —3x)-t fo yO = yp. 


where f; and f, are partial derivatives. In this section we will use linearization as a 
means of analyzing nonlinear DEs and nonlinear systems; the idea is to replace them 
by linear DEs and linear systems. 


SLIDING BEAD We start this section by refining the stability concepts introduced 
in Section 10.2 in such a way that they will apply to nonlinear autonomous systems 
as well. Although the linear system X' — AX had only one critical point when det 
A # 0, we saw in Section 10.1 that a nonlinear system may have many critical points. 
We therefore cannot expect that a particle placed initially at a point Xo will remain 
near a given critical point X, unless X, has been placed sufficiently close to X, to 
begin with. The particle might well be driven to a second critical point. To emphasize 
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| 
| 
| 
| 
| 
| 
| 
l 
2 


| 
| 
| 
| 
X1 X 


FIGURE 10.3.1 Bead sliding on graph of 
z= f(x) 


EEX 


Cw 


(a) stable 


2 


(b) unstable 


FIGURE 10.3.2 Critical points 


this idea, consider the physical system shown in Figure 10.3.1, in which a bead 
slides along the curve z = f(x) under the influence of gravity alone. We will show in 
Section 10.4 that the x-coordinate of the bead satisfies a nonlinear second-order 
differential equation x" = g(x, x’); therefore letting у =x’ satisfies the nonlinear 
autonomous system 


х= у 
y' = g(x, у). 


If the bead is positioned at Р = (x, f(x)) and given zero initial velocity, the bead 
will remain at P provided that f’(x) = 0. If the bead is placed near the critical point 
located at x = хі, it will remain near х = x, only if its initial velocity does not drive 
it over the “hump” at x = x2 toward the critical point located at x = x3. Therefore 
X(0) = (x(0), x'(0)) must be near (xi, 0). 

In the next definition we will denote the distance between two points X and Y by 
[X — Y|. Recall that if X = (x1, x», ..., Xn) and Y = (yi, у,..., Yn), then 


IX - Y| = Vài = xi? + 62 — Y ++ + Gn уп). 


| Let X, be a critical point of an autonomous system and let X = X(f) denote the 


solution that satisfies the initial condition X(0) = Xo, where Xo # Х|. We 
say that X, is a stable critical point when, given any radius p > 0, there 
is a corresponding radius r > 0 such that if the initial position Xo satisfies 
[Xo = Xi| € r, then the corresponding solution X(f) satisfies |X(r) — Xi| < p 
for all t > 0. If, in addition, lim... X(r) = Х| whenever [Xo — Х| < r, we 
call X, an asymptotically stable critical point. 


This definition is illustrated in Figure 10.3.2(a). Given any disk of radius p about 
the critical point Х|, a solution will remain inside this disk provided that X(0) = Xo 
is selected sufficiently close to Х|. It is not necessary that a solution approach the 
critical point in order for X, to be stable. Stable nodes, stable spiral points, and 
centers are all examples of stable critical points for linear systems. To emphasize 
that Xo must be selected close to Xj, the terminology locally stable critical point is 
also used. 

By negating Definition 10.3.1, we obtain the definition of an unstable critical 
point. 


| Let X, be a critical point of an autonomous system and let X = X(f) denote the 


solution that satisfies the initial condition X(0) = Xo, where Xp # Х|. We say 
that X, is an unstable critical point if there is a disk of radius p > 0 with the 
property that for any r > 0 there is at least one initial position Xo that satisfies 
[Xo — Xi| € r, yet the corresponding solution X(f) satisfies |X(r) — Х| = p 
for at least one t > 0. 


If a critical point Х| is unstable, no matter how small the neighborhood about 
Xj, an initial position Xo can always be found that results in the solution leaving 
some disk of radius p at some future time ¢. See Figure 10.3.2(b). Therefore unstable 
nodes, unstable spiral points, and saddle points are all examples of unstable critical 
points for linear systems. In Figure 10.3.1 the critical point (x2, 0) is unstable. The 
slightest displacement or initial velocity results in the bead sliding away from the 
point (хә, f(x2)). 
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FIGURE 10.3.3 Asymptotically stable 
critical point in Example 1 


FIGURE 10.3.4 Unstable critical 
point in Example 2 
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[EXAMPLE 1 | A Stable Critical Point 


Show that (0, 0) is a stable critical point of the nonlinear plane autonomous system 


x'—-—y-xVx +y 
y =х- ум? + у? 


considered in Example 6 of Section 10.1. 


SOLUTION In Example 6 of Section 10.1 we showed that in polar coordinates 
r= 1/(ї + с), 0 = t + cris the solution of the system. If X(0) = (ro, о) is the initial 
condition in polar coordinates, then 

ro 


po у 0 = 1 + Op. 
rot + 1 


Note that r = ro for t = 0, and r approaches (0, 0) as t increases. Therefore, given 
p > 0, a solution that starts less than p units from (0, 0) remains within p units of the 
origin for all t = 0. Hence the critical point (0, 0) is stable and is in fact asymptoti- 
cally stable. A typical solution is shown in Figure 10.3.3. 


[EXAMPLE 2 | An Unstable Critical Point 


When expressed in polar coordinates, a plane autonomous system takes the form 


d 
3790-2 
40 _ 
dt 


Show that (x, y) = (0, 0) is an unstable critical point. 


SOLUTION Since x = r cos 0 and y = r sin Ө, we have 


dx . dð dr 
— = —rsinO + — cos0 
dt dt dt 


dO dr 
= + ——5їпб. 
r cos du sin Ө 


From dr/dt — 0.05r(3 — r) we see that dr/dt — 0 when r — 0 and can conclude that 
(x, y) = (0, 0) is a critical point by substituting r = 0 into the new system. 

The differential equation dr/dt = 0.05r(3 — r) is a logistic equation that can 
be solved by using either separation of variables or equation (5) in Section 3.2. If 
r(0) = ro and ro = 0, then 

Е 3 
к= ILS 


where со = (3 — ro)/ro. Since lim — 3, it follows that no matter how 
too 


1+ coe 915 


close to (0, 0) a solution starts, the solution will leave a disk of radius 1 about the 
origin. Therefore (0, 0) is an unstable critical point. A typical solution that starts near 
(0, 0) is shown in Figure 10.3.4. BH 


LINEARIZATION It is rarely possible to determine the stability of a critical point 
of a nonlinear system by finding explicit solutions, as in Examples 1 and 2. Instead, 
we replace the term g(X) in the original autonomous system X' — g(X) by a linear 
term A(X — X) that most closely approximates g(X) in a neighborhood of Х|. This 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


408 СНАРТЕВ 10 SYSTEMS OF NONLINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


FIGURE 10.3.5 In Example 3, 7/4 is 
asymptotically stable and 57/4 is unstable 


replacement process, called linearization, will be illustrated first for the first-order 
differential equation x’ = g(x). 

An equation of the tangent line to the curve y= g(x) at x =x, is 
у = g(x) + g'Ga)(x — xı), and if x, is a critical point of x’ = g(x), we have 
x' = g(x) = g'(xi)(x — xj) since g(x,) = 0. The general solution to the linear 
differential equation x’ = g'(x,)(x — xi) is x = x + ce", where A, = g'(x). Thus 
if g'(x) < 0, then x(t) approaches ху. Theorem 10.3.1 asserts that the same behav- 
ior occurs in the original differential equation, provided that x(0) = хо is selected 
close enough to x. 


| Let xı be a critical point of the autonomous first-order differential equation 


x' = g(x), where g is differentiable at xı. 


(a) If g'(x) < 0, then x; is an asymptotically stable critical point. 
(b) If g'(x) > 0, then x; is an unstable critical point. 


[EXAMPLE 3 | Stability in a Nonlinear First-Order DE 


Both x = 7/4 and x = 57/4 are critical points of the autonomous differential 
equation x’ = cos x — sin x. This differential equation is difficult to solve explic- 
itly, but we can use Theorem 10.3.1 to predict the behavior of solutions near these 
two critical points. 

Since g'(x) = —sin x — cos x, g'(7/4) = —V2 < 0 and g'(57/4) = V2 > 0. 
Therefore x = 7/4 is an asymptotically stable critical point, but x = 57/4 is unsta- 
ble. In Figure 10.3.5 we used a numerical solver to investigate solutions that start 
near (0, 7/4) and (0, 57/4). Observe that solution curves that start close to 
(0, 57/4) quickly move away from the line x = 51/4, as predicted. Е 


[EXAMPLE 4 Stability Analysis of the Logistic DE 


Without solving explicitly, analyze the critical points of the logistic differential 


a P F oe 
equation (see Section 3.2) x’ = КХК — x), where r and К are positive constants. 


SOLUTION The two critical points are x = 0 and x = К, so from g'(x) = r(K — 2x)/K 
we get g'(0) = r and g'(K) = —r. By Theorem 10.3.1 we conclude that x = 0 is an 
unstable critical point and x = K is an asymptotically stable critical point. | 


JACOBIAN MATRIX A similar analysis may be carried out for a plane auto- 
nomous system. An equation of the tangent plane to the surface z = g(x, y) at 
X; = (xı, у) is 


д 
gwsa l (у-у), 


98 
z= gx, у) + = 
Gu. y) ду|(х у) 


Ox 


and g(x, y) can be approximated by its tangent plane in a neighborhood of Xj. 
When X; is a critical point of a plane autonomous system, P(x), y1) = О(ху, у) = 0, 
and we have 


А oP ӘР 
x’ = Р(х,у) = = (x — x1) + = (у= у 
OX о, y) ду Гот, y) 
; dQ ðQ 
у= QG у) = — =) t- (y = yp. 
OX |(х\, yn OY |(х,у) 
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The original system X' = g(X) may be approximated in a neighborhood of the crit- 
ical point X, by the linear system X' = A(X — X4), where 


ЗР af 

ks Ӧх |, у) У |0, yn 
a0 30 
OX |Œ y1) ду (х1, y) 


This matrix is called the Jacobian matrix at X, and is denoted by g'(X). If we 
let H = X — Х|, then the linear system X' = A(X — Xj) becomes Н’ = AH, 
which is the form of the linear system that we analyzed in Section 10.2. The critical 
point X = X, for X’ = A(X — Xj) now corresponds to the critical point Н = 0 for 
H' — AH. If the eigenvalues of A have negative real parts, then by Theorem 10.2.1, 
0 is an asymptotically stable critical point for H' — AH. If there is an eigenvalue 
with positive real part, Н = 0 is an unstable critical point. Theorem 10.3.2 asserts 
that the same conclusions can be made for the critical point X, of the original system. 


| Let X, be a critical point of ће plane autonomous system X' = g(X), where 


Р(х, y) and Q(x, y) have continuous first partials in a neighborhood of Х|. 


(a) If the eigenvalues of A = g'(X,) have negative real part, then X, is an 
asymptotically stable critical point. 

(b) If A = g'(Xj) has an eigenvalue with positive real part, then X, is an unstable 
critical point. 


[EXAMPLE 5 | Stability Analysis of Nonlinear Systems 


Classify (if possible) the critical points of each of the following plane autonomous 
systems as stable or unstable: 


(а) x = 2 +y – 6 (b) x’ = 0.01x(100 — x — y) 
у= № - у y' = 0.05у(60 — у — 0.2x) 


SOLUTION The critical points of each system were determined in Example 4 of 
Section 10.1. 


(a) The critical points are (V2, 2) and (-V2, 2), the Jacobian matrix is 


: | [2х 2y 
goo- [2 2 
and so 
м=в(М®ў-(дд i) m melovial- (s 1) 


Since the determinant of А | is negative, A, has a positive real eigenvalue. Therefore 
(№2, 2) is an unstable critical point. Matrix A» has a positive determinant and a 
negative trace, so both eigenvalues have negative real parts. It follows that (—\/2, 2) 
is a stable critical point. 


(b) The critical points are (0, 0), (0, 60), (100, 0), and (50, 50), the Jacobian matrix is 


0.01(100 — 2x — y) —0.01x 


, X = 
в ОО) —0.01у 0.05(60 — 2y — 02у)/ 
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J х 


TEN | J 
=2 =j » 


FIGURE 10.3.6 (— V2, 2) appears to be a 
stable spiral point 


and so 
, NIE a _ 0.4 0 
^ - a (0.0) - (^ ; Аз = g'((0, 60)) Ё M 
[71 -1 "T E —0.5 -—0.5 
As = (100.0) =[ 0 ; A4 — g'((50, 50)) ee E 


Since the matrix A, has a positive determinant and a positive trace, both eigenvalues 
have positive real parts. Therefore (0, 0) is an unstable critical point. The determi- 
nants of matrices А» and Аз are negative, so in each case, one of the eigenvalues 
is positive. Therefore both (0, 60) and (100, 0) are unstable critical points. Since 
the matrix A4 has a positive determinant and a negative trace, (50, 50) is a stable 
critical point. m 


In Example 5 we did not compute 7? — 4А (as in Section 10.2) and attempt to 
further classify the critical points as stable nodes, stable spiral points, saddle points, 
and so on. For example, for X, — (-V2, 2) in Example 5(a), T) — 4A <0, and if 
the system were linear, we would be able to conclude that X, was a stable spiral 
point. Figure 10.3.6 shows several solution curves near X, that were obtained with a 
numerical solver, and each solution does appear to spiral in toward the critical point. 


CLASSIFYING CRITICAL POINTS  Itis natural to ask whether we can infer more 
geometric information about the solutions near a critical point X, of a nonlinear 
autonomous system from an analysis of the critical point of the corresponding 
linear system. The answer is summarized in Figure 10.3.7, but you should note the 
following comments. 


(i) In five separate cases (stable node, stable spiral point, unstable spiral point, 
unstable node, and saddle) the critical point may be categorized like the 
critical point in the corresponding linear system. The solutions have the 
same general geometric features as the solutions to the linear system, and 
the smaller the neighborhood about Х|, the closer the resemblance. 


(ii) IfT?- АА and 7 > 0, the critical point X, is unstable, but in this 
borderline case we are not yet able to decide whether X, is an unstable 
spiral, unstable node, or degenerate unstable node. Likewise, if 1? — 4A 


At 
stable unstable 7) = 4A 
spiral spiral 
? ? ? 
stable node ` / unstable node 
2 2 ? La 
N T2 — 4A « 0 A 
md E ? 9' unstable 
? ? м 4 9 Zz ? - 
s 
saddle 
A 


FIGURE 10.3.7 Geometric summary of some conclusions (see (i)) and some 
unanswered questions (see (ii) and (iii)) about nonlinear autonomous systems 
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and 7 < 0, the critical point X, is stable but may be either a stable spiral, a 
stable node, or a degenerate stable node. 

(iii) If T = 0 and A > 0, the eigenvalues of A = g'(X) are pure imaginary and 
in this borderline case X, may be either a stable spiral, an unstable spiral, 
or a center. It is therefore not yet possible to determine whether X, is 
stable or unstable. 


[EXAMPLE 6 | Classifying Critical Points of a Nonlinear System 


Classify each critical point of the plane autonomous system in Example 5(b) as a sta- 
ble node, a stable spiral point, an unstable spiral point, an unstable node, or a saddle 
point. 


SOLUTION For the matrix A, corresponding to (0, 0), A = 3,7 = 4, so T? — 4A = 4. 
Therefore (0, 0) is an unstable node. The critical points (0, 60) and (100, 0) are 
saddles, since A < 0 in both cases. For matrix Ay, A > 0, 7 < 0, and т^ — 4A > 0. 
It follows that (50, 50) is a stable node. Experiment with a numerical solver to verify 
these conclusions. B 


[EXAMPLE 7 | Stability Analysis for a Soft Spring 


Recall from Section 5.3 that the second-order differential equation 
mx" + kx + ky = 0, for k > 0, represents a general model for the free, undamped 
oscillations of a mass m attached to a nonlinear spring. If k = 1 and kı = —1, 
the spring is called soft, and the plane autonomous system corresponding to the 
nonlinear second-order differential equation x” + x — х? = 015 


у= х - х. 


Find and classify (if possible) the critical points. 


SOLUTION Since x? — x = x(x? — 1), the critical points are (0, 0), (1, 0), and 
(— 1, 0). The corresponding Jacobian matrices are 


0 


1 0 1 
1 i} A2 = 2 (1,0) = в'((—1,0)) = | | 


A, = g'((0,0) = 

1 = g'((0, 0) L е 
Since det Ay < 0, critical points (1, 0) and (— 1, 0) are both saddle points. The eigen- 
values of matrix A; are +i, and according to comment (iii), the status of the critical 
point at (0, 0) remains in doubt. It may be either a stable spiral, an unstable spiral, or 
a center. 


THE PHASE-PLANE METHOD The linearization method, when successful, can 
provide useful information on the local behavior of solutions near critical points. It is 
of little help if we are interested in solutions whose initial position X(0) = Xo is not 
close to a critical point or if we wish to obtain a global view of the family of solution 
curves. The phase-plane method is based on the fact that 


dy dy/dt Об, у) 
dx  dx/dt | P(x, y) 


and attempts to find y as a function of x using one of the methods available for solv- 
ing first-order differential equations (Chapter 2). As we show in Examples 8 and 9, 
the method can sometimes be used to decide whether a critical point such as (0, 0) in 
Example 7 is a stable spiral, an unstable spiral, or a center. 
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FIGURE 10.3.8 Phase portrait of 
nonlinear system in Example 8 


ыт 


FIGURE 10.3.9 Phase portrait of 
nonlinear system in Example 9 


[EXAMPLE 8 “3 Phase-Plane Method 


Use the phase-plane method to classify the sole critical point (0, 0) of the plane 
autonomous system 


pev 


yer. 


SOLUTION The determinant of the Jacobian matrix 


: {0 2y 
вою (0 7 


is О at (0, 0), so the nature of the critical point (0, 0) remains in doubt. Using ће 
phase-plane method, we obtain the first-order differential equation 


dy dy/d x 


dx  dx/dt у” 


which can be easily solved by separation of variables: 


[>=] га ог у= + с. 


If X(0) = (0, yo), it follows that y? = x? + y§ or y = Vd + yo. Figure 10.3.8 shows 
a collection of solution curves corresponding to various choices for yo. The nature of 
the critical point is clear from this phase portrait: No matter how close to (0, 0) the 
solution starts, X(t) moves away from the origin as ¢ increases. The critical point at 
(0, 0) is therefore unstable. ш 


[EXAMPLE 9 | Phase-Plane Analysis of a Soft Spring 


Use the phase-plane method to determine the nature of the solutions tox” + x — х? = 0 
in a neighborhood of (0, 0). 


SOLUTION If we let dx/dt = y, then dy/dt = x? — x. From this we obtain the first- 
order differential equation 

dy dy/dt »*-x 

dx dx/dt у? 


which can be solved by separation of variables. Integrating 


2 x4 2 


[»a- [ie - 94 gives wo cds 


After completing the square, we can write the solution as y? = 102 — 1) + со. If 
X(0) = (xo, 0), where 0 < xo < 1, then co = —$(x3 — 1), and so 


2 € -1? (0-10 (02-0 — ЖО – х) 
2 2 2 | 


Note that у = 0 when x = —xọ. In addition, the right-hand side is positive when 
—xo < x < xo, so each x has two corresponding values of у. The solution X = X(f) 
that satisfies X(0) = (xo, 0) is therefore periodic, so (0, 0) is a center. 

Figure 10.3.9 shows a family of solution curves, or phase portrait, of the original 
system. We used the original plane autonomous system to determine the directions 
indicated on each trajectory. EH 
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EXERCISES 1 0.3 Answers to selected odd-numbered problems begin on page ANS-18. 


1. Show that (0, 0) is an asymptotically stable critical point of the 
nonlinear autonomous system 


x = ах -– Ву + у? 
у = Bx + ay — xy 


when о < 0 and an unstable critical point when a > 0. 
[Hint: Switch to polar coordinates.] 


2. When expressed in polar coordinates, a plane autonomous 
system takes the form 


» 
— = ar(5 — р) 


dt 
d0 
— = –1. 

ағ 

Show that (0, 0) is an asymptotically stable critical point if and 
only if a < 0. 


In Problems 3-10, without solving explicitly, classify the critical 
points of the given first-order autonomous differential equation as 
either asymptotically stable or unstable. All constants are assumed 
to be positive. 


dx dx x 
= +1- =, x> 
3 di kx (n  1— x) 4 di kxIn v, x20 

dT dv 
.— —Kk(T—- Т — = —k 
5 di ( 0) 6 m mg v 
==) te 
Ua (a —x(B—x. а> В 

dx 
mos "OMS x(B-x(y-»x, «>В>у 

P 
9. = P(a – bP) — cP™'), P>0,a<be 


dA 
10. 7 = КУА K – VA), А>0 


In Problems 11—20 classify (if possible) each critical point of the 
given plane autonomous system as a stable node, a stable spiral point, 
an unstable spiral point, an unstable node, or a saddle point. 


11. x’ 21 — 2xy 12. x =x -y -1 
у' = 2ху – у y = 2у 
13.x'-y-x42 14. x! 22x y? 
y = 2ху – у y = –у + ху 
15. x! = —3x + y +2 16. x = ху - Зу — 4 
у= 22 у? у= у2 = х2 
17. x! = —2ху 18. x' 2 x(1 — xX? — Зу?) 
аА у= у3 — 5 — Зу?) 


19. х' = x(10 — x — 1) 20. x’ = —2x + y + 10 
y 


yt5 


у =у(16-у- х) y =2x-y-15 


In Problems 21—26 classify (if possible) each critical point of the 
given second-order differential equation as a stable node, a stable 
spiral point, an unstable spiral point, an unstable node, or a saddle 


point. 
21. 0" = (cos 0 — 0.5) sin Ө, |0| < v 


22. x" + x «(1 - 3w P)x —? 


23. x! - x'(1—53)—- x20 


24. x" +4 


25. x! +x = ex fore >0 


d 
26. x" + x — ex|x| = 0 fore > 0 |t: uc |х| = n 
x 
27. Show that the nonlinear second-order differential equation 
(1 + a2x?)x" + (B + o?(x')x = 0 


has a saddle point at (0, 0) when 8 < 0. 


28. Show that the dynamical system 


x! 


ll 


—X xy 

у =1- Ву- № 

has a unique critical point when aß > 1 and that this critical 
point is stable when B > 0. 


29. (a) Show that the plane autonomous system 


х= -х+у- 0 


fa yp 
has two critical points by sketching the graphs of 
х y — xX =Oand —x — у + y? = 0. Classify the 


critical point at (0, 0). 


(b) Show that the second critical point 
X, = (0.88054, 1.56327) is a saddle point. 


30. (a) Show that (0, 0) is the only critical point of Raleigh’s 
differential equation 


x" 4 ea» x’) +x = 0. 
(b) Show that (0, 0) is unstable when e > 0. When is (0, 0) an 


unstable spiral point? 


(c) Show that (0, 0) is stable when e < 0. When is (0, 0) a 
stable spiral point? 


(d) Show that (0, 0) is a center when e = 0. 


31. Use the phase-plane method to show that (0, 0) is a center of 
the nonlinear second-order differential equation x" + 2x? = 0. 


32. Use the phase-plane method to show that the solution to the 
nonlinear second-order differential equation x" + 2x — x? = 0 
that satisfies x(0) = 1 and x'(0) = 0 is periodic. 
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33. (a) Find the critical points of the plane autonomous system 


x! = 2xy 


y-1-xcy, 


and show that linearization gives no information about the 
nature of these critical points. 


(b) Use the phase-plane method to show that the critical points 
in (a) are both centers. 


[Hint: Let u = у?/х and show that (x — с)? + y 29-1] 


34. The origin is the only critical point of the nonlinear second- 
order differential equation x" + (x)? + x = 0. 


(a) Show that the phase-plane method leads to the Bernoulli 
1 


differential equation dy/dx = —y = xy !. 
(b) Show that the solution satisfying x(0) — 5 and x'(0) = Ois 
not periodic. 


35. A solution of the nonlinear second-order differential equation 
x" + x — x? = 0 satisfies x(0) = 0 and x'(0) = vo. Use the 
phase-plane method to determine when the resulting solution is 
periodic. [Hint: See Example 9.] 


36. The nonlinear differential equation x” + x = 1 + ex? arises in 
the analysis of planetary motion using relativity theory. Classify 
(if possible) all critical points of the corresponding plane 
autonomous system. 


37. When a nonlinear capacitor is present in an LRC-circuit, the 
voltage drop is no longer given by q/C but is more accurately 


described by ag + Bq?, where а and f are constants and a > 0. 


Differential equation (34) of Section 5.1 for the free circuit is 
then replaced by 


aq + Ва? = 0. 


Find and classify all critical points of this nonlinear differential 
equation. [Hint: Divide into the two cases В > 0 and B < 0.] 


10.4 
Models 


CHAPTER 10 SYSTEMS OF NONLINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


38. The nonlinear equation mx” + kx + kx? = 0, for k > 0, 
represents a general model for the free, undamped oscillations 
of a mass m attached to a spring. If kı > 0, the spring is called 
hard (see Example 1 in Section 5.3). Determine the nature of 
the solutions to x” + x + x? = 0 in a neighborhood of (0, 0). 


39. The nonlinear equation 0" + sin 0 = 5 can be interpreted as a 
model for a certain pendulum with a constant driving function. 


(a) Show that (77/6, 0) and (57/6, 0) are critical points of the 
corresponding plane autonomous system. 


(b) Classify the critical point (577/6, 0) using linearization. 


(c) Use the phase-plane method to classify the critical 
point (7/6, 0). 


Discussion Problems 


40. (a) Show that (0, 0) is an isolated critical point of the nonlinear 
autonomous system 


x -—x-— 2xy? 
y = 20у - yt 


but that linearization of the system gives no useful informa- 
tion about the nature of this critical point. 


(b) Use the phase-plane method to show that x? + y? = Зсху. 
This classic curve is called a folium of Descartes. 


Parametric equations for a folium are 


= 


3ct Зс? 


xc 3 
1+2 


E 


[Hint: The differential equation in x and y is homogeneous.] 


(c) Use graphing software or a numerical solver to graph 
solution curves. Based on your graphs, would you classify 
the critical point as stable or unstable? Would you classify 
the critical point as a node, saddle point, center, or spiral 
point? Explain. 


Autonomous Systems as Mathematical 


INTRODUCTION Many applications from physics give rise to nonlinear autono- 
mous second-order differential equations—that is, DEs of the form x" = g(x, x’). 
For example, in the analysis of free damped motion of Section 5.1 we assumed 
that the damping force was proportional to the velocity x', and the resulting model 


mx" = —Bx' — kx is a linear differential equation. But if the magnitude of the 
damping force is proportional to the square of the velocity, the new differential 
equation mx" — —fx'|x'| — kx is nonlinear. The corresponding plane autonomous 


system is nonlinear: 


hod k 


-E y - as 


< 
II 
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FIGURE 10.4.1 (0, 0) is stable and (7, 0) 
is unstable 


FIGURE 10.4.2 Phase portrait of 
pendulum; wavy curves indicate that the 
pendulum is whirling about its pivot 


10.4 AUTONOMOUS SYSTEMS AS MATHEMATICAL MODELS 415 


In this section we will also analyze the nonlinear pendulum, motion of a bead on a 
curve, the Lotka-Voterra predator-prey models, and the Lotka-Volterra competition 
model. Additional models are presented in this exercises. 


NONLINEAR PENDULUM In (6) of Section 5.3 we showed that the displace- 
ment angle Ө for a simple pendulum satisfies the nonlinear second-order differential 
equation 

d?0 

Er a 3 sin 0 = 0. 

dt 1 
When we let x = 0 and у = 6’, this second-order differential equation may be rewrit- 
ten as the dynamical system 


x =y 


[А 


—À sin x 
y І . 
The critical points are (+ т, 0), and the Jacobian matrix is easily shown to be 


0 1 


(кт, 0) =| ig |. 
(=) І 0 


Ifk = 2n + 1, then A < 0, and so all critical points (+ (2n + 1)7, 0) are saddle points. 
In particular, the critical point at (7r, 0) is unstable as expected. See Figure 10.4.1. 
When К = 2n, the eigenvalues are pure imaginary, and so the nature of these critical 
points remains in doubt. Since we have assumed that there are no damping forces act- 
ing on the pendulum, we expect that all of the critical points (+2n7,, 0) are centers. 
This can be verified by using the phase-plane method. From 


dy | dy/dt g sinx 
dx dx/dt 1 у 


it follows that y? = (2е/) cos x + c. If X(0) = (xo, 0), then y? = (2g/D(cos x — cos xo). 
Note that y = 0 when x = —x and that (2g/I)(cos x — cos xo) > 0 for |x| < |xo| < т. 
Thus each such x has two corresponding values of y, so the solution X = X(¢) that 
satisfies X(0) = (xo, 0) is periodic. We may conclude that (0, 0) is a center. Observe that 
x = 0 increases for solutions that correspond to large initial velocities, such as the one 
drawn in red in Figure 10.4.2. In this case the pendulum spins or whirls in complete 
circles about its pivot. 


[EXAMPLE 1 | Periodic Solutions of the Pendulum DE 


A pendulum in an equilibrium position with 0 = 0 is given an initial angular 
velocity of wo rad/s. Determine the conditions under which the resulting motion is 
periodic. 


SOLUTION We are asked to examine the solution of the plane autonomous system 
that satisfies X(0) = (0, wo). From y? = (2g/1) cos x + c it follows that 


2g l 


To establish that the solution X(t) is periodic, it is sufficient to show that there 
are two x-intercepts x = +xọ between —7 and т and that the right-hand side 15 
positive for |x| < |х|. Each such x then has two corresponding values of y. 
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FIGURE 10.4.3 Some forces acting on 
sliding bead 


If y = 0, cos x = 1 — (//2g)w#, and this equation has two solutions x = xo 
between —7 and т, provided that 1 — (1/2g)c > — 1. Note that (2¢/2)(cos x — cos xo) 
is then positive for |x| < |xo|. This restriction on the initial angular velocity may be 
written as |wo| < 2 g/l. 


NONLINEAR OSCILLATIONS: THE SLIDING BEAD Suppose, as shown in 
Figure 10.4.3, that a bead with mass m slides along a thin wire whose shape is 
described by the function z — f(x). A wide variety of nonlinear oscillations can be 
obtained by changing the shape of the wire and by making different assumptions 
about the forces acting on the bead. 

The tangential force F due to the weight W — mg has magnitude mg sin 0, and 
therefore the x-component of F 15 Fy = —mg sin 0 cos 0. Since tan 0 = f'(x), we may 
use the identities 1 + (ап20 = sec?0 and ѕіп20 = 1 — cos?0 to conclude that 


ae fO 
NETZ 


F, = —mg sin 0 cos 0 = 


We assume (as in Section 5.1) that a damping force D, acting in the direction oppo- 
site to the motion, is a constant multiple of the velocity of the bead. The x-component 
of D is therefore D, = — Bx'. If we ignore the frictional force between the wire and 
the bead and assume that no other external forces are impressed on the system, it 
follows from Newton's second law that 


" Ро) | 
тх mg xcd cu 
| t [700] 
and the corresponding plane autonomous system is 
х' =у 
; Ро) В 


ELH m” 


If X; = (xi, yı) is a critical point of the system, у = 0, and therefore f'(x) = 0. 
The bead must therefore be at rest at a point on the wire where the tangent line is 
horizontal. When fis twice differentiable, the Jacobian matrix at X, is 


«o -( 0 1 | 
БОМ T| „лу —В/т/ 


so T= —B/m, A = gf"(xi), and 7? — 4A = B?/m? — Agf"(xi). Using the results of 
Section 10.3, we can make the following conclusions: 


Q) f'(x)«90: 
A relative maximum therefore occurs at x = xi, and since А < 0, an 
unstable saddle point occurs at X, = (x1, 0). 

(ii) f"(xj) > 0 and B > 0: 
A relative minimum therefore occurs at x = x4, and since 7 < 0 and 
A > 0, X, = (ху, 0) is a stable critical point. If B? > 4gmf"(x), 
the system is overdamped, and the critical point is a stable node. If 
B? < Agm?f" (xi), the system is underdamped, and the critical point is a 
stable spiral point. The exact nature of the stable critical point is still in 
doubt if B? = 4gm?f"(x). 

(iii) ]"(ху) > О and the system is undamped (В = 0): 
In this case the eigenvalues are pure imaginary, but the phase-plane 
method can be used to show that the critical point is a center. Therefore 
solutions with X(0) = (x(0), x'(0)) near X, = (xi, 0) are periodic. 
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et [EXAMPLE 2 | Bead Sliding Along a Sine Wave 


A 10-gram bead slides along the graph of z = sin x. According to conclusion (її), 
the relative minima at xy = — 1/2 and 37/2 give rise to stable critical points. See 
Figure 10.4.4. Since f"(—a/2) = f"(37/2) = 1, the system will be underdamped 
provided that 8? < 4ет?. If we use SI units, m = 0.01 kg and g = 9.8 m/s’, then the 
condition for an underdamped system becomes 37 < 3.92 x 107°. 

If 8 = 0.01 is the damping constant, then both of these critical points 
are stable spiral points. The two solutions corresponding to initial conditions 
X(0) = (x(0), x'(0)) = (—2т, 10) and X(0) = (—27, 15), respectively, were 


FIGURE 10.4.4 — 7/2 and 37/2 are obtained by using a numerical solver and are shown in Figure 10.4.5. When 
stable in Example 2 x'(0) = 10, the bead has enough momentum to make it over the hill at x = —37/2 
but not over the hill at x — 7/2. The bead then approaches the relative minimum 
based at x = —7/2. If x'(0) = 15, the bead has the momentum to make it over 


both hills, but then it rocks back and forth in the valley based at x = 37/2 and ap- 
proaches the point (37/2, — 1) on the wire. Experiment with other initial conditions 
using your numerical solver. 

Figure 10.4.6 shows a collection of solution curves obtained from a numerical 
solver for the undamped case. Since 8 = 0, the critical points corresponding to 
xı = —т/2 and 37/2 аге now centers. When X(0) = (—277, 10), the bead has 
sufficient momentum to move over all hills. The figure also indicates that when 
=, | | J the bead is released from rest at a position on the wire between x = —37/2 and 

=T T x = 7/2, the resulting motion is periodic. ш 


FIGURE 10.4.5 В = 0.01 in Example 2 

LOTKA-VOLTERRA PREDATOR-PREY MODEL A predator-prey interaction 
between two species occurs when one species (the predator) feeds on a second spe- 
cies (the prey). For example, the snowy owl feeds almost exclusively on a common 
arctic rodent called a lemming, while a lemming uses arctic tundra plants as its 
food supply. Interest in using mathematics to help explain predator-prey interac- 
tions has been stimulated by the observation of population cycles in many arctic 
mammals. In the MacKenzie River district of Canada, for example, the principal 
prey of the lynx is the snowshoe hare, and both populations cycle with a period of 
about 10 years. 

There are many predator-prey models that lead to plane autonomous systems 
with at least one periodic solution. The first such model was constructed inde- 
FIGURE 10.4.6 8 = 0 in Example 2 pendently by pioneer biomathematicians Arthur Lotka (1925) and Vito Volterra 

(1926). If x denotes the number of predators and y denotes the number of prey, then 
the Lotka-Volterra model takes the form 


х' = —ax + bxy = х(—а + by) 
у' = —сху + dy = у(—сх + d), 


where a, b, c, and d are positive constants. 

Note that in the absence of predators (x = 0), y’ = dy, and so the number of prey 
grows exponentially. In the absence of prey, x’ = —ax, and so the predator popula- 
tion becomes extinct. The term —cxy represents the death rate due to predation. The 
model therefore assumes that this death rate is directly proportional to the number of 
possible encounters xy between predator and prey at a particular time f, and the term 
bxy represents the resulting positive contribution to the predator population. 

The critical points of this plane autonomous system are (0, 0) and (d/c, a/b), 
and the corresponding Jacobian matrices are 


—a 0 0 bd/c 
A; = g'((0,0) = d A» = g'((d/c, a/ b)) = . 
1 = g'(0, 0)) | 0 | ап 2 = g'((d/c, а/Ь)) А 0 | 
x 
predators .. Р . . . . 
The critical point at (0, 0) is a saddle point, and Figure 10.4.7 shows a typical 
FIGURE 10.4.7 Solutions near (0, 0) profile of solutions that are in the first quadrant and near (0, 0). 
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graph of G(y) 


(b) maximum of G at y = a/b 


FIGURE 10.4.8 Graphs of F and G help 
to establish properties (1)-(3) 
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FIGURE 10.4.9 Periodic solution of the 
Lotka-Volterra model 
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FIGURE 10.4.10 Phase portrait of the 
Lotka-Volterra model in Example 3 


Because the matrix А» has pure imaginary eigenvalues А = + Vad i, the criti- 
cal point (d/c, a/b) may be a center. This possibility can be investigated by using 
the phase-plane method. Since 


dy  y(—cx + d) 
dx  x(—a- by) 


we separate variables and obtain 


—alny + by = =сх+ dlnx + ci or (xde *)(y*e 9") = co. 


The following argument establishes that all solution curves that originate in the first 
quadrant are periodic. 

Typical graphs of the nonnegative functions F(x) = xe ^ and GO) = у“е7° 
are shown in Figure 10.4.8. It is not hard to show that F(x) has an absolute maximum 
at x — d/c, whereas G(y) has an absolute maximum at y — a/b. Note that with the 
exception of 0 and the absolute maximum, F and С each take on all values in their 
range precisely twice. 

These graphs can be used to establish the following properties of a solution 
curve that originates at a noncritical point (xo, yo) in the first quadrant: 


(i) If y = a/b, the equation F(x)G(y) = co has exactly two solutions Xm and 
хм that satisfy xm < d/c < xy. 

(ii) If x, < x, € xy and x = ху, then F(x)G(y) = co has exactly two solutions 
yı and y» that satisfy y; < a/b < y». 

(iii) If x is outside the interval [x,,, хм], then F(x)G(y) = co has no solutions. 


We will give the demonstration of (i) and outline parts (ii) and (iii) in the exer- 
cises. Since (xo, yo) # (d/c, a/b), Е(хо)С(уо) < F(d/c)G(a/b). If y = a/b, then 


CQ F(xg9G(yo _ F(d/c)G(a/b) 
< = < 
G(a/b)  G(a/b) G(a/b) 


0 = F(d/c). 


Therefore F(x) = co/G(a/b) has precisely two solutions Xm and xy that satisfy 
Xm < d/c < xy. The graph of a typical periodic solution is shown in Figure 10.4.9. 


[EXAMPLE З | Predator-Prey Population Cycles 


If we let a = 0.1, b = 0.002, c = 0.0025, and d = 0.2 in the Lotka- Volterra predator- 
prey model, the critical point in the first quadrant is (d/c,a/b) = (80, 50), and we know 
that this critical point is a center. See Figure 10.4.10, in which we have used a numer- 
ical solver to generate these cycles. The closer the initial condition Xo is to (80, 50), 
the more the periodic solutions resemble the elliptical solutions to the corresponding 
linear system. The eigenvalues of g'((80, 50)) are A = * Vad i = V2 /10 i, and 
so the solutions near the critical point have period p ~ 10 V27, or about 44.4. Bi 


LOTKA-VOLTERRA COMPETITION MODEL A competitive interaction occurs 
when two or more species compete for the food, water, light, and space resources 
of an ecosystem. The use of one of these resources by one population therefore 
inhibits the ability of another population to survive and grow. Under what con- 
ditions can two competing species coexist? A number of mathematical models 
have been constructed that offer insights into conditions that permit coexistence. If 
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(b) араз 71 


FIGURE 10.4.11 Two conditions when 
critical point (х, У) is in the first quadrant 
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x denotes the number in species I and y denotes the number in species II, then the 
Lotka- Volterra model takes the form 
‚ a 
x= Eo — x — 0125) 
А а) 
= к„?® = y — ax). 


ГА 


У 


Note that іп the absence of species П (у = 0), x’ = (r;/K,)x(K, — х), and so 
the first population grows logistically and approaches the steady-state population Kı 
(see Section 3.3 and Example 4 in Section 10.3). A similar statement holds for 
species II growing in the absence of species I. The term —o»,xy in the second equa- 
tion stems from the competitive effect of species I on species II. The model therefore 
assumes that this rate of inhibition is directly proportional to the number of possible 
competitive pairs xy at a particular time f. 

This plane autonomous system has critical points at (0, 0), (Kj, 0), and (0, К). 
When «дозу # 0, the lines Кү — x — ару = 0 and К — y — aix = 0 intersect to 
produce a fourth critical point X-, У). Figure 10.4.11 shows the two conditions 
under which (X, y) is in the first quadrant. The trace and determinant of the Jacobian 
matrix at (£, y) are, respectively, 
r2 


=-xy— } and А = (1 – хӯ . 
T d. ura (1 — a12051)Xy К.К; 


In case (a) of Figure 10.4.11, Ki/ay2 > К and K»y/a2, > Ki. It follows that 
01205, < 1, T < 0, and A > 0. Since 


2 
LV LE ogee ю MEL 
т“ — 4А = iex + 4(о зоо = Ixy 
| Ki 2 КК 
Мо Бад a. Р 
у= Q12021Xy 7, 
| B p Кок, 


T? — ДА > 0, and so (Å, ў) is a stable node. Therefore if X(0) = Xo is sufficiently 
close to X — (x, У), іт, Х( = Х, and we may conclude that coexistence is pos- 
sible. The demonstration that case (b) leads to a saddle point and the investigation of 
the nature of critical points at (0, 0), (КІ, 0), and (0, К) are left to the exercises. 

When the competitive interactions between two species are weak, both of the 
coefficients a} and аз will be small, so the conditions K;/a5 > Ky and K>/a2, > Kı 
may be satisfied. This might occur when there is a small overlap in the ranges of two 
predator species that hunt for a common prey. 


[EXAMPLE 4 | A Lotka-Volterra Competition Model 


A competitive interaction is described by the Lotka-Volterra competition model 
x’ = 0.004x(50 — x — 0.75y) 
y' = 0.001y(100 — y — 3.0»). 
Classify all critical points of the system. 
SOLUTION You should verify that critical points occur at (0, 0), (50, 0), (0, 100), 


and at (20, 40). Since едш» = 2.25 > 1, we have case (b) in Figure 10.4.11, so the 
critical point at (20, 40) is a saddle point. The Jacobian matrix is 


0.2 — 0.008x — 0.003y 
—0.003y 


—0.003x 


, X = 
в ОО 0.1 — 0.002у — 0.003x/" 
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and we obtain 


0.2 0 


g'((0, 0)) = | 0 01 


| g'((50, 0)) = | 
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=0.2  —0.15 


-01 0 
0  -0.05 | 


Therefore (0, 0) is an unstable node, whereas both (50, 0) and (0, 100) are stable 


nodes. (Check this!) 


Coexistence can also occur in the Lotka-Volterra competition model if there is at 
least one periodic solution that lies entirely in the first quadrant. It is possible to 
show, however, that this model has no periodic solutions. 


EXERGISES 1 0.4 Answers to selected odd-numbered problems begin on page ANS-18. 


Nonlinear Pendulum 


1. A pendulum is released at Ө = 7/3 and is given an initial 
angular velocity of wo rad/s. Determine the conditions under 
which the resulting motion is periodic. 


2. (a) If a pendulum is released from rest at 0 = 00, show that the 
angular velocity is again 0 when Ө = — д0. 


(b) The period T of the pendulum is the amount of time needed 
for 0 to change from 09 to — 0o and back to 09. Show that 


2L f 1 
T dé. 
8 J- Vcos 0 — cos 0o 
Sliding Bead 


3. A bead with mass rn slides along a thin wire whose shape is 
described by the function z = f(x). If X4 = (xi, yı) is a critical 
point of the plane autonomous system associated with the 
sliding bead, verify that the Jacobian matrix at X, is 


0 1 | 
—-gf'o) —В/т/ 
4. A bead with mass m slides along a thin wire whose shape is 
described by the function z = f(x). When f'(x1) = 0, f"(x1) > 0, 
and the system is undamped, the critical point X, = (xj, 0) is a 


center. Estimate the period of the bead when x(0) is near ху and 
x'(0) = 0. 


g(X)- | 


5. A bead is released from the position x(0) = хо on the curve 
z = x?/2 with initial velocity x'(0) = vo cm/s. 


(a) Use the phase-plane method to show that the resulting 
solution is periodic when the system is undamped. 

(b) Show that the maximum height zmax to which the bead rises 
is given by Zmax = Ies (1 t x) — 1]. 


6. Rework Problem 5 with z — cosh x. 


Predator-Prey Models 
7. Refer to Figure 10.4.9. If xmn < xı < xy and x = x, 
show that F(x)G(y) = co has exactly two solutions y; 
and y» that satisfy yı < a/b < y». [Hint: First show that 
GO) = co/ FG) < G(a/b).] 


8. From (i) and (iii) on page 418, conclude that the maximum 
number of predators occurs when y = a/b. 


9. In many fishery science models, the rate at which a species is 
caught is assumed to be directly proportional to its abundance. 
If both predator and prey are being exploited in this manner, the 
Lotka-Volterra differential equations take the form 


x’ = —ax + bxy — €x 


' 


у= —cxy + dy — у, 
where e; and e» are positive constants. 


(a) When e» « d, show that there is a new critical point in the 
first quadrant that is a center. 


(b) Volterra's principle states that a moderate amount of 
exploitation increases the average number of prey and 
decreases the average number of predators. Is this fisheries 
model consistent with Volterra's principle? 


10. A predator-prey interaction is described by the Lotka- Volterra 
model 


x’ = —0.1x + 0.02xy 
у = 0.2у — 0.025xy. 


(a) Find the critical point in the first quadrant, and use a 
numerical solver to sketch some population cycles. 


(b) Estimate the period of the periodic solutions that are close 
to the critical point in part (a). 


Competition Models 


11. A competitive interaction is described by the Lotka- Volterra 
competition model 


x' — 0.08x(20 — 0.4x — 0.3y) 
y' = 0.06» (10 — 0.1у — 0.3x). 
Find and classify all critical points of the system. 
12. In (1) show that (0, 0) is always an unstable node. 


13. In (1) show that (Kj, 0) is a stable node when Кү > K5/a»; and 
a saddle point when Кү < K3/a1. 
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14. Use Problems 12 and 13 to establish that (0, 0), (К\, 0), 
and (0, K2) are unstable when X = ($, y) is a stable node. 


15. In (1) show that X= (%, $) is a saddle point when Ку /оџо < К 


and K5/a51 < Ki. 


Additional Mathematical Models 


16. Damped Pendulum If we assume that a damping force 
acts in the direction opposite to the motion of a pendulum and 
with a magnitude directly proportional to the angular velocity 
d0/ dt, the displacement angle 0 for the pendulum satisfies the 
nonlinear second-order differential equation 


420 . аө 
mn = —mg sin 0 — В dr 


(a) Write the second-order differential equation as a plane 
autonomous system. Find all critical points of the system. 


10.4 AUTONOMOUS SYSTEMS AS MATHEMATICAL MODELS 


19. 


20. 


(b) Find a condition on т, l, and В that will make (0, 0) a stable 


spiral point. 


17. Nonlinear Damping In the analysis of free, damped 


motion in Section 5.1 we assumed that the damping force was 


proportional to the velocity x'. Frequently, the magnitude of this 


damping force is proportional to the square of the velocity, and 


the new differential equation becomes 


” B 


k 
x =- хи |х| — — х, 
т т 
(а) Write the second-order differential equation as a plane 
autonomous system, and find all critical points. 


(b) The system is called overdamped when (0, 0) is a stable 
node and is called underdamped when (0, 0) is a stable 


21. 


spiral point. Physical considerations suggest that (0, 0) must 


be an asymptotically stable critical point. Show that the 


d 
system is necessarily underdamped. [ z obl = 2 
у 


Discussion Problems 


18. A bead with mass m slides along a thin wire whose shape may 
be described by the function z = f(x). Small stretches of the 
wire act like an inclined plane, and in mechanics it is assumed 


that the magnitude of the frictional force between the bead and 


wire is directly proportional to mg cos Ө. See Figure 10.4.3. 


(a) Explain why the new differential equation for the 
x-coordinate of the bead is 


ye -fU В, 
#т+туәр m 


for some positive constant u. 


(b) Investigate the critical points of the corresponding plane 
autonomous system. Under what conditions is a critical 
point a saddle point? A stable spiral point? 


22. 


421 


An undamped oscillation satisfies a nonlinear second-order 
differential equation of the form x" + f(x) = 0, where f(0) = 0 
and xf(x) > 0 for x + 0 and —d < x < d. Use the phase-plane 
method to investigate whether it is possible for the critical point 
(0, 0) to be a stable spiral point. [Hint: Let F(x) — j fu) du 
and show that y? + 2F(x) = c.] 


The Lotka-Volterra predator-prey model assumes that in the 
absence of predators the number of prey grows exponentially. 
If we make the alternative assumption that the prey population 
grows logistically, the new system is 


01 


x’ = —ax + bxy 


E 
'= —exy + —y(K — у), 
y сху + gXK — у) 


where a, b, c, r, and К are positive and K > a/b. 


(a) Show that the system has critical points at (0, 0), (0, К), and 
(x, Ў), where y = a/b and 


r 
t=—(K—). 
cx ra y) 


(b) Show that the critical points at (0, 0) and (0, K) 
are saddle points, whereas the critical point at ($, ) is 
either a stable node or a stable spiral point. 


(c) Show that (3, y) is a stable spiral point if 
4bK? 


r+4bK 
carrying capacity K of the prey is large. 


y< Explain why this case will occur when the 


The dynamical system 


Cy 


+B 


aa x 
hay. 


arises in a model for the growth of microorganisms in a 
chemostat, a simple laboratory device in which a nutrient 

from a supply source flows into a growth chamber. In the 
system, x denotes the concentration of the microorganisms in 
the growth chamber, y denotes the concentration of nutrients, 
and a > 1 and В > 0 are constants that can be adjusted by the 
experimenter. Find conditions on o and £ that ensure that the 
system has a single critical point (X, y) in the first quadrant, and 
investigate the stability of this critical point. 


Use the methods of this chapter together with a numerical 
solver to investigate stability in the nonlinear spring/mass 
system modeled by 


x" + 8х = 68 - 3-0. 


See Problem 8 in Exercises 5.3. 
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СНАРТЕВ 10 SYSTEMS OF NONLINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


Chapter 10 In Review 


Answer Problems 1—10 without referring back to the text. Fill in the 


blank, or answer true or false. 


1 


10. 


11. 


. The second-order differential equation x" + f(x') + g(x) = 0 


can be written as a plane autonomous system. 


. If X = X(?) is a solution to a plane autonomous system and 


Х(т) = X(t) for t; = t», then X(f) is a periodic solution. 


. If the trace of the matrix A is О and det A = 0, then the critical 


point (0, 0) of the linear system X' = AX may be classified 
as 


. If the critical point (0, 0) of the linear system X' = AX is 
a stable spiral point, then the eigenvalues of A 
are 

. If the critical point (0, 0) of the linear system X' = AX isa 


saddle point and X = X(f) is a solution, then lim, > „ X(f) does 
not exist. 


. If the Jacobian matrix А = g'(X)) at a critical point of a plane 


autonomous system has positive trace and determinant, then the 
critical point X, is unstable. 


. It is possible to show, using linearization, that a nonlinear plane 


autonomous system has periodic solutions. 


. АП solutions to the pendulum equation 


d?0 
E + ; sin 0 = 0 are periodic. 


. For what value(s) of o does the plane autonomous system 


х= ax —2y 


! 


y = -ах+у 


possess periodic solutions? 


For what values of n is x = nz an asymptotically stable critical 
point of the autonomous first-order differential equation 
x’ = sin x? 


Solve the nonlinear plane autonomous system 


x= 


3 
xy (V2 "Е у?) 
3 
у=х= ҳм + y) . 
by switching to polar coordinates. Describe the geometric 


behavior of the solution that satisfies the initial condition 
X(0) = (1, 0). 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Answers to selected odd-numbered problems begin on page ANS-18. 


Discuss the geometric nature of the solutions to the linear 
system X' = AX given that the general solution is 


(a) Ха) = «(e + e ie 


(b) X(r) = Lie + 20е 


Classify the critical point (0, 0) of the given linear system by 

computing the trace т and determinant A. 

(a) x’ = —3x + 4y 
у' = —5x + Зу 


(b) x' = —3x + 2y 
y = —2х+у 


Find and classify (if possible) the critical points of the plane 
autonomous system 


x =x + xy — 3x7 
y = 4у— 2xy = y. 


Determine the value(s) of a for which (0, 0) is a stable critical 
point for the plane autonomous system (in polar coordinates) 


r'—ar 


0 = 1. 


Classify the critical point (0, 0) of the plane autonomous 
system corresponding to the nonlinear second-order differential 
equation 


x' t шо = 1x’ +x = 0, 


where yp is a real constant. 


Without solving explicitly, classify (if possible) the critical 
points of the autonomous first-order differential equation 
x' = (X? — 1)е *? as asymptotically stable or unstable. 


Use the phase-plane method to show that the solutions 

to the nonlinear second-order differential equation 

x" = —2x V/(x'y. + I that satisfy x(0) = xo and x'(0) = 0 are 
periodic. 


In Section 5.1 we assumed that the restoring force F of the 
spring satisfied Hooke's law F — ks, where s is the elongation 
of the spring and К is a positive constant of proportionality. If 
we replace this assumption with the nonlinear law F — ks?, the 
new differential equation for damped motion of the hard spring 
becomes 


mx" = —x' — k(s + xy + mg, 
where ks? — mg. The system is called overdamped when 


(0, 0) is a stable node and is called underdamped when (0, 0) 
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is a stable spiral point. Find new conditions on т, k, and £ that 
will lead to overdamping and underdamping. 


20. The rod of a pendulum is attached to a movable joint at a 
point P and rotates at an angular speed of о (rad/s) in the plane 
perpendicular to the rod. See Figure 10.R.1. As a result the bob 


pivot 


FIGURE 10.R.1 Rotating pendulum in Problem 20 
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of the rotating pendulum experiences an additional centripetal 
force, and the new differential equation for Ө becomes 
d?0 d 
ml -yz = e^ ml sin 6 cos 0 — mg sin 0 -B 
(a) If w* < g/l, show that (0, 0) is a stable critical point and is 
the only critical point in the domain —7 < 0 < m. Describe 
what occurs physically when 0(0) = 00, 0'(0) = 0, and 0, is 
small. 


(b) If w? > g/l, show that (0, 0) is unstable and there are two 
additional stable critical points (+6, 0) in the domain 
=m < 0 < т. Describe what occurs physically when 
0(0) = 00, 0'(0) = 0, and 0o is small. 
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Orthogonal Functions 

Fourier Series 

Fourier Cosine and Sine Series 
Sturm-Liouville Problem 
Bessel and Legendre Series 


CHAPTER 11 IN REVIEW 


hen you studied vectors in calculus you saw that two nonzero vectors 
are orthogonal when their inner (or dot) product is zero. Beyond 
calculus the notions of vectors, inner product, and orthogonality often 
lose their geometric interpretation. These concepts have been generalized; it is 
perfectly common to think of a function as a vector. We can then say two functions 
are orthogonal when their inner product is zero. We will see in this chapter that the 
inner product of these vectors (functions) is actually a definite integral. 
The concepts of orthogonal functions and the expansion of a function in 
terms of an infinite set of orthogonal functions is fundamental to the material in 
Chapters 12 and 13. 
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11.1 Orthogonal Functions 


INTRODUCTION The concepts of geometric vectors in two and three dimensions, 
orthogonal or perpendicular vectors, and the inner product of two vectors have 
been generalized. It is perfectly routine in mathematics to think of a function as a 
vector. In this section we will examine an inner product that is different from the 
one you studied in calculus. Using this new inner product, we define orthogonal 
functions and sets of orthogonal functions. Another topic in a typical calculus 
course is the expansion of a function f in a power series. In this section we will 
also see how to expand a suitable function f in terms of an infinite set of orthogonal 
functions. 


INNERPRODUCT Recall that if u and v are two vectors in R? or 3-space, then the 
inner product (и, v) (in calculus this is called the dot product and written as и · v) 
possesses the following properties: 

G) (u,v) = (v, ш), 

(ii) (ku, v) = k(u, v), k a scalar, 

(iii) (u, u) = O ifu = 0 and (u, u) > O ifu 7 0, 

(iv) (u + v, w) = (u, w) + (v, w). 

We expect that any generalization of the inner product concept should have these 
same properties. 

Suppose that f, and № are functions defined on an interval [a, b].* Since a defi- 
nite integral on [a, b] of the product fi(x)f»(x) possesses the foregoing properties 
(i)-(iv) of an inner product whenever the integral exists, we are prompted to make 
the following definition. 


| The inner product of two functions fı and р on an interval [a, b] is the number 


b 
(О = | ЛО)» ах. 


ORTHOGONAL FUNCTIONS Motivated by the fact that two geometric vectors 
u and v are orthogonal whenever their inner product is zero, we define orthogonal 
functions in a similar manner. 


| Two functions fı and р are orthogonal on an interval [a, b] if 


b 
(fi. f2) -| лоро) dx = 0. (0 


"The interval could also be (—%, оо), [0, oc), and so on. 
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CHAPTER 11 


FOURIER SERIES 


[EXAMPLE 1 | Orthogonal Functions 


(a) The functions fi(x) = x? and f(x) = x? are orthogonal on the interval [—1, 1], 
since 


1 1 1 i! 
x +x dx = бах = 
—1 = 


1 
nso = | ала. а: 


(b) The functions fi(x) = x? and р(х) = x^ are not orthogonal on the interval [— 1, 1], 
since 

1 1 
ep. 3 


1 1 
aa = | eat | dx = 7 a - (=F 40, Е 
E =| 


Unlike in vector analysis, in which the word orthogonal is a synonym for per- 
pendicular, in this present context the term orthogonal and condition (1) have no 
geometric significance. Note that the zero function is orthogonal to every function. 


ORTHOGONAL SETS We are primarily interested in infinite sets of orthogonal 
functions that are all defined on the same interval [a, b]. 


| A set of real-valued functions ( фо(х), ф(х), фо(х), . . . } is said to be orthogonal 


on an interval [a, b] if 


b 
(bm, Фл) = | dm@Xdn(x) dx = 0, т=п. (y 


ORTHONORMALSETS The norm, or length |lul|, of a vector u can be expressed in 
terms of the inner product. The expression (и, u) = |0 is called the square norm, 
and so the norm is || = \/(и, u). Similarly, the square norm of a function ф, 
is on = (hn, bn), and so the norm, or its generalized length, is 
lb (x)|| = V (bn, bn). In other words, the square norm and norm of a function ф, in 
an orthogonal set (,(x)] are, respectively, 


b b 
loco? = [ pdx and |Ф,0)1= 4 Í pax) dx. (3) 


If {Фф„(х)} is an orthogonal set of functions on the interval [a, b] with the addi- 
tional property that ||¢,(x)|| = 1 for n = 0, 1, 2,..., then {ф„(х)} is said to be an 
orthonormal set on the interval. 


[EXAMPLE 2 Orthogonal Set of Functions 


Show that the set (1, cos x, cos 2x, . . .} is orthogonal on the interval [— т, т]. 


SOLUTION If we make the identification фо(х) = 1 and $,(x) = cos nx, we must 
then show that [7 фо(х)ф,(х) dx = 0, n = 0, and fT; ф„(х)ф,(х) dx = 0, m + n. 
We have, in the first case, 


T 
cos nx dx 
T 


(bo. = i doada) dx = Í 


T 


1 
P. [sin n7 — sin(—n7)] = 0, n# 0, 


— — sin nx 
n 
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and, in the second, 


(Фф) = [ d (00,00 dx 


"n 
= | cos mx cos nx dx 


=R 


1 T 
= = [cos(m + n)x + cos(m — n)x] dx < trigonometric identity 
T 


=0, т=п. [| 


1 E (m  n)x " sin (m — xr 
2 


m+n т=п т 


[EXAMPLE З Norms 


Find the norm of each function in the orthogonal set given in Example 2. 


SOLUTION For фо(х) = 1 we have, from (3), 


дё | 


ах = 2т, 


so |Ф00) = У 27. For ф„(х) = cos nx, n > 0, it follows that 


т 


т 1 
lo, ОО? = | cos?nx dx = a | [1 + cos 2nx] dx = т. 


Thus for n > 0, 


\bn(x)|| = Мт. ш 


NORMALIZATION Any orthogonal set of nonzero functions ($,(x)], n = 0, 
1, 2,... сап be made into an orthonormal set by normalizing each function in the 
set, that is, by dividing each function by its norm. The next example illustrates 
the idea. 


[EXAMPLE 4 Orthonormal Set 


In Example 2 we proved that the set 
{1, cos x, cos 2x,...} 


is orthogonal on the interval [—7, тт]. In Example 3, we then saw that the norms of 
the functions in the foregoing set are 


leoo = li] 9 мт ^ and lell = || cos nx |] = мт, n = 1,2,.... 


By dividing each function by its norm we obtain the set 


| l cosx cos 2x 
which is orthonormal on the interval [~ т, т]. E 


VECTOR ANALOGY In the introduction to this section, we stated that our purpose 
for studying orthogonal functions is to be able to expand a function in terms of an 
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b 
| foo) dx 


infinite set ($,(x)) of orthogonal functions. To motivate this concept we shall make 
one more analogy between vectors and functions. Suppose that vı, v2, and уз are 
three mutually orthogonal nonzero vectors in R?. Such an orthogonal set can be used 
as a basis for R?; this means any three-dimensional vector u can be written as a linear 
combination 


u = сүү + CoV2 t C3V3, (4) 
where the c; i = 1, 2, 3, are scalars called the components of the vector и. Each 
component c; can be expressed in terms of u and the corresponding vector v;. To see 


this, we take the inner product of (4) with vı: 


(u, vi) = ei(vi, vi) ex vo, vi) + сз(уз, vi) = eilvil + c2 0+ c3 + 0. 


= (и, vi) 
= Я 
|У? 


Непсе 


In like manner we find that the components c» and сз аге given by 


_ бу) 
val? 


_ (U, v3) 
[|уз|?` 


C2 and C3 


Hence (4) can be expressed as 


(и, vi) (и, V2) (u, v3) > (0, Vn) 


и = Yi v уз = Ул. (5) 
llvill? llvall? llvall? ар" 


ORTHOGONAL SERIES EXPANSION Suppose {¢,(x)} is an infinite orthogo- 
nal set of functions on an interval [a, b]. We ask: If y = f(x) is a function defined on 
the interval [a, b], is it possible to determine a set of coefficients c,, n = 0,1,2,..., 
for which 


f(x) = cohol) + crpi) + ++ + соф) +? (6) 


As in the foregoing discussion on finding components of a vector we can find the 
desired coefficients с, by using the inner product. Multiplying (6) by ф„(х) and inte- 
grating over the interval [a, b] gives 


b b b 
of po) Pm (x) dx + af PPn) dx + + «| ФфһО®)фһ(х) dx + +++ 


со(фо, Pm) sb с\(Фф1, dm) телее epe сһ(Ффл, dm) or 


By orthogonality each term on the right-hand side of the last equation is zero except 
when m = n. In this case we have 


b b 
| fŒ prx) dx = Cn | фо) dx. 
It follows that the required coefficients с„ are given by 


Је Fp) dx 
фо) dx ' 


=0,1,2,.... 


„= 


со 


In other words, f) = > Cao, x), (7) 


n=0 
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= [2 Ро) ф(х) dx 


where ^ lel (8) 
With inner product notation, (7) becomes 
ға) = У, Е СА n(x). (9) 


20 low 


Thus (9) is seen to be the function analogue of the vector result given in (5). 


| A set of real-valued functions { фо(х), ф(х), ф(х), ...} is said to be orthogonal 


with respect to a weight function w(x) on an interval [a, b] if 


b 
| wGod,uG)o,(x)dx = 0, т=п. 


а 


The usual assumption is that w(x) > 0 on the interval of orthogonality [a, b]. 
The set (1, cos x, cos 2x, . . .} in Example 2 is orthogonal with respect to the weight 
function w(x) = 1 on the interval [— m, т]. 

If {Ф,„(х) } is orthogonal with respect to a weight function w(x) on the interval 
[а, b], then multiplying (6) by w(x)ó,(x) and integrating yields 


b 
p Sa Ја) “ый de m 
ll, wl 
2 sí А 
where [Ф.О = | w(x)b2(x) dx. (11) 


The series (7) with coefficients c, given by either (8) or (10) is said to be an orthog- 
onal series expansion of f or a generalized Fourier series. 


COMPLETE SETS The procedure outlined for determining the coefficients с, in 
(8) was formal; that is, fundamental questions about whether or not an orthogonal 
series expansion of a function f such as (7) actually converges to the function were 
ignored. It turns out that for some specific orthogonal sets such series expansions do 
indeed converge to the function. In the subsequent sections of this chapter, we will 
state conditions on the type of functions defined on the interval [a, b] of orthogonal- 
ity that are sufficient to guarantee that an orthogonal series coverges to its function f. 
To make one last point about the kind of set (,(x)] must be, let's go back to the 
vector analogy on pages 427—428. If (vi, V2, v3} is a set of mutually orthogonal non- 
zero vectors in R?, we can say that the set (vi, V2, Уз} is complete іп R? because 
three such vectors is all we need to write any vector u in that space in the form (5). 
We could not write (5) using fewer than three vectors; a set, say, (vi, v2], would be 
incomplete in ЁЗ. As a necessary consequence of completeness of (vi, V2, V3} it is 
easy to see that the only vector u in 3-space that is orthogonal to each of the vectors 
Vj, V2, and уз is the zero vector. If u were orthogonal to vj, vo, and уз, then 
(u, у) = 0, (u, v5) = 0, (u, уз) = 0 and (5) shows u = 0. Similarly, in the discus- 
sion of orthogonal series expansions, the function f as well as each of the functions 
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in ($,(x)) аге part of a larger class, or space, S of functions. The class 5 could be, 
say, the set of continuous functions on an interval [a, b], or the set of piecewise- 
continuous functions on [a, b]. We also want the set {,(x)} to be complete in 5 in 
the sense that {@,(x)} must contain sufficiently many functions so that every func- 
tion f in S can be written in the form (7). As in our vector analogy, this means that 
the only function that is orthogonal to each member of the set ($,(x)] is the zero 
function. See Problem 25 in Exercises 11.1. 

We assume for the remainder of the discussion in this chapter that any orthogonal 
set used in a series expansion of a function is complete in some class of functions S. 


EXERCISES 1 1 ° 1 Answers to selected odd-numbered problems begin on page ANS-18. 


In Problems 1—6 show that the given functions are orthogonal on the 
indicated interval. 


LAQ =) = 2: [-2,2] 

2. figo = 335, ро) =?+1; [—1,1] 
3.fi@ = е, р(х) xe*—e*5 [0,2] 
4. (х) = cos x, Р(х) = ѕіп2х; [0, т] 

5. fi) = х, р(х) = cos 2x; [—7/2, 1/2] 
6. filx) = ef) = зіп х; [т/4,5т/4] 


In Problems 7-12 show that the given set of functions is orthogonal 
on the indicated interval. Find the norm of each function in the set. 


7. {sin x, sin 3x, sin 5x, ...); [0,7/2] 
8. {cos x, cos Зх, cos 5х,...}; [0, 7/2] 
9. {sin nx}, n = 1,2,3,...; [0,7] 
„опт 
10. [o amas [0, p] 
p 
пт 
TT. 25 = 1,2,3,...; [0, р] 
р 
пт, тт 
12. 11, cos х, sin | n=1,2,3,..., 
p p 
т = 1,2,3,...; [-р, р] 


In Problems 13 and 14 verify by direct integration that the functions 
are orthogonal with respect to the indicated weight function w(x) on 
the given interval. 


13. Но(х) = 1, Hi(x) = 2x, A(x) = 4x? — 2; 
w(x) = e *,(—9, o) 
14. Lox) =1, (х) = =х +1, L(x) = ip = Dee is 
w(x) = e ^, [0, х) 
15. Let {¢,(x)} be an orthogonal set of functions on [a, b] 
such that фо(х) = 1. Show that fd, (x) dx = 0 forn = 1,2,.... 


16. Let {¢,(x)} be an orthogonal set of functions on [a, b] such that 
pox) = 1 and pix) = x. Show that f?(ax + В)ф,„(х) dx = 0 
for n = 2, 3, . . . and any constants о and В. 


17. Let {¢,(x)} be an orthogonal set of functions on [a, b]. Show 
that 69 + Ф.о)? m Kees) Еа low ? om * n. 


18. From Problem 1 we know that fi(x) = x and р(х) = x? are 
orthogonal on the interval [—2, 2]. Find constants cı and c» 
such that Б(х) = x + cix? + cox? is orthogonal to both f, and fy 
on the same interval. 


A real-valued function is said to be periodic with period T + 0 if 
f(x + T) = f (x) for all x in the domain of f. If T is the smallest posi- 
tive value for which f(x + T) = f(x) holds, then T is called the fun- 
damental period of f. In Problems 19—24 determine the fundamental 
period T of the given function. 


4 
19. f(x) = cos 2тх 20. f(x) = sin тх 


21. f(x) = sin х + sin 2x 22. f(x) = sin 2x + cos 4x 


23. f(x) = sin 3x + cos 2x 24. sin? тх 


Discussion Problems 


25. (a) In Problem 9 we saw that the set {sinnx}, n = 1, 2, 3,... is 
orthogonal on the interval [0, 7]. Show that the set is also 
orthogonal on the interval [—7, т]. 


(b) Show that the set that is orthogonal on the interval [—7, 7] 
is not complete. [Hint: Consider f(x) = 1.] 


26. An orthogonal set can be constructed out of any linearly 
independent set { fo(x), fi, fa(x), . . . } of real-valued 
functions continuous on an interval [a, b] using the 
Gram-Schmidt orthogonalization process. With the inner 
product (fn, Pn) = f? filx)b»(x) dx, define the functions in the 
set B' = {фо(х), фб), ф(х), . . .] to be 


фо(х) = fol) 


dito) c ae 
фо 
Co. фо) C. $1) 
ф(х) БО» I WE фо(х) NE $10) 
and so on. 


(a) Write out $3(x) in the set B* 


(b) By construction, the set В’ = {фе (x), ф(х), $200, ...]) 
is orthogonal on [a, b]. Demonstrate that фо(х), ф(х), 
and ф(х) are mutually orthogonal. 
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27. Consider the set of functions (1, x, х2, x°,...} defined on the 28. Relate the orthogonal set B’ in Problem 27 with a set of 
interval [-1, 1]. Apply the Gram-Schmidt process given in polynomials found in an earlier chapter of this text. 
Problem 26 to this set and find $99, ф(х), ф(х), and фз(х) of 


the orthogonal set B’. 


á 11.2 


Fourier Series 


INTRODUCTION We have just seen that if (do(x), ф(х), ф(х), ...} is ап 
orthogonal set on an interval [a, b] and if fis a function defined on the same interval, 
then we can formally expand fin an orthogonal series 

copo) + cihi(x) + ep) + °°, 
where the coefficients с„ are determined by using the inner product concept. The 


orthogonal set of trigonometric functions 


т 2T Зл _ . 2т . 3m 
1, cos — x, cos X, COS X,..., SIN — x, sin X, SIN——X,... (1) 
p p p p p p 


will be of particular importance later on in the solution of certain kinds of boundary- 
value problems involving linear partial differential equations. The set (1) is orthogo- 
nal on the interval [—p, p]. See Problem 12 in Exercises 11.1. 


A TRIGONOMETRIC SERIES Suppose that fis a function defined on the interval 
(—p, p) and can be expanded in an orthogonal series consisting of the trigonometric 
functions in the orthogonal set (1); that is, 


уо) чалу пт +b si пт (2) 
х)=— d, COS — X sin — x}. 
2 = n р п р 
The coefficients ао, 41, аә, . . . , b1, b2, . . . can be determined in exactly the same for- 
mal manner as in the general discussion of orthogonal series expansions on page 428. 
Before proceeding, note that we have chosen to write the coefficient of 1 in the set (1) 
as i ao rather than ap. This is for convenience only; the formula of a, will then reduce 
to ap for n = 0. 
Now integrating both sides of (2) from —p to p gives 


оо 


р ао [^ р пт Po. nm 
Ро) ах = | dxt+ > an| cos хах + Б, | sin—xdxj. (3) 
—p 2 р п=1 = P Р 


P =P 


Since соѕ(птх/р) and ѕіп(птх/р), n = 1 are orthogonal to 1 on the interval, the right 
side of (3) reduces to a single term: 


li Q0 d а |? а ао 
Ie x 2 i 2 & 


Solving for ао yields 


р 


zd d d 4 
a f (x) dx. (4) 


—р 


Now we multiply (2) by cos(mzrx/p) and integrate: 


mar 


p тт ао |? 
[ f(x) cos — x dx = | cos —— x dx 
-p р 2Jp P 


= P тт пт р mm . пт 
+> а, | cos—xcos — x dx + b, M ELLE . (5) 
п=1 -= 


p P P =p 
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By orthogonality we have 


Р тт P тт пт 
| cos —xdx = 0, m0, | cos x sin x dx = 0, 
P P P 


—p =p 
p mT nT 0 т=п 
and cos X COS x dx = 
= р р р, т=п. 
р пт 
Thus (5) reduces to f(x) cos P x dx = агр, 
=% 
ie пт 
апа зо а„=—| f(x) cos — x dx. (6) 
PJ—p р 


Finally, if we multiply (2) by sin(mzrx/p), integrate, and make use of the results 


P тт P тт пт 
[ sin —xdx=0, m > 0, | sin X COS x dx = 0, 
P P P 


=p =p 
Р тт. nm 0, <= т=п 
апа sin x sin x dx = 
=p Р p р, m= п, 
iy? ‚опт 
we find that bn =—| f(x) sin — x dx. (7) 
PJ-p P 


The trigonometric series (2) with coefficients ао, an, and b, defined by (4), (6), 
and (7), respectively, is said to be the Fourier series of f. Although the French math- 
ematical physicist Jean Baptiste Joseph Fourier (1768—1830) did not invent the 
series that bears his name, he is at least responsible for sparking the interest of 
mathematicians in trigonometric series by his less than rigorous use of them in his 
researches on the conduction of heat. The formulas in (4), (6), and (7) that give the 
coefficients in a Fourier series are known as the Euler formulas. 


| The Fourier series of a function f defined on the interval (—p, р) is given by 


ао = NX Lo HERES 
agp e Sar Gk, COS 3e | SM 8 
1955 > ( т ? | (8) 
1[Р 
where ay = = | f(x) dx (9) 
у= 
3i ўз a (10) 
an = = 5) ey by 
py P 
TL pg nx 
р = = 38) i мм 11 
DIL (11) 


CONVERGENCE OF A FOURIER SERIES In the absence of any stated conditions that 
guarantee the validity of the steps leading to the coefficients ao, an, and Б„, the equality 
sign in (8) should not be taken in a strict or literal sense. Some texts use the symbol — to 
signify that (8) is simply the corresponding trigonometric series with coefficients 
generated using f in formulas (9)-(11). In view of the fact that most functions in 
applications are of the type that guarantee convergence of the series, we shall use the 
equality symbol. Is it possible for a series (8) to converge at a number x in the interval 
(—p, p), and yet not be equal to f(x)? The answer is an emphatic Yes. 
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In Section 7.1 we defined piecewise (>) 
continuity оп an unbounded 

interval [0, o»). See Figure 7.1.1 on 

page 282. 


«XY 


FIGURE 11.2.1 Piecewise-continuous 
function fin Example 1 
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PIECEWISE-CONTINUOUS FUNCTIONS Before stating conditions under which 
a Fourier series converges, we need to pause briefly to review two topics from the 
first semester of calculus. We shall use the symbols f(x+) and f(x—) to denote the 
one-sided limits 


fet) = lim fe А), fe) = lim f - A), 
h>0 h>0 


called, respectively, the right- and left-hand limits of fat x. A function fis said to be 
piecewise continuous on a closed interval [a, b] if there are 


e a finite number of points x, < x2 <: ·· < x, in [a, b] at which fhas a finite 
(or jump) discontinuity, and 
e fis continuous on each open interval (хк, Хк+ 1). 


As a consequence of this definition, the one-sided limits f(x+) and f(x—) must exist 
at every x satisfying a « x « b. The limits f(a+) and f(b—) must also exist but it is 
not required that f be continuous or even defined at either a or b. 

Our first theorem gives sufficient conditions for convergence of a Fourier series 
at a point x. 


| Let f and f' be piecewise continuous on the interval [—p, p]. Then for all x in 


the interval (—p, p), the Fourier series of f converges to f(x) at a point continu- 
ity. At a point of discontinuity the Fourier series converges to the average 
fot) t fa-) 
REED DEN 
where f(x+) and f(x— ) are the right- and left-hand limits of f at x, respectively. 


[EXAMPLE 1 | Expansion in a Fourier Series 


Expand f@ = | mas iode (12) 


X, О=х< тп 


in a Fourier series. 


SOLUTION The graph of f is given in Figure 11.2.1. With р = т we have from 
(9) and (10) that 


т 0 т т 
ъ= || дю&= к] оа+[шт-»а|=®|ж=-®|[=*% 


1 (= 1} ° li 
„= понт] 0 ах ‚| (т = 9 oos nx dr 
T jJ т т 0 


1 ( ) sin nx |* 4 E |". d <— integration 
= A AE, MA Sin NX ax " 
T б n Jo by parts 
1 cosnx|" 1—(—1)" 
nt n (у nm C 


where we have used cos nz = (— 1)". In like manner we find from (11) that 


1 [7 1 
n= + (тт — x) sin nx dx = — 
то 


55 
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ay 


FIGURE 11.2.2 Piecewise-continuous 
derivative f' in Example 2 


nq 


sS }1—-—(-1)" 1 
Therefore fœ = " +5 сет cos nx + z sin ns} 13) Ш 
п=1 
Note that a, defined by (10) reduces to ag given by (9) when we set n = 0. But as 
Example | shows, this might not be the case after the integral for a, is evaluated. 


[EXAMPLE 2 Example 1 Revisited 


The equality in (13) of Example 1 is justified because both f and f'are piecewise 
continuous on the interval [— т, т]. See Figures 11.2.1 and 11.2.2. Because fis con- 
tinuous for every x in the interval (— m, тт), except at x = 0, the series (13) will con- 
verge to the value f(x). At x = 0 the function fis discontinuous, so the series (13) will 
converge to 


fO+) + fO-) m Bg 

2 2 
PERIODIC EXTENSION Observe that each of the functions in the basic set (1) has 
a different fundamental period" — namely, 2p/n, n = 1—but since a positive integer 
multiple of a period is also a period, we see that all the functions have in common the 
period 2p. ( Verify.) Hence the right-hand side of (2) is 2p-periodic; indeed, 2p is the 
fundamental period of the sum. We conclude that a Fourier series not only repre- 
sents the function on the interval (—p, p) but also gives the periodic extension of f 
outside this interval. We can now apply Theorem 11.2.1 to the periodic extension of f, 
or we may assume from the outset that the given function is periodic with period 2p; 
that is, f(x + 2p) = f(x). When fis piecewise continuous and the right- and left-hand 
derivatives exist at x — —p and x — p, respectively, then the series (8) converges to 
the average 


Рр) +/(—р+) 
2 


at these endpoints and to this value extended periodically to +3р, =5p, +7p, and 
so on. 


Example 1 Revisited 


The Fourier series (13) in Example 1 converges to the periodic extension of the func- 
tion (12) on the entire x-axis. See Figure 11.2.3. At 0, 2a, +4a7,... and at 
tm, Om, +57,... the series converges to the values 


/0+)+/(0—)_т fm) 0 (тъ) | 
and 


0, 
2 2 2 


respectively. The solid black dots in Figure 11.2.3 represent the value 7/2. 


M M т s s 
e^, e^, e^, e^, 
вее — Roe pese — 95e. 
—4m -30 —2m —T т 2m Зп Ат 
FIGURE 11.2.3 Periodic extension of function f shown in Figure 11.2.1 ш 


“See Problems 19—24 in Exercises 11.1. 
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SEQUENCE OF PARTIAL SUMS It is interesting to see how the sequence of par- 
tial sums {Sy(x)} of a Fourier series approximates a function. For example, the first 
three partial sums of (13) in Example 1 are 


T "T 2 : T 2 . 1. 
$1(х) = =, Sox) =—+—cosx+t+sinx, and 53(х) = — + —cos x t sin x + zsin2x. 
4 4 T 4 т 2 


In Figure 11.2.4 we have used a CAS to graph the partial sums 5з(х), Sg(x), and S15(x) 
of (13) on the interval (— т, т). Figure 11.2.4(d) shows the periodic extension using 
Sy5(x) on (—4т, 47). 


(b) Ss(x) 


(c) Sis(x) (d) Sis(x) 
FIGURE 11.2.4 Partial sums of Fourier series (13) in Example 1 


EXERCISES 1 1 2 Answers to selected odd-numbered problems begin on page ANS-18. 


In Problems 1—16 find the Fourier series of f on the given interval. п? —a<x<0 
г š š ; Я 6. = 2 

Give the number to which the Fourier series converges at a point of fœ ae sew 

discontinuity of f. 


7.f(x) "x + m, -п<х< тп 
0, тп <х<0 
E (eee 8. Дх) = 3 – 25, —-т<х<т 
=1„ =т<х<0 0, -т<х<0 
= d 9. = 
2. fœ) E О=х<т fe A О=х<т 
1, =1<х<0 —m/2«x«0 
3. f(x) = É = JM 
fe |. О<х< 1] T9: f0) m 0О<х<т/2 
0 =1<х<0 = _ 
4. f(x) = 0, —2<х<-1 
x; 0zx«l — —]zx«0 
11. f(x) = i 
5. f(a) = 0, =п<х<0 jn 0=х<1 
" x), О=х<т 0, 1x 
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0, -2«x«0 21. Use the result of Problem 7 to show that 

12. f(x) = х, О<х<1 Ti Y. d: 

1, 1=х<2 4 3 5 73 

ofa —~§<x<0 22. Use the result of Problem 9 to show that 
Es ОИ osre жыл, he, ol oy Sen Bean 


4 2. 1-3 23-45 Sep 7*9 


24 Xx, —2«x«0 , : R 
14. f(x) = 23. (a) Use the complex exponential form of the cosine and sine, 
2, 0=х<2 
inmxlp + —їптх/р 
15.f(x) = е, —-т<х<т cos x = f £ 
p 2 
16. fe») = 0, =т<х<0 пт еїїтМїр = eg "xp 
e^ 1, О=х< тп sin — x = : Я 
р 21 


In Problems 17 and 18 sketch the periodic extension of the indicated to show that (8) бап Безунцеплале complex tormi 


function. fQ) = У смей", 
17. The function f in Problem 9 RE 
where 
18. The function f in Problem 14 а аф, | a, ib, 
19. Use the result of Problem 5 to show that co 2° Сп о? Ш а= uw x 
т? Е 1 1 | 1 Е where п = 1, 2, 3,.... 
6 P 32" 42 (b) Show that co, c,, and c_, of part (a) can be written as one 
integral 
т? 1 1 1 эе 1 [Р А 
апа 12 1 2 g æ i Cn = if Joge nm dx, n= 0, +1, +2,.... 
2p J-p 
20. Use Problem 19 to find a series that gives the numerical value 24. Use the results of Problem 23 to find the complex form of the 
of 77/8. Fourier series of f(x) = e * on the interval [—7, т]. 
11.3 Fourier Cosine and Sine Series 


INTRODUCTION The effort that is expended in evaluation of the definite integrals 
that define the coefficients the ao, an, and b, in the expansion of a function f in a 
Fourier series is reduced significantly when f is either an even or an odd function. 
Recall that a function fis said to be 


evenif f(—x) = f(x) and odd if f(—x) = —f(x). 


On a symmetric interval such as (—p, p) the graph of an even function possesses 
symmetry with respect to the y-axis, whereas the graph of an odd function possesses 
symmetry with respect to the origin. 


EVEN AND ODD FUNCTIONS [Itis likely that the origin of the terms even and odd 
derives from the fact that the graphs of polynomial functions that consist of all even 
powers of x are symmetric with respect to the y-axis, whereas graphs of polynomials 
that consist of all odd powers of x are symmetric with respect to origin. For example, 


[even integer 


f(x) = х2іѕ еуеп since f(—x) = (—xY = x? = f(x) 


[odd integer 
f(x) = xis ода since f(—x) = (—x = =x = —f(x). 
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FIGURE 11.3.1 Even function; graph 
symmetric with respect to y-axis 


FIGURE 11.3.2 Odd function; graph 
symmetric with respect to origin 
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See Figures 11.3.1 and 11.3.2. The trigonometric cosine and sine functions are even 
and odd functions, respectively, since cos(—x) = cos x and sin(—x) = —sin x. The 
exponential functions f(x) = е” and f(x) = е“ are neither odd nor even. 


PROPERTIES The following theorem lists some properties of even and odd 
functions. 


| (a) The product of two even functions is even. 


(b) The product of two odd functions is even. 

(c) The product of an even function and an odd function is odd. 
(d) The sum (difference) of two even functions is even. 

(e) The sum (difference) of two odd functions is odd. 

(f) If fis even, then f*, f(x) dx = 2]ў f(x) dx. 

(g) If f is odd, then f^, f(x) dx = 0. 


PROOF OF (b) Let us suppose that f and g are odd functions. Then we 
have f(—x) = —f(x) and g(—x) = —g(x). If we define the product of f and g as 
F(x) = f(x)g(x), then 


F(—x) = fC-x) gx) = (-f@))(— 269) = РО) g() = FQ). 


This shows that the product F of two odd functions is an even function. The proofs of 
the remaining properties are left as exercises. See Problem 52 in Exercises 11.3. Bl 


COSINE AND SINE SERIES If fis an even function on (—p, p), then in view of the 
foregoing properties the coefficients (9), (10), and (11) of Section 11.2 become 


1 [^ 2 [? 
a = I о dx = | f(x) ах 


if пт _ 2’ пт 
а„= 1 соз--х dx = 215 f(x) EOS UE dx 
even 
1 P 
„= f. Хо) sin x dx = 0. 
— 


odd 


Similarly, when f'is odd on the interval (— p, р), 
24? ‚опт 
а„=0, п=0,1,2,..., by, = —| f(x) sin — x dx. 
PJo р 


We summarize the results in the following definition. 


| (i) The Fourier series of an even function f defined on the interval (—p, p) is 


the cosine series 


_% уху cos 7. 
f(x) = © + У; an cos T 35 (1) 


n-l 


(continued) 
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у=х,-2<х<2 


FIGURE 11.3.3 Odd function in Example 1 


ay 


-1 


FIGURE 11.3.5 Odd function in Example 2 


© 
where а — — | FENCE (2) 
PJo 
an = 2|" Fa) cos a dx. (3) 
PJo P 


(ii) The Fourier series of an odd function f defined on the interval (—p, p) is 
the sine series 


f@) => b, sin x, (4) 
n=1 Р 
2 |» . nm 
where fo = || KGS) SiN лах (5) 
PJo Р 
Because the term sin(n7x/p) is 0 at x = —p, x = 0, and x = p, a sine series (4) 


converges to 0 at those points regardless of whether fis defined at these points. 


[EXAMPLE 1 | Expansion in a Sine Series 


Expand f(x) = x, —2 < x < 2 ina Fourier series. 


SOLUTION Inspection of Figure 11.3.3 shows that the given function is odd on the 
interval (—2, 2), and so we expand fin a sine series. With the identification 2p = 4 
we have p — 2. Thus (5), after integration by parts, is 


2 пт 4(—1yr*! 
р, = | xsin хах = 3 
0 2 пт 


о (_y\ntl 
гю = ae CU 


X. 
п=1 п 2 


Therefore (6) B 

The function in Example 1 satisfies the conditions of Theorem 11.2.1. Hence 
the series (6) converges to the function on (—2, 2) and the periodic extension 
(of period 4) given in Figure 11.3.4. 


FIGURE 11.3.4 Periodic extension of function shown in Figure 11.3.3 


[EXAMPLE 2 Expansion in a Sine Series 


—1, -7<x<0 


The functi = 
e function f(x) | 1, бере DN 


shown in Figure 11.3.5 is odd on the 


interval (— т, тт). With р = т we have, from (5), 


2(7 | 21-(-1)" 
by, = — | (1) sinnx dx = = ——, 
T Jo т п 
2 &1-(-1» 
and so fx) = 2 CD sin nx. (7) E 


n=1 
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| 
p 
м4 


FIGURE 11.3.7 Even reflection 


d 

s 

M 

№ + 
ay 


| 
[ча 
м 
xY 


fo) = fe + D 


FIGURE 11.3.9 Identity reflection 


11.3 FOURIER COSINE AND SINE SERIES 439 


GIBBS PHENOMENON With the aid of a CAS we have plotted the graphs Sj(x), 
So(x), S3(x), and S5(x) of the partial sums of nonzero terms of (7) in Figure 11.3.6. 
As seen in Figure 11.3.6(d), the graph of S15(x) has pronounced spikes near the dis- 
continuities at x = 0, x = m, х = —т, and so on. This “overshooting” by the partial 
sums Sy from the functional values near a point of discontinuity does not smooth out 
but remains fairly constant, even when the value N is taken to be large. This behav- 
ior of a Fourier series near a point at which f'is discontinuous is known as the Gibbs 
phenomenon. 

The periodic extension of f in Example 2 onto the entire x-axis is a meander 
function (see page 316). 


a ud 1 2 3 -3 o3 =] 1 2 3 
(a) Si(x) (b) S(x) 


y У 


зз cd i 33 zc 5—3 
(c) S3(x) (d) Sis(x) 


FIGURE 11.3.6 Partial sums of sine series (7) 


HALF-RANGE EXPANSIONS Throughout the preceding discussion it was under- 
stood that a function f was defined on an interval with the origin as its midpoint—that 
is, (—p, p). However, in many instances we are interested in representing a function 
that is defined only for 0 < x < L by a trigonometric series. This can be done in 
many different ways by supplying an arbitrary definition of f(x) for —L « x « 0. 
For brevity we consider the three most important cases. If y — f(x) is defined on the 
interval (0, L), then 


(i) reflect the graph of f about the y-axis onto (— 2, 0); the function is now 
even on (—L, L) (see Figure 11.3.7); or 

(ii) reflect the graph of f through the origin onto (—L, 0); the function is now 
odd on (—L, L) (see Figure 11.3.8); or 

(iii) define f on (—L, 0) by y = f(x + L) (see Figure 11.3.9). 


Note that the coefficients of the series (1) and (4) utilize only the definition of 
the function on (0, p) (that is, half of the interval (—p, p)). Hence in practice there 
is no actual need to make the reflections described in (i) and (ii). If f is defined for 
0 <x € L, we simply identify the half-period as the length of the interval p = L. The 
coefficient formulas (2), (3), and (5) and the corresponding series yield either an 
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even or an odd periodic extension of period 2L of the original function. The cosine 
and sine series that are obtained in this manner are known as half-range expan- 
sions. Finally, in case (iii) we are defining the function values on the interval (—L, 0) 
to be same as the values on (0, L). As in the previous two cases there is no real need 
to do this. It can be shown that the set of functions in (1) of Section 11.2 is orthogo- 
nal on the interval [a, a + 2p] for any real number a. Choosing a = —p, we obtain 
the limits of integration in (9), (10), and (11) of that section. But for a = 0 the limits 
of integration are from x = 0 to x = 2p. Thus if fis defined on the interval (0, L), we 
identify 2p = L or p = L/2. The resulting Fourier series will give the periodic exten- 
sion of f with period L. In this manner the values to which the series converges will 
be the same on (—L, 0) as on (0, L). 


[EXAMPLE З Expansion in Three Series 


Expand f(x) = 32,0 <x < L, 


(a) in a cosine series (b) in a sine series (c) in a Fourier series. 
y SOLUTION The graph of the function is given in Figure 11.3.10. 
y=,0<x<L (a) We have 
2^ 2 29 AD(-1y 
w=? xbdx--LD, «i| x^ cos 33. y dy = : - 
L Jo 3 L Jo n^ 


FIGURE 11.3.10 Function fin Example 3 where integration by parts was used twice in the evaluation of a,. Thus 


is neither odd nor even. 
fo) 12 " AL? = пт (8) 
x)= cos x: 
3 moa L 


(b) In this case we must again integrate by parts twice: 


2{®,. пт aly". 42 
b, = | xX sin — x dx = F xD Ip 
L Jo L пт wT 
H BUS CD ct ми a 9 
ence Ро) = т 24 " Bad [(-1) ]f sin L x (9) 


(c) With p = L/2, 1/p = 2/L, and пт/р = 2nm/L we have 


2 [2 2 [Е 2, L^ 
а= Pair а, = > ae eS 2253 
L Jo 3 0 TT 
2 |^, . 2mm I? 
and b,-— — | x^sin x dx = : 
L Jo L пт 
Theref fo) i = 12 » 1 2пт 1 2пт (10) 
erefore х) = cos X sin X 
3 m ing L L 


The series (8), (9), and (10) converge to the 2L-periodic even extension of f, the 
2L-periodic odd extension of f, and the L-periodic extension of f, respectively. The 
graphs of these periodic extensions are shown in Figure 11.3.11. 
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1. 


FIGURE 11.3.12 Periodic forcing 
function for spring/mass system in 
Example 4 
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y 
V ^ /, A ГА 
\ 1N ^N \ vs / 
\ P E A \ и X / 
1—04 —— — 
—4L —3L —L =L L 2L 3L 4L x 


(a) cosine series 


L/2L ЗІ 4L x 
Н ы 


(b) sine series 


y 
ify t Pd 
e /e /e ri e / le /• 
Ze pe pI poe." - 
—A4L —3L =21 =L L 2L 3L AL x 
(c) Fourier series 
FIGURE 11.3.11 Same function on (0, L) but different periodic extensions E 


PERIODIC DRIVING FORCE Fourier series are sometimes useful in determining a 
particular solution of a differential equation describing a physical system in which 
the input or driving force f(t) is periodic. In the next example we find a periodic par- 
ticular solution of the nonhomogeneous linear differential equation 

d 


d? 


m 


+ kx =f (11) 


by first representing f by a half-range sine expansion and then assuming a partic- 
ular solution of the form 


x, (2) => sin i t. (12) 


[EXAMPLE 4 Particular Solution of a DE 


An undamped spring/mass system, in which the mass m= i slug and the 
spring constant k = 4 lb/ft, is driven by the 2-periodic external force f(t) shown in 
Figure 11.3.12. Although the force f(t) acts on the system for t > 0, note that if we 
extend the graph of the function in a 2-periodic manner to the negative /-ахіѕ, we 
obtain an odd function. In practical terms this means that we need only find the half- 
range sine expansion of f(t) = mt, 0 <t < 1. With p = 1 it follows from (5) and 
integration by parts that 


En i" 
b, = 2| wt sin пті dt = ———. 
0 


From (11) the differential equation of motion is seen to be 


1 dx © 2(-1)"*! | 
16 de + 4х = > " sin nt. (13) 
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To find a particular solution x,(t) of (13), we substitute (12) into the differential equa- 
tion and equate coefficients of sin nat. This yields 


1 Эй ntl 32 —]yr*! 
(бнт) в, 277 ог B, = = 


n 


n — n(64 — RT) 


co 32(— yr! . 
Thus x) = » n(64 — E P imt (14) HM 


Observe in the solution (14) that there is no integer n > 1 for which the 
denominator 64 — nz? of B, is zero. In general, if there is a value of n, say N, for 
which Na/p = w, where о = V k/m, then the system described by (11) is in a state 
of pure resonance. In other words, we have pure resonance if the Fourier series 
expansion of the driving force f(t) contains a term sin(Nzr/ L)t (or cos(Nr/ L)t) that 
has the same frequency as the free vibrations. 

Of course, if the 2p-periodic extension of the driving force f onto the negative 
t-axis yields an even function, then we expand f in a cosine series. 


EXERCISES 1 1 3 Answers to selected odd-numbered problems begin on page ANS-18. 


In Problems 1—10 determine whether the function is even, odd, or xttl -l1<x<0 
, 20. = ” 
neither. Dear x—1, 0=х<1 
1. f(x) = sin 3x 2. f(x) =x cos x L —2<х<-—1 
3.f() 2x x 4. f(x) = хў — 4x —х, -l=x<0 
21. fx) = 
5. f(x) = el 6. f(x) =e’ ет" x exei 
j 1, ] eX «2 
7. ғо) Ж» pex 
‚ Ро) = 
—х?, О<х<1 =m; =2т<=<х<=тлт 
22. — =E 
T x+5, —2<х<0 fe 6 Rp 
А = А T Sx 
IO) xs ese? 7 T 
9. Јо) =, 0=х=2 23. f(x) = |sinx|, —-т<х<т 
10. f(x) = |е] 24. f(x) = cosx, -п/2 < х < т/2 


In Problems 11—24 expand the given function in an appropriate 


: Е à In Problems 25-34 find the half-range cosine and sine expansions of 
cosine or sine series. 


the given function. 


—]1 —m« xw 1 
11. = ? 1, 0<х<5 
ғ) | | 0<х<т 2s. sœ =f | 
> 35S 
Lo =2=хух= = 1 
: 0 0<х<;5 
12. f@)=j0, —1<х<1 26. fo =|! шк] 


il px 
27. f(x) = cosx, 0 <х < т/2 


13. ft) = |x|, —т<х<т | 
28. f(x) = sinx, 0<х<т 
14. (х) = х, —m «xm 
3 m 0<х< п/2 
15.0) 235 —1<х<1 UM м йш 
16. f(x) =x|x|, -1«x«1 - _ JO. 0О0<х<т 
17. х) = mT- 2, -т<х<т ЈО = хет, т<х<2т 
18. Дх) = х, -п<х< т - [x O<x<1 
х-1, -т<х<0 ee а. тено 
19. f(x) = 
xctl, О<х<т 
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1 0cx«l 


ло) 1=х<2 


33. х) 2x + х, 0<х<1 


34. f(x) = (2 х), 0«x«2 


In Problems 35—38 expand the given function in a Fourier series. 


35. f(x) 2x 0<х<2т 


36. f(xy) =x, 0<х<т 
37.f(x) "x -* 1, 0<х<1 
38. (х) =2- х, 0<х<2 


In Problems 39-42 suppose the function у = f(x), 0 < x < L, 
given in the figure is expanded in a cosine series, іп a sine series, 
and in a Fourier series. Sketch the periodic extension to which each 
series converges. 


y =f) 


> 
х 


| L 


FIGURE 11.3.13 Graph for 
Problem 39 


FIGURE 11.3.14 Graph for 
Problem 40 


41. 42. 


FIGURE 11.3.15 Graph for 
Problem 41 


FIGURE 11.3.16 Graph for 
Problem 42 


In Problems 43 and 44 proceed as in Example 4 to find a particular 
solution x(t) of equation (11) when m = 1, k = 10, and the driving 
force f(t) is as given. Assume that when f(f) is extended to the nega- 
tive t-axis in a periodic manner, the resulting function is odd. 


5, O-xcrt«'m 
аз. уш =} корш /Ф+2®)=/]@) 
44. f()=1-1, 0<1<2; f(t*2) = f() 


In Problems 45 and 46 proceed as in Example 4 to find a particular 
solution x,(t) of equation (11) when m = І, К = 12, and the driving 
force f(t) is as given. Assume that when f(f) is extended to the nega- 
tive t-axis in a periodic manner, the resulting function is even. 


45. f(t) -2mt— 2, 0«t«2m f(t 2m) = fÀ 


t, 0<t< 


1 
ie dene eT 


46. f(t) = | 


47. (a) Solve the differential equation in Problem 43, 
x" + 10x = f(t), subject to the initial conditions 


x(0) = 0, x'(0) = 0. 
(b) Use a CAS to plot the graph of the solution x (t) in part (a). 
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48. (a) Solve the differential equation in Problem 45, 
ix" + 12x = f(t), subject to the initial conditions 
x(0) = 1, x'(0) = 0. 


(b) Use a CAS to plot the graph of the solution x (A) in part (а). 


49. Suppose a uniform beam of length L is simply supported at 
x = O and at x = L. If the load per unit length is given by 
w(x) = wox/L, 0 < x < L, then the differential equation for the 
deflection y(x) is 


where E, J, and wo are constants. (See (4) in Section 5.2.) 
(a) Expand w(x) in a half-range sine series. 


(b) Use the method of Example 4 to find a particular solution 
y,(x) of the differential equation. 


50. Proceed as in Problem 49 to find a particular solution y,(x) 
when the load per unit length is as given in Figure 11.3.17. 


w(x) 

Wo mmi 
| | 
| | 
| | 


> 


Li 2013 L * 


FIGURE 11.3.17 Graph for Problem 50 


51. When a uniform beam is supported by an elastic foundation and 
subject to a load per unit length w(x), the differential equation 
for its deflection y(x) is 

в 4 у=) 
RET = w(x), 
ах* 


where k is the modulus of the foundation. Suppose that 
the beam and elastic foundation are infinite in length 
(that 15, —® < x < ©) and that the load per unit length is 
the periodic function 


0, =п<х< –т/2 
w(x) = ўир, —т/2<х=т/2; wx + 21) = w(x). 
0 т/2<х<т 


Use the method of Example 4 to find a particular solution y,(x) 
of the differential equation. 


Discussion Problems 
52. Prove properties (a), (c), (d), (f), and (g) in Theorem 11.3.1. 


53. There is only one function that is both even and odd. What 
is it? 

54. As we know from Chapter 4, the general solution of the 
differential equation in Problem 51 is у = y; + yp. Discuss 
why we can argue on physical grounds that the solution of 
Problem 51 is simply y,. [Hint: Consider y = y, + yp as 


x +%,] 
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Computer Lab Assignments 


In Problems 55 and 56 use a CAS to plot graphs of partial sums 
{Sy(x)} of the given trigonometric series. Experiment with differ- 
ent values of N and graphs on different intervals of the x-axis. Use 
your graphs to conjecture a closed-form expression for a function f 
defined for 0 < x < L that is represented by the series. 


oo 
2 
n=1 пт 


55. f(x) = Я } |69 = cos nx + 


11.4 


1 -2(-1)" 


56. f) 1,4 У 1 1 па пт 
. РО) = = 4 cos cos x 
4 T £m 2 


57. Is your answer in Problem 55 or in Problem 56 unique? Give 


a function f defined on a symmetric interval about the origin 
(—a, a) that has the same trigonometric series 


(a) as in Problem 55, 


n sin m (b) asin Problem 56. 


Sturm-Liouville Problem 


INTRODUCTION In this section we will study some special types of boundary- 
value problems in which the ordinary differential equation in the problem contains 
a parameter A. The values of А for which the BVP possesses nontrivial solutions 
are called eigenvalues, and the corresponding solutions are called eigenfunctions. 
Boundary-value problems of this type are especially important throughout Chapters 
12 and 13. In this section we also see that there is a connection between orthogonal 
sets and eigenfunctions of a boundary-value problem. 

The concept of eigenvalues and eigenfunctions was first introduced in 
Section 5.2. A review of that section (especially Example 2) is strongly recommended. 


REVIEW OF ODEs For convenience we present here a brief review of some of the 
linear ODEs that will occur frequently in the sections and chapters that follow. The 
symbol о represents a constant. 


Constant-coefficient equations General solutions 


Tax 


y +ay=0 у= се 
у'+о?у=0, «>0 y = cı соѕ ox + cosin ax 
= cie + coe", ог 
у= ау = 0, а> 0 у= еа де, | 
у = су cosh ax + с) sinh ах 


Cauchy-Euler equation General solutions, x > 0 


а> 0 
а = 0 


== —« © 
xy" + xy! = ay = 0, «>0 ш Cox" 


у= с +c ах, 


Parametric Bessel equation (у = 0) General solution, x > 0 


xy" + у'  a?xy = 0, y = cyo(ax) + coYo(ax) 


Legendre’s equation (п = 0, 1, 2,...) Particular solutions are polynomials 


(1 = xy" = 2 + n(n + Dy = 0, у= Pox) = 1, 
y = P\(x) = x, 


у = Р(х) = 5 3x — 1),... 


Regarding the two forms of the general solution of у” — a?y = 0, we will make use 
of the following informal rule immediately in Example 1 as well as in future discussions: 
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This rule will be useful in 9 Use the exponential form y = сіе * + c2e when the domain of x is an infinite 
Chapters 12-14. or semi-infinite interval; use the hyperbolic form у = су cosh ax + сә sinh ax 
when the domain of x is a finite interval. 


EIGENVALUES AND EIGENFUNCTIONS Orthogonal functions arise in the 
solution of differential equations. More to the point, an orthogonal set of functions 
can be generated by solving a certain kind of two-point boundary-value problem 
involving a linear second-order differential equation containing a parameter A. In 
Example 2 of Section 5.2 we saw that the boundary-value problem 


у"+Лу= 0, у(0) = 0, yL)=0, (1) 


possessed nontrivial solutions only when the parameter A took on the values 
Àn = п2л2/12, n = 1, 2, 3,..., called eigenvalues. The corresponding nontrivial 
solutions y, = c» sin(n7rx/L), or simply y, = sin(nax/L), are called the eigenfunc- 
tions of the problem. For example, for (1) 


| not an eigenvalue 


BVP: y"—2y=0, у0=0, y0)-0 


Trivial solution: y = 0 e never an eigenfunction 

|5 an eigenvalue (n = 3) 
BVP: y"+°™ y=0, у0)=0, y) =0. 
Nontrivial solution: уз = sin(37x/L) <eigenfunction 


For our purposes in this chapter it is important to recognize that the set of trigono- 
metric functions generated by this BVP, that is, {sin(nmx/L)},n = 1, 2,3,..., is an 
orthogonal set of functions on the interval [0, L] and is used as the basis for the Fou- 
rier sine series. See Problem 10 in Exercises 11.1. 


[EXAMPLE 1 | Eigenvalues and Eigenfunctions 


Consider the boundary-value problem 
у"+Лу= 0, y(0-—0, y'(L) = 0. (2) 
As in Example 2 of Section 5.2 there are three possible cases for the parameter 


A: Zero, negative, or positive; that is, A = 0, Л = —02 <0, and A = o? > 0, where 
a > 0. The solution of the DEs 


ya А=0, (3) 
y"-a’y=0, А = —a’, (4) 
у" + ау= 0, А = ао?, (5) 
аге, in turn, 
у = с + Cox, (6) 
у = c cosh ах + сэ sinh ax, (7) 
у = cı cos ax + csin ax. (8) 


When the boundary conditions y'(0) = 0 and y’(L) = 0 are applied to each of these 
solutions, (6) yields y = сі, (7) yields only y = 0, and (8) yields у = c; cos ax 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


446 


CHAPTER 11 


FOURIER SERIES 


provided that a = пт/1„п = 1,2,3,....Since у = c, satisfies the DE in (3) and the 
boundary conditions for any nonzero choice of сі, we conclude that A = 0 is an ei- 
genvalue. Thus the eigenvalues and corresponding eigenfunctions of the problem are 
ào = 0, yo = c1, c1 OL and A, = a2 = mm II^, n = 1,2‚,...,у„ = сү соз(пттх/1), 
c; = 0. We can, if desired, take с = 1 in each case. Note also that the eigenfunction 
yo = 1 corresponding to the eigenvalue Ay = 0 can be incorporated in the family 
Yn = cos(nx/L) by permitting n = 0. The set (cos(nax/L)), n = 0, 1, 2, 3,..., is 
orthogonal on the interval [0, L]. You are asked to fill in the details of this example in 
Problem 3 in Exercises 11.4. m 


REGULAR STURM-LIOUVILLE PROBLEM The problems in (1) and (2) are 
special cases of an important general two-point boundary value problem. Let p, q, r, 
and r’ be real-valued functions continuous on an interval [a, b], and let r(x) > 0 and 
p(x) > 0 for every x in the interval. Then 


d 
Solve: 17001 + (400) + Ap@))y = 0 (9) 
Subject to: A,y(a) + Byy'(a) = 0 (10) 
Aoy(b) + В›у'(Ь) = 0 (11) 


is said to be a regular Sturm-Liouville problem. The coefficients in the boundary 
conditions (10) and (11) are assumed to be real and independent of A. In addition, A; 
and B, are not both zero, and A» and В» are not both zero. The boundary-value prob- 
lems in (1) and (2) are regular Sturm-Liouville problems. From (1) we can identify 
r(x) = 1, g(x) = 0, and р(х) = 1 in the differential equation (9); in boundary condition 
(10) we identify a = 0, A, = 1, B; = 0, and in (11), b = L, A; = 1, Вз = 0. From (2) 
the identifications would bea = 0, A; = 0, By = 11п(10),Ь = L,A?2 = 0, B5 = 1 in (11). 

The differential equation (9) is linear and homogeneous. The boundary condi- 
tions in (10) and (11), both a linear combination of y and y' equal to zero at a point, 
аге also homogeneous. A boundary condition such as Azy(b) + Boy'(b) = C2, where 
С» is a nonzero constant, is nonhomogeneous. A boundary-value problem that con- 
sists of a homogeneous linear differential equation and homogeneous boundary 
conditions is, of course, said to be a homogeneous BVP; otherwise, it is nonhomo- 
geneous. The boundary conditions (10) and (11) are referred to as separated because 
each condition involves only a single boundary point. 

Because a regular Sturm-Liouville problem is a homogeneous ВУР, it always 
possesses the trivial solution y = 0. However, this solution is of no interest to us. 
As in Example 1, in solving such a problem, we seek numbers A (eigenvalues) and 
nontrivial solutions y that depend on A (eigenfunctions). 


PROPERTIES Theorem 11.4.1 is a list of the more important of the many proper- 
ties of the regular Sturm-Liouville problem. We shall prove only the last property. 


| (a) There exist an infinite number of real eigenvalues that can Бе arranged 


in increasing order Ay «A5 « Aa € c <A, <--> such that A, — © as 
n о, 

(b) For each eigenvalue there is only one eigenfunction (except for nonzero 
constant multiples). 

(c) Eigenfunctions corresponding to different eigenvalues are linearly 
independent. 

(d) The set of eigenfunctions corresponding to the set of eigenvalues is 
orthogonal with respect to the weight function p(x) on the interval [a, b]. 
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PROOF OF (d) Let y,, and y, be eigenfunctions corresponding to eigenvalues À, 
and А,, respectively. Then 


d 

dx [rym] + (900) + AmPQ))¥m = 0 (12) 
d * 

dx [rGOys] + (G@) + An P@)yn = 0. (13) 


Multiplying (12) by y, and (13) by у„ and subtracting the two equations gives 


d d 
Am = Àn)p (X)YmYn = Ут ,. [г (х)ул] = Уһ = [г ()у]. 
ах ах 


Integrating this last result by parts from x = a to x = b then yields 


b 
(Am = An) | Р(х)уһ Yn dx = (Б) У„(Р)уп(Б) — ys(b)ys(0)] — ғ(а)[у„(а)у»(а) — у„(а)уһ(а)]._ (14) 


FIGURE 11.4.1 Positive roots 


Xp, X2, X3, . 


.. of tan x = —x in Example 2 


Now the eigenfunctions y,, and y, must both satisfy the boundary conditions (10) and 
(11). In particular, from (10) we have 


Aiym(a) + Biym(a) = 0 
Ajyn(a) + Bıy, (a) = 0. 
For this system to be satisfied by A, and В|, not both zero, the determinant of the 
coefficients must be zero: 
Ум(а)уһ(а) — ул(а)уһ (а) = 0. 
A similar argument applied to (11) also gives 
Ym(b) уһФ) — Yn(b) Ym (b) = 0. 


Since both members of the right-hand side of (14) are zero, we have established the 
orothogonality relation 


b 
[ооо ах = 0, Am F Ау. (15) E 


a 


[EXAMPLE 2 A Regular Sturm-Liouville Problem 


Solve the boundary-value problem 


у"+Лу= 0, у(0) = 0, y(1)-*y'(1)- 0. (16) 


SOLUTION We proceed exactly as in Example 1 by considering three cases in 
which the parameter A could be zero, negative, or positive: A = 0,A = —a? < 0, and 
А = а? > 0, where a > 0. The solutions of the DE for these values are listed in 
(3)-(5). For the cases А = О апал = —o? < 0 we find that the BVP in (16) possesses 
only the trivial solution y = 0. For A = o? > 0 the general solution of the differential 
equation is у = c, cos ax + сә sin ax. Now the condition y(0) = 0 implies that c; = 0 
in this solution, so we are left with y = c» sin ax. The second boundary condition 
y(1) + y'(1) = 015 satisfied if 


casin а + coa cos a = 0. 
In view of the demand that сх # 0, the last equation can be written 
tana = —a. (17) 


If for a moment we think of (17) as tan x = —x, then Figure 11.4.1 shows the plausi- 
bility that this equation has an infinite number of roots, namely, the x-coordinates of 
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the points where the graph of y = —x intersects the infinite number of branches 
of the graph of у = tan x. The eigenvalues of the BVP (16) are then A, = o2, 
where o, n = 1, 2,3,..., are the consecutive positive roots o, 02, o3, . . . of (17). 
With the aid of a CAS it is easily shown that, to four rounded decimal 
places, a; = 2.0288, оо = 4.9132, аз = 7.9787, and од = 11.0855, and the 
corresponding solutions are y, = sin 2.0288х, ух = sin 4.9132x, уз = sin 7.9787x, 
апа y4 = sin 11.0855x. In general, the eigenfunctions of the problem are (sin a,x}, 
n=1,2,3,.... 

With the identification r(x) = 1, g(x) = 0, р(х) = 1, Ау = 1, By = 0, А = 1, 
В» = 1 we see that (16) is a regular Sturm-Liouville problem. We conclude that 
{sin a,x}, n = 1, 2,3,..., is an orthogonal set with respect to the weight function 
p(x) = 1 on the interval [0, 1]. [| 


In some circumstances we can prove the orthogonality of solutions of (9) without 
the necessity of specifying a boundary condition at x = a and at x = b. 


SINGULAR STURM-LIOUVILLE PROBLEM There are several other important 
conditions under which we seek nontrivial solutions of the differential equation (9): 


* r(a) — 0, and a boundary condition of the type given in (11) is 


specified at x = b; d 

* r(b) — 0, and a boundary condition of the type given in (10) is (19) 
specified at x = a; 

• r(a) = r(b) = 0, апа no boundary condition is specified at either (20) 
x=aor atx = b; 

e r(a) = r(b), and boundary conditions у(а) = y(b), y'(a) = y'(b). (21) 


The differential equation (9) along with one of conditions (18)—(20), is said to be a 
singular boundary-value problem. Equation (9) with the conditions specified in (21) 
is said to be a periodic boundary-value problem (the boundary conditions are also 
said to be periodic). Observe that if, say, r (a) = 0, then x = а may be a singular point 
of the differential equation, and consequently, a solution of (9) may become un- 
bounded as x — a. However, we see from (14) that if r (а) = 0, then no boundary 
condition is required at x — a to prove orthogonality of the eigenfunctions provided 
that these solutions are bounded at that point. This latter requirement guarantees the 
existence of the integrals involved. By assuming that the solutions of (9) are bounded 
on the closed interval [a, b], we can see from inspection of (14) that 


e if r(a) = 0, then the orthogonality relation (15) holds with no 


boundary condition specified at x — a; 22) 

e if r(b) = 0, then the orthogonality relation (15) holds with no (23) 
boundary condition specified at x = р; 

* if r(a) = r(b) = 0, then the orthogonality relation (15) holds (04) 
with no boundary conditions specified at either x = a or x = b; 

e if r(a) = r(b), then the orthogonality relation (15) holds with (25) 


the periodic boundary conditions y(a) = y(b), y'(a) = y'(b). 


We note that a Sturm-Liouville problem is also singular when the interval under con- 
sideration is infinite. See Problems 9 and 10 in Exercises 11.4. 


SELF-ADJOINT FORM By carrying out the indicated differentiation in (9), we see 
that the differential equation is the same as 


ray" + roy + (qx) + Ap(x))y = 0. (26) 


Examination of (26) might lead one to believe, given the coefficient of y’ is the 
derivative of the coefficient of у”, that few differential equations have form (9). 


"Conditions (22) and (23) are equivalent to choosing A; = 0, B, = 0, and A; = 0, B» = 0, respectively. 
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On the contrary, if the coefficients are continuous and a(x) = О for all x in some 
interval, then any second-order differential equation 


a(x)y" + Ь(х)у' + (cQ) + Ла(х))у = 0 (27) 


can be recast into the so-called self-adjoint form (9). To this end, we basically 
proceed as in Section 2.3, where we rewrote a linear first-order equation a,(x)y’ + 


d 
ао(х)у = 0 in the form йу [uy] = 0 by dividing the equation by a(x) and then 


multiplying by the integrating factor u = e/?*, where, assuming no common fac- 


tors, Р(х) = ao(x)/a,(x). So first, we divide (27) by a(x). The first two terms are 

YF Y + +-+- , where for emphasis we have written Y = у’. Second, we multiply 
a(x 

this equation by the integrating factor е 

to have no common factors: 


JOA) 4 where a(x) and b(x) are assumed 


eS Pala) dx y+ b(x) eJ (P COlaG)) dx Yes 4 е1%Ф0)/а(х)) ах ү! +... = d eS CVa) dx ‚у Be ca ioe 
a(x) dx dx 


derivative of a product 


In summary, by dividing (27) by a(x) and then multiplying by 0/44, we get 


el Glande у" ER D(x) eJ (ba) dx y ЕВ hs el (bla) dx +À d(x) em, = 0. (28) 


a(x a(x а(х 


Equation (28) is the desired form given in (26) and is ће same as (9): 


d ajax a)ax di a 
d U )d ] T (2 IU )d + d(x) ЛЫ, ^ = 
dx a(x) a(x) 
oe = —=ё — , 
r(x) q(x) P(x) 


For example, to express 2y" + 6y’ + Ау = 0 in self-adjoint form, we write 
у" + 3y’ + Ау = 0 and then multiply by eP% = &?*, The resulting equation is 


r(x) r'(x) р(х) 
{ l | 
еу" + Зеу + Ale =0 or = l^ ] + Ales =0 
y y 2 М p y 2 y . 


It is certainly not necessary to put a second-order differential equation (27) into 
the self-adjoint form (9) to solve the DE. For our purposes we use the form given in 
(9) to determine the weight function p(x) needed in the orthogonality relation (15). 
The next two examples illustrate orthogonality relations for Bessel functions and for 
Legendre polynomials. 


[EXAMPLE З Parametric Bessel Equation 


In Section 6.4 we saw that the parametric Bessel differential equation of order 
n is xy" + xy! + (ax? — п2)у = 0, where n is а fixed nonnegative integer and 
« is a positive parameter. The general solution of this equation is 
y = cJ,(ax) + c2Y,(ax). After dividing the parametric Bessel equation by the 
lead coefficient x? and multiplying the resulting equation by the integrating factor 


еї) = enx = y y 0, we obtain 


Д i 2 п? а j 2 п? 
xy" Фу + gx y Or as ED IRE ах – |у = 0. 
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The extra factor of a comes 


from the Chain Rule: 


dx 


2 Jn(ax) = Ji (ax) a 


ax =aJy (ax). 


dx 


® 


By comparing the last result with the self-adjoint form (9), we make the identi- 
fications r(x) = x, g(x) = —n?/x, А = a’, and p(x) = x. Now r(0) = 0, and of the 
two solutions J,(ax) and Y,(ax), only J,(ox) is bounded at x = 0. Thus in view of 
(22) above, the set {J,(a;x)},i = 1,2,3,...,is orthogonal with respect to the weight 
function р(х) = x on the interval [0, 5]. The orthogonality relation is 


b 
| xJ (aix) J, (ох) dx = 0, А = Àj, (29) 
0 


provided that the a;, and hence the eigenvalues А; = a?, i= 1,2,3,..., are defined 
by means of a boundary condition at x = b of the type given in (11): 


AJ (ab) + Brat, (ab) = 0. 30 E 


For any choice of A» and B», not both zero, it is known that (30) has an infinite 
number of roots x; = ob. The eigenvalues are then A; = а? = (x; / by. More will be 
said about eigenvalues in the next chapter. 


[EXAMPLE 4 Legendre's Equation 


Legendre's differential equation (1 — x2)y" — 2xy' + n(n + 1)у = Ois exactly of the 
form given in (26) with r(x) = 1 — x? and r'(x) = —2x. Hence the self-adjoint form 
(9) of the differential equation is immediate, 


d 
— fa — e| +n(n + 1)y=0. (31) 
dx 


From (31) we can further identify g(x) = 0,A = n(n + 1), and p(x) = 1. Recall from 
Section 6.4 that when n = 0, 1, 2,..., Legendre’s DE possesses polynomial solu- 
tions P,,(x). Now we can put the observation that r(—1) = r(1) = 0 together with 
the fact that the Legendre polynomials P,,(x) are the only solutions of (31) that are 
bounded on the closed interval [—1, 1] to conclude from (24) that the set {P,,(x)}, 
п =0, 1, 2,..., is orthogonal with respect to the weight function p(x) = 1 on 
[—1, 1]. The orthogonality relation is 


1 
| Р,„(х)Р,(х) dx = 0, m n. E 
1 


EXERCISES 1 1 4 Answers to selected odd-numbered problems begin on page ANS-19. 


In Problems 1 and 2 find the eigenfunctions and the equation that 4. Consider у” + Ay = 0 subject to the periodic boundary 
defines the eigenvalues for the given boundary-value problem. Use a conditions y(—L) = y(L), y'(—L) = y'(L). Show that the 
CAS to approximate the first four eigenvalues А |, A», Аз, and A4. Give eigenfunctions are 

the eigenfunctions corresponding to these approximations. 


1 


2. 
3. 


that the eigenfunctions are 


| 


This set, which is orthogonal on [0, L], is the basis for the 


-y’+Ay=0, у'(0) = 0, у(1) + y'(1 = 0 
у +Лу= 0, y0) + y'(0) = 0, у(1) = 0 
Consider у” + Ay = 0 subject to y'(0) = 0, y'(L) = 0. Show 


2m 


Fourier cosine series. 


T 
1, cos P cos т^ к 


т 2m . т . 27 . 3m 
1, cos — x, cos — x,...,sin— x, sin x, sin Xy 
L L L L L 


This set, which is orthogonal on [—L, L], is the basis for the 
Fourier series. 


5. Find the square norm of each eigenfunction in Problem 1. 


| 6. Show that for the eigenfunctions in Example 2, 


|sin exl? = i1 + cos?a,]. 
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11. 


‚ (а) Find the eigenvalues and eigenfunctions of the boundary- 


value problem 
Xy" taxy +ay=0, y0)70, y(5)=0. 


(b) Put the differential equation in self-adjoint form. 


(c) Give an orthogonality relation. 


. (а) Find the eigenvalues and eigenfunctions of the boundary- 


value problem 
у" +у' +Ау=0, у(0) = 0, y(2)=0. 


(b) Put the differential equation in self-adjoint form. 


(c) Give an orthogonality relation. 


. Laguerre’s differential equation 


х)у + пу = 0, n=0,1,2,... 


has polynomial solutions L,(x). Put ће equation in self-adjoint 
form and give an orthogonality relation. 
Hermite's differential equation 


т 


y" — 2xy' + 2ny = 0, 


n-0,1,2,... 


has polynomial solutions H,(x). Put the equation in self-adjoint 
form and give an orthogonality relation. 


Consider the regular Sturm-Liouville problem: 


d ү. x2Yo^] 4 À = 
a КУЗ ue 0, 
»(0) — 0, yd) = 0. 


(a) Find the eigenvalues and eigenfunctions of the boundary- 
value problem. [Hint: Let x — tan 0 and then use the 
Chain Rule.] 


(b) Give an orthogonality relation. 


11.5 
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12. (a) Find the eigenfunctions and the equation that defines the 
eigenvalues for the boundary-value problem 


"| 


Р) 
ху T 


xy + (А2 = 1)у = 0, x20, 


yis bounded atx = 0, у(3) = 0. 


LetA = o2, a > 0. 


(6) Use Table 6.4.1 of Section 6.4 to find the approximate 
values of the first four eigenvalues Aj, Az, Аз, and A4. 


Discussion Problems 


13. Consider the special case of the regular Sturm-Liouville 
problem on the interval [a, b]: 


d 

T Ir@)y'] +Ap@y = 0, 
5 

y'(a)=0, y'(b) = 0. 


Is A = 0 an eigenvalue of the problem? Defend your answer. 


Computer Lab Assignments 


14. (a) Give an orthogonality relation for the Sturm-Liouville 
problem in Problem 1. 


(b) Use a CAS as an aid in verifying the orthogonality relation 
for the eigenfunctions y, and y» that correspond to the first 
two eigenvalues A, and A», respectively. 


15. (a) Give an orthogonality relation for the Sturm-Liouville 


problem in Problem 2. 


(b) Use a CAS as an aid in verifying the orthogonality relation 
for the eigenfunctions y, and y» that correspond to the first 
two eigenvalues A, and A», respectively. 


Bessel and Legendre Series 


INTRODUCTION Fourier series, Fourier cosine series, and Fourier sine series 
are three ways of expanding a function in terms of an orthogonal set of functions. 
But such expansions are by no means limited to orthogonal sets of trigonometric 
functions. We saw in Section 11.1 that a function f defined on an interval (a, b) 
could be expanded, at least in a formal manner, in terms of any set of functions 
{ ф(х) } that is orthogonal with respect to a weight function on [a, b]. Many of 
these orthogonal series expansions or generalized Fourier series stem from Sturm- 
Liouville problems which, in turn, arise from attempts to solve linear partial 
differential equations that serve as models for physical systems. Fourier series and 
orthogonal series expansions, as well as the two series considered in this section, 
will appear in the subsequent consideration of these applications in Chapters 12 


and 13. 
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11.5.1 FOURIER-BESSEL SERIES 


We saw in Example 3 of Section 11.4 that for a fixed value of n the set of Bessel 
functions {J,(a;x)}, i= 1, 2, 3,..., is orthogonal with respect to the weight 
function p(x) = x on an interval [0, b] whenever the a; are defined by means of a 
boundary condition of the form 


АЈ (ар) + B2aJ (ab) = 0. (1) 


The eigenvalues of the corresponding Sturm-Liouville problem are А; = a?. From (7) 
and (8) of Section 11.1 the orthogonal series, or generalized Fourier series, expansion 
of a function f defined on the interval (0, b) in terms of this orthogonal set is 


© 


Јо) = Y, ciJn(aix), (2) 
i=1 
Гу, (алх) ох) dx 
where Cj = (3) 
ll, Cio IP 


The square norm of the function J„(a;x) is defined by (11) of Section 11.1. 
b 
ll, (oux)? = | XJ? (ох) dx. (4) 
0 


The series (2) with coefficients (3) is called a Fourier-Bessel series, or simply, a 
Bessel series. 


DIFFERENTIAL RECURRENCE RELATIONS The differential recurrence relations 
that were given in (23) and (22) of Section 6.4 are often useful in the evaluation of 
the coefficients (3). For convenience we reproduce those relations here: 


d 

qx E809] = x10) (5) 
х 

а a Е 

pu E = ы. (6) 
x 


SQUARENORM The value of the square norm (4) depends on how the eigenvalues 
Л; = а? are defined. If y = J,(ax), then we know from Example 3 of Section 11.4 that 


d CAES n? 0 
— [x ax —— |у = 0. 
ae x" 
After we multiply by 2xy', this equation can be written as 
d d 
dx [ху] + (o^? — п?) йу [у]? = 0. 
Integrating the last result by parts on [0, 5] then gives 
b b 
20? | xy? dx = ([xy'P + (a?x? — ny2)| . 
0 0 


Since y = J,(ax), the lower limit is zero because J,(0) = 0 for n > 0. Furthermore, 


for n = 0 the quantity [xy'? + a2x2y? is zero at x = 0. Thus 


b 
2d xJ2(ox)dx = b [J ab)? + (ob? — nb), (7) 
0 


where we have used the Chain Rule to write у’ = aJ;(a x). 
We now consider three cases of (1). 
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CASE I|: If we choose А» = 1 and В» = 0, then (1) is 
J,(ab) = 0. (8) 


There are an infinite number of positive roots х; = ор of (8) (see Figure 6.4.1), 
which define the a; as a; = x;/b. The eigenvalues are positive and are then 
ài = a? = x?/ ?. No new eigenvalues result from the negative roots of (8), since 
Ji ~x) = (-1)"J,(x). (See page 267.) The number 0 is not an eigenvalue for any n 
because J,(0) = 0 for n = 1,2, 3,.... and Jo(0) = 1. In other words, if A = 0, we 
get the trivial function (which is never an eigenfunction) for n = 1, 2,3,..., and for 
n = 0,A = 0 (or, equivalently, a = 0) does not satisfy the equation in (8). When (6) 
is written in the form xJ œ) = nJ,(x) — xJn+\(x), it follows from (7) and (8) that the 
square norm of /,„(о;х) is 


b2 
117, ох)? = 5 Tia (aud). (9) 


CASE П: If we choose A» = Л = 0, and В» = b, then (1) is 

hJ,(ab) + abJ;(ab) = 0. (10) 
Equation (10) has an infinite number of positive roots x; = a;b for each positive 
integern = 1,2,3, . . . . As before, the eigenvalues are obtained from A; = a? = x7/b?. 
A = 0 1 not an eigenvalue for n = 1, 2,3,.... Substituting a;bJ,(a;b) = —hJ,(a;b) 
into (7), we find that the square norm of J,(o; x) is now 
b- п2 +k 

20? 


117, (ох) = Js (ob). (11) 


CASE III: IfA = 0 andn = 0 in (10), the a; are defined from the roots of 
Jo(ab) = 0. (12) 


Even though (12) is just a special case of (10), it is the only situation for which A = 0 
is an eigenvalue. To see this, observe that for п = О the result in (6) implies that 
Jo(ab) = 0 1 equivalent to J\(ab) = 0. Since x; = ob = 0 is root of the last equation, 
a, = 0, and because Jo(0) = 1 is nontrivial, we conclude from A, = o1 = x7/P? that 
A, = Ois an eigenvalue. But obviously, we cannot use (11) when o, = 0, л = 0, and 
n = 0. However, from the square norm (4), 


b b2 

ШР = | xdx = =. (13) 
0 2 

For a; > 0 we can use (11) with Л = 0 and n = О: 


b? 
(о l|? = 5 бо). (14) 


The following definition summarizes three forms of the series (2) corresponding to 
the square norms in the three cases. 


| The Fourier-Bessel series of a function f defined on the interval (0, b) is 


given by 
(i) ғо) = dcidn(aix) (15) 
=! 
2 | b 
[GO] = PD) 0/6070) ах, (16) 


where the a; are defined by J,(ab) = 0. (continued) 
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(i) Хо) = X cihlaix) (17) 
=i 

i ul Ji 18 

2 pe ae БОЁ) х(ах)/] (x) ах, (18) 


where the a; are defined by hJ,(ab) + abJ (ab) = 0 


(iii) mou е (19) 
і=2 


b 
c= E || xf(x)dx, ci = f Joan) f x) ах, (20) 


222 
Ь2Ј (о) 


where the о; are defined by J0(a@b) = 


CONVERGENCE OF A FOURIER-BESSEL SERIES Sufficient conditions for the 
convergence of a Fourier-Bessel series are not particularly restrictive. 


| Let fand f' Бе piecewise continuous on the interval [0, b]. Then for all x in 


the interval (0, b), the Fourier-Bessel series of f converges to f(x) at a point of 
continuity. At a point of discontinuity, the Fourier-Bessel series converges to 
the average 


fat) + /(х—) 
2 3 


where f(x+ and f(x—) denote the limit of f at x from the right and from the 
left, respectively. 


[EXAMPLE 1 | Expansion їп a Fourier-Bessel Series 


Expand f(x) = x, 0 < x < 3, in a Fourier-Bessel series, using Bessel functions of 
order one that satisfy the boundary condition / (За) = 0. 


SOLUTION We use (15) where the coefficients c; are given by (16) with b — 3: 


с; = 


ET |е а 


To evaluate this integral, we let t = ох, dx = dt/aj, x? = РЈ оў, and use (5) in ће 
d 
form » ERO] = PAW: 


2 3 d 
cj = | i [25001 dt = 


2 
9a3J3(3a;) ai BaN 
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(b) 5,0(х), 0 € x < 50 


FIGURE 11.5.1 Graphs of two partial 
sums of the Fourier-Bessel series in 
Example 2 


11.5 BESSEL AND LEGENDRE SERIES 455 


Therefore the desired expansion is 
ғ) =2 У — БИЕ Л (о;х). E 
1 Qia) 


You are asked to find the first four values of the o; for the foregoing Fourier- 
Bessel series in Problem 1 in Exercises 11.5. 


[EXAMPLE 2 Expansion in a Fourier-Bessel Series 


If the a; in Example 1 are defined by (За) + aJi(3a) = 0, then the only thing that 
changes in the expansion is the value of the square norm. Multiplying the boundary 
condition by 3 gives 3J1(3a) + 3aJ{(3@) = 0, which now matches (10) when Л = 3, 
b = 3, and n = 1. Thus (18) and (17) yield, in turn, 


18a; Ba) 
(9a? + 8) (3а) 


and (215 ОВ в ш 


1 (9a? + 8)J?(3ai) 


USE OF COMPUTERS Since Bessel functions are “built-in functions” in a CAS, it 
is a straightforward task to find the approximate values of the a; and the coefficients 
c; in a Fourier-Bessel series. For example, in (10) we can think of x; = a,b as a posi- 
tive root of the equation AJ,(x) + xJ;(x) = 0. Thus in Example 2 we have used a 
CAS to find the first five positive roots x; of 3J4(x) + xJ1(x) = 0, and from these roots 
we obtain the first five values of ос: a} = х1/3 = 0.98320, оо = x2/3 = 1.94704, 
аз = х3/3 = 2.95758, ag = x4/3 = 3.98538, and as = x5/3 = 5.02078. Knowing 
the roots х; = 3a; and the oj, we again use a CAS to calculate the numerical values of 
Jo(3aj), J #(За;), and finally the coefficients c;. In this manner we find that the fifth 
partial sum Ss(x) for the Fourier-Bessel series representation of f(x) = х, 0 < х < 3 
in Example 2 is 


Ss(x) = 4.01844 J,(0.98320x) — 1.86937 Jı(1.94704x) 
+ 1.07106 J1(2.95758x) — 0.70306 J,(3.98538x) + 0.50343 Jı(5.02078x). 


The graph of 55(х) on the interval (0, 3) is shown in Figure 11.5.1(a). In Figure 11.5.1(b) 
we have graphed S;o(x) on the interval (0, 50). Notice that outside the interval of 
definition (0, 3) the series does not converge to a periodic extension of f because Bes- 
sel functions are not periodic functions. See Problems 11 and 12 in Exercises 11.5. 


11.5.2 FOURIER-LEGENDRE SERIES 


From Example 4 of Section 11.4 we know that the set of Legendre polynomials 
{Р„(х)}, n = 0,1, 2,..., is orthogonal with respect to the weight function p(x) = 1 
on the interval [—1, 1]. Furthermore, it can be proved that the square norm of a 
polynomial Р„(х) depends on n in the following manner: 


1 2 
PQl = | Рх) dx = . 
Т9] Г (diuo 


The orthogonal series expansion of a function in terms of the Legendre polynomials 
is summarized in the next definition. 
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| The Fourier-Legendre series of a function f defined on the interval (— 1, 1) 


is given by 


d Хор xxr (21) 


where C, = Mee) abe, (22) 


CONVERGENCE OF A FOURIER-LEGENDRE SERIES Sufficient conditions for 
convergence of a Fourier-Legendre series are given in the next theorem. 


| Let f and f' be piecewise continuous on the interval [— 1, 1]. Then for all x 


in the interval (—1, 1), the Fourier-Legendre series of f converges to f(x) at 
a point of continuity. At a point of discontinuity the Fourier-Legendre series 
converges to the average 


ft) + fa) 
9) > 
where f(x+) and f(x—) denote the limit of f at x from the right and from the 
left, respectively. 


[EXAMPLE З Expansion in a Fourier-Legendre Series 


Write out the first four nonzero terms in the Fourier-Legendre expansion of 


a= 0, -l<x<0 
fG l dime. 


SOLUTION The first several Legendre polynomials are listed on page 271. From 
these and (22) we find 


1 [1 1 (4 1 
инв 
1 
e JOP dx => | 1 i dx => 
s 
2-5 |" лора 5 [' Gx = Ddx=0 
0 


01|" P309 d je (68 334 a 
оп (5х х) dx = 16 


1 
i fQ)P4(x) dx = = АЕТ lae — 30x2 + 3) dx = 0 
0 


11 11 (2. 1 11 
= — Р. =—]1-- з — 34] =. 
c5 2 ло s(x) dx 2 | 8 (63x° — 70x 5x) dx 32 


3 7 11 
Непсе fe) = 5 Pat) + 4Pi09 - 1g P9 +» 39 P509 +: 
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Like the Bessel functions, Legendre polynomials are built-in functions in com- 
puter algebra systems such as Mathematica and Maple, so each of the coefficients 
just listed can be found by using the integration application of such a program. 
Indeed, using a CAS, we further find that сє = 0 and c; = E The fifth partial sum 
of the Fourier-Legendre series representation of the function f defined in Example 3 


11 


fyc aie Fi hog Бий S md 
x dcc NA E a 


56 


FIGURE 11.5.2 Partial sum $5(x) of the The graph of S5(x) on the interval (— 1, 1) is given in Figure 11.5.2. 


Fourier-Legendre series in Example 3 


ALTERNATIVE FORM OF SERIES In applications the Fourier-Legendre series 
appears in an alternative form. If we let x = cos Ө, then x = 1 implies that 0 = 0 
whereas x = —1 implies that 0 = т. Since dx = —sin Ө d0, (21) and (22) become, 


respectively, 


F(0) = У; сР,(соѕ 0) (23) 
n=0 
РЕ qu : 
Cn = 2 | F(0)P,(cos 0) sin 0 dé, (24) 
0 


where f(cos 0) has been replaced by F(0). 


EXERCISES 1 1 5 Answers to selected odd-numbered problems begin on page ANS-19. 


11.5.1 Fourier-Bessel Series 


In Problems 1 and 2 use Table 6.4.1 in Section 6.4. 
1. Find the first four a; > 0 defined by Ji(3a) = 0. 
2. Find the first four a; = 0 defined by Jọ (20) = 0. 


In Problems 3-6 expand f(x) = 1, 0 € x € 2, in a Fourier-Bessel 
series, using Bessel functions of order zero that satisfy the given 
boundary condition. 


3. Jo(2a) = 0 4. (20) = 0 
5. Jo(2a) + 2aJo(2a) = 0 6. Jo(2a) + aJi(2a) = 0 
In Problems 7—10 expand the given function in a Fourier-Bessel 


series, using Bessel functions of the same order as in the indicated 
boundary condition. 


7. f(x) = 5x0 € x € 4, 3/(4а) + 407 (4а) = 0 

8. f(x) = 22,0 <х<1, Љ(а) = 0 

9. f(x) = 22,0 <х<3, Ј(За) = 0 [Hint = 2 + 1] 
10. f(x) = 1 22,0<х<1, Ja) = 0 


Computer Lab Assignments 


11. (a) Use a CAS to plot the graph of y = 3Л(х) + хЛ(х) on an 
interval so that the first five positive x-intercepts of the 
graph are shown. 


(b) 


(c) 


(d) 
12. (a) 


(b) 


(c) 


Use the root-finding capability of your CAS to approximate 
the first five roots x; of the equation 3J1(x) + хЛ(х) = 0. 


Use the data obtained in part (b) to find the first five 
positive values of a; that satisfy 3J;(4a) + 4aJi (4a) = 0. 
(See Problem 7.) 


If instructed, find the first ten positive values of о;. 


Use the values of a; in part (c) of Problem 11 and a CAS to 
approximate the values of the first five coefficients c; of the 
Fourier-Bessel series obtained in Problem 7. 


Use a CAS to plot the graphs of the partial sums Sy(x), 
N = 1, 2, 3, 4, 5 of the Fourier-Bessel series in Problem 7. 


If instructed, plot the graph of the partial sum 510(х) on the 
interval (0, 4) and on (0, 50). 


Discussion Problems 


13. If the partial sums in Problem 12 are plotted on a symmetric 
interval such as (—30, 30) would the graphs possess any 
symmetry? Explain. 


14. (a) 


(b) 


Sketch, by hand, a graph of what you think the Fourier- 
Bessel series in Problem 3 converges to on the interval 
(—2, 2). 


Sketch, by hand, a graph of what you think the 
Fourier-Bessel series would converge to on the interval 
(—4, 4) if the values a; in Problem 7 were defined by 
3Jx(4a) + 4a J(4a) = 0. 
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11.5.2 Fourier-Legendre Series 


In Problems 15 and 16 write out the first five nonzero terms in the 
Fourier-Legendre expansion of the given function. If instructed, use 
a CAS as an aid in evaluating the coefficients. Use a CAS to plot the 
graph of the partial sum S5(x). 


0 =1<х<0 


15. о - f 0<х<1 


16.f(x) = е, —1<х<1 


17. The first three Legendre polynomials are Р(х) = 1, Р(х) = x, 
and P(x) = 5 (3x? 1). If x = cos 6, then Po(cos 0) = 1 and 
Р\(со$ 0) = cos 0. Show that Р›(соѕ 0) = 1 cos 20 + 1). 


18. Use the results of Problem 17 to find a Fourier-Legendre 
expansion (23) of F(0) — 1 — cos 20. 


19. A Legendre polynomial P,,(x) is an even or odd function, 
depending on whether n is even or odd. Show that if f is an even 
function on the interval (— 1, 1), then (21) and (22) become, 
respectively, 


Ро) = Mo, Py) (25) 


п=0 


1 
Con = (4n + D ['reorstoax (26) 
0 


The series (25) can also be used when fis defined only on the 
interval (0, 1). The series then represents fon (0, 1) and an even 
extension of f on the interval (— 1, 0). 


Chapter 11 In Review 


In Problems 1-6 fill in the blank or answer true or false without 
referring back to the text. 


1. The functions f(x) = x? — 1 and g(x) = x? are orthogonal on 
the interval [—7, 7]. 


2. The product of an odd function f with an odd function g is 


3. To expand f(x) = |x| + 1, — < x < m, in an appropriate 
trigonometric series, we would use a 
series. 


4. y — O is never an eigenfunction of a Sturm-Liouville 
problem. 


5. А = 015 never an eigenvalue of a Sturm-Liouville 


problem. 
: xttl -1«x«0, 
6. If the function f(x) — is expanded 
RES 0<х<1 
in a Fourier series, the series will converge to _____ at 


x= —l,to at x = 0, and to atx = 1. 


7. Suppose the function f(x) = x? + 1, 0 < x < 3, is expanded 
in a Fourier series, a cosine series, and a sine series. Give the 
value to which each series will converge at x — 0. 


20. Show that if fis an odd function on the interval (— 1, 1), then 
(21) and (22) become, respectively, 


Хо) = У) cont Pons) 


n=0 


(27) 


1 
Сэл+1 = (An + 3) | FX) Pos 44 Q2) dx. (28) 


The series (27) can also be used when fis defined only on the 
interval (0, 1). The series then represents f on (0, 1) and an odd 
extension of f on the interval (— 1, 0). 


In Problems 21 and 22 write out the first four nonzero terms in the 
indicated expansion of the given function. What function does the 
series represent on the interval (— 1, 1)? Use a CAS to plot the graph 
of the partial sum S4(x). 


21. f(x) = x, 
22. f(x) = 1, 


O<x<1; use(25) 


О<х< 1; use(27) 


Discussion Problems 


23. Discuss: Why is a Fourier-Legendre expansion of a polynomial 
function that is defined on the interval (—1, 1) necessarily a 
finite series? 


24. Using only your conclusions from Problem 23—that is, do not 
use (22)—find the finite Fourier-Legendre series of f(x) = х2. 
The series of f(x) = x. 


Answers to selected odd-numbered problems begin on page ANS-19. 


8. What is the corresponding eigenfunction for the boundary- 
value problem 


y"+aAy=0, у'(0) = 0, у(т/2)=0 
for A = 25? 


9. Chebyshev’s differential equation 


(1 = 22)у" — xy! + ry = 0 


has a polynomial solution у = Т, (х) for n = 0, 1, 2,.... 
Specify the weight function w(x) and the interval over which 
the set of Chebyshev polynomials {7,,(x)} is orthogonal. Give 
an orthogonality relation. 


10. The set of Legendre polynomials {P,,(x)}, where Po(x) = 1, 
Р\(х) = x,..., is orthogonal with respect to the weight 
function w(x) = 1 on the interval [—1, 1]. Explain why 
JLi Р„(х) dx = 0 forn > 0. 


11. Without doing any work, explain why the cosine series of 
f(x) = соѕ2х, 0 < x < m is the finite series f(x) = I + 5 cos 2x; 
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12. 


13. 
14. 
15. 


16. 


17. 


18. 


(a) Show that the set 


is orthogonal on the interval [0, L]. 


(b) Find the norm of each function in part (a). Construct an 
orthonormal set. 


Expand f(x) = |x| = x, —1 <x € 1 ina Fourier series. 
Expand f(x) = 2x? — 1, —1 < x < 1 ina Fourier series. 
Expand f(x) =e *,0<x< 1 

(b) ina sine series. 


(a) іп а cosine series 


In Problems 13, 14, and 15, sketch the periodic extension of f to 
which each series converges. 


Discuss: Which of the two Fourier series of fin Problem 15 
converges to 


arai 
=] xe 


fœ, 


FO) = 
93 I. 


on the interval (— 1, 1)? 


Consider the portion of the periodic function f shown in 
Figure 11.R.1. Expand f in an appropriate Fourier series. 


FIGURE 11.R.1 Graph for Problem 18 


19. 


20. 


21. 


22. 
23. 


25. 


CHAPTER 11 IN REVIEW 459 


Find the eigenvalues and eigenfunctions of the boundary-value 
problem 


ху" + xy! + 9лу 20, у'(1)=0, y(e)- 0. 


Give an orthogonality relation for the eigenfunctions in 
Problem 19. 
p. OS x2 


Expand уо) =, 2<х<4 


series, using Bessel functions of order zero that satisfy the 
boundary-condition Jo(4a) = 0. 


in a Fourier-Bessel 


Expand f(x) = xf, —1 < x < 1, in a Fourier-Legendre series. 
Suppose the function y = f(x) is defined on the interval (— co, oc). 


(a) Verify the identity f(x) = f(x) + f, (x), where 


Bes fœ i (=) - 


Ло) = fc 


Љо) = 2 


(b) Show that f, is an even function and f, an odd function. 


. The function f(x) = е" is neither even or odd. Use Problem 


23 to write f as the sum of an even function and an odd 
function. Identify f, and f,. 


Suppose that fis an integrable 2p-periodic function. Prove that 
for any number a, 


2p а+2р 
feo dx = | f(x) dx. 
0 


а 
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Separable Partial Differential Equations 
Classical PDEs and Boundary-Value Problems 
Heat Equation 

Wave Equation 

Laplace's Equation 

Nonhomogeneous Boundary-Value Problems 
Orthogonal Series Expansions 
Higher-Dimensional Problems 


CHAPTER 12 IN REVIEW 


n this and the next two chapters the emphasis will be on two procedures used 
in solving partial differential equations that occur in problems involving 


temperature distributions, vibrations, and potentials. These problems, called 


boundary-value problems, are described by relatively simple linear second- 


order PDEs. The thrust of these procedures is to find solutions of a linear PDE 
by reducing it to one (Chapter 14) or more (Chapters 12 and 13) linear ordinary 


differential equations. 
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12.1 Separable Partial Differential Equations 


INTRODUCTION Partial differential equations (PDEs), like ordinary differential 
equations (ODEs), are classified as either linear or nonlinear. Analogous to a linear 
ODE, the dependent variable and its partial derivatives in a linear PDE are only to the 
first power. For the remaining chapters of this text we shall be interested in, for the 
most part, linear second-order PDEs. 


LINEAR PARTIAL DIFFERENTIAL EQUATION If we let и denote the dependent 
variable and let x and y denote the independent variables, then the general form of a 
linear second-order partial differential equation is given by 


д?и д?и д2и ди ди 
AB qoc +Е + Еи = С, (1) 
Ох" дх ду ду дх ду 
where the coefficients A, B, C, ..., G are functions of х and y. When G(x, у) = 0, 


equation (1) is said to be homogeneous; otherwise, it is nonhomogeneous. 


[EXAMPLE 1 | Linear Second-Order PDEs 


The equations 


are examples of linear second-order PDEs. The first equation is homogeneous 
whereas the second is nonhomogeneous. Е 


SOLUTION ОҒ А PDE А solution of a linear partial differential equation (1) is 
a function u(x, y) of two independent variables that possesses all partial deriva- 
tives occurring in the equation and that satisfies the equation in some region of 
the xy-plane. 

It is not our intention to examine procedures for finding general solutions of 
linear partial differential equations. Not only is it often difficult to obtain a gen- 
eral solution of a linear second-order PDE, but a general solution is usually not all 
that useful in applications. Thus our focus throughout will be on finding particular 
solutions of some of the more important linear PDEs—that is, equations that appear 
in many applications. 


SEPARATION OF VARIABLES Although there are several methods that can be 
tried to find particular solutions of a linear PDE, the one we are interested in at the 
moment is called the method of separation of variables. In this method we seek 
a particular solution of the form of a product of a function of x and a function of y: 


u(x, y) = Х(х)ү(у). 


With this assumption it is sometimes possible to reduce a linear PDE in two variables 
to two ODEs. To this end we note that 


ðu ðu , u ll au : 
— =X’y, — = ХҮ", aga E v ANS 
Ox ду Ox ду 


where the primes denote ordinary differentiation. 
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[EXAMPLE 2 | Separation of Variables 


- . д?и ди 
Find product solutions of —7; = 4 — 


ax? dy 
SOLUTION Substituting u(x, y) = X(x)Y(y) into the partial differential equation 
yields 


X"Y = AXY'. 

After dividing both sides by 4XY, we have separated the variables: 

x = Ш 

AX Y 
Since the left-hand side of the last equation is independent of y and is equal to 
the right-hand side, which is independent of x, we conclude that both sides of the 
equation are independent of x and y. In other words, each side of the equation must 
be a constant. In practice it is convenient to write this real separation constant as 


—À (using A would lead to the same solutions). 
From the two equalities 


X" Y 
= — = —À 
4X Y 


we obtain the two linear ordinary differential equations 
X" +4АХ = 0 and Y' +AY=0. (2) 


Now, as in Example 1 of Section 11.4 we consider three cases for A: zero, negative, 
or positive, that is, A = 0,A = —o? < 0, апал = a? > 0, where a > 0. 


CASEI IfA = 0, then the two ODEs in (2) are 
Х"= 0 апа Ү' = 0. 


Solving each equation (by, say, integration), we find X = су + cox and Y = сз. Thus 
a particular product solution of the given PDE is 


и = XY = (cy + сох)сз = A, + Bix, (3) 


where we have replaced cıc3 and c2c3 by A, and В|, respectively. 


CASEII ІА = —o?, then the DEs in (2) are 
Х"— 40Х=0 an Y'—a’*Y=0. 
From their general solutions 
X = c4 cosh 20х + cs sinh 2ax and Y= coet? 
we obtain another particular product solution of the PDE, 
и = XY = (c4 cosh 20х + cs sinh 2ox)cge 
or и = Are“ cosh 2ax + Bre“? sinh 2ax, (4) 


where A» = С4С6 and В» = С5С6. 


СА$ЕШ If A = a’, then the DEs 
X"+4a?X=0 аай Y'+a°Y=0 
and their general solutions 


. posi 
X = су cos 2ax + cg sin 2ax and Y = сде ^? 
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give yet another particular solution 
и = Ase cos 2ax + Bye *» sin 2ax, (5) 
where Аз = С7С9 апа В» = CgCo. E 


It is left as an exercise to verify that (3), (4), and (5) satisfy the given PDE. See 
Problem 29 in Exercises 12.1. 


SUPERPOSITION PRINCIPLE The following theorem is analogous to 
Theorem 4.1.2 and is known as the superposition principle. 


| If uj, u2, ..., uy are solutions of a homogeneous linear partial differential 


equation, then the linear combination 
U = cuj + Cou» + Е Cpu, 


where the с, i = 1, 2,..., k, are constants, is also a solution. 


Throughout the remainder of the chapter we shall assume that whenever we 
have an infinite set uj, иә, из, . . . of solutions of a homogeneous linear equation, we 
can construct yet another solution u by forming the infinite series 


и = У) сщ, 


k-1 


where the cj, К = 1,2,... are constants. 


CLASSIFICATION OF EQUATIONS A linear second-order partial differential 
equation in two independent variables with constant coefficients can be classified as 
one of three types. This classification depends only on the coefficients of the second- 
order derivatives. Of course, we assume that at least one of the coefficients A, B, and 
C is not zero. 


| The linear second-order partial differential equation 


9? д? д? д д 
ав сср у, 
ox? дх ду ду дх ду 


where A, В, С, Р, E, F, апа С are real constants, is said to be 
hyperbolic if B? — 4AC > 0, 
parabolic if B? — 4AC = 0, 
elliptic if B? — 4AC <0. 


[EXAMPLE З | Classifying Linear Second-Order PDEs 


Classify the following equations: 


ди ðu Pu Pu Pu u 
а)3——=— b) — ==> с) — + 5 = 
(a) ox? (b) ax? © ox? ду? 


0 
ду ду? 
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SOLUTION (a) By rewriting the given equation as 


we can make the identifications A = 3, В = 0, and C = 0. Since В? — 4AC = 0, the 
equation is parabolic. 


(b) By rewriting the equation as 


u u 

a 320 5 

Ox ду 
we see that A = 1, B = 0, C = —1, and B? — ААС = —4(1)(—1) > 0. The equation 
is hyperbolic. 
(c) With A = 1, B=0, C=1, and B? — 4AC = —4(1)(1) < 0 the equation is 
elliptic. E 


EXERCISES 1 2. Answers to selected odd-numbered problems begin on page ANS-20. 
In Problems 1-16 use separation of variables to find, if possible, " Qu u б E Qu п Qu К 
: : Me Р : bep . x7 —+— = 
product solutions for the given partial differential equation. дх2 ду? ах? ду? 
ðu ди ди ди 
ue тта, 15. ux + Uyy =u 16. du, — g = ш, gaconstant 
З.и. + Uy =u 4. uy = uy tu In Problems 17—26 classify the given partial differential equation as 
Jü ди ou ad hyperbolic, parabolic, or elliptic. 
5. X ку 6. y—+x—=0 
dx ` dy dx ду ди ди u 
177. — + +—>=0 
Qu Pu ди au ðx? axdy ду 
РЕ ae Duc B ys +u=0 
x xày ду Ty вз Кв ди Puy 
д2 д Фи ð "Uwe 20 
ФЕ —u- ро Ipk = 0 QV MESE M 
Ox ð Ox д 
^u ru ru 
Qu ðu 19. — + + 7 = 0 
11. 2 — = —, дх дх ду ду 
ox? о? 
2 2 2 
Qu Fu ou Oru Oru ди _ 
2 = 20. 3 0 
12. а ae am +2k a k>0 дх2 ax ay ду? 
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9?u au u lau 1 дуи 
21.39 28. — 4 воо 
дх ax ду à rör rað 
35 ou ou j ðu " и = (cı cos a0 + csin aO0)(car* + car “) 
| ax ду ay? ax 29. Verify that each of the products u = XY in (3), (4), and (5) 
92 92 E à à satisfies the second-order PDE in Example 1. 
u u u u u 
23. ox? дхду ду? © ax ду 0 30. Definition 12.1.1 generalizes to linear PDEs with coefficients 
that are functions of x and y. Determine the regions in the 
2 2 y g 
24 ди ди = xy-plane for which the equation 
"ax? ay? 
д?и д?и ru 
| | | | | i ыы 
9? 92 92 à (xy + 1) —5 t (x + 2y) I 5 txyu=0 
25. d a 26 C= k>0 ax дх ду ay 
x t 


is hyperbolic, parabolic, or elliptic. 


In Problems 27 and 28 show that the given partial differential 


equation possesses the indicated product solution. 


и =e "(e Jar) + c2¥o(ar)) 


| 


12.2 


Discussion Problems 


In Problems 31 and 32 discuss whether product solutions 
и = X(x)Y(x) can be found for the given partial differential equation. 
[Hint: Use the superposition principle.] 
д?и д?и ди 
+ = 


31.—, —u=0 


; =0 
ax? axdy ax 


Classical PDEs and Boundary-Value Problems 


INTRODUCTION We are not going to solve anything in this section. We are 
simply going to discuss the types of partial differential equations and boundary- 
value problems that we will be working with in the remainder of this chapter as well 
as in Chapters 13—15. The words boundary-value problem have a slightly different 
connotation than they did in Sections 4.1, 4.3, and 5.2. If, say, u(x, f) is a solution 
of a PDE, where x represents a spatial dimension and / represents time, then we 
may be able to prescribe the value of и, or ди/дх, or a linear combination of и and 
du/dx at a specified x as well as to prescribe u and du/dt at a given time f (usually, 
t = 0). In other words, a “boundary-value problem” may consist of a PDE, along 
with boundary conditions and initial conditions. 


CLASSICAL EQUATIONS We shall be concerned principally with applying 
the method of separation of variables to find product solutions of the following clas- 
sical equations of mathematical physics: 


pot = = к> 0 (1) 
ax? дг 
Qu ди 
2 
а = 2 
ax? ә? 2) 
eu u 
= + — = 0 3 
ax? ay? @) 


or slight variations of these equations. The PDEs (1), (2), and (3) are known, respec- 
tively, as the one-dimensional heat equation, the one-dimensional wave equa- 
tion, and the two-dimensional form of Laplace’s equation. “One-dimensional” in 
the case of equations (1) and (2) refers to the fact that x denotes a spatial variable, 
whereas / represents time; “two-dimensional” in (3) means that x and y are both 
spatial variables. If you compare (1)-(3) with the linear form in Theorem 12.1.1 
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cross section of area A 


0 x х+Ах L x 


FIGURE 12.2.1 One-dimensional flow 
of heat 


(with ¢ playing the part of the symbol y), observe that the heat equation (1) is para- 
bolic, the wave equation (2) is hyperbolic, and Laplace's equation is elliptic. This 
observation will be important in Chapter 15. 


HEAT EQUATION Equation (1) occurs in the theory of heat flow—that is, heat 
transferred by conduction in a rod or in a thin wire. The function u(x, t) represents 
temperature at a point x along the rod at some time f. Problems in mechanical 
vibrations often lead to the wave equation (2). For purposes of discussion, a solution 
u(x, t) of (2) will represent the displacement of an idealized string. Finally, a solution 
u(x, y) of Laplace's equation (3) can be interpreted as the steady-state (that is, time- 
independent) temperature distribution throughout a thin, two-dimensional plate. 

Even though we have to make many simplifying assumptions, it is worthwhile 
to see how equations such as (1) and (2) arise. 

Suppose a thin circular rod of length L has a cross-sectional area A and coin- 
cides with the x-axis on the interval [0, L]. See Figure 12.2.1. Let us suppose the 
following: 


* The flow of heat within the rod takes place only in the x-direction. 

* The lateral, or curved, surface of the rod is insulated; that is, no heat escapes 
from this surface. 

• No heat is being generated within the rod by either chemical or electrical 
means. 

• The rod is homogeneous; that is, its mass per unit volume p is a constant. 

* The specific heat y and thermal conductivity K of the material of the rod are 
constants. 


To derive the partial differential equation satisfied by the temperature u(x, t), we 
need two empirical laws of heat conduction: 


(i) The quantity of heat О in an element of mass m is 


Q = ути, (4) 
where и is the temperature of the element. 
(ii) The rate of heat flow О, through the cross-section indicated in 
Figure 12.2.1 is proportional to the area A of the cross section and 
the partial derivative with respect to x of the temperature: 


О, = —KAu,. (5) 


Since heat flows in the direction of decreasing temperature, the minus sign in (5) is 
used to ensure that О, is positive for и, < 0 (heat flow to the right) and negative for 
ux > 0 (heat flow to the left). If the circular slice of the rod shown in Figure 12.2.1 
between x and x + Ax is very thin, then u(x, f) can be taken as the approximate tem- 
perature at each point in the interval. Now the mass of the slice is m = p(A Ax), and 
so it follows from (4) that the quantity of heat in it is 


Q — ypA Ax u. (6) 


Furthermore, when heat flows in the positive x-direction, we see from (5) that heat 
builds up in the slice at the net rate 


—KAu,(x, t) — [—KAu,(x + Ax, t)] = KA [uy(x + Ax, t) — ux, t)]. (7) 
By differentiating (6) with respect to t, we see that this net rate is also given by 
О, = ypA Ax и. (8) 
Equating (7) and (8) gives 


K u(x + Ax, ft) — u(x, t) 
yp Ax 


Uy. (9) 
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(a) segment of strin 


8 


x x+ 


Ax 


(b) enlargement of segment 


FIGURE 12.2.2 Flexible string 
anchored at x = 0 andx = L 


temperature as a 
function of position 


on the hot plate 


thermometer 


FIGURE 12.2.3 Steady-state 
temperatures in a rectangular plate 


=y 
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Finally, by taking the limit of (9) as Ax— 0, we obtain (1) in the form" 
(K/yp)ux. = ur. It is customary to let k = K/yp and call this positive constant the 
thermal diffusivity. 


WAVE EQUATION Consider a string of length L, such as a guitar string, stretched 
taut between two points on the x-axis—say, x = 0 and x = L. When the string starts 
to vibrate, assume that the motion takes place in the xu-plane in such a manner that 
each point on the string moves in a direction perpendicular to the x-axis (transverse 
vibrations). As is shown in Figure 12.2.2(a), let u(x, f) denote the vertical displace- 
ment of any point on the string measured from the x-axis for t > 0. We further assume 
the following: 


* The string is perfectly flexible. 

* The string is homogeneous; that is, its mass per unit length p is a constant. 

• The displacements и are small in comparison to the length of the string. 

* The slope of the curve is small at all points. 

* The tension T acts tangent to the string, and its magnitude T is the same at 
all points. 

• The tension is large compared with the force of gravity. 

e No other external forces act on the string. 


Now in Figure 12.2.2(b) the tensions Т; and Т» are tangent to the ends of the 
curve on the interval [x, x + Ax]. For small values of 0; and 05 the net vertical force 
acting on the corresponding element As of the string is then 


T sin 05 — T sin 0; = T tan 05 — T tan 0, 
= T [ux(x + Ax, f) — u(x, 0], 


where T = |T,| = | T]. Now p As = p Ax is the mass of the string on the interval 
[x, x + Ax], so Newton's second law gives 


T [u(x + Ax, Ò — u(x, D] = p Ax un 


ux(x + Ax, D) — ux, f) p 
Or = — Uy. 
Ax T 


If the limit is taken as Ax — 0, the last equation becomes uxx = (p/T)ug. This of 
course is (2) with а? = T/p. 


LAPLACE'S EQUATION Although we shall not present its derivation, Laplace's 
equation in two and three dimensions occurs in time-independent problems involving 
potentials such as electrostatic, gravitational, and velocity in fluid mechanics. More- 
over, a solution of Laplace's equation can also be interpreted as a steady-state tem- 
perature distribution. As illustrated in Figure 12.2.3, a solution u(x, y) of (3) could 
represent the temperature that varies from point to point—but not with time—of a 
rectangular plate. Laplace's equation in two dimensions and in three dimensions is 
abbreviated as V?u = 0, where 


д2и д2и 2 д2и д2и д2и 
= WU A and Уи = 2 + 2 2 
Ox ду дх ду 92 


V?u 


are called the two-dimensional Laplacian and the three-dimensional Laplacian, 
respectively, of a function u. 


" E . RA . u(x + Ax, t) = ux, t) 
The definition of the second partial derivative is ttxx lim "i 1 
Ахэ0 х 


‘tan 05 = u(x + Ax, f) and tan 0 = и, (х, t) are equivalent expressions for slope. 
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atx =0 atx =L 


FIGURE 12.2.4 Plucked string 


We often wish to find solutions of equations (1), (2), and (3) that satisfy certain 
side conditions. 


INITIAL CONDITIONS Since solutions of (1) and (2) depend on time t, we can 
prescribe what happens at t = 0; that is, we can give initial conditions (IC). If f(x) 
denotes the initial temperature distribution throughout the rod in Figure 12.2.1, 
then a solution u(x, t) of (1) must satisfy the single initial condition u(x, 0) = f(x), 
0 < x< L. On the other hand, for a vibrating string we can specify its initial displace- 
ment (or shape) f(x) as well as its initial velocity g(x). In mathematical terms we seek 
a function u(x, f) that satisfies (2) and the two initial conditions: 


0 
u(x, 0) = / О), s = gà 0<x< L. (10) 
1=0 
For example, the string could Бе plucked, as shown in Figure 12.2.4, and released 

from rest (g(x) = 0). 


BOUNDARY CONDITIONS The string in Figure 12.2.4 is secured to the x-axis 
at x = 0 and x = L for all time. We interpret this by the two boundary conditions 
(BC): 


и(0, t) = 0, u(L,t)=0, t>0. 


Note that in this context the function f in (10) is continuous, and consequently, 
f(0) = 0 and f(L) = 0. In general, there are three types of boundary conditions 
associated with equations (1), (2), and (3). On a boundary we can specify the values 
of one of the following: 


(i) u, (ii) - or (iii) 22 + Аи, h a constant. 
дп дп 

Here ди/дп denotes the normal derivative of и (the directional derivative of u in 
the direction perpendicular to the boundary). A boundary condition of the first 
type (i) is called a Dirichlet condition; a boundary condition of the second type (ii) 
is called a Neumann condition; and a boundary condition of the third type (iii) is 
known as a Robin condition. For example, for t > 0 a typical condition at the right- 
hand end of the rod in Figure 12.2.1 can be 


(i) u(L,f) = ug, Ug a constant, 
wy, ди 
(Пу — = 0, or 
Ox x=L 
„ү, ди 
(iit) ск = —h(u(L, t) — un), h > 0 and um constants. 
IX | х=, 


Condition (i)' simply states that the boundary x = L is held by some means at a 
constant temperature ио for all time t > 0. Condition (ii)' indicates that the boundary 
x = Lis insulated. From the empirical law of heat transfer, the flux of heat across a 
boundary (that is, the amount of heat per unit area per unit time conducted across the 
boundary) is proportional to the value of the normal derivative ди/дп of the temper- 
ature u. Thus when the boundary x = L is thermally insulated, no heat flows into or 
out of the rod, so 


ди 


дх x=L 


= 0. 


We can interpret (iii)’ to mean that heat is lost from the right-hand end of the rod by 
being in contact with a medium, such as air or water, that is held at a constant tem- 
perature. From Newton’s law of cooling, the outward flux of heat from the rod is 
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proportional to the difference between the temperature u(L, t) at the boundary and 
the temperature u,, of the surrounding medium. We note that if heat 15 lost from the 
left-hand end of the rod, the boundary condition is 


Pu = h(u(0, t) — им). 

OX |х=0 
The change in algebraic sign is consistent with the assumption that the rod is at a 
higher temperature than the medium surrounding the ends so that u(0, f) > um and 
u(L, f) > um. At x = Oandx = L the slopes u,(0, f) and u,(L, t) must be positive and 
negative, respectively. 

Of course, at the ends of the rod we can specify different conditions at the same 

time. For example, we could have 


ди 


= 0 апа u(L,t) = uo, 120. 
ðX |x=0 


We note that the boundary condition in (i)' is homogeneous if uo = 0; if uo = 0, 
the boundary condition is nonhomogeneous. The boundary condition (її)' is homo- 
geneous; (iii)' is homogeneous if um = 0 and nonhomogeneous if um # 0. 


BOUNDARY-VALUE PROBLEMS Problems such as 


9? 9? 
Solve: a? T5 n exu, gon 
ox Ot 
Subject to: (BC) и(0, 0 = 0, u(L, th = 0, t>0 (11) 
ОС) u(x,0)=f@, —| =g), 0<x<L 
Ot |r=0 
and 
9? 9? 
Solve: md ~=0, <<a Cm yb 
Ox" ду 
ди ди 
= =0, 0<y<b 
Subject to: (BC) + дх |0 А Ox |x=a d (12) 


u(x, 0) —0, цих, р) = (0), 0<х<а 


are called boundary-value problems. 


MODIFICATIONS The partial differential equations (1), (2), and (3) must be mod- 
ified to take into consideration internal or external influences acting on the physical 
system. More general forms of the one-dimensional heat and wave equations are, 


respectively, 
ges Died aee (13) 
т. , t, U, ux) = 
ox? ^ ~ or 
d i Lue =. (14) 
an а = X, t, U, uj) = —. 
дх? i ә? 


For example, if there is heat transfer from the lateral surface of a rod into a surrounding 
medium that is held at a constant temperature tm, then the heat equation (13) is 


2и ди 
| ил. e Um) EET. 
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In (14) the function F could represent the various forces acting on the string. For 
example, when external, damping, and elastic restoring forces are taken into account, 
(14) assumes the form 


external force damping restoring force 


l L d 
д?и ди д?и (15) 
а? a fe t)— ca — ku = 


F(x, t, u, uj) 


The analysis of a wide variety of diverse phenomena yields mathematical 
models (1), (2), or (3) or their generalizations involving a greater number of 
spatial variables. For example, (1) is sometimes called the diffusion equation, 
since the diffusion of dissolved substances in solution is analogous to the flow 
of heat in a solid. The function u(x, f) satisfying the partial differential equation 
in this case represents the concentration of the dissolved substance. Similarly, 
equation (2) arises in the study of the flow of electricity in a long cable or 
transmission line. In this setting (2) is known as the telegraph equation. It 
can be shown that under certain assumptions the current and the voltage in 
the line are functions satisfying two equations identical with (2). The wave 
equation (2) also appears in the theory of high-frequency transmission lines, 
fluid mechanics, acoustics, and elasticity. Laplace's equation (3) is encoun- 
tered in the static displacement of membranes. 


EXERGISES 1 2.2 Answers to selected odd-numbered problems begin on page ANS-20. 


In Problems 1-6 a rod of length L coincides with the interval [0, L] 8. The ends are secured to the x-axis. Initially, the string is 


on the x-axis. Set up the boundary-value problem for the temperature undisplaced but has the initial velocity sin(ax/L). 

u(x, t). : І Е i 
dn 9. The left end is secured to the x-axis, but the right end moves in 
1. The left end is held at temperature zero, and the right end is a transverse manner according to sin ті. The string is released 

insulated. The initial temperature is f(x) throughout. from rest from the initial displacement f(x). For t > 0 the 

2. The left end is held at temperature uo, and the right end is held transverse vibrations аг e damped with a force proportional to 
at temperature ит. The initial temperature is zero throughout. the instantaneous velocity. 

3. The left end is held at temperature 100, and there is heat 10. The ends are secured to the x-axis, and the string is initially 
transfer from the right end into the surrounding medium at at rest on that axis. An external vertical force proportional 
temperature zero. The initial temperature is f(x) throughout. to the horizontal distance from the left end acts on the string 

for t > 0. 


4. The ends are insulated, and there is heat transfer from the 
lateral surface into the surrounding medium at temperature 50. 


In Probl 11 and 12 set up the boundary-val blem for th 
The initial temperature is 100 throughout. ee js tad a A ML 


steady-state temperature u(x, y). 

5. The left end is at temperature sin(7t/L), the right end is held 
at zero, and there is heat transfer from the lateral surface of the 
rod into the surrounding medium held at temperature zero. The 
initial temperature is f(x) throughout. 


11. A thin rectangular plate coincides with the region defined by 
0x <= 4,0 x y x 2. The left end and the bottom of the plate 
are insulated. The top of the plate is held at temperature zero, 


and the right end of the plate is held at temperature f(y). 
6. The ends are insulated, and there is heat transfer from the 


lateral surface of the rod into the surrounding medium held at 12. A semi-infinite plate coincides with the region defined by 
temperature 50°. The initial temperature is 100? throughout. 0 =x = m, y 0. The left end is held at temperature е >, and 
the right end is held at temperature 100 for 0 < y = 1 and 
In Problems 7—10 a string of length L coincides with the interval temperature zero for y > 1. The bottom of the plate is held at 
[0, L] on the x-axis. Set up the boundary-value problem for the temperature f(x). 


displacement u(x, t). 


7. The ends are secured to the x-axis. The string is released from 
rest from the initial displacement x(L — x). 
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а rod of length L 
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Heat Equation 


INTRODUCTION Consider a thin rod of length L with an initial temperature f(x) 
throughout and whose ends are held at temperature zero for all time ¢ > 0. If the 
rod shown in Figure 12.3.1 satisfies the assumptions given on page 466, then the 
temperature u(x, t) in the rod is determined from the boundary-value problem 


9?u ди 
=» О<х< 1, t>0 (1) 
Ox ot 
u(0,t)=0, u(Lt2^0, t>0 (2) 
u(x, 0) = f(x), O<x<L. (3) 


In this section we shall solve this BVP. 


SOLUTION OFTHE BVP То start, we use the product u(x, f) = X(x)T(f) to separate 
variables in (1). Then, if —A is the separation constant, the two equalities 


X" Т! 
Tg (4) 
X kT 

lead to the two ordinary differential equations 
X" +rAX = 0 (5) 
T' + КАТ = 0. (6) 


Before solving (5), note that the boundary conditions (2) applied to 
u(x, t) = X(x)T(t) are 


u(0, f) = XOTA = 0 and u(L, t) = X(L)T(t) = 0. 


Since it makes sense to expect that T(t) = 0 for all t, the foregoing equalities hold 
only if X(0) — 0 and X(L) — 0. These homogeneous boundary conditions together 
with the homogeneous DE (5) constitute a regular Sturm-Liouville problem: 


Х"+АХ = 0, X(0)=0, X(L) = 0. (7) 


The solution of this BVP was discussed thoroughly in Example 2 of Section 5.2. In 
that example we considered three possible cases for the parameter A: zero, negative, 
or positive. The corresponding solutions of the DEs are, in turn, given by 


X(x) = сү + cox, A=0 (8) 
X(x) = cı cosh ax + сә sinh ax, à=- <0 (9) 
X(x) = cı cos ax + с ѕіп ax, А = о? > 0. (10) 


When the boundary conditions X(0) = 0 and X(L) = 0 are applied to (8) and (9), 
these solutions yield only X(x) = 0, and so we would have to conclude that u = 0. 
But when X(0) = 0 is applied to (10), we find that c; = 0 and X(x) = c» sin ax. The 
second boundary condition then implies that X(L) = c» sin aL = 0. To obtain a non- 
trivial solution, we must have c2 # 0 and sin aL = 0. The last equation is satisfied 
when aL = пт or а = nm/L. Hence (7) possesses nontrivial solutions when 
Аһ = o2 = п?тт°/1Ў, п = 1, 2, 3,.... These values of A are the eigenvalues of the 
problem; the eigenfunctions are 


. n 
XQ) = casin px, n=1,2,3,.... (11) 


From (6) we have T(t) = cse KL, so 


un, = XOTA) = A, e “тї sin 2 (12) 
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(a) u(x, t) graphed as a function of 
x for various fixed times 


(b) u(x, t) graphed as a function of 
t for various fixed positions 


FIGURE 12.3.2 Graphs of (17) when one 
variable is held fixed 


where we have replaced the constant сәсз by A,. Each of the product functions u,(x, f) 
given in (12) is a particular solution of the partial differential equation (1), and each 
u,(x, f) satisfies both boundary conditions (2) as well. However, for (12) to satisfy the 
initial condition (3), we would have to choose the coefficient А, in such a manner that 


u(x, 0) = f(x) = A, sin а x, (13) 


In general, we would not expect condition (13) to be satisfied for an arbitrary but 
reasonable choice of f. Therefore we are forced to admit that и„(х, f) is not a solution 
of the given problem. Now by the superposition principle (Theorem 12.1.1) the 
function u(x, f) = Sf; Un or 


= 2 2 . AT 
u(x, t) = >) Ape 001? gin T (14) 
п=1 


must also, although formally, satisfy equation (1) and the conditions in (2). Substitut- 
ing t = 0 into (14) implies that 


жй == aud Еа x. 
n=1 


This last expression is recognized as a half-range expansion of f in a sine series. 
If we make the identification A, = b,, n= 1, 2, 3,...,it follows from (5) of 
Section 11.3 that 


м2 | po) sin xd (15) 
п = т К sim: ox b 


We conclude that a solution of the boundary-value problem described in (1), (2), and 
(3) is given by the infinite series 


2 &l (t 22 
iz, => У (| уо) sin— x а) ети?) дү y, (16) 
п=1 0 L L 


In the special case when the initial temperature is u(x, 0) = 100, L = т, and 
k = 1, you should verify that the coefficients (15) are given by 


n 
т п 


x zon! - cr 


and that (16) is 


u(x, t) = = > 


п= 1 п 


200 &[1- CD] _„ 
m | ( em sin (17) 


USE OF COMPUTERS Since и is a function of two variables, the graph of the 
solution (17) is a surface in 3-space. We could use the 3D-plot application of a 
computer algebra system to approximate this surface by graphing partial sums 
S,(x, t) over a rectangular region defined by 0 = x = п, 0 = т T. Alternatively, 
with the aid of the 2D-plot application of a CAS we can plot the solution u(x, t) 
on the x-interval [0, т] for increasing values of time ft. See Figure 12.3.2(a). In 
Figure 12.3.2(b) the solution u(x, f) is graphed on the f-interval [0, 6] for increasing 
values of x (x = 0 is the left end and x = 7/2 is the midpoint of the rod of length 
L = т.) Both sets of graphs verify what is apparent in (17)—namely, u(x, t) > 0 
as t> оо, 
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EXERCISES 1 2.3 Answers to selected odd-numbered problems begin on page ANS-20. 


In Problems 1 and 2 solve the heat equation (1) subject to the given 
conditions. Assume a rod of length L. 


1.u0,)=0, ш, =0, t»0 
1l, 0<x<L/2 
ко, 12 <х<1 
2.u(0,1) =0, ш, =0, 1>0 
u(x, 0) = х(0- х), 0<х<[ 


3. Find the temperature u(x, f) in a rod of length L if the initial 
temperature is f(x) throughout and if the ends x = 0 and x = L 
are insulated. 


4. Solve Problem 3 if L = 2 and 


x, 0<х<1 
0; 1<#< 2: 


на 


5. Suppose heat is lost from the lateral surface of a thin rod of 
length L into a surrounding medium at temperature zero. If the 
linear law of heat transfer applies, then the heat equation takes 
on the form 


0<x<L,t>0,haconstant. Find the temperature u(x, t) if 
the initial temperature is f(x) throughout and the ends x = 0 and 
x = Lare insulated. See Figure 12.3.3. 


insulated 0° insulated 
a, 
0 0° L x 


heat transfer from 
lateral surface of 
the rod 


FIGURE 12.3.3 Rod losing heat in Problem 5 


6. Solve Problem 5 if the ends x = 0 and x = L are held at 
temperature zero. 


d 


7. A thin wire coinciding with the x-axis on the interval [—L, L] 
is bent into the shape of a circle so that the ends x = —L 
and x = L are joined. Under certain conditions, the 
temperature u(x, f) in the wire satisfies the boundary-value 


problem 

u du 
to cLXX«E £0, 
Ox дї 

u(—L, t) = u(L,t), 120 

д ð 

са =Z > t>0 

дХ|х=—1, OX|x=L 

u(x, 0) = р), -L<x<L. 


Find the temperature u(x, t). 


8. Find the temperature u(x, t) for the boundary-value 
problem (1)-(3) when f(x) = 10 sin(57rx/L). 


Discussion Problems 


9. Figure 12.3.2(b) shows the graphs of u(x, t) for 0 = t= 6 
for x = 0, x = 7/12, x = 7/6, x = 7/4, and x = 7/2. 
Describe or sketch the graphs of u(x, f) on the same time 
interval but for the fixed values x = 37/4, x = 57/6, 

x = 117/12, and x = т. 


Computer Lab Assignments 
10. (a) Solve the heat equation (1) subject to 


u(0, t) = 0, u(100,7) = 0, г> 0 
0.8x, 0= х= 50 
и(х, 0) = 
0.8(100 — х), 50 < х = 100. 


(b) Use the 3D-plot application of your CAS to graph the 
partial sum Ss(x, f) consisting of the first five nonzero terms 
of the solution in part (a) for 0 = x = 100,0 =r = 200. 
Assume that k — 1.6352. Experiment with various 
three-dimensional viewing perspectives of the surface 
(called the ViewPoint option in Mathematica). 


12.4 Wave Equation 


INTRODUCTION We are now in a position to solve the boundary-value 
problem (11) that was discussed in Section 12.2. The vertical displacement u(x, f) of 
the vibrating string of length L shown in Figure 12.2.2(a) is determined from 


u Pu 
йз а>, O<x<L, t>0 (1) 
и(0,) =0, ML D=0, t>0 (2) 
u(x, 0) = f(x), “| = gx», O<x<L. (3) 
ðt |1=0 
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CHAPTER 12. BOUNDARY-VALUE PROBLEMS IN RECTANGULAR COORDINATES 


SOLUTION OF THE BVP With the usual assumption that u(x, f) = Х(х)Т (0), 
separating variables in (1) gives 


X" z T" _ 


= = –А 
X ат 
so that X"+rAX=0 (4) 
Т” + а?АТ = 0. (5) 


As in the preceding section, the boundary conditions (2) translate into X(0) = 0 
and X(L) = 0. Equation (4) along with these boundary conditions is the regular 
Sturm-Liouville problem 


Х"+ФАХ = 0, X(0)=0, XL) = 0. (6) 


Of the usual three possibilities for the parameter, А = 0, А = —o? < 0, and 
A = à? > 0, only the last choice leads to nontrivial solutions. Corresponding to 
А = à, a > 0, the general solution of (4) is 


X(x) = cı cos ax + csin ax. 


X(0) = 0 and X(L) = 0 indicate that c, = 0 and с» sin aL = 0. The last equation 
again implies that aL = пт ог a = пт/1. The eigenvalues and corresponding 


: : . NT 
eigenfunctions of (6) are A, — п2л? /12 and X(x) = co sin L x,n=1,2,3,.... 


The general solution of the second-order equation (5) is then 
T(t) РИТЕ 
= сз COS —— C4 Sin —— t. 
3 L 4 L 


By rewriting сәсз as A, and ссд as By, solutions that satisfy both the wave 
equation (1) and boundary conditions (2) are 


nia . mma |. пт 
Un = | A, cos —— t + B, sin —— t ]sin — X (7) 
L L L 
= nta тта пт 
апа u(x, t) = рУ [^ cos = t + В, sin Ea ) sin L x. (8) 
n=1 


Setting t = 0 in (8) and using the initial condition u(x, 0) = f(x) gives 
u(x, 0) = f(x) = У, А, sin 5 
n=1 


Since the last series is a half-range expansion for f in a sine series, we can write 
An ч Dy: 


2 |. „опт 
An = L А Р(х) sin P dx. (9) 
To determine B,, we differentiate (8) with respect to t and then set t = 0: 

ди = nma . nia nya nta |. пт 

— = > а sin t+ B, cos t|sin x 

Of — X L L L 
ди = na пт 
Pm = = Di —— — | SI: —— x. 
reo 80) > UE | L” 


For this last series to be the half-range sine expansion of the initial velocity g on 
the interval, the total coefficient B,nma/L must be given by the form b, in (5) of 
Section 11.3, that is, 


2 [4 „опт 
В.р = т " g(x) sin 7 x dx 
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from which we obtain 


NE Ww. Qnm i 
B, = mah g(x) sin Т. x dx. (10) 
The solution of the boundary-value problem (1)-(3) consists of the series (8) 
with coefficients A, and B, defined by (9) and (10), respectively. 
We note that when the string is released from rest, then g(x) = О for every x in 
the interval [0, L], and consequently, B, = 0. 


PLUCKED STRING A special case of the boundary-value problem in (1)-(3) is 
the model of the plucked string. We can see the motion of the string by plotting the 
solution or displacement u(x, f) for increasing values of time t and using the animation 
feature of a CAS. Some frames of a “movie” generated in this manner are given in 
Figure 12.4.1; the initial shape of the string is given in Figure 12.4.1(a). You are asked 
to emulate the results given in the figure plotting a sequence of partial sums of (8). 
See Problems 7 and 28 in Exercises 12.4. 


и и и 
| = E | | | | | | ' ' | | 
0 x 0 x 0 x 
=i —1 —1 
1 2 3 1 2 3 1 2 3 


(a) ¢ = 0 initial shape (b) : = 0.2 (c) г = 0.7 
и и и 
1 | | | 1 | | | 1 | i 
<=] -n e 
=l = - 
1 2 3 I 2 3 Тт 2 3 
(d) t= 1.0 (e) t= 1.6 (f) t= 1.9 


FIGURE 12.4.1 Frames of a CAS *movie" 


STANDING WAVES Recall from the derivation of the one-dimensional wave 
equation in Section 12.2 that the constant a appearing in the solution of the 
boundary-value problem in (1), (2), and (3) is given by V T/p, where p is mass 
per unit length and T is the magnitude of the tension in the string. When T 15 large 
enough, the vibrating string produces a musical sound. This sound is the result 
of standing waves. The solution (8) is a superposition of product solutions called 
standing waves or normal modes: 


u(x, t) = u(x, t) + u(x, t) + из(х, D) +. 


In view of (6) and (7) of Section 5.1 the product solutions (7) can be written as 
U(X, f) = Cy "та, + 6, sin T^ (11) 


where C, = УА? + B2 and ф, is defined by sin ф„ = А,/С, and cos ф„ = Bn/ Ch. 
For п = 1, 2,3, . . . the standing waves are essentially the graphs of sin(n7rx/L), with 
a time-varying amplitude given by 


nTa 
C, "та t+ 6s} 


Alternatively, we see from (11) that at a fixed value of x each product function u,(x, t) 
represents simple harmonic motion with amplitude C,|sin(n7x/L)| and frequency 
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fn = na/2L. In other words, each point on a standing wave vibrates with a different 
amplitude but with the same frequency. When n — 1, 


‚ [та ‚т 
u(x, t) = С, sin + 2 sin L* 


is called the first standing wave, the first normal mode, or the fundamental 
mode of vibration. The first three standing waves, or normal modes, are shown 
in Figure 12.4.2. The dashed graphs represent the standing waves at various values 
of time. The points in the interval (0, L), for which sin(n/L)x = 0, correspond to 
points on a standing wave where there is no motion. These points are called nodes. 
For example, in Figures 12.4.2(b) and 12.4.2(c) we see that the second standing wave 
has one node at L/2 and the third standing wave has two nodes at L/3 and 2L/3. In 
general, the nth normal mode of vibration has n — 1 nodes. 
The frequency 


(Se Т 
сог 30 5 


(c) third standing wave 


of the first normal mode is called the fundamental frequency or first harmonic and 
is directly related to the pitch produced by a stringed instrument. It is apparent that 
the greater the tension on the string, the higher the pitch of the sound. The 
frequencies f, of the other normal modes, which are integer multiples of the funda- 
mental frequency, are called overtones. The second harmonic is the first overtone, 
and so on. 


FIGURE 12.4.2 First three standing 
waves 


SUPERPOSITION PRINCIPLE The superposition principle, Theorem 12.1.1, is 
the key in making the method of separation of variables an effective means of solving 
certain kinds of boundary-value problems involving linear partial differential equa- 
tions. Sometimes a problem can also be solved by using a superposition of solutions 
of two easier problems. If we can solve each of the boundary-value problems, 


Problem 1 Problem 2 
д? 9? ə? а? 
Р РРР ааш аар „ы 
Ox ot Ox ot 
uy(0, £) = 0, u(L,t)=0, t>0 ш(0, t) = 0, u(L,t)=0, t>0 (12) 
ди ди? 
u(0 =), “| =0, 0«x«L wx0-20 “| =), 0<x<L 
ot 1-0 Ot 1=0 


then a solution of ће boundary-value problem (1)-(3) is u(x, f) = u(x, t) + u»(x, t). 
To show this we know that u(x, f) = uj(x, f) + u(x, f) is a solution of the homoge- 
neous PDE (1) because of Theorem 12.1.1. Moreover, u(x, t) satisfies the boundary 
condition (2) and the initial conditions (3) because we have, in turn, 


u(0, т) = u,(0, f) + (0, = 0+0 = 0 
u(L, t) = u(L, f) + uL, th =0 + 0=0, 


u(x, 0) = u(x, 0) + u(x, 0) = f(x) + 0 = f(x) 
and IC 4 ди 
Ot 


ди? 
1=0 ðt 


ðu 


ЖЕ =0+ gQ) = gQ). 


1=0 


You are encouraged to try this method to obtain (8), (9), and (10). Also see 
Problems 5 and 14 in Exercises 12.4. 
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EXERCISES 1 2.4 Answers to selected odd-numbered problems begin on page ANS-21. 


In Problems 1—6 solve the wave equation (1) subject to the given 
conditions. 


1.u00,)=0, u(L,t) 20, t>0 
1 ди 
u(x, 0) = 43x(L — х), =0, 0<x<L 
Ot |,=0 
2. u(0,t)=0, u(L,t)=0, t>0 
ди 
и(х, 0) = 0, Lx); O< x= L 
ðt |1=0 
3.u(0,0 = 0, ulm, = 0, t>0 
ди А 
и(х,0) = 0, — = sinx, О0О <х<т 
Ot =0 
4. (0,0) = 0, u(7,0) = 0, г> 0 
д 
u(x, 0) bx (a? x2), * 0 0<х<т 
ðt [i20 
5. (0,0) = 0, u(1,) = 0, t»0 
д 
их, 0) = (1-х), “| -x1—-3, 0<х<1 
ðt |1=0 
6. u(0, 1) = 0, и(т,)=0, t>0 
u(x, 0) = 0.01sin 37x, Я = 0, 0<х<т 
1=0 


In Problems 7-10 a string is tied to the x-axis at x = 0 and atx = L 
and its initial displacement u(x, 0) = f(x), 0 < x < L, is shown in the 
given figure. Find u(x, t) if the string is released from rest. 


7. Ја) 
һ 


x 
FIGURE 12.4.3 Initial displacement in Problem 7 
8. feo) 
h 
LB LX 
FIGURE 12.4.4 Initial displacement in Problem 8 
9. Хо) 
һ 
] 
l 
] 
l 
$- 
L/3 2L/3 Lx 


FIGURE 12.4.5 Initial displacement in Problem 9 


10. 


11. 


12. 


Јо) + 
h 


h 


FIGURE 12.4.6 Initial displacement in Problem 10 


The longitudinal displacement of a vibrating elastic bar 
shown in Figure 12.4.7 satisfies the wave equation (1) and the 
conditions 


ди ди 
0, t>0 
Ox |x=0 OX |x=L 
ди 
и(х,0) =x, = = 0, 0<х</. 
д1|=0 


The boundary conditions at x = 0 and x = L are called 
free-end conditions. Find the displacement u(x, t). 


— u(x, t) 


FIGURE 12.4.7 Vibrating bar in Problem 11 


A model for the motion of a vibrating string whose ends are 
allowed to slide on frictionless sleeves attached to the vertical 
axes x = 0 and x = L, is given by the wave equation (1) and the 
conditions 


ди ди 
А 0 t>0 
ðX |x=0 дх|х=1, 
u(x, 0) = f(x), a = в), 0<x<L. 
ðt |1=0 


See Figure 12.4.8. The boundary conditions indicate that the 
motion is such that slope of the curve is zero at its ends for 
t > 0. Find the displacement u(x, t). 


0 LX 


FIGURE 12.4.8 Vibrating string in Problem 12 
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13. 
14. 


15. 


16. 


17. 


18. 


CHAPTER 12. BOUNDARY-VALUE PROBLEMS IN RECTANGULAR COORDINATES 


In Problem 10 determine the value of u(L/2, f) for t = 0. 


Use the superposition principle discussed on page 476 of this 
section to rederive the results given (8), (9), and (10). 


A string is stretched and secured on the x-axis at x = 0 

and x = т for t > 0. If the transverse vibrations take place 

in a medium that imparts a resistance proportional to the 
instantaneous velocity, then the wave equation takes on the form 


ди ou 


ae ah 


ди 
дї 


‚ 0<8<1, £20 


Find the displacement u(x, t) if the string starts from rest from 
the initial displacement f(x). 


Show that a solution of the boundary-value problem 
u u 
ЧЙ, О<х<тп, г> 0 
Ox дї 
и(0,)= 0, ulm, = 0, t>0 
х, 0<х< п/2 
и(х, 0) = 
TX, т/2<х<т 
ay =0, 0<х<т 
ðt [1-0 
is 
42 (-1*t! 
u(x, t) = sink — 1)х cos V(2k — 1)? +1. 
(x, 1) З ттт ( ) ( ) 
The transverse displacement u(x, t) of a vibrating beam of 


length L is determined from a fourth-order partial differential 
equation 


If the beam is simply supported, as shown in Figure 12.4.9, the 
boundary and initial conditions are 


u(0, t) = 0, u(L,t)=0, t>0 
au u 
; =0, | =0, t>0 
дх* |х=0 Ox* |x=L 
и(х,0) = 0), —| = (0), 0<x<L. 
Ot |;=0 


Solve for u(x, t). [Hint: For convenience use А = o^ when 
separating variables.] 


FIGURE 12.4.9 Simply supported beam in Problem 17 


If the ends of the beam in Problem 17 are embedded at x = 0 
and x = L, the boundary conditions become, for t > 0, 
u(0,t) =0, u(L,t) = 0 
ди ди 
— =0. 
dX |х=0 OX |x=L 


19. 


20. 


(a) Show that the eigenvalues of the problem are А„ = x2/ L2, 
where x,, п = 1, 2,3,..., are the positive roots of the 
equation 


cosh x cos x = 1. 


(b) Show graphically that the equation in part (a) has an infinite 
number of roots. 


(c) Use a calculator or a CAS to find approximations to the 
first four eigenvalues. Use four decimal places. 


Consider the boundary-value problem given in (1), (2), and (3) 
of this section. If g(x) = 0 for 0 < x < L, show that the solution 
of the problem can be written as 


1 
u(x, t) = ; LE F at) + f(x — at)]. 


[Hint: Use the identity 


2 sin Ө; cos 05 = sin(0, + 05) + sin(0, — 05).] 


The vertical displacement u(x, t) of an infinitely long string is 
determined from the initial-value problem 


,9u u 
axi —o-«x«o, t0 
Ox дї 
u(x, 0) = f(x), гт т g(x). (13) 
t |1=0 


This problem can be solved without separating variables. 


(a) Show that the wave equation can be put into the form 
д?и/дтдё = 0 by means of the substitutions € = x + at and 
7 7 x — at. 


(b) Integrate the partial differential equation in part (a), first 
with respect to 7) and then with respect to £, to show that 
u(x, t) = F(x + at) + G(x — at), where F and С are 
arbitrary twice differentiable functions, is a solution of 
the wave equation. Use this solution and the given initial 


conditions to show that 


1 Ж Е 
F(x) = 5700) rif g(s) ds +c 


1 1[* 
and G(x) = 5709 = zl g(s) ds — c, 


where хо is arbitrary and c is a constant of integration. 


(c) Use the results in part (b) to show that 


1 1 x+at 
u(x, t) = — [f(x + at) + f(x — ад] d | g(s)ds. (14) 
2 2a x—at 
Note that when the initial velocity g(x) = 0, we obtain 
1 
u(x, t) = 2 [f(x + at) + f(x — at)]. оо < x < о, 


This last solution can be interpreted as a superposition 

of two traveling waves, one moving to the right (that is, 
sfx — at)) and one moving to the left Gf + at)). Both 
waves travel with speed a and have the same basic shape 
as the initial displacement f(x). The form of u(x, f) given in 
(14) is called d'Alembert's solution. 
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In Problems 21—24 use d' Alembert’s solution (14) to solve the initial- 
value problem in Problem 20 subject to the given initial conditions. 
21. fx) = sinx, g(x)=1 

22. f(x) = sin х, g(x) = cos x 
23. f(x) = 0, g(x) = sin 2x 


24. f(x) 2 e", g(x) = 0 


Computer Lab Assignments 


25. (a) Use а CAS to plot d’ Alembert's solution in Problem 24 on 
the interval [—5, 5] at the times t = 0, 7 = 1, = 2, t = 3, 
and t = 4. Superimpose the graphs on one coordinate 
system. Assume that a = 1. 


(b 


— 


Use the 3D-plot application of your CAS to plot 
d'Alembert's solution u(x, t) in Problem 24 for 

—5 =x < 5,0 < t < 4. Experiment with various three- 
dimensional viewing perspectives of this surface. Choose 
the perspective of the surface for which you feel the graphs 
in part (a) are most apparent. 


26. A model for an infinitely long string that is initially held at the 
three points (—1, 0), (1, 0), and (0, 1) and then simultaneously 
released at all three points at time ¢ = 0 is given by (12) with 


1—|x|, |x[| 1 
0, |х| > 1 


fe = | апа g(x) = 0. 


(a) Plot the initial position of the string on the interval [— 6, 6]. 


12.5 LAPLACE'S EQUATION 479 
(b) Use a CAS to plot d' Alembert's solution (14) on [—6, 6] 
for t = 0.2k, k = 0, 1,2, ..., 25. Assume that a = 1. 


(c) Use the animation feature of your computer algebra system 
to make a movie of the solution. Describe the motion of the 
string over time. 


27. An infinitely long string coinciding with the x-axis is struck at 
the origin with a hammer whose head is 0.2 inch in diameter. A 
model for the motion of the string is given by (13) with 


1, |x| x 0.1 


Ро) = 0 and «ө=} |x| > 0.1. 


(a) Use a CAS to plot d' Alembert's solution (14) on [—6, 6] 
for = 0.2k, k = 0, 1, 2,..., 25. Assume that a = 1. 


(b) Use the animation feature of your computer algebra system 
to make a movie of the solution. Describe the motion of the 
string over time. 


28. The model of the vibrating string in Problem 7 is called the 
plucked string. The string is tied to the x-axis at x — 0 and 
x = Land is held at x = L/2 at h units above the x-axis. See 
Figure 12.4.3. Starting at t = 0 the string is released from rest. 


(a) Use a CAS to plot the partial sum S¢(x, t)—that is, 
the first six nonzero terms of your solution—for 
t = 0.1k, k =0,1,2,...,20. Assume that a = 1, л = 1, 
and L = т. 


(b) Use the animation feature of your computer algebra system 
to make a movie of the solution to Problem 7. 


12.5 


insulated 


FIGURE 12.5.1 Steady-state 
temperatures in a rectangular plate 


Laplace's Equation 


INTRODUCTION Suppose we wish to find the steady-state temperature u(x, y) in 
a rectangular plate whose vertical edges x = 0 and x = a are insulated, as shown in 
Figure 12.5.1. When no heat escapes from the lateral faces of the plate, we solve the 
following boundary-value problem: 


u 8u 

"or t7370, 0<x<a, 0<y<b (1) 
Ox ду 

д д 

"| 20 “| =0, 0<y<b (2) 
0X |x=0 OX |x=a 

u(x,0)=0, u(x, b) =f@), 0<х<а. (3) 


SOLUTION OF THE BVP With u(x, y) = X(x)Y(y) separation of variables in (1) 


leads to 
bd y" 
c Y 
X Y 
X" -AX-0 (4) 
Y'—AY-0. (5) 


The three homogeneous boundary conditions in (2) and (3) translate into X'(0) — 0, 
X'(a) = 0, and Y(0) = 0. The Sturm-Liouville problem associated with the equation 
in (4) is then 


X"+AX=0, X'(0)—0, X'(a)-O. (6) 
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Examination of the cases corresponding to A = 0, A = —a? <0, and A = o? > 0, 
where a > 0, has already been carried out in Example 1 in Section 11.4.“ Here is а 
brief summary of that analysis. 

For A = 0, (6) becomes 


Х"=0, X'0)=0, Х'(а)=0. 


The solution of the DE is X = с + сәх. The boundary conditions imply X = сі. 
By imposing c, 7 0, this problem possesses a nontrivial solution. For à = —o? < 0, 
(6) possesses only the trivial solution. For A — a? > 0, (6) becomes 


Х"+о2Х = 0, X'(0)—0, Ха) = 0. 


The solution of the DE in this problem is X = c; cos ax + c» sin ax. The boundary 
condition X'(0) = 0 implies that c2 = 0, so X = c; cos ax. Differentiating this last 
expression and then setting x = a gives —c, sin aa = 0. Since we have assumed that 
a > 0, this last condition is satisfied when aa = nz ora = пт/а, п = 1,2,.... The 
eigenvalues of (6) are then Ag = 0 and A, = a? = nma, n=1,2,.... If we 
correspond Ao — 0 with n — 0, the eigenfunctions of (6) are 


пт 
X(x) = с, п = 0, апа X(x) = cı cos u^ n=1,2,.... 


We now solve equation (5) subject to the single homogeneous boundary 
condition Y(0) = 0. There are two cases. For A, = 0, equation (5) is simply Y" = 0; 
therefore its solution is Y = сз + слу. But Y(0) = 0 implies that c3 = 0, so Y = cay. 

nar 
For А, = n/a’, (5) is Y" — z Y = 0. Because 0 < y< b defines a finite 
a 


interval, we use (according to the informal rule indicated on page 445) the hyperbolic 
form of the general solution: 


Y(y) = сз cosh (ntry/a) + сд sinh (nary/ a). 


Y(0) = 0 again implies that c4 = 0, so we are left with Y = c4 sinh (nry/a). 
Thus product solutions u, = X(x)Y(y) that satisfy the Laplace's equation (1) and 
the three homogeneous boundary conditions in (2) and (3) are 


„пт пт 
Aoy, п=0, апа A, sinh — y cos — x, n=1,2,..., 
a a 


where we have rewritten ссд as Ag for n = 0 and as A, for n = 1,2,.... 
The superposition principle yields another solution: 


= -AT пт 
u(x, у) = Aoy + 3 s sinh "a 99087773. (7) 


п=1 


We are now in a position to use the last boundary condition in (3). Substituting 
x = bin (7) gives 


= ‚пт пт 
u(x, b) = f(x) = Aob + Уч. sinh — » cos = x, 
n=1 


which is a half-range expansion of fin a cosine series. If we make the identifications 
Aob = ao/2 and A, sinh (птр/а) = an, n = 1,2,3..., it follows from (2) and (3) of 
Section 11.3 that 


2Aob = 2 MC dx 
a Jo 


1 a 
Ao = — | fx) dx (8) 
ab Jo 


“In that example the symbols y and L play the part of X and a in the current discussion. 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


12.5 LAPLACE’S EQUATION 481 


„опт 2[8 пт 
апа A, sinh — b = —| f(x)cos —x dx 
a a Jo a 
2 9 пт 
A, ———— (| j(x)peos—adx. (9) 
„пт Jo a 
a sinh pu b 


The solution of the boundary-value problem (1)-(3) consists of the series in (7), 
with coefficients Ao and A, defined in (8) and (9), respectively. 


DIRICHLET PROBLEM A boundary-value problem in which we seek a solution of 
an elliptic partial differential equation such as Laplace’s equation V?u = 0, within a 
bounded region Ё (in the plane or in 3-space) such that и takes on prescribed values 
on the entire boundary of the region is called a Dirichlet problem. In Problem 1 in 
Exercises 12.5 you are asked to show that the solution of the Dirichlet problem for a 
rectangular region 


д2и д2и 
а а 0. 0<x<a, 0<у<Ь 
Ox ду 
и(0, у) = 0, и(а, у) = 0, О<у<рЬ 
и(х, 0) = 0, и(х, b) = 00), 0 <х<а 
is 
б» = ZA sinh ^7 y sin ^7 h А ЖЕ gd, (10 
u(x, y n Sin al 8 where n "m fx sin- . (10) 


u(x, y) 


à ; А 1 x 
02 04 06 08 1 


(b) isotherms 


FIGURE 12.5.2 Surface is graph of 
partial sums when f(x) = 100 and 
а= Б = 1 іп (10) 


= Í 0 
n=] a sinh — b 
a 


In the special case when f(x) = 100, a = 1, b = 1, the coefficients А„ in (10) are 
1 = (-1)" 
nm sinh пт 
defined by u(x, y) over the region R: 0 x = 1,0 = у <1, in Figure 12.5.2(a). You 
can see in the figure that the boundary conditions are satisfied; especially note that 
along y = 1, и = 100 for 0 = х = 1. The isotherms, or curves in the rectangular 
region along which the temperature u(x, y) is constant, can be obtained by using 
the contour plotting capabilities of a CAS and are illustrated in Figure 12.5.2(b). 
The isotherms can also be visualized as the curves of intersection (projected into 
the xy-plane) of horizontal planes и = 80, и = 60, and so on, with the surface in 
Figure 12.5.2(a). Notice that throughout the region the maximum temperature is 
u = 100 and occurs on the portion of the boundary corresponding to y = 1. This is 
no coincidence. There is a maximum principle that states a solution u of Laplace’s 
equation within a bounded region R with boundary B (such as a rectangle, circle, 
sphere, and so on) takes on its maximum and minimum values on B. In addition, it 
can be proved that и can have no relative extrema (maxima or minima) in the interior 
of R. This last statement is clearly borne out by the surface shown in Figure 12.5.2(a). 


given by A, = 200 . With the help of a CAS we plotted the surface 


SUPERPOSITION PRINCIPLE А Dirichlet problem for a rectangle can be readily 
solved by separation of variables when homogeneous boundary conditions are speci- 
fied on two parallel boundaries. However, the method of separation of variables is not 
applicable to a Dirichlet problem when the boundary conditions on all four sides of 
the rectangle are nonhomogeneous. To get around this difficulty, we break the problem 


u Pu 

ZA zu, О<х<а, 0<y<b 

дх ду 

и(0, у) = FO), ula, у) = GO), O<y<b (11) 
и(х,0) = f(x) и(, р) = (х), O<x<a 
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into two problems, each of which has homogeneous boundary conditions on parallel 
boundaries, as shown: 


Problem 1 Problem 2 


-—— |. aal 


Ou, д?и, д2из ди 

— —_ = =< x= =) = wd — = <x< <у< 

32 + ay? 0, О<х<а, O0<y<b E ay? 0, O<x<a, O<y<b 
и(0, у) = 0, и(а, у) = 0, O<y<b u (0, у) = FO), (а, у) = GO), O<y<b 


w(x, 0) =f), mE, Б) = 60), О<х<а ш, 0) = 0, ux В) = 0, 0 <х<а 


Suppose u; and и» are the solutions of Problems 1 and 2, respectively. If we 
define u(x, у) = ш(х, у) + u(x, y), it is seen that u satisfies all boundary conditions 
in the original problem (11). For example, 


и(0, у) = и1(0, y) + ux(0, y) = 0 + F(y) = Fy), 
u(x, b) = щ(х, b) + u(x, b) = g(x) + 0 = g(x), 


and so on. Furthermore, и is a solution of Laplace’s equation by Theorem 12.1.1. 
In other words, by solving Problems 1 and 2 and adding their solutions, we have 
solved the original problem. This additive property of solutions is known as the 
superposition principle. See Figure 12.5.3. 


FIGURE 12.5.3 Solution и = Solution и of Problem 1 + Solution их of Problem 2 


We leave as exercises (see Problems 13 and 14 in Exercises 12.5) to show that a 
solution of Problem 1 is 


= пт ‚ RAT . пт 
uj(x, y) = > |a cosh Po + B, sinh z, sin PL 


n-l 


EA LA ‚опт 
where An = —| f(x) sin —x dx 
ajo a 
1 are „опт пт 
Б„е=——{|—| g@) sin — x dx — A, cosh — b, 
., nt, ajo a a 
sinh — b 
а 


and that a solution of Problem 2 is 


оо 


пт .. NT „ Ит 
u(x, y) = x A, cosh Б^ + B, sinh P sin — y, 


n=1 ee 
2 qe ‚опт 
where An = — | FO) sin —— уду 
b Jo b 
ho Гаара 
dec R^ yrs, ydy ncosh , a. 
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Answers to selected odd-numbered problems begin on page ANS-21. 


In Problems 1—10 solve Laplace’s equation (1) for a rectangular plate 
subject to the given boundary conditions. 


1. u(0, у) =0, ula, y) = 0 
u(x,0) = 0, и(х, b) = f(x) 
2. (0, у) = 0, ща, у) = 0 
9| 0, ua, b) =) 
ду у=0 
3. u(0, у) =0, ща, у) = 0 
u(x, 0) = f(x), ибх, b) = 0 
4 бй ар 
дх х=0 дх х=а 
u(x,0) =x, и(х, р) = 0 
5. и(0, у) 20, и(1, у) = 1-у 
ди o 9€ _ 
dyly=0 — ' ду|у=1 
ди 
6. u(0, y) = gy). Р ИРК 0 
9и _ duj _ 
ду у=0 , oy у=т 
д 
7. 4) =и(,у), щт,у=1 
Ox x=0 
u(x, 0) = 0, u(x, т) = 0 
8. u(0, у) = 0, и(1, у) = 0 
==) = их, 0), и(х, 1) = fx) 
ду у=0 
9. u(0, y) = 0, и(1, у) = 0 
и(х, 0) = 100, u(x, 1) = 200 
д 
10. (0, у) = 10у, “| = -1 
OxX|x=1 
u(x, 0) = 0, u(x, 1) = 0 


In Problems 11 and 12 solve Laplace’s equation (1) for the given 
semi-infinite plate extending in the positive y-direction. In each case 
assume that u(x, у) is bounded as y > oc. 


11. 


0 fm 


и —f(x) 


FIGURE 12.5.4 Plate in Problem 11 


12. 


NE 


insulated insulated 


0 / T x 
и = f(x) 
FIGURE 12.5.5 Plate in Problem 12 


In Problems 13 and 14 solve Laplace’s equation (1) for a rectangular 
plate subject to the given boundary conditions. 


13. u(0, y) = 0, u(a, y) = 0 
u(x, 0) = f(x), u(x, D) = gx) 

14. u(0, у) = FO), ula, у) = GO) 
u(x, 0) = 0, u(x, b) = 0 


In Problems 15 and 16 use the superposition principle to solve 
Laplace’s equation (1) for a square plate subject to the given 
boundary conditions. 


15. u0,y)=1, и(т, у) = 1 
u(x, 0) =0, u(x, т) = 1 
16. u(0, у) = 0, u(2, у) = у(2 — у) 
Xs 0<х<1 
"auc wdi 1<х<2 


Discussion Problems 


17. (a) In Problem 1 suppose that a = b = тапа 
F(x) = 100x(7 — x). Without using the solution u(x, у), 
sketch, by hand, what the surface would look like over the 
rectangular region defined by 0 = х = m, 0 = y S т. 


(b) What is the maximum value of the temperature u for 
О<=х=т,0=у=т? 


(с) Use the information in part (a) to compute the coefficients 
for your answer in Problem 1. Then use the 3D-plot ap- 
plication of your CAS to graph the partial sum Ss(x, y) con- 
sisting of the first five nonzero terms of the solution in part 
(a) forO =x = 7, 0 S y = т. Use different perspectives 
and then compare with your sketch from part (a). 


18. In Problem 16 what is the maximum value of the temperature u 
fo0zxz2,0yz2 


19. Solve the Neumann problem for a rectangle: 


ди ди 

22-0, 0«x«a 0<у<Ь 
дх2 ду 

д д 

“| =0, 7 =0, 0<x<a 
ду ly=0 ду ly=b 

д ди 

0, “| =, 0<у<Ь. 
дх |х=0 дх |х=а 
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Explain why a necessary condition for a solution и to exist is 


that g satisfy 


b 
| g(y)dy = 0. 


0 


This is sometimes called a compatibility condition. Do some 
extra reading and explain the compatibility condition 


on physical grounds. 

20. Consider the boundary-value problem 
au u 
5 + 7570 0<х< 1, 
дх ду 
и(0, у) = uo cos y, 
ди 
ду 


ди 
=Q, 
y=0 ду 


= 0. 


у=т 


12.6 


О<у<тт 


и(1, у) = uo(1 + cos 2y) 


CHAPTER 12 BOUNDARY-VALUE PROBLEMS IN RECTANGULAR COORDINATES 


Discuss how the following answer was obtained: 


uo 


u(x, y) = uox d sinh(1 — x)cos y + 2 sinh 2x cos 2y. 


uo 
sinh 1 
Carry out your ideas. 


Computer Lab Assignments 

21. (a) Use the contour-plot application of your CAS to graph the 
isotherms u = 170, 140, 110, 80, 60, 30 for the solution of 
Problem 9. Use the partial sum Ss(x, y) consisting of the 
first five nonzero terms of the solution. 


(b) Use the 3D-plot application of your CAS to graph the 
partial sum Ss(x, y). 


22. Use the contour-plot application of your CAS to graph the 
isotherms u — 2, 1, 0.5, 0.2, 0.1, 0.05, 0, —0.05 for the solution 
of Problem 10. Use the partial sum Ss(x, y) consisting of the 
first five nonzero terms of the solution. 


Nonhomogeneous Boundary-Value 
Problems 


INTRODUCTION A boundary-value problem is said to be nonhomogeneous if 
eitherthe partial differential equation orthe boundary conditions are nonhomogeneous. 
The method of separation of variables employed in the preceding three sections may 
not be applicable to a nonhomogeneous boundary-value problem directly. In the first 
of the two techniques examined in this section we employ a change of dependent 
variable и = v + v that transforms a nonhomogeneous boundary-value problem into 
two BVPs: one involving an ODE and the other involving a PDE. The latter problem 
is homogeneous and solvable by separation of variables. The second technique may 
also start with a change of a dependent variable but is basically a frontal attack on the 
BVP using orthogonal series expansions. 

The two solution methods that follow are distinguished by different types of 
nonhomogeneous boundary-value problems. 


TIME INDEPENDENT PDE AND BCs We first consider a BVP involving a time- 
independent nonhomogeneous equation and time-independent boundary-conditions. 
An example of such a problem is 


8u ðu 
car Куу е Usk. г>®0 

дх ot 
u(0, f) = uo, u(L,.f)—uy t0 (1) 
u(x,0) = f(x), 0<х</, 


where k > 0 is a constant. We can interpret (1) as a model for the temperature dis- 
tribution u(x, t) within a rod of length L where heat is being generated internally 
throughout the rod by either electrical or chemical means at a rate F(x) and the 
boundaries x = 0 and x = L are held at constant temperatures uo and и, respectively. 
When heat is generated at a constant rate r within the rod, the heat equation in (1) 
takes on the form 


К + = (2) 


Now equation (2) is readily shown not to be separable. On the other hand, sup- 
pose we wish to solve the usual homogeneous heat equation ku, = и; when the 
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boundaries x = 0 and x = L are held at, say, nonzero temperatures. Even though 
the substitution u(x,t) = X(x)T(t) separates the PDE, we quickly find ourselves at 
an impasse in determining eigenvalues and eigenfunctions because no conclusion 
about the values of X(0) and X(L) can be drawn from u(x, 0) = X(0)T(t) = up and 
u(x, L) = X(L)T(t) = ц. 

By changing the dependent variable u to a new dependent variable v by the 
substitution u(x, f) = v(x, f) + W(x), (1) can be reduced to two problems: 


Problem A: (ky + F(x) = 0, 000) = ио, WL) = u 
ay _ av 
ax? Е дї” 
у(0,)=0, v(L, t) =0 
v(x, 0) = f(x) — Wx) 


Problem B: 


Observe in Problem A that the simple ODE ky” + F(x) = 0 can be solved by integra- 
tion. Moreover, Problem B is a homogeneous BVP that can be solved straightaway 
by the method of separation of variables. A solution of the given nonhomogeneous 
problem is then a superposition of solutions: 


Solution u = Solution & of Problem A + Solution v of Problem B. 


There is nothing in the above discussion that should be memorized; you should 
work through the substitution u(x, f) = v(x, f) + w(x) each time as outlined in the 
next example. 


[EXAMPLE 1 | Time-Independent PDE and BCs 


ou ди 
Solve katt S x Ox r0 
Ox Ot 
u(0,) —0, ul, =u, t>0 (3) 


u(x, 0) = f(x), 0c x«l, 


where r and u; are nonzero constants. 


SOLUTION Both the partial differential equation and the boundary condition at 
x = | are nonhomogeneous. If we let u(x, t) = v(x, f) + (х), then 


Qu 9v ди ду 
Sa = 5 + ф(х апа му 
or ax 90) ot дї 
After substituting these results, the PDE in (3) then becomes 
av ðv 
k—ckw'(x)tr--—. 4 
322 уо) + г 3t (4) 


Equation (4) reduces to a homogeneous equation if we demand that y satisfy 
ky" tr=0 o Ш) = т. 

Integrating the last equation twice reveals that 

w(x) = E + сіх + c. (5) 
Furthermore, и(0, г) = w(0, f) + v(0) = 0 

u(1, f) = v(1, t) + WC) = ш. 
We have v(0, 0) = 0 and v(1, f) = 0 provided that y; also satisfies 

y(0) = 0 and y(1) = u. 
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By applying the latter two conditions to (5) we obtain, in turn, c; = 0 and 
c, = r/2k + u. Consequently 


VQ) = -2x2 +| + ux 
2k 2k "JY 
Finally, the initial condition in (3) implies v(x, 0) = u(x, 0) — Yœ) = f(x) — yx). 


Thus to determine v(x, f) we solve the new boundary-value problem 


av ду 
15. 0<х<1, £0 
Ox Ot 


v(0,t) = 0, 01,0 =0, t>0 


v(x, 0) = f(x) + a р + 2E 0<х<1 


by separation of variables. In the usual manner we find 


у(х,) = У) Ae?" sin птх, (6) 
n=1 
h A af loe a innaxd (7) 
where n= Ptaa Р | тах, 
^ x ow eS 
A solution of the original problem is u(x, f) = у(х, f) + W(x), or 
u(x, t) = — 2 =f == ilet S A,e kn tt sinn, (8) 
2k 2k = 
where the coefficients А„ are defined in (7). E] 


Inspection of (6) shows that v(x, f) > 0 as t > co, and so v(x, f) is called a tran- 
sient solution. But observe in (8) that u(x, f) > W(x) as t оо. In the context of 
solving forms of the heat equation, y(x) is called a steady-state solution. 


TIME DEPENDENT PDE AND BCs We turn now to a method for solving some 
kinds of BVPs that involve a time-dependent nonhomogeneous equation and time- 
dependent boundary-conditions. A problem similar to (1), 


au ðu 
k-z + Е(х, 0 = —, O0<x<L, t>0 
Ox Ot 


u(0,f) = uo(t), и, t) = u(, t0 (9) 
u(x, 0) = 30), O<x<L, 


describes the temperatures in a rod of length L but in this case the heat-source term 
F and the temperatures at the two ends of the rod can vary with time t. Intuitively 
one might expect that the line of attack for this problem would be a natural exten- 
sion of the procedure that worked in Example 1, namely, seek a solution of the form 
u(x, f) = v(x, t) + W(x, t). While this form of the solution is correct in some instances, 
it is usually not possible to find a function of two variables v(x, f) that reduces a 
problem for v(x, f) to a homogeneous one. To understand why this is so, let's see what 
happens when u(x, f) = v(x, t) + Wx, t) is substituted into the PDE in (9). Because 


Pu ðv д? ðu ду ð 
oes um т, (10) 
Ox Ox Ox Ot Ot ot 
the BVP (9) becomes 

9? а? ду д 

Ж ag ap ies E 
ax ax ot д 

v(0, 0) + YO, 0) = u(t), VL, + WL, t) = uy) (11) 


v(x, 0) = f(x) — WO, 0). 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


12.6 NONHOMOGENEOUS BOUNDARY-VALUE PROBLEMS 487 


The boundary conditions on v in (11) will be homogeneous if we demand that 


WO, 0) = u(t), WL, 0) = ui). (12) 


Were we, at this point, to follow the same steps in the method used in Example 1, 
we would try to force the problem in (11) to be homogeneous by requiring 
Кулуу + F(x, t) = y, and then imposing the conditions in (12) on the solution y. But 
in view of the fact that the defining equation for w is itself a nonhomogeneous PDE, 
this is an unrealistic expectation. So we try an entirely different tack by simply con- 
structing a function y that satisfies both conditions given in (12). One such a function 
is given by 


W(x, t) = uo(f) + MOTO = и0(0)]. (13) 


Reinspection of (11) shows that we have gained some additional simplification with 
this choice of y because л, = 0. We now start over. This time if we substitute 


x 
ux, 0) = vx, 1) + ией) + y lai) — uo] (14) 

the boundary-value problem (11) then becomes 

д?у ду 

5+ GK, ð ==, 0€x«L, t»0 

дх ot 


/(00,0 = 0, L, = 0, t>0 (15) 
v(x, 0) = f(x) – у(х, 0), O<x<L, 


k 


where G(x, f) = F(x, t) — p. While the problem (15) is still nonhomogeneous (the 
boundary conditions are homogeneous but the partial differential equation is nonho- 
mogeneous) it is a problem that we can solve. 


THE BASIC STRATEGY The solution method for (15) is a bit involved, so before 
illustrating with a specific example, we first outline the basic strategy: 

Make the assumption that time-dependent coefficients v,(f) and G,(f) can be 
found such that both v(x, t) and G(x, f) in (15) can be expanded in the series 


œ 


va, n => wn sin x and GG,0 = Уб sin, (16) 
п= 1 


n=1 
where sin(n7rx/L), n = 1, 2, 3,..., are the eigenfunctions of X" + AX = 0, X(0) = 0, 
X(L) = 0 corresponding to the eigenvalues A, = a2 = п2т2/12. This Sturm- 
Liouville problem would have been obtained had separation of variables been applied 
to the associated homogeneous BVP of (15). In (16), observe that the assumed series 


v(x, t) = >, ул(ї) sin za already satisfies the boundary conditions in (15). Now 
п=1 
substitute this series for v(x, f) into the nonhomogeneous PDE in (15), collect terms, 
and equate the resulting series with the actual series expansion found for G(x, f). 
In the next example we illustrate this method by solving a special case of (9). 


[EXAMPLE 2 | Time-Dependent Boundary Condition 


8u ðu 
Solve СЕ ia 0<х< 1, t>0 
Ox ot 
u(0, 0) = cost, u(1,) = 0, t>0 


u(x,0)=0, 0<х<1. 
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SOLUTION We match this problem with (9) by identifying К = 1, L = 1, 
F(x, f) = 0, иод) = cost, uj(f) = 0, and f(x) = 0. We begin with the construction 
of y. From (13) we get 
w(x, t) = cost + x[0 — cost] = (1 — x)cost, 
and then as indicated in (14), we use 
u(x, f) = v(x, t) + (1 — x)cost (17) 


and substitute the quantities 


ди ду ди av +a с-а 
= P = Xx sin f), 
д2 әх” ðt дї 


u(0,f) = v(0, 0) + cost, ul, 0) ^v(1,t) and u(x, 0) = v(x,0)+1—-—x 


into the given problem to obtain the BVP for у(х): 


av . ду 

5 + (1 = х)ѕп =, 0<х<1, t>0 

Ox ot 

v0, = 0, v(1,0 20, t>0 

у(х, 0) = х- 1, 0<х<1. (18) 


The eigenvalues and eigenfunctions of the Sturm-Liouville problem 
X"+AX=0, Х(0) = 0, X(1) =0 


are found to be А„ = a2 = n?m” and ѕіпптх, п =1, 2, 3,... . With G(x, f) = (1 — x)sint 
we assume from (18) that for fixed 7, v and С can be written as Fourier sine series: 


оо 


v(x, f) = У) vsin птх (19) 


п= 1 


апа (1 — x)sint = >, G,() sin пттх. (20) 


п= 1 


By treating t as а parameter, the coefficients G, in (20) can be computed: 


2[! І 2 
G,(t) = —| (1 — x)sint sinnaxdx = 2 sint| (1 — x)sinnaxdx = — sint. 
1 0 0 пт 


А 2... 
Непсе, (1 x)sint = У, = sin ź sinnx. (21) 


n=1 


We can determine the coefficients у„(ї) by substituting (20) and (21) back into the 
PDE in (18). To that end, the partial derivatives of v are 
д 


2 о 
v : 

РЕ: = ` у„(Ю#(—п?т?)вїпптх and 
x 


ðv _ 


ER >, vi(f) ѕіп тх. (22) 


n=1 
Writing the PDE in (18) as v; — vy. = (1 — x)sint and using (21) and (22) we get 
^ 2sint 


>, [vi(t) + n?av,(t)] sinnmx = >, 
п=1 


п=1 


sinn. 


We then equate the coefficients of sin n7x on each side of the equality to get the 
linear first-order ODE 
2sinf 


vi(t) + п2л?2у (0) = . 
пт 


Proceeding as in Section 2.3, we multiply the last equation by the integrating factor 


р ЖИН; . " 
e" Т1! and rewrite it as 


d 2 2 2 | 
= T (r)| = —e" sint. 
ale 7 wo] = — 
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Integrating both sides, we find that the general solution of this equation is 


na’ sint — cost 


пт (пт + 1) 


Sant 
—n^q^t 
+ Ce j 


Ө) = 2 


where C, denotes the arbitrary constant. Therefore the assumed form of у(х, £) in (19) 
can be written 


= na sint — cost eg. 
v(x,t) = У |2 peer + Ce sin nx. (23) 


n=1 


The coefficients С„ can be found by applying the initial condition v(x, 0) to (23). 
From the Fourier sine series, 


оо —2 : 
х-1= У E mE + с зїпптх (24) 


п=1 


we see that the quantity in the brackets represents the Fourier sine coefficients b, for 
x — 1. That is, 


=2 =2 


п 


=2 
"E. TG А 
na (nm + 1) пт 


+ 
nar(n*m^ + 1) 


1 
C, = of (x = l)sinnmxdx ог 
0 


2 2 


"o nmm tl) тт 


Therefore, C, 


By substituting the last result into (23) we obtain a solution of (18), 


2 oo 
v(x, t) = E > 


n=1 


. PES md Ee s 

n?m sint — cost --e "7! естт]. 

"m sinnax. 
n(n n" + 1) 


At long last, then, it follows from (17) that the desired solution u(x, f) is 


2 s = -rrt -nrt 
n m smi = cost Fë e : 
— snnzx. MI 


Рано 2 < 
u(x, f) = (1 — x)cost + — У, Ре РЕГ 


п=1 
If the boundary-value problem has homogeneous boundary conditions and a time 
dependent term F(x, t) in the PDE, then there is no actual need to change the depen- 
dent variable through the substitution u(x, f) = v(x, f) + Wx, t). For example, if both 
ио and u; аге 0 in a problem such as (9), then it follows from (13) that W(x, f) = 0. 
The method of solution then begins by assuming an appropriate orthogonal series 
expansions for u(x, f) and F(x, f) as in (16), where the symbols v and С in (16) are 
naturally replaced by и and F, respectively. 


[EXAMPLE 3 | Time-Dependent PDE and Homogeneous BCs 


д?и : ди 
Solve z К U-x)snt=—, 0<х<1, т>0 
Ox ot 
и(0,9 =0, u(1,ġ=0, t>0 (25) 


и(х,0) = 0, 0<х<1. 


SOLUTION Except for the initial condition, ће BVP (25) is basically (18). As 
pointed out in the paragraph preceding this example, because the boundary condi- 
tions are both homogeneous we have у(х, ?) = 0. Thus all steps in Example 2 used 
in the solution of (18) are the same except the initial condition u(x, 0) = 0 indicates 
that the analogue of (24) is then 


0 = рэ = + С„|вїпптх 
nr (n*m^ + 1) н ` 


п=1 
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We conclude from this identity that the coefficient of sin zx must be 0 and so 


2 
Ca хл. 
птт(п*тт* + 1) 


Hence a solution of (25) is 


2 


u(x, t) = 


ee — cost 1 


e "7 |вїпптх. E] 
n(n^a^ + 1) n(n^g^ + 1) 


In Problems 13-16 in Exercises 12.6 you are asked to construct w(x, f) as 
illustrated in Example 2. In Problems 17—20 of Exercises 12.6 the given boundary 
conditions are homogenous and so you can start as we did in Example 3 with the 
assumption that W(x, f) = 0. 


Don't place any special importance on the fact that we used the heat equation 
throughout the foregoing discussion. The method outlined in Example 1 can 
be applied to the wave equation and Laplace's equation as well. However, the 
methods outlined in Examples 2 and 3 are predicated on time dependence in 
the problem and so it is not applicable to BVPs involving Laplace’s equation. 


EXERCISES 1 2.6 Answers to selected odd-numbered problems begin on page ANS-21. 


In Problems 1-12 proceed as in Example 1 to solve the given 
boundary-value problem. 


In Problems 1 and 2 solve the heat equation ku, = и, 0 < x < 1, t> 0, 
subject to the given conditions. 


1. u(0, f) = 100, (1, r) = 100 
u(x, 0) = 0 

2.u(0,f) = uo u(1, f) = 0 
u(x, 0) = f(x) 


In Problems 3 and 4 solve the partial differential equation (1) subject 
to the given conditions. 


3. u(0, f) = uo, u(l, f) = uo 
u(x, 0) = 0 

4. u(0, ) = ио, u(1, t) = u 
u(x, 0) = f(x) 


5. Solve the boundary-value problem 


д?и _ ди 
к—;+Ае P=, B0 0<x<1, £0 
Ox ot 
u(0,t) =0, u(l,f) —0, 
u(x, 0) = f(x), 


t>0 
0 € x« 1. 
The partial differential equation is a form of the heat equation 


when heat is generated within a thin rod from radioactive decay 
of the material. 


6. Solve the boundary-value problem 


д? д 

5 — hu - ==, О<х<т, t>0 
Ox ot 

u(0,f) = 0, и(т,) = и, t>0 


и(х,0) = 0, 0 <х< т. 


The partial differential equation is a form of the heat equation 
when heat is lost by radiation from the lateral surface of a thin 
rod into a medium at temperature zero. 


7. Find a steady-state solution W(x) of the boundary-value problem 


д?и ди 
К һ = «x«l > 
ad (u — ug) 3r 0<х<1, 120 
u(0,2 = и, и(1, 0) = 0, t0 
u(x, 0) = 0), 0 <х<1. 


8. Find a steady-state solution у(х) if the rod in Problem 7 is 
semi-infinite extending in the positive x-direction, radiates 
from its lateral surface into a medium of temperature zero, and 


и(0, f) = uo, 


u(x, 0) = f(x), 


lim u(x,t) = 0, t0 
x20. 


9. When a vibrating string is subjected to an external vertical force 
that varies with the horizontal distance from the left end, the 
wave equation takes on the form 

au ?u 
а? ЕЕС + Ах = PR 
Ox дї 
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where A is a constant. Solve this partial differential equation д?и ди 
subject to Via oo = 0<х< 1, t>0 
u(0,) = 0, u(1,) = 0, г>0 и(0,) = ?, ц(1,0) = 1, t>0 
4 u(x, 0) = х2, 0<х<1 
и 
и(х, 0) = 0, — = 0, 0<х<1. 
M ðt [i-o u u 
15. mna 0<х<1, ғ>0 
10. A string initially at rest on the x-axis is secured on the x-axis at дх дї 
x = O and x = 1. If the string is allowed to fall under its own u(0,t) = 0, u(l, f = sint, t>0 
weight for t > 0, the displacement u(x, f) satisfies ðu 
2 2 и(х,0) = 0, — =0, 0<x<1 
‚ди _ ou Ot |1=0 
2 $7. 0<х< 1, t0, 
дх ot 2 
ðu Qu 
where g is the acceleration of gravity. Solve for u(x, t). 16. ag at’ 0<х<1, t0 
11. Find the steady-state temperature u(x, y) in the semi-infinite u(0,)-71—e'5 uLl)n-21l1-—e' t>0 


plate shown in Figure 12.6.1. Assume that the temperature is 
bounded as x > о. [Hint: Try u(x, y) = v(x, y) + vO).] 


и(х,0)=0, 0<х<1 


In Problems 17—20 proceed as in Example 3 to solve the given 
boundary-value problem. 


д?и E ди 
17. — + xe = —, O«cx«m, t>0 
ax? at 
u(0, t)=0, и(т, ) = 0, t>0 
и(х, 0) = 0, О <х< т. 
FIGURE 12.6.1 Plate in Problem 11 Qu ди 
Да". О<х<тп, t>0 
12. The partial differential equation и 
А 2 ди ди 
au ðu m =0; = =0, t>0 
T E pu M + 
и(х,0) = 0, О<х<т 
where h > 0 is a constant, is known as Poisson's equation and 
occurs in many problems involving electrical potential. Solve д2и ди 
the equation subject to the conditions 19. ox? 1 + x — xcost = PE 0<х<1, #20 
u(0,y) = 0, и(т, у) = 1, y>O и(0,0 = 0, (1,0 = 0, t>0 
и(х,0) = 0, 0 <х< т. и(х, 0) = х(1- х), 0<х<1 
In Problems 13—16 proceed аз in Example 2 to solve the given д?и . 2 
boundary-value problem. 20. pe + sinx cost = ap О<х<тп, t>0 
Pu a = = > 
13, == 0<х<1, t>0 uO, t) —0, u(m,f = 0, t>0 
Ox дї А 
и 
и(0, £) = sint, и(1, 0) = 0, г> 0 u(x, 0) = 0, p" =0, 0<х<т 
t=0 


u(x, 0) = 0, 0<х<1 


12.7 Orthogonal Series Expansions 


INTRODUCTION For certain types of boundary conditions, the method of 
separation of variables and the superposition principle lead to an expansion of a 
function in a trigonometric series that is not a Fourier series. To solve the problems in 
this section, we will use the concept of orthogonal series expansions or generalized 
Fourier series. 
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[EXAMPLE 1 | Using Orthogonal Series Expansions 


The temperature in a rod of unit length in which there is heat transfer from its right 
boundary into a surrounding medium kept at a constant temperature zero is deter- 


mined from 
ou ди 
rr Ocx«l, t>0 
Ox Ot 
ди 
и(0,)=0, — = —hu(l, 0), h>0, t>0 
OX| x=1 


и(х, 0) = 1, O<x< 1. 
Solve for u(x, t). 
SOLUTION Proceeding as in Section 12.3 with u(x, t) = X(x)T(t) and using —A as 


the separation constant, we find the separated equations and boundary conditions to 
be, respectively, 


X" + rAX = 0 (1) 
T' + КАТ=0 (2) 
X(0) = 0 and X'(1) = -AX(1). (3) 


Equation (1) and the homogeneous boundary conditions (3) make up a regular 
Sturm-Liouville problem: 


Х"+АХ=0, X(0 = 0, X'(1) + AX(1) = 0. (4) 


By analyzing the usual three cases in which A is zero, negative, or positive, we find 
that only the last case will yield nontrivial solutions. Thus with A = a? > 0, a > 0, 
the general solution of the DE in (4) is 


X(x) = cı cos ax + co sin ах. (5) 


The first boundary condition in (4) immediately gives су = 0. Applying the second 
condition in (4) to X(x) = c» sin ox yields 


acosa+hsina = 0 ог tana =- (6) 


From the analysis in Example 2 of Section 11.4 we know that the last equation in 
(6) has an infinite number of roots. If the consecutive positive roots are denoted o;, 
п = 1, 2, 3,..., then the eigenvalues of the problem are A, = az, and the corre- 
sponding eigenfunctions are X(x) = c» sin ах, п = 1, 2, 3,.... The solution of the 
first-order DE (2) is T(t) = cse "**', so 


со 
= 2 d PS r 
Un = XT = Ае *®"!5їп ax and u(x, t) = bi Аек" sin arx. 


n-l 


Now at t = 0, u(x, 0) = 1,0 < x < 1, so 


1 = M A, sin ах. (7) 


=1 


The series in (7) is not a Fourier sine series; rather, it is an expansion of u(x, 0) = 1 
in terms of the orthogonal functions arising from the regular Sturm-Liouville prob- 
lem (4). It follows that the set of eigenfunctions {sin a,x}, n = 1, 2, 3, ... , where 
the o's are defined by tana = —a/h, is orthogonal with respect to the weight 
function p(x) = 1 on the interval [0, 1]. By matching (7) with (7) of Section 11.1, it 
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FIGURE 12.7.1 Twisted shaft in 
Example 2 
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follows from (8) of that section, with f(x) = 1 and $,(x) = sin ox, that the coeffi- 
cients A, are given by 


1. 
[зїп ax dx 


(8) 


n * 
1. 
Í A sin’a,x dx 


To evaluate the square norm of each of the eigenfunctions, we use a trigonometric 


identity: 


1 1 [! 1 1 
| sin'a,x dx = Al (1 — cos 2ax) dx = =| 1 — —— sin 2а, |. (9) 
0 2 0 2 20 


Using the double-angle formula sin 2a, = 2 sin о, cos a, and the first equation in (6) 
in the form a, cos a, = —hsin œn, we simplify (9) to 


1 1 
| sin’a,x dx = ant + cos*a,). 


! 1 1 1 
Also | sin a,x dx = ——cosa,x| = — (1 — cos a,). 
0 п 0 Qn 


Consequently, (8) becomes 


2h(1 — cos an) 


" ash + cos?a,) 


Finally, a solution of the boundary-value problem is 


© 


u(x, t) = 2h У, 


p) 
п=1 oh * COS" Aly) 


[EXAMPLE 2 | Using Orthogonal Series Expansions 


The twist angle 0(x, t) of a torsionally vibrating shaft of unit length is determined 
from 


1 = бов 
п —ka? 


' sin ax. 


500 99 
а = =>, 0<х< 1, t0 
Ox ot 
00 
000,0) = 0, — =0, t0 
OX |x=1 
00 
0(x,0 =x, = =0, 0<х<1 
Ot |:=0 


See Figure 12.7.1. The boundary condition at x = 1 is called a free-end condition. 
Solve for Ө(х, 2). 


SOLUTION Proceeding as in Section 12.4 with 0(x, f) = X(x)T(t) and using —A 
once again as the separation constant, the separated equations and boundary 
conditions are 


Х"+АХ = 0 (10) 
Т" + алт = 0 (11) 
X(0)=0 and  X'(1-0. (12) 


A regular Sturm-Liouville problem in this case consists of equation (10) and the 
homogeneous boundary conditions in (12): 


Х"+АХ=0, X(0)=0, X'(1) = 0. (13) 
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FIGURE 12.7.2 Surface is the graph of a 
partial sum of (17) in Example 2 


As in Example 1, (13) possesses nontrivial solutions only for А = o? > 0, a > 0. 
The boundary conditions X(0) = 0 and X'(1) = 0 applied to the general solution 


X(x) = cı cos ax + co sin ax (14) 


give, in turn, су = 0 and с» cos a = 0. Since the cosine function is zero at 
odd m of 7/2, œ = (2n — 1)т/2, and the eigenvalues of (13) are 
À,70?-—(2n—1)m-?/A4,n = 1,2,3,.... The solution of the second-order 
DE (11) is T(t) = сз cos aa,t + сд sin n The initial condition 7'(0) = О gives 
Сд = 0, so 


2n— 1 . {2n-1 
0, = X(x)T(t) = A, cos a 2 Tt sin 2 TX. 
To satisfy the remaining initial condition, we form 


= 2n— 1 anl 
по = Arcos al 2 7 Jes (15) 


n=1 


When t = 0, we must have, for 0 < x < 1, 


6,0) = х = У А, sin" (16) 


п=1 


2п = 1 
As in Example 1 the set of eigenfunctions ET = je n=1,2,3,..., is 


orthogonal with respect to the weight function p(x) = 1 on the interval [0, 1]. 
Although the series in (16) looks like a Fourier sine series, it is not, because the 
argument of the sine function is not an integer multiple of mx/L (here L = 1). The 
series again is an orthogonal series expansion or generalized Fourier series. Hence 
from (8) of Section 11.1 the coefficients in (16) are 


| | (2n— 1 

x sin TX dx 
0 2 

® rem 

sin TX dx 
0 2 


Carrying out the two integrations, we arrive at 


An = 


8(-1y*! 
Qn — 1a? 


„= 
The twist angle is then 


п+1 = = 
(x, f) = "e 2S — M 4275 ‘hat ШЕ 


п=1 


(17 E 


We can use a CAS to plot Ө(х, t) defined in (17) either as a three-dimensional 
surface or as two-dimensional curves by holding one of the variables constant. In 
Figure 12.7.2 we have plotted the surface defined by Ө(х, f) over the rectangular 
region 0x x x 1, 0x т 10. The cross sections of this surface are interesting. 
In Figure 12.7.3 we have plotted 0 as a function of time t on the interval [0, 10] using 
four specified values of x and a partial sum of (17) (with a — 1). As can be seen in the 
four parts of Figure 12.7.3, the twist angle of each cross section of the rod oscillates 
back and forth (positive and negative values of 0) as time t increases. Figure 12.7.3(d) 
portrays what we would intuitively expect in the absence of any damping, the end of 
the rod x — 1 is displaced initially 1 radian (0(1, 0) — 1); when in motion, this end 
oscillates indefinitely between its maximum displacement of 1 radian and minimum 
displacement of — 1 radian. The graphs in Figure 12.7.3(a)- (c) show what appears to 
be a “pausing” behavior of 0 at its maximum (minimum) displacement of each of the 
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specified cross sections before changing direction and heading toward its minimum 
(maximum). This behavior diminishes as x > 1. 


6(0.2, t) 6(0.5, t) 


2 4 6 8 10 
(с) x = 0.8 (4)х=1 


FIGURE 12.7.3 Angular displacements Ө as a function of time at various cross sections of 
the rod in Example 2 


EXERCISES 1 2.7 Answers to selected odd-numbered problems begin on page ANS-22. 


1. In Example 1 find the temperature u(x, f) when the left end of 


the rod is insulated. 


2. Solve the boundary-value problem 


au ди 
pu O0cx«l, t>0 
дх ot 
ди 
и(0, t) = 0, Н = —h(u(1,t) uo), h>0, t>0 
х=1 


u(x, 0) = 00), 0<х<1. 


3. Find the steady-state temperature for a rectangular plate for 
which the boundary conditions are 


ди 


0,у) = 0, 
и(0, у) di 


= —hu(a, y, 0€y«b 


х=а 


и(х,0) = 0, u(x, b) f(x), O<x<a. 


4. Solve the boundary-value problem 


f 4-—-0 0<y<1, x>0 
у 


u(0, y) = и, іти(х, у) = 0, O<y<1 
ди 
ду 


ди 
= 0), 
у=0 ду 


= —hu(x, 1), h>0, х> 0. 


у=1 


5. Find the temperature u(x, f) in a rod of length L if the initial 


temperature is f(x) throughout and if the end x = 0 is kept at 
temperature zero and the end x = L is insulated. 


. Solve the boundary-value problem 


Pu a 
23 = 1, 0<x<L, t>0 
Ox ot 
ди 
u(00) = 0, Е— = Fo, t>0 
OX|x=L 
ди 
и(х, 0) = 0, — = 0, 0<х</. 
Ot |;=0 


The solution u(x, f) represents the longitudinal displacement 
of a vibrating elastic bar that is anchored at its left end and is 
subjected to a constant force of magnitude Fo at its right end. 
See Figure 12.4.7 in Exercises 12.4. E is a constant called the 
modulus of elasticity. 


7. Solve the boundary-value problem 


с ее dee 
Ge ae а х < 1, 
ox) ду? И 
ди 
d =0, ud,y)=u, O<y<l 
ðx|x=0 
ðu 
u(x, 0) = 0, — =0, 0<х<1. 
ду|у=1 
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8. Solve the boundary-value problem 


9. 


10. 


au д 

co ү 0<х< 1, т>0 
ox д 

ди 

— =0, u(1,) 0, t>0 
Ox |x=0 

u(x,0)=1— x7, 0<х<1. 


The initial temperature in a rod of unit length is f(x) throughout. 
There is heat transfer from both ends, x = 0 and x = 1, into 

a surrounding medium kept at a constant temperature zero. 
Show that 


Е: ч —kog t, д 
u(x, t) = >, Ane (a, COSa,x + A sin ох), 
n=1 


where 


2 


1 
А, = 1 Р(х) (о сов a,x + h sin œx) dx. 
ап 0 


The eigenvalues аге Л, = а, п = 1,2,3,..., where the a, are 
the consecutive positive roots of tan a = 2ah/(a* — I2). 


Use the method discussed in Example 3 of Section 12.6 to solve 
the nonhomogeneous boundary-value problem 


au 2, ди 
kzz + xe =—, 0<х<1, t>0 
Ox ot 


Computer Lab Assignments 
11. A vibrating cantilever beam is embedded at its left end (x = 0) 


and free at its right end (x = 1). See Figure 12.7.4. The 
transverse displacement u(x, t) of the beam is determined 
from the boundary-value problem 


ðtu u 
Aa ee O 0<х< 1, т>0 
дх дї 
и(0,)=0, — = t>0 
дх|х=0 

^u eu 

2 = 0, =0, t>0 
OX*|x=1 ӨХ” |х=1 
и(х,0)=/0), - 80) 0<х<1. 

ðt |t=0 


Use a CAS to find approximations to the first two positive 
eigenvalues of the problem. [Hint: See Problems 17 and 18 in 
Exercises 12.4.] 


FIGURE 12.7.4 Vibrating cantilever beam in Problem 11 


ди 
и(0,0 = 0, — = 
дх x=1 


и(х,0) = 0, 0<х<1. 


12.8 


—и(1, t), 


12. (а) Find an equation that defines the eigenvalues when the 
ends of the beam in Problem 11 are embedded at x = 0 


t>0 and x = 1. 


(b) Use a CAS to find approximations to the first two positive 
eigenvalues. 


Higher-Dimensional Problems 


INTRODUCTION Up to now we have solved boundary-value problems involving 
the one-dimensional heat and wave equations. In this section we show how to extend 
the method of separation of variables to problems involving the two-dimensional 
versions of these partial differential equations. 


HEAT AND WAVE EQUATIONS IN TWO DIMENSIONS Suppose the rectangular 
region in Figure 12.8.1(a) is a thin plate in which the temperature u is a function of 
time f and position (x, y). Then, under suitable conditions, u(x, y, f) can be shown to 
satisfy the two-dimensional heat equation 


К au 4 au 
ox? ду? 

Оп the other hand, suppose Figure 12.8.1(b) represents a rectangular frame 

over which a thin flexible membrane has been stretched (a rectangular drum). 


If the membrane is set in motion, then its displacement u, measured from the 
xy-plane (transverse vibrations), is also a function of t and position (x, y). When the 


ди 
ot 


(1) 
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(b, c) 


(b) 


FIGURE 12.8.1 (a) Rectangular plate and 
(b) rectangular membrane 
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vibrations are small, free, and undamped, u(x, y, t) satisfies the two-dimensional 
wave equation 


га zi д?и (2) 


ax? oy? oc 


To separate variables in (1) and (2), we assume a product solution of the form 
u(x, y, t) = XQ)Y(y)T(t). We note that 


3u у au 2, ди А 

og A YI, "wur 5d and — = XYT'. 

дх ду Ot 
As we see next, with appropriate boundary conditions, boundary-value problems 
involving (1) and (2) lead to the concept of Fourier series in two variables. 


[EXAMPLE 1 | Temperatures in a Plate 


Find the temperature u(x, y, f) in the plate shown in Figure 12.8.1(a) if the initial 
temperature is f(x, y) throughout and if the boundaries are held at temperature zero 
for time t > 0. 


SOLUTION We must solve 


Qu u ди 
k zv). . DEA Decyen т>0 
Ox ду Ot 


subject to и(0, y, = 0, и(р, у, ) = 0, O<y<c, t>0 
и(х, 0,0) = 0, и(х, с, ) = 0, 0<х<Ь, t>0 
u(x, у, 0) = Р(х, у), O<x<b, 0 <у< се. 
Substituting u(x, у, f) = Х(х)У(у)Т (0), we get 


x y" T' 
=-— +, 
X Y KT 


К(Х"ҮТ + XY'T) = ХҮТ ог 


(3) 


Since the left-hand side of the last equation in (3) depends only on x and the right side 
depends only on y and 7, we must have both sides equal to a constant —A: 


x" y" Т' 
= —-—_+—=-) 
Х Y kT 
and so X"+rAX =0 (4) 
E C X (5) 
Y ЕТ |. 


By the same reasoning, if we introduce another separation constant — u in (5), then 


E 4 Bus 
It __ "NEC qo 
ү Р *? КТ p 
yield Y"+uY=0 and T’+kA+p)T=0. (6) 


Now the homogeneous boundary conditions 


u(0, y, f) = 0, d | oe X(b) = 0 
imply that 
u(x, 0,0) = 0, u(x, ct = 0 Ү(0) = 0, Y(c) = 0. 
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Thus we have two Sturm-Liouville problems: 


X"+XX=0, Х(0) = 0, X(b)=0 (7) 
апа Ү"+дҮ = 0, Ү(0) = 0, Ү(с) = 0. (8) 
The usual consideration of cases (A = 0, A = a? > 0, A = —a* < 0, u = 0, and 
so on) leads to two independent sets of eigenvalues, 
m^? nm? 
Àm = b2 and Mn = c * 


The corresponding eigenfunctions are 


. MT . NT 
X(x) = c5 sin b x, m=1,2,3..., and Ү(у) = c4sin y» n=1,2,3,.... (9) 
© 


After we substitute the known values of A, and џи, in the first-order DE in (6), its 
general solution is found to be T(t) = cse mb? + mel" A product solution of 
the two-dimensional heat equation that satisfies the four homogeneous boundary 
conditions is then 


пт 


—k{(malb)? + (пт/с)”]ї sin =, sin "Eon 


Umn(X, y, f) = Amn e 


where А,» is an arbitrary constant. Because we have two sets of eigenvalues, we are 
prompted to try the superposition principle in the form of a double sum 


тт пт 
u(x, y, f) = p» b A mne Кт? + (nate) It sin p sin — y. (10) 


т=1 n=1 


At t — 0 we must have 


u(x, y, 0) = f(x, y) = У Ул üt ie sin UL» (11) 


m=1 n= 


We can find the coefficients А,„„ by multiplying the double sum (11) by the product 
sin(marx/ b) ѕіп(пту/ с) and integrating over the rectangle defined by the inequalities 
0<=х== Ь,0 = у = с, It follows that 


4 |5 тт 
Amn = = 01% я sin ^ m y dx dy. (12) 
bc Jo b 
Thus the solution of the BVP consists of (10) with the A,nn defined in (12). E] 
The series (11) with coefficients (12) is called a sine series in two variables or a 
double sine series. We summarize next the cosine series in two variables. 
The double cosine series of a function f(x, y) defined over a rectangular region 


defined by 0 =x x b, 0 = у x cis given by 


F(x, y) = Ago + È Ano cos x + > Aon cos “=y 


m-i 


+ У ЖА» cos P) cos = 
m=1 n= 
where Ago = ||. F(x, y) dx dy 
"sl f(x, y) cos = unde dy 


Aon = Jes y) cos — — Ty dx dy 


и f(x, y) cos Pa cos c dx dy. 


For a problem leading to a double-cosine series see Problem 2 in Exercises 12.8. 
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EXERCISES 1 2.8 Answers to selected odd-numbered problems begin on page ANS-22. 


In Problems 1 and 2 solve the heat equation (1) subject to the given 
conditions. 


1. u(0, y, = 0, u(m,y,t) = 0 
u(x, 0,f) = 0, ul, 7,10) = 0 
u(x, у, 0) = uo 
ди ди 

2. З 
OX |x=0 OX|x=1 
ди ди 

= 0, = 
ду у=0 ду у=1 
u(x, у, 0) = xy 


In Problems 3 and 4 solve the wave equation (2) subject to the given 
conditions. 


3. u(0, y,t) = 0, u(m, y,t) = 0 
u(x, 0,0) = 0, u(x, 7,10) = 0 
u(x, у, 0) = xy(x — ay — т) 
ди 
= =0 
Ot |r-0 

4. u(0, у, ) = 0, u(b, у, = 0 
u(x, 0,0) = 0, u(x, c,t) = 0 


u(x, y, 0) = f(x, у) 


= g(x, y) 
1=0 


эг 


Chapter 12 In Review 


1. Use separation of variables to find product solutions of 


ru 
=u 
Ox ду 


2. Use separation of variables to find product solutions of 


Qu u ди ди 
sd dem +2 0. 
Ox” ду Ox ду 


Is it possible to choose a separation constant so that both X and 
Y are oscillatory functions? 


3. Find a steady-state solution (х) of the boundary-value problem 


ru ди 
—=—, 0<х< т, t>0, 
д2 дї 
и(0, f) = uo, и(т,ї)—и„ t0 
Ox lee 


и(х,0) = 0, O<x< т. 


4. Give а physical interpretation for the boundary conditions in 
Problem 3. 


5. At t = 0 a string of unit length is stretched on the positive 
x-axis. The ends of the string x = 0 and x = 1 are secured on 


The steady-state temperature u(x, y, z) in the rectangular 
parallelepiped shown in Figure 12.8.2 satisfies Laplace’s 
equation in three dimensions: 


Qu Pu au 


(13) 


x 


FIGURE 12.8.2 Rectangular parallelepiped in Problems 5 and 6 


5. Solve Laplace’s equation (13) if the top (z = c) of 
the parallelepiped is kept at temperature f(x, y) and the 
remaining sides are kept at temperature zero. 


6. Solve Laplace’s equation (13) if the bottom (z = 0) of the 
parallelepiped is kept at temperature f(x, y) and the remaining 
sides are kept at temperature zero. 


Answers to selected odd-numbered problems begin on page ANS-22. 


the x-axis for t > 0. Find the displacement u(x, t) if the initial 
velocity g(x) is as given in Figure 12.R.1. 


g(x) 
h 


EN 
j= T 
ьш 


FIGURE 12.R.1 Initial velocity g(x) in Problem 5 


6. The partial differential equation 


= au 


ӘР 


— + 2 


is a form of ће wave equation when an external vertical force 
proportional to the square of the horizontal distance from the 
left end is applied to the string. The string is secured at x = 0 
one unit above the x-axis and on the x-axis at x = 1 fort > 0. 
Find the displacement u(x, t) if the string starts from rest from 
the initial displacement f(x). 
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7. Find the steady-state temperature u(x, y) in the square plate 
shown in Figure 12.R.2. 


u = 50 


xy 


FIGURE 12.R.2 Square plate in Problem 7 


8. Find the steady-state temperature u(x, y) in the semi-infinite 
plate shown in Figure 12.R.3. 


insulated 


insulated 


FIGURE 12.R.3 Semi-infinite plate in Problem 8 


9. Solve Problem 8 if the boundaries y = 0 and y = т are held at 
temperature zero for all time. 


10. Find the temperature u(x, f) in the infinite plate of width 
2L shown in Figure 12.R.4 if the initial temperature is uo 
throughout. [Hint: u(x, 0) = ио, —L < x < Lis an even 
function of x.] 


FIGURE 12.R.4 Infinite plate in Problem 10 


11. Solve the boundary-value problem 


u ди 

sa =a 0<х<л, t>0 
дх ot 

u(0, £) = 0, и(т,)=0, t>0 
u(x, 0) = sinx, O<x<7. 


12. Solve the boundary-value problem 


д?и . ди 
L3 + 9х = =, О<х<т, t>0 
дх дї 
и(0, t) = 400, и(т,)=200,‚ 1:120 
u(x, 0) = 400 + sinx, 0О<х<т. 
13. Find a formal series solution of the problem 
ru ðu Pu ди 
+ 2 = + 2 tu, Ocx«m, t>0 
ax? дх ar? at 
и(0,0) = 0, и(т,)=0, t>0 
ди 


= 0, 0<х< т. 
ðt |,=0 


14. The concentration c(x, f) of a substance that both diffuses in 
a medium and is convected by the currents in the medium 
satisfies the partial differential equation 


k and h constants. Solve the PDE subject to 
c(0,t) =0, с(1,0) = 0, t>0 
c(x,0)=co, O<x<l, 

where со is a constant. 


15. Solve the boundary-value problem 


ди ди 

о 0<х<1, t>0 

дх ot 
ди 

u(0, t) = uo, u(l, t +u, t0 
Ox x=1 


u(x, 0) =u, O<x< 1, 
where uo and u; are constants. 


16. Solve Laplace's equation for a rectangular plate subject to the 
boundary-value conditions 


u(0, y) = 0, um, у) = 0, 0c y € m 


u(x, 0) = x? — mx, u(x, т) = 22 — mx, 0€ x < T. 


17. Use the substitution u(x, у) = v(x, y) + W(x) and the result of 
Problem 16 to solve the boundary-value problem 


Ou du Р ТР TET 
аиа a, T 
9х2 ду? y 
u(0,y) = 0, ит, у) = 0, O<y<T 
и(х,0) = 0, их, п) = 0, 0<х< т. 
18. Solve ће boundary-value problem 
Pu  . d 
"au dE Ia О<х<т, t0 
Ox 
и(0, t) = 0, PA =0, т>0 
OX |х=т 
u(x, 0) = f(x), 0<х<т. 
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19. A rectangular plate is described by the region in the xy-plane 20. If the four edges of the rectangular plate in Problem 19 are 
defined by 0 x x a, 0 = y Sb. In the analysis of the simply supported, then show that the given particular solution 
deflection w(x, y) of the plate under a sinusoidal load, the satisfies the boundary conditions 
following linear fourth-order partial differential equation is 
encountered: w(0,y) = 0, и(а, у) -0, 0<y<b 

atw atw ðw qo. mx , ту w(x,0)=0, w(x,b)=0, 0<х<а 

qd Am 7 = p sinsin, 

дх Ox^dy ду р а Ь ow aw 

where qo and D are constants. Find a constant C so that the p x-0 mo, p жа У 
т 
product w(x, у) = С Si PDA is a particular solution of д2 3w 
a b =0, =0, 0<x<a 

the PDE. ду? |у=0 ду? ly-b 
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T T(x) 


Appendix А Integral-Defined Functions 


- 


FIGURE А.1 Graph of the gamma 
function 


INTRODUCTION Many important functions encountered in applied mathematics 
are defined in terms of an integral. There are several ways of doing this. In Sections 1.1, 
2.3, and 4.2 we have already seen that a solution of a differential equation may lead to 
a function of the form 


F(x) - fewa (1) 


An integral-defined function can also be of the form 


b 
F(x) = | g(x, f) dt, (2) 


where it is understood that x is a parameter, that is, x is treated as a constant in the 
t-integration. In many cases, especially for functions with a name, the defining in- 
tegral is nonelementary (review page 11). The integrand g in (2) could depend on 
several parameters, say, g(x, y, f). In this case the integral (2) defines a function of two 
variables x and y. Moreover, (1) and (2) can also be an improper integral. For example, 
in (1) the lower limit of integration a could be — 2 or the interval of integration could 
be chosen to be [x, ©). In (2), one or both of the limits of integration could be infinite, 
or the integrand g(x, г) could have an infinite discontinuity in the interval of integra- 
tion [a, b]. The convergence of an improper integral will, in general, depend on values 
of the parameter x. See Examples 1, 2, and 3 in Section 7.1. 

In Sections 2.3 and 14.1 we saw that the error function and complementary 
error function, 


d qe x 2 qq a 
erf(x) = a e" dt and егїс(х) = 2f еа (3) 


are both of the type given in (1) with the identification g(f) = (2/V me" . AS we 
have seen in Chapter 7, the Laplace transform of a function f(t) is the function 
F(s) — Ј к e "f(t)dt. The last integral is of the type given in (2) with the symbol s 
playing the part of x so that g(s, f) = e "'f(t). In Chapter 14, the Fourier transform 
F(a) = li =  f(x)e'**dx is also of the type given in (2) with the symbols x and а 
replacing t and x, respectively, and g(a, х) = f(x)e/^". 

We begin our discussion of specific integral-defined functions with one of the 
form given in (2). 


THE GAMMA FUNCTION On a short list of important functions in the study of 
special functions (such as the Bessel function) the gamma function would appear 
near the top. The integral definition of this function, 


Tw = | “eet di, (4) 
0 


was first given by the Swiss mathematician Leonhard Euler (1707—1783) in his text 
Institutiones calculi integralis published in 1768. 


GRAPHS AND PROPERTIES Convergence of the improper integral (4) requires 
that x — 1 > —1 or x > 0. Although the integral (4) does not converge for x = 0, 
it can be shown by alternative definitions that the domain of the gamma function 
can be expanded to the set of real numbers except the nonpositive integers: x = —n, 
n= 0, 1, 2,....See Problem 28 in Exercises for Appendix A. Considered as a func- 
tion of a real variable x, the graph of Г(2) is given in Figure A.1. As seen in the figure 
the dashed lines x = 0, x = —1, x = —2,...are vertical asymptotes of the graph. 


APP-3 
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There is a remarkably simple and extremely useful connection between the 
value of the gamma function at a number x and its value at x + 1. To obtain this 
relationship we replace x by x + 1 in (4) and integrate by parts: 


Г(х+ 1) = | t0TD-le аг = | t^e ‘dt 
0 0 


b 
á +x} t ledt (5) 


0 


= lim |- tre! 
bow 


b 
= simf t ledt. (6) 
рэ 0 


In (5), lim tre! : = 0 follows from the assumption that x > 0 and repeated appli- 
cations of L' Hópital's rule. The limit in (6), lim Í : t* le^'gt, is the definition of the 
improper integral (4). Hence we have shown that 

I'(x + 1) = хГ(х). (7) 


Equation (7) is called a recursion formula. 
It is easy to find the value of Г(х) when x is a positive integer. For example, when 
x = 1 we see that (4) is an elementary integral: 


oo b 
Г(1) = | ей = in| edt = lim(—-e? + 1) = 1. 
0 bow 0 bow 
From this single numerical value the repeated application of formula (7) gives: 


I2 = Г(1 + 1) = 1:ГО) =1 
Г(3) = Г(2+ 1) = 2:0) = 2-1 


Г(4) = (3 + 1) = 3: Г(3) = 3 2 1 (8) 
Г(5)=Г(4+1)=4-Г(4)=4-3-2.1 
and so on. In this manner it is seen that when n is a positive integer, 
Ta + 1) = и!. (9) 


Recall, n! (read “n factorial") is defined as the product of consecutive integers from 
1 to n, that is, n! = n(n — 1) ++- 3-2- 1 and is called the factorial function. For 
convenience it is customary to define 0! = 1. Because n! is a special case of (4), the 
gamma function is sometimes referred to as the generalized factorial function. 

In the discussion of the Bessel functions of half-integral order in Section 6.4 we 
used the value of r( = Vis. With x = 5 we see that (4) becomes 


г( = [rea (10) 


0 


Note that the foregoing integral is improper for two reasons: an infinite limit of inte- 
gration and the integrand has an infinite discontinuity at 0. Nonetheless (10) can be ex- 
plicitly evaluated. To that end, we begin with the substitutions t = и? and dt = 2u du: 


r(j -| ule" Qudu) = | e^" du. (11) 
0 0 


But Jee du = fee" dv, so 


rp - е 
0 0 0 JO 
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Switching to polar coordinates u = rcos0, v = rsin@ enables us to evaluate the 


double integral: 
fe sia те, 
4 е“ +” dudv = 4 e "rdrdü = т. 
0 Jo о Jo 


[P = т or TG) = vs. (12) 


We used (11), 2 f; e^" du = Ут, in the form (2/V7) f; e-" du = 1 to derive the 
fundamental identity that relates the error function and complementary error func- 
tion: erf(x) + erfc(x) = 1. See Section 2.3. 

Because of (7) and (12) the value of the gamma function for x equal to one half 
an odd integer, that is, x = п + 1 where n = 0, +1, +2,..., can be expressed іп 


Hence 


terms of Г (3) = Vr. The recursion formula (7) written as 


Г(х +1) 


Го) = (13) 


is one way to extend the definition of the gamma function to negative real numbers 
with the negative integers being the only exception. Part (b) of the next example 
illustrates this idea. 


[EXAMPLE 1 | Using (7), (12), and (13) 


Evaluate (a) Г (3) (b) T(-4). 


SOLUTION 


(a) With x = 1 and the result in (12) the recursion formula (7) yields 
г = rt « 1) = ir) м 


(b) If we choose x — —5, then formula (13) gives 
н Speo. n 


THE BETA FUNCTION Analogous to (2) an integral of the type J? во, y. t)dt 
defines a function of two variables x and y. An example of this kind of integral is 


B(x, y) = [eia -piar (14) 


The foregoing integral is known as the beta function and is closely related to the 
gamma function. The integrand of (14) can be discontinuous at 0 and at 1 for particu- 
lar choices of x and y, but it can be shown that of the integral exists for x > 0, y > 0. 
Although we are not going to prove it, the beta function can be expressed in terms of 
the gamma function: 


roro) 
T(x + yy 


[EXAMPLE 2 | Using (12) and (15) 


B(x, y) = х> 0, у> 0. (15) 


1 
f 
Note that the integrand has an (>) Evaluate | — dt. 
0 


infinite discontinuity at t = 1. 


1=7 
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SOLUTION Even though the given integral is improper we can evaluate it straight 
away using (15). By rewriting the integral in the equivalent form 


1 
| n? — A7 dt 
0 


we recognize it as (14) in the case x = 3 and y = 5. From (15) it follows that, 


1 
1/2 [= 21/2 37 = B 3. d ez = 
[^ (1-0 а (2, j ГО) "L 


where we have used the previously obtained values r(3) E jv, г(2) = Vm, 
апа Г(2) = 1. 


OTHER INTEGRAL-DEFINED FUNCTIONS We have barely touched the subject 
of integral-defined functions. Here are a few more functions that occur in mathemat- 
ics, physics, and engineering: 


Sine and cosine integral functions: 


" *sint А “Cost 
Si(x) = | =; 4 Ci(x) = -| t. (16) 
0 x 


Fresnel sine and cosine integral functions: 


Sœ) = | әш (2712), C(x) = | cos (571?) dt (17) 
0 0 
Exponential integral function: 
x е! 
Ei(x) = s dt (18) 
Logarithmic integral function: 


Li(x) - a (19) 


Airy functions of first and second kind: 


Аі) = 2 [| i 3), Big) = 2 f [eni + sin(xe + tea Q0) 


The definitions of the functions in (16)-(20) vary slightly throughout the literature 
and websites. For example, the Fresnel integrals, which first appeared in the study of 
optics, are often defined without the factor br in the integrands. In the computer alge- 
bra system Mathematica, the exponential integral is written Ei(x) = — f 7 (е '/tdt. 
Using the substitution f = —u it is easily shown this latter form is equivalent to (18). 
Finally, it should be noted that the sine integral function Si(x) = vus dt is not re- 


garded as an improper integral because the integrand f(t) = (sint)/t has a removable 
discontinuity at t = 0, that is, the integrand should be interpreted as 


sint 


Р) = г" t0 


The graphs of the functions (16)-(20) are given in Figure A.2. 
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(c) exponential integral function 


(e) Airy functions of first and second kind 


FIGURE A.2 Graphs of Si(x), Ci(x), Sœ), C(x), Ei(x), Li(x), Ai(x), and Bi(x) 


DERIVATIVE OF AN INTEGRAL-DEFINED FUNCTION The integral (1) and its 
derivative are encountered in the first semester of a course in calculus. Recall, one 
form of the form of the Fundamental Theorem of Calculus states that if g is continu- 
ous on an interval and a is a number in the interval, then F(x) — f | g(t) dt is a differ- 
entiable function and its derivative is 


d x 
F'(x) = 2| g(t)dt = g(x). (21) 


In the most general case of (2) where the limits of integration are functions of x, 
v(x) 
Ро) = | 80, да, 
и(х) 
the derivative is given by Leibniz’s rule: 
v(x) v(x) 


Р а ау аи д 
F'(x) = — pix, t)dt = e(x, И) — gi аду) + — g(x, t) dt. (22) 
dx u(x) dx dx u(x) Ox 
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This result also follows directly 
from (21) and the Chain Rule. 


Without going into any details, it is usually assumed that u(x), у(х), и'(х), and v'(x) 
are continuous on an interval and g(x, t), and g,(x, t) are continuous on some region 
of the xt-plane. 

Two special cases of (22) are of particular interest. First, if the integrand g(x, f) 
is replaced by g(t), then (0/0x)g(t) = О and (22) reduces to 


uds A adis E. a 
PT | 204 7 8000) Fy — BUD 5 (23) 


Second, if u = a and v = b denote constants, then и’ = 0 and v’ = 0 and (22) gives 
a rule for differentiating under an integral sign: 


d | b | bg 
F'(x) = —| ex, tdt = | — ex, Ddt. (24) 
dX Ja ВОХ 
Under slightly more stringent conditions, the result in (24) is also valid when the 
interval of integration is [a, ©). The last result leads us back to differential equations. 
See Problems 49—52 in Exercises for Appendix A. 


[EXAMPLE 3 | Using (22), (23), and (24) 


Compute the derivative of the functions 
x3 3 


x x? 1 
(a) F(x) al sin(4xt2)dt (b) F(x) -| sin(4?)dt (с) F(x) zl sin(4xt?) dt 
p 2 0 


X X 


SOLUTION 


(a) From (22) with и = x? and v = x? we have 


d [* 
F'(x) = z[ sin(4xt?) dt 


3 


ѕіп(4х(х3)2) - 3x? — ѕіп(4х(х2)2) - 2x + af 12 cos(Axt?) dt 


x 


3 


= 3x’sin(4x’) — 2xsin(4x>) + af 2 cos(Axt?) dt. 


X 


(b) From (23), 


1 d = : 2: 
F'(x) = — | sin(4t*) dt 
dx Jg 
— sin(4(x3)2) - 3x2 — sin(4(x2)2) - 2x 
= 3x’sin(4x°) — 2xsin(4x?). 


(c) From (24), 
d 1 i ð 1 
F'(x) = — | sin(4xt?)dt = | —sin(4xt?)dt = 4| Pcos(Axt))dt. ш 
dx Jo о Ox 0 


The result in (24) can sometimes be an aid in evaluating an integral that at first 
glance seems intractable. But the procedure usually involves formal manipulations 
and cleverness that cannot be taught. Problems 53—56 in Exercises for Appendix A 
give you a small sample of the idea. 
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EXERCISES FOR APPENDIX A Answers to odd-numbered problems begin on page ANS-30. 


The Gamma Function 


In Problems 1 and 2 evaluate the given quantity. 


1. Г(6) 2. Г(8) 


In Problems 3-6 use (7) and the known value г(2) = Vr to evaluate 
the given quantity. 
з. г) 4. 0( 
e. r(4 


In Problems 7—10 use (13) апа the known value r(- 1) = —2 Vr to 
evaluate the given quantity. 


».r(-i 
».r(-1 


8. r(-3) 
10. '(-2) 
In Problems 11—14 use (7) and the given numerical value to evaluate 
the indicated quantity. 

11. Г(0.2) = 4.5908; Г(1.2) 12. I'(—0.1) = —10.6863; Г(0.9) 
13. Г(—0.3) = —4.3269; Г(1.7) 14. Г(1.5) = 0.8862; Г(3.5) 
15. Express Г(х + 4) in terms of Г(х). 


16. For c > 0, x > 0, use a substitution to show that 


| tle" = с *Г(х). 
0 


In Problems 17—20 use the result in Problem 16 to express the given 
improper integral as a gamma function. Then evaluate the integral. 


[ e? 
17. dt 
o Vt 


19. | t^e 6 dt 
0 


18. | 13/2е74 dt 
0 


20. | Det dt 
0 


In Problems 21—24 use the substitution т = —1n x and the result in 
Problem 16 to express the given improper integral as a gamma func- 


tion. Then evaluate the integral. 
1 1\2 
22. С 1) dx 
0 X 


1 1 =1/2 
24. | x? E | ах 
0 X 


In Problems 25 and 26 use the indicated substitution to express 
the given improper integral as a gamma function. Then evaluate the 
integral using the indicated numerical value. 


25. | xe dx; t =x, T($) = 0.9182 
0 


26. | xte™ dx; t= 3, Г($) = 0.9027 
0 


27. (a) For x > 0 the gamma function possesses derivatives of 
all orders. Use Leibniz’s rule in the form given in (24) to 
show that 


T'(x) = t le]ntdt 
0 


I"(x)- | 71е (Inty dt. 
0 


(b) For x > 0, Г(х) > 0 and I"(x) > 0. Without looking back 
at Figure A.1, what does this say about the graph of Г(х)? 


28. A definition of the gamma function given by Carl Friedrich 
Gauss in 1811 that is valid for all real numbers, except 
х=0,х=—1,х 25535518 


n! n" 
lim Я 
пэ» x(x + D(x + 2) == (xn) 


Го) 


Use this definition to give an alternative derivation of the recursion 
formula (7). 


The Beta Function 


In Problems 29 and 30 express the given improper integral as a beta 
function. Then evaluate the integral using (15) and known values of 
the gamma function. 


1 1 1 
29. |  ——— i V = f? 
» | mos зо. [vi (1 — да 


In Problems 31 and 32 use the indicated substitution to express the 
given improper integral as a beta function. Then evaluate the integral 
using (15) and known values of the gamma function. 


t=x т=з? 


| 1 2 | 1 х? 

31...) dx; 32„| ————dxi 
0oV1— х? 0 V1- x* 

In Problems 33 and 34 use the substitution t = x/2 to express the 
given improper integral as a beta function. Then evaluate the integral 
using (15) and known values of the gamma function. 


2 2 }2 
33. | x 42 = xy dx 34. | dx 
0 0V2—x 
35. Show that the beta function is symmetric in x and y, that is, 
B(x, y) = B(y, x). 


36. Show that if m + 1 and n + 1 are positive integers, then (15) 
becomes 
т\п! 

(т+п+ 1)!" 


Bim + 1,n+ 1) 


37. Use the substitution t = sin? 0 to show that the beta function 
(14) can be expressed as 


B(x, y) = 1 


m/2 
0 


sin?*^! 9 cos?"^! q0. 
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38. If m = 2x — 1 and n = 2y 
Problem 37 can be written 


(a t "пц" + ; 
7/2 2 2 
| sin" 0 cos" d0 = 


0 ("1112 | 


1, then show that the integral in 


In Problems 39—42 use the result in Problem 38 to evaluate the given 
integral. 


т/2. 7/2 
39. | sin? 4 cos?0 40 40. | 51п©Өсоз?Ө0 40 


0 0 
1/2 т/2. 

41. cosã0 dé 42. sin'0d6 
0 0 


Leibniz's Rule 


In Problems 43—48 use Leibniz’s rule in the forms given in (22) and 
(23) to find the derivative of the given function. 


2x3 3: х? сј Vt 
43. F(x) = | ee? dt 44. F(x) = | TEND dt 
X 0 
cosx sin2x 
45. F(x) = | (х2 + 17)! dt 46. F(x) = | In(x? + 12) dt 
x? V3x 
mex 4ух Е 
47. F(x) = | e*"'sin(cosf) dt 48. F(x) -Í e! dt 
m/2 Vx 


In Problems 49 and 50 use Leibniz's rule in the form given in (24) 
to show that the indicated integral-defined function is a solution of 
the given second-order differential equation. [Hint: After computing 
the first and second derivatives find a term in y' that can be evaluated 
using integration by parts.] 


T 
49. xy" + у + xy = 0; ›=[ cos(x cos f) dt 
0 


T 
50. xy’ + y' — ху = 0; y -Í e*965! dt 


0 
51. Assume that Leibniz’s rule (24) is valid for the improper 
integral 


y= ef e cos2xtdt. 
0 

Show that this integral-defined function is a solution of the 

second-order differential equation у” + 2xy' + 4y = 0. 

[Hint: After computing the first and second derivatives find a 

term in y” that can be evaluated using integration by parts.] 


52. (a) Find the derivative of the error function erf(x). Then use the 
identity erf(x) + erf x(x) = 1 to find the derivative of the 
complementary error function erfc(x). 


(b) Use the last result in part (a) to show that 


y= e*- | еа 


x 


is a solution of the differential equation у” + 2xy' — 2y = 0. 


53. (a) Show that for x > 0, 


ed т 
= dt = —. 
| х2 +12 2х 


[Нїт See formula 43 in the table of integrals given on the 
right inside page of the front cover.] 


(b) Use the result in part (a) and (24) to show that 


[ 1 dic т 
o (х2 + y? 4x? 


54. Consider the function 


[ © —1 
ЕО) = 
(9 o Int 


(a) Use (24) to find F'(x) as an integral. Evaluate this integral. 


dt, x z 0. 


(b) Use the result in part (a) to find F(x) = f F'(x) dx + C, 
where C is a constant. 


(c) Use the result in part (b) and F(0) = Ото find an explicit 
function F(x). 


55. Consider the function 
—xt? 


uL. 
Fo - | —— dt, xz 0. 
0 [4 


(a) Use (24) to find F’(x) as an integral. Evaluate this 
integral using a substitution and the known result 
Joe" du = Ут/2. (See page APP-5.) 


(b) Use the result in part (a) to find F(x) = JF'(x)dx + С, 
where C is a constant. 


(c) Use the result in part (b) and F(0) = 0 to find an explicit 
function F(x). 


56. Consider the function 
_ * „Sint 
F(x) er dh 
0 t 


(a) Use (24) to find F' (x) as an integral. Evaluate this integral 
using integration by parts. 


x. 


(b) Use the result in part (a) to find F(x) = f F'(x)dx + С, 
where C is a constant. 


(c) Use the result in part (b) and F(0) = 77/2 to find an explicit 
function F(x). 
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B.1 BASIC DEFINITIONS AND THEORY 


| A matrix А is any rectangular array of numbers or functions: 


ау ар ` аһ 
d» аә t б 

Kel: : (1) 
Gn dy) cc Amn 


If a matrix has m rows and n columns, we say that its size is m by n 
(written m X n). An n X n matrix is called a square matrix of order n. 

The entry in the ith row and jth column of an m X n matrix A is written aj. 
An mX n matrix A is then abbreviated as А = (djj)mxn or simply А = (а). 
A 1 X 1 matrix is simply one constant or function. 


Two m X n matrices А and B are equal if a;; = bj; for each i and j. 


| A column matrix Х is any matrix having n rows and one column: 


= : = (Bi): 


A column matrix is also called a column vector or simply a vector. 


A multiple of a matrix A is defined to be 


kay, kay --- Ка, 
ГА = “л Каз» c kann = а 
Ка kam +++ а, 


where k is a constant or a function. 


APP-11 
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[EXAMPLE 1 | Multiples of Matrices 


2 -3 10 —15 1 e 
(а) 5|4 —1|=[20 -5 b) &|-2|2|-2e 
Н 1 30 4 4e! E] 


We note in passing that, for any matrix A, the product kA is the same as Ak. For 
example, 


| The sum of two m X n matrices А and B is defined to be the matrix 


A+B= (aij T [Dados 


In other words, when adding two matrices of the same size, we add the correspond- 
ing entries. 


[EXAMPLE 2 | Matrix Addition 


2 ww] 3 4 7 —8 
The sum of A — 0 4 6 | апав = | 9 3 5 | is 
-6 10 =5 1 -1 2 
2+4 -1+7 3 + (-8) 6 6 —5 
А +В = 0+9 4+3 6+5 = 9 7 11 
=6+1 10+(=1) =5+2 =5 9. =3 [| 


[EXAMPLE 3 | A Matrix Written as a Sum of Column Matrices 


ЗЁ — 2e! 
The single matrix | 2 + 7t. | can be written as the sum of three column vectors: 
5t 
3t? — 2e! a 0 —2e! 3 0 2 
PP Lae Le ele) е ар Ole, 
5t 0 5t 0 0 5 0 | 


The difference of two m X n matrices is defined in the usual manner: 
А — В = А + (-B), where —B = (—1)B. 
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| Let А be a matrix having т rows and n columns апа В be a matrix having 


n rows and p columns. We define the product AB to be the m X p matrix 


ау ар ` аһ bip 

o Gy 55s TJ b 
АВ = 21 22 20 2 

Ami Am 71717 Am D 


anbi + anba + e 
dbi + db + ++ 


= аур, aia арр, IP nes Ar ау, 
azıbip a abp dr 896 cur a,b 


аР + або + +++ Dip лк Orap prc p 


Bon), 


Note carefully in Definition B.6 that the product AB — C is defined only when 
the number of columns in the matrix А is the same as the number of rows in B. The 
size of the product can be determined from 


Amxn B,x, = Сухр- 


Also, you might recognize that the entries in, say, the ith row of the final matrix AB 
are formed by using the component definition of the inner, or dot, product of the ith 
row of A with each of the columns of B. 


[EXAMPLE 4 Multiplication of Matrices 


WE e ПРЕ ^^ 
а) Еог з gj" 6 g} 


AB = 4+9+7-+6 4:(—2)+7-8\ [78 48 
3°9+5°6 3:°(-2)+5°8 57 34) 
5 8 zd. —3 
(b ForA={1 OJ] andB= : 
2 0 
2 T 
5:(—4)—-8:2 5:(-3)+8:-0 —4  —]15 
АВ = | 1:(=4) +0:2 1:-(-—3)+0:0] =| –4 —3 |. 
2:(=4) +7:2 2: (-3) +7: 0 б —6 ш 


In general, matrix multiplication is not commutative; that is, АВ = ВА. 


30 53 
48 82 
product BA is not defined, since Definition B.6 requires that the first matrix (in this 
case B) have the same number of columns as the second matrix has rows. 

We are particularly interested in the product of a square matrix and a column 
vector. 


Observe in part (a) of Example 4 that BA — | | whereas in part (b) the 
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[EXAMPLE 5 | Multiplication of Matrices 


2 -1 3\/-3 2+(-3)+(-1)-64+3°4 0 
(a) {0 4 5 6}=|0-(-3)+ 4-6+5-°-4]=| 44 
1 -7 9 4 1- (—3) + (7) :6+9:4 —9 
b) * Jr Е y 4 4 
3 8/y) X 3х+8у a 


MULTIPLICATIVE IDENTITY For a given positive integer n the n X n matrix 


10 0...0 
I= 0 1 0 ws ! 
0 0 0 1 


is called the multiplicative identity matrix. It follows from Definition B.6 that for 
any n X n matrix A. 


AI = IA =A. 


Also, it is readily verified that, if X is an n X 1 column matrix, then IX = X. 


ZERO MATRIX А matrix consisting of all zero entries is called a zero matrix and 
is denoted by 0. For example, 


0 0 
0 0 0 
2-0) o-( 5) о-о o) 
0 0 


and so on. If A and 0 are m X n matrices, then 
А+0=0+А=А. 
ASSOCIATIVE LAW Although we shall not prove it, matrix multiplication is 
associative. If A is an m X p matrix, B a p X r matrix, and C an r X n matrix, then 
A(BC) = (AB)C 


is an m X n matrix. 


DISTRIBUTIVE LAW If all products are defined, multiplication is distributive 
over addition: 


A(B-C)-AB- AC and (В+ СА = BA + CA. 


DETERMINANT OF A MATRIX Associated with every square matrix A of constants 
is a number called the determinant of the matrix, which is denoted by det A. 


[EXAMPLE 6 | Determinant of a Square Matrix 


3 6 2 
For A = 2 5 1 | we expand det A by cofactors of the first row: 
-1 2 4 
: : 5 1 2 1 2 5 
А = | 2 1 = — 3:2 
"E : a) А i a 1% 
-1 2 4 


= 3(20 — 2) — 6(8 + 1) + 2(4 + 5) = 18. E] 
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It can be proved that a determinant det A can be expanded by cofactors using any 


row or column. If det A has a row (or a column) containing many zero entries, then 
wisdom dictates that we expand the determinant by that row (or column). 


| The transpose of ће m X n matrix (1) is the n X m matrix A? given by 


а An с Am 
т |@02 în ` Ug 
АТ = 
ај An ct Am 


In other words, the rows of a matrix A become the columns of its transpose AT. 


[EXAMPLE 7 | Transpose of a Matrix 


3 6 2 3.2. =i 
(a) ThetransposeofA = | 2 5 1|5А7= |6 5 2 |. 
—-1 2 4 2 1 4 
5 
(b IfX = | 0 |, then XT = (5 0 3). Е 
© 
В.8 
Let A be an n X n matrix. If there exists an n X n matrix B such that 
AB = BA =I, 


where I is the multiplicative identity, then B is said to be the multiplicative 
inverse of A and is denoted by B = A ^ !. 


| Let А be ап п Х п matrix. If det А # 0, then А is said to be nonsingular. If 


det A = 0, then A is said to be singular. 


The following theorem gives a necessary and sufficient condition for a square 
matrix to have a multiplicative inverse. 


An n X n matrix A has a multiplicative inverse A`! if and only if A is 
nonsingular. 


The following theorem gives one way of finding the multiplicative inverse for 
a nonsingular matrix. 
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Let A be an n X n nonsingular matrix and let C;; = (—1)// M;;, 
the determinant of the (n — 1) X (n — 1) matrix obtained by deleting the ith 


row and jth column from A. Then 


where Mj; is 


1 


hele 
det A 


(Ci). (2) 


Each Cj; in Theorem B.2 is simply the cofactor (signed minor) of the corresponding 
entry а; in A. Note that the transpose is utilized in formula (2). 
For future reference we observe in the case of a 2 X 2 nonsingular matrix 


kr us 1 аз —а2\ E 1 an =a) (3) 
det А \ —ai2 a11 det A | —a»1 а11 


For a3 X 3 nonsingular matrix 
ап ар аз 
А = | а an оз |, 


аз 432 азз 


an 73 азу 93 а] d» 
Сп = , Ср = – , Сіз = › 
аз 433 азр азз аз аз? 
and so on. Carrying out the transposition gives 
| Си Cy Cg 
А7! = —— Со С» Сз |. 4 
det A Е н e 
Ca ©з Ca 


[EXAMPLE 8. 3 Inverse of a 2 X 2 Matrix 


1 4 
Find the multiplicative inverse for А = $ | 


SOLUTION Since det А = 10— 8 = 2 #0, A is nonsingular. It follows from 
Theorem B.1 that A ^! exists. From (3) we find 


1/10 -4 5 -2 
А = = = , 
КЕЕ = 


; TE : 2 2 
Not every square matrix has a multiplicative inverse. The matrix A = R | 
is singular, since det A = 0. Hence А! does not exist. 


[EXAMPLE 9 | Inverse of a3 х 3 Matrix 


2 2 0 
Find the multiplicative inverse for А=|—2 1 1 
з 0 1 
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SOLUTION Since det A = 12 7 0, the given matrix is nonsingular. The cofactors 
corresponding to the entries in each row of det A are 


ds |: са |2 =з з=. EE 
п |0 4 12 3 1 13 з 0 
2 0 2 0 2 2 
Cy = – --2 с = =2 Cy = - =6 
а= 9 а= t »=- 2 
2 0 2 0 2. 2 
= =2 -- --2 - - 6. 
C31 | | C32 E | Сзз E | 6 
If follows from (4) that 
І 1 І 
ТСИ РЕ ии 
AU -2]7| 3 6% 
=3 6 6 i. 1 1 
4 2 3 
You are urged to verify that A А = AA ! = I. а 


Formula (2) presents obvious difficulties for nonsingular matrices larger than 
3 X 3. For example, to apply (2) to a 4 X 4 matrix, we would have to calculate 
sixteen 3 X 3 determinants.” In the case of a large matrix there are more efficient 
ways of finding A~ !. The curious reader is referred to any text in linear algebra. 

Since our goal is to apply the concept of a matrix to systems of linear first-order 
differential equations, we need the following definitions. 


| If A(t) = (aj(t))mxn is a matrix whose entries are functions differentiable on a 


common interval, then 
dA d 
Sam к (жо C, 5 
dt @ “ш 


| If A(t) = (aj (t))mxn is a matrix whose entries are functions continuous on a 


common interval containing f and fo, then 
й t 
A(s) ds = | | aj(s) ds : 
to to mXn 


To differentiate (integrate) a matrix of functions, we simply differentiate 
(integrate) each entry. The derivative of a matrix is also denoted by A’ (£). 


[EXAMPLE 10| Derivative/Integral of a Matrix 


d 
di sin 2t 
sin 2t d 2 cos 2t 
If X=] e |, then Х'(= a =| 3e* 
8t—1 d 8 
—(8t—1 
a ) 


"Strictly speaking, a determinant is a number, but it is sometimes convenient to refer to a determinant as 
if it were an array. 
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; fisin 2s ds —} cos 2t + i 
and [хоа = f, eds E lg _ 1 | - 
i f.(8s — 1) ds 42 —{ 


В.2 GAUSSIAN AND GAUSS-JORDAN ELIMINATION 


Matrices are an invaluable aid in solving algebraic systems of п linear equations in 
n variables or unknowns, 


ахі + ацуәхә + ccc + арх = bi 
аз\Ху + d23X2 + ++ + a2nXn = b2 (5) 
ап + da2X2 + +++ + AnnXn = Dy. 


If A denotes the matrix of coefficients in (5), we know that Cramer’s rule could be used 
to solve the system whenever det A # 0. However, that rule requires a herculean 
effort if A is larger than 3 X 3. The procedure that we shall now consider has the 
distinct advantage of being not only an efficient way of handling large systems, but 
also a means of solving consistent systems (5) in which det A — 0 and a means of 
solving m linear equations in п unknowns. 


The augmented matrix of the system (5) is the n X (n + 1) matrix 


ап ay c а |0. 
dj аә `` Ay | dy f 
An ао с Am b, 
If B is the column matrix of the bj, i = 1, 2,..., n, the augmented matrix of (5) 


is denoted by (A|B). 


ELEMENTARY ROW OPERATIONS Recall from algebra that we can transform an 
algebraic system of equations into an equivalent system (that is, one having the same 
solution) by multiplying an equation by a nonzero constant, interchanging the posi- 
tions of any two equations in a system, and adding a nonzero constant multiple of an 
equation to another equation. These operations on equations in a system are, in turn, 
equivalent to elementary row operations on an augmented matrix: 


(i) Multiply a row by a nonzero constant. 
(ü) Interchange any two rows. 
(üi) Add a nonzero constant multiple of one row to any other row. 


ELIMINATION METHODS To solve a system such as (5) using an augmented 
matrix, we use either Gaussian elimination or the Gauss-Jordan elimination 
method. In the former method, we carry out a succession of elementary row opera- 
tions until we arrive at an augmented matrix in row-echelon form: 


(i) The first nonzero entry in a nonzero row is 1. 

(ii) In consecutive nonzero rows the first entry | in the lower row appears to 
the right of the first 1 in the higher row. 

(iii) Rows consisting of all 0’s are at the bottom of the matrix. 
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In the Gauss-Jordan method the row operations are continued until we obtain an 
augmented matrix that is in reduced row-echelon form. A reduced row-echelon 
matrix has the same three properties listed above in addition to the following one: 


(iv) A column containing a first entry 1 has 0’s everywhere else. 


[EXAMPLE 11 | Row-Echelon/Reduced Row-Echelon Form 


(a) The augmented matrices 


1 50 2 

0 0 1 -6 22 
0 1 0 | =1 and 

0 0 0 0 114 
0 0 0 0 


are in row-echelon form. You should verify that the three criteria are satisfied. 


(b) The augmented matrices 


1 0 0 7 

1 = == 
0 1 0 -1 md (ор, o i4 
0 0 0 0 


are in reduced row-echelon form. Note that the remaining entries in the columns 
containing a leading entry | are all 0’s. 8 


Note that in Gaussian elimination we stop once we have obtained an augmented 
matrix in row-echelon form. In other words, by using different sequences of row 
operations we may arrive at different row-echelon forms. This method then requires 
the use of back-substitution. In Gauss-Jordan elimination we stop when we have 
obtained the augmented matrix in reduced row-echelon form. Any sequence of row 
operations will lead to the same augmented matrix in reduced row-echelon form. 
This method does not require back-substitution; the solution of the system will be 
apparent by inspection of the final matrix. In terms of the equations of the original 
system, our goal in both methods is simply to make the coefficient of x; in the first 
equation" equal to 1 and then use multiples of that equation to eliminate x; from other 
equations. The process is repeated on the other variables. 

To keep track of the row operations on an augmented matrix, we utilize the 
following notation: 


Symbol Meaning 

Rij Interchange rows i and j 

cR; Multiply the ith row by the nonzero constant c 
cR; + К, Multiply the ith row by c and add to the jth row 


[EXAMPLE 12. Solution by Elimination 


Solve 2х1 + 6x» + A3 = 7 
ХІ + 2x2 — 23 = -1 
5xi + Tx — 4x3 =9 


using (a) Gaussian elimination and (b) Gauss-Jordan elimination. 


"We can always interchange equations so that the first equation contains the variable хі. 
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SOLUTION (a) Using row operations on the augmented matrix of the system, we 


obtain 
2 6 d] 12 -1|-1\ —®+ |1 2 -1]-1 
Ж —5R, +R 

1 2 qj Es 1| 7| Sa^ 5. 4] % 

5 7 -4| 9 5 7 -4| 9 0 -3 14 
| h 2 -1|- Pd spe | 1 2 == 
7 Ry 0 1 3 9 ЗА, + К; 0 1 3 E mo 0 1 E 9 | 

0 -3 1и 00 ш 3 à d ıl 5 


The last matrix is in row-echelon form and represents the system 


X1 F 2x5 — 2з = =] 
Oo ee = 
E A 
X3 — 5, 
Substituting хз = 5 into the second equation then gives x2 = —3. Substituting both 


these values back into the first equation finally yields x; = 10. 

(b) We start with the last matrix above. Since the first entries in the second and third 
rows are l's, we must, in turn, make the remaining entries in the second and 
third columns 0°: 


| x ede 1 0 -4|-10| 4&+R [1 0 0| 10 
—2R; —5R,+R 

6x 2) |] уу $| э 250 T ee | 

00 115 00 1l 5 00 1l 5 


The last matrix is now in reduced row-echelon form. Because of what the 
matrix means in terms of equations, it is evident that the solution of the system is 


xı = 10, 2 = —3, x3 = 5. E 
[EXAMPLE 13 | Gauss-Jordan Elimination 
Solve х + Зу – 22 = —7 


4х + у + 35 = 5 
2x — 5у + 7z = 19. 


SOLUTION We solve the system using Gauss-Jordan elimination: 


1 3 -2|-7| 4+0 |] 3. —2]-—7 


à. d. sl s|[c— 21ү alos 
2-5 7119 0-11 11| 33 
-nR 1 3 -2|-7| -3R+R [1 0 1 1 
—iR, 0 1 1 3 =R; + R3 0 Y -1| -3 
0 1 -1|-3 0 0 0! 0 


In this case, the last matrix in reduced row-echelon form implies that the original 
system of three equations in three unknowns is really equivalent to two equations in 
three unknowns. Since only z is common to both equations (the nonzero rows), we can 
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assign its values arbitrarily. If we let z = t, where ¢ represents any real number, then 


we see that the system has infinitely many solutions: x = 2 — ft, y= —3- f, = 1 
Geometrically, these equations are the parametric equations for the line of intersection 
of the planes х + Oy + z = 2 and Ox + y – 2 = 3. E 


USING ROW OPERATIONS TO FIND AN INVERSE Because of the number of 
determinants that must be evaluated, formula (2) in Theorem B.2 is seldom used to find 
the inverse when the matrix A is large. In the case of 3 X 3 or larger matrices the 
method described in the next theorem is a particularly efficient means for finding A !. 


| If an n X n matrix A can be transformed into the n X n identity I by a 


sequence of elementary row operations, then А is nonsingular. The same 
sequence of operations that transforms A into the identity I will also transform 
I into A !. 


It is convenient to carry out these row operations on А and I simultaneously 
by means of an n X 2n matrix obtained by augmenting A with the identity I as shown 


here: 
ay аә +++ Ain 1 0 eae 0 
(A|D = а 55 eae An 1 0 eae 0 | 
aa üg, 2 а 0 0. I| 


The procedure for finding A ^! is outlined in the following diagram: 


Perform row operations 
on А until I is obtained. This 


means that A is nonsingular. 


(A LED) === (L| A^). 


By simultaneously applying 
the same row operations 
to I, we get А !. 


[EXAMPLE 14 | Inverse by Elementary Row Operations 


aA RH 


0 
Find the multiplicative inverse for А = | -2 3 
=з 5 


SOLUTION We shall use the same notation as we did when we reduced an augmented 
matrix to reduced row-echelon form: 


20 1/1 0 0|, 10 2|2 0 0| 25 *X то 3|3 0 O 
-2 3 4|0 1 o =>]|-2 3 4|о 19 j9t5.295 3 5|1 X 9 
—5 5 6100 1 —5 5 610 0 1 0 5 #12 0 1 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


АРР-22 


APPENDIX В MATRICES 


© 


3 111 9 0 1 0 
Selo s $i ob ol 25215 3 
CO tania. s 0 0 
1 0 il 0 о|-®%+® Ip 0 0 
Heja $3 9| 229-25 4 9 
0 0 115 —10 6 0 0 1 


Lj win юе 


Ale шор юе 


=2 
—8 
Э 


0 0 
1 0 
E - № 

3e 38 

5 -3 
17 -10| 
—10 6 


Because I appears to the left of the vertical line, we conclude that the matrix to the 


right of the line is 
-2 5- 3 
А! = | –8 17 —10]. 
5 —10 6 


If row reduction of (А |1) leads to the situation 


row 
operations 


(A|D (В |С), 


where the matrix В contains a row of zeros, then necessarily A is singular. Since fur- 
ther reduction of B always yields another matrix with a row of zeros, we can never 


transform A into I. 


B.3 THE EIGENVALUE PROBLEM 


Gauss-Jordan elimination can be used to find the eigenvectors of a square matrix. 


| Let A be ann X n matrix. A number À is said to be an eigenvalue of A if there 


exists a nonzero solution vector K of the linear system 


AK = AK. 


(6) 


The solution vector K is said to be an eigenvector corresponding to the 


eigenvalue A. 


The word eigenvalue is a combination of German and English terms adapted 
from the German word eigenwert, which, translated literally, is “proper value.” 
Eigenvalues and eigenvectors are also called characteristic values and character- 


istic vectors, respectively. 


[EXAMPLE 1 H Eigenvector of a Matrix 


1 
Verify that К = | —1 | is an eigenvector of the matrix 
1 


0 = =3 
А = 2 3 3 
x 1 1 
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SOLUTION By carrying out the multiplication AK, we see that 


Me = 1 —2 1 eigenvalue 
АК = | 2 $3 1|2| 2|=(—2)|—1|=(—2)К. 
=2 1 1 1 =2 1 


We see from the preceding line and Definition B.13 that A = —2 is an 
eigenvalue of A. E] 


Using properties of matrix algebra, we can write (6) in the alternative form 
(A — ADK - 0, (7) 


where I is the multiplicative identity. If we let 


ky 
k 
KI 
kn 
then (7) is the same as 
(a4, — A)k, + ао tee + a,,k, = 0 
anki + (an = А) ++ + а, = 0 (8) 
акі ub amka о (ал IS МК, = 0. 
Although an obvious solution of (8) is kı = 0, о = 0,..., kn = 0, we are seeking 
only nontrivial solutions. It is known that a homogeneous system of п linear equa- 
tions in n unknowns (that is, b; = 0,i = 1,2, ..., nin (5)) has a nontrivial solution 


if and only if the determinant of the coefficient matrix is equal to zero. Thus to find 
a nonzero solution K for (7), we must have 


det(A — АР = 0. (9) 


Inspection of (8) shows that the expansion of det(A — AI) by cofactors results in an 
nth-degree polynomial in A. The equation (9) is called the characteristic equation 
of A. Thus the eigenvalues of A are the roots of the characteristic equation. To find 
an eigenvector corresponding to an eigenvalue A, we simply solve the system of 
equations (A — АРК = 0 by applying Gauss-Jordan elimination to the augmented 
matrix (А — AI|0). 


[EXAMPLE 16. Eigenvalues/Eigenvectors 


1 2 1 
Find the eigenvalues and eigenvectors of A = 6 =l 0 |. 
=1 —2. =] 


SOLUTION To expand the determinant іп the characteristic equation, we use the 
cofactors of the second row: 
1-A 2 1 
det(A - лр = | 6 =A 0 = 3 – А? + 12А = 0. 
== —2 —1—А 
From —A?— A? + 12А = —А(А + 4)(А — 3) = 0 we see that the eigenvalues 


are A; = 0, Ao = —4, and Аз = 3. To find the eigenvectors, we must now reduce 
(A — AI|0) three times corresponding to the three distinct eigenvalues. 
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For A; = 0 we have 


1 2 1|0j| ~9®&i *& р] 2 110 
R, +R 
(A-O1|0)=| 6 -1 0/0|———3-|0 -13 -6/0 
—1 -2 -110 0 0 010 
1 2 1|0 1 0 4/0 
А —2R, +R 
—*.|0 1 5/0 -—'>10 1 60|. 
0 0 010 0 0 01/0 
Thus we see that А = -4 Кз and о = б kz. Choosing Ёз = —13, we get the 
eigenvector“ 
1 
К; = 6 
—13 
For Ao = —4, 


5 2 1|0|-®% [1 2 -3 
R 
(A-41|02| 6 3 0|0|—»-|6 3 оо 
-1 -2 310 5.2 ılo 


-ÓR, ^R, |1 2 —3|0\ =R [1 2 -3|0| -2R+R |1 0 1 
—5R, +R —;R =R, +R 
RitR fo -9 del o] Selo | -2/0 a Bs 


-2|0 
0 —8 1610 0 1 -210 0 0 010 
implies that kj = —k3 and k = 2k3. Choosing Ёз = 1 then yields the second 
eigenvector 
-1 
K- = 2 |. 
1 


Finally, for Аз = 3 Gauss-Jordan elimination gives 


=2 2 1|0 row 1 0 1/0 
(A-31|0-| 6 -4 00 | pions |o 1 3 |, 
—1 -2 -410 0 0 0/0 
so kı = —ks and о = -i Кз. The choice of k = —2 leads to the third eigenvector: 
К» = 3 |. E 
=2 

When an n X n matrix A possesses n distinct eigenvalues А |, A2,..., А, it can 
be proved that a set of n linearly independent! eigenvectors Kj, K», ... , К, can be 


found. However, when the characteristic equation has repeated roots, it may not be 
possible to find n linearly independent eigenvectors for A. If an n X n matrix A 
possesses less than n linearly independent eigenvectors, it is said to be defective. 


* " 

Of course, Кз could be chosen as any nonzero number. In other words, a nonzero constant multiple of an 
eigenvector is also an eigenvector. 
"Linear independence of column vectors is defined in exactly the same manner as for functions. 
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[EXAMPLE 17 | Eigenvalues/Eigenvectors 


3 4 
Find the eigenvalues and eigenvectors of A — o | 


SOLUTION From the characteristic equation 


à 4 


3- 

det(A — AD = = (А – 5) = 0 

et( ) | E ue ( ) 

we see that A; = А» = 5 is an eigenvalue of multiplicity two. In the case of a2 X 2 


matrix there is no need to use Gauss-Jordan elimination. To find the eigenvector(s) 
corresponding to A; = 5, we resort to the system (A — 5I|0) in its equivalent form 


—2k, sp Ak» =0 
—k, + 2k, = 0. 


It is apparent from this system that kj = 25. Thus if we choose / = 1, we find the 
single eigenvector 
К, = * 
1 


The matrix A is defective. Oo 


[EXAMPLE 18| (БЛ Eigenvalues/Eigenvectors 


9 ] 1] 
Find the eigenvalues апа eigenvectors of А = |1 9 I]. 
1 1 9 
SOLUTION The characteristic equation 
9—A 1 1 
det(A = А] = | 1 9—A 1 (A = ПА – 8)? = 0 
1 1 9—A 


shows that à; = 11 and that A. = А; = 8 is an eigenvalue of multiplicity two. 
For A, = 11 Gauss-Jordan elimination gives 


(A-1Uu[|0)-| 1 —2 1 0|» |o 1 —1\0 
1 1 —-210 00 0/0 
Hence kı = Кз and kp = k3. If k3 = 1, then 
1 
K; = 1 
1 
Now for А5 = 8 we have 
1 11/0 row 1 1 1/0 
(A – 8110) = |1 1 1/0] tos |o o olol. 
1 1 110 0 0 010 
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In the equation kı + k2 + Кз = 0, we are free to select two of the variables arbitrar- 
ily. Choosing, on the one hand, k2 = 1, k3 = 0 and, on the other, k2 = 0, k3 = 1, we 
obtain two linearly independent eigenvectors 


=] =] 
К, = 1 апа К; = 0 |. 
0 1 
The matrix A is not defective. ш 


EXERCISES FOR APPENDIX В 


B.1 Basic Definitions and Theory 


8 —10 
(a) А + В (b) B—A (с) 2А + ЗВ 


pal ав 6) find 
-6 9 


=2 0 3 —1 
2. IfA = 4 1ļandB= 0 2 |, find 
7 3 -4 —2 


(а) А – В (D В-А (с) 2(А + В) 


а 1 6), fina 
Аб M ac з орт 


(a) AB (b BA (с) АХ\=АА (а) B?- BB 


1 4 
—4 6 -3 
4. ПА = {5 10 wan =( 1 3 NET 
8 12 


(a) AB (b) BA 


4 2 1 4 


sita =| 3 p "аас = (9 LT 


(a) BC (b) A(BC) (с) C(BA) (d) A(B + C) 


3 
6. ҒА = (5 -6 7),B= 4 |, and 
=1 


1 2 4 
С= |0 1 -—1 |, find 
3 2 1 


(a) AB (b) BA (c) (BA)C (d) (AB)C 


4 
7. IfA = 8]andB=(2 4 5), find 
—10 


(a) ATA (b) B7B (0 A+ B7 


Answers to selected odd-numbered problems begin on page ANS-30. 


ї 2 =2 23 
ата =) 2 ав =( 5 >), sn 


(a) A+ B7 (b) 2AT — В?” (с) A7(A — B) 


з 4 5 10 
„ҤА = = 
9 R | апа В E 2 find 


(a (AB)! (Ы) B/A" 


io.a =| ? аве (7 H) and 
-4 6 em 3 


(a) AT + В” (b) (A + B)7 


In Problems 11-14 write the given sum as a single column matrix. 


ЕЕЕ 


2 =] 3t 
12. 3t t| -(t—0| —т]—2| 4 
== 3 —5t 
2 3\/-2 1 6\/-7 
1 = 
(i N3-G 3 
1 =3 4 t —t 
14. |2 5 —1]|[2t—1]| 1]- 8 
0 —4 -2 —t 4 —6 


In Problems 15-22 determine whether the given matrix is singular 
or nonsingular. If it is nonsingular, find А! using Theorem B.2. 


eid е 


=2 4 1 4 
4 8 7 10 
17.А = 18. A = 
зу €e65 
2 1 0 $3 23 1 
19.A4-|-1 2 1 20.A-| 4 1 0 
1 2 1 -2 5 =1 
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In Problems 23 and 24 show that the given matrix is nonsingular for 


2 1 1 
A= у =2 —3 
3 2 4 


4 1 
22.А = 6 2 
=% =1 


every real value of т. Find А !(r) using Theorem B.2. 


—t At 
23. A(t) = ps . | 


4e! Зе“ 
2e'sint  —2e'cost 
24. A() = [, ^p 
e' cos t e'sint 


In Problems 25—28 find dX /dt. 


25. 


27. 


29. 


30. 


26. x =| 


1 2 5те”! 
Keo) еи |е ag X] 
= 1 1 t sin 3t 


4 
Let A(f) = | 


е COS тЇ 
2t 312— 


| Еша 


2 t 
(a) = (b) | A(t) dt (с) faoa 
dt 0 0 


Let A(t) = 
dA 
(a) FS 
1 
(с) | A(t) dt 
0 


(e) А(2В(2 


(g) | A(s)B(s) ds 
1 


t 6t 2|. 
and B(t) = n. А) Епа 
dB 
(b) p 
2 
(d) | в()а 
1 


а 
(f) qn BO 


В.2 Gaussian and Gauss-Jordan Elimination 


І sin 2t — 4 cos 27 
—3 sin 2t + 5 cos 2t, 


In Problems 31—38 solve the given system of equations by either 


Gaussian elimination or Gauss-Jordan elimination. 


31. 


33. 


x+ y—2z=14 
2x— yt z=0 
бх + 3y + 4z= 1 
yt z= 5 
5x + 4y — 16z = —10 


5z=7 


хт yr 
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32. 5x — 2y + 4z = 10 
x y 2= 9 
4х — Зу + 3: = 1 


34. 3x+ yt z=4 
4х + 2у – 2= 7 
xt у 32 = 6 


35. 2x + yr 


2= 4 


10% —2y *2z- —1 
бх — 2y + 4: = 8 


37. х + X2 X3 


X4 — 


ХІ X2 T X3 


ха = 3 


XqQ— X2 х3 дщ = 3 


4x, + х — 2x3 


x4 = 0 
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APP-27 


36. x+ 2z=8 

х + 2у – 22 = 4 

2x + Sy – 6: = 6 
1 38. 2x1 X2 X3 — 0 
xit 3x2 хз = 0 
7x1 хә + 3x3 = 0 


In Problems 39 and 40 use Gauss-Jordan elimination to demonstrate 
that the given system of equations has no solution. 


39. x+2y+4z=2 
2х + 4у + 3z=1 
х +23 27 


40. ХІ X2, X3 t 3x4 = 1 
X2 — X37 4x4 =0 

xı + 2x5 — 2x3 x4 =6 

4x, + 7x2 = 7х3 =9 


In Problems 41—46 use Theorem B.3 to find A! for the given matrix 
or show that no inverse exists. 


4 2 
41. А = 2 1 
-1 -2 
-1 3 
43. A — ] =2 
0 1 
1 2 
=] 
45. A = 0 
2 1 
1 1 


шә 


NRF © 


| 
чә 
_ O e me 


2 4 
42.A-|4 2 
8 10 
1 2 3 
44.А= |0 1 
0 0 8 
1 0 0 
0 0 1 
46. A = 
0 0 0 
0 1 0 


B.3 The Eigenvalue Problem 


он о о 


In Problems 47—54 find the eigenvalues and eigenvectors of the given 


matrix. 
=1 2 
47. 
en 
x = 
49 E 
16 0 
5 =f 0 
51.|0 —5 9 
3- =l 0 
0 4 0 
53.|-1 -4 0 
0 0 -2 


W 
о о 
о о 


In Problems 55 апа 56 show that the given matrix has complex 
eigenvalues. Find the eigenvectors of the matrix. 


=f 0 
56.|5 2 4 
1 2 
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Miscellaneous Problems 


57. 


58. 


59. 
60. 


If A(t) is a2 X 2 matrix of differentiable functions and Х(7) is 
a2 X 1 column matrix of differentiable functions, prove the 
product rule 


d 
E [A() X()] = AMX’) + AO ХО). 


Derive formula (3). [Hint: Find a matrix 


b b 
p-(" эш) 

ba bx 
for which AB = I. Solve for Бу, b12, b21, and b22. Then show 
that BA = I] 


If A is nonsingular and AB = AC, show that B = C. 
If A and B are nonsingular, show that (АВ)! = B A. 


61. Let A and B be n X n matrices. In general, is 


(A + B) = A? + 2AB + B? 


62. A square matrix A is said to be a diagonal matrix if all its 


entries off the main diagonal are zero—that is, а = 0, i # j. 
The entries aj; on the main diagonal may or may not be zero. The 
multiplicative identity matrix I is an example of a diagonal matrix. 


(a) Find the inverse of the 2 X 2 diagonal matrix 


>т) 
0 а» 
when а # 0, a»; # 0. 


(b) Find the inverse of а 3 X 3 diagonal matrix A whose main 
diagonal entries а are all nonzero. 


(c) In general, what is the inverse of ann X n diagonal 
matrix A whose main diagonal entries аң are all nonzero? 
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20. 


21. 


. te 


. sinh kt 


. cosh kt 


. sinh*kt 


. cosh?kt 


at 


ЇЇ е^ 


. e" sin kt 


. e” cos kt 


е“! sinh kt 


e cosh kt 


5 


п à positive integer 


==] 


s(s = 4) 


s(s? — 4k?) 
Зи 55 
(s — ay. 

n! aaa 
car n a positive integer 
s—a 


=. 
(8 = а) +12 
saa, 
(8 = а) te 


АРР-29 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, іп whole or in part. МСМ 02-200-203 


АРР-30 APPENDIX С LAPLACE TRANSFORMS 


fO LP fO} = Fs) 
. 2ks 
22. t sin kt (52 + 0) 
. t cos kt (+ gy 
А 2ks? 
24. sin kt + kt cos kt + 02) 
| 2j! 
25. sin kt — kt cos kt Gr» 
. 2ks 
26. t sinh kt Gi - gy 
52 +10 
27. t cosh kt Gi — юу 
е“! EE e 1 
dec б — ays — b) 
ae“ — be” s 
mec б - ays - b) 
12. 
30. 1— cos kt = o 
s(s? + 0) 
| e 
31. kt — sin kt SG 
32 a sin bt — b sin at 1 
' — ab(a)— p) (82 + а2)(52 + Б?) 
cos bt — cos at 5 
аР. (92 + а2)(52 + p?) 
34. sin kt sinh kt 205 
st + AK 
35. sin kt cosh kt к? + 2E) 
s^ + 45% 
36. cos kt sinh kt кб? — 2) 
s^ + 4k4 
37. cos kt cosh kt s 
st + 4k4 
38. sin kt cosh kt + cos kt sinh kt 2ks? 
st + 45 
39. sin kt cosh kt — cos kt sinh kt AP 
54 + 4k4 
40. sinh kt — sin kt 20 
st — kt 
41. cosh kt — cos kt 2k?s 
st — kt 
1 
42. Jo(kt) — 
° P ES: 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 
62. 
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2(1 — cos kt) 
t 


2(1 — cosh kt) 


sin at 


ebet" ет{с ovi + x 
2 Vt 


ече? erfc vi + M 
+ erte- 

e” fO 

U(t — a) 

f(t — а)®( – a) 


80000 – a) 
fX) 

“fo 

[ло = т) ат 


д(ї) 
O(t — to) 


PFO} = FG) 


5—a 


s—b 


In 


1 i a 
arctan 
2 


sVs 
-ауз 
МСУ» + b) 


be ^ V5 
s(Vs + b) 


e “F(s) 


e * (e(t + a)) 


s"F(s) = s@—) f(0) ix AA — f 9) 


n 


ds” 


(= 1)" FG) 
F(s)G(s) 
1 


e 9o 
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EXERCISES 1.1 (PAGE 12) 


1. linear, second order 


3. linear, fourth order 
7. linear, third order 


9. linear in x but nonlinear in y 


5. nonlinear, second order 


15. domain of function is [—2, ©); largest interval of definition for 
solution is (—2, o») 

17. domain of function is the set of real numbers except x — 2 
and x — —2; largest intervals of definition for solution are 
(—%®, —2), (—2, 2), or (2, e) 


t 


== 1 
19. X = © 5 defined on (=, In 2) or on (In 2, ») 
"m 
31.m = —2 33.m=2,m=3 35.m =0,m = -1 
37.y=2 39. no constant solutions 


EXERCISES 1.2 (PAGE 19) 

1. y = 1/(1 = 4e?) 

3. y = 1/@ — 1); (1, %) 
5. y = 1/( + 1); (—~, %) 
7 
9 


‚х= —cost + 8 sin t 
x 7 М eos t sint 11.y 23e -1e7 
13. у 25e *! 15.y=0,y=x 


17. half-planes defined by either y > 0 ory « 0 
19. half-planes defined by either x > 0 orx <0 
21. the regions defined by y > 2, y < —2, or -2« y < 2 
23. any region not containing (0, 0) 
25. yes 
27. no 
29. (а) y= cx 
(b) any rectangular region not touching the y-axis 
(c) No, the function is not differentiable at x = 0. 
31. (b) y = 1/(1 — x) on (—, 1); 
у= —1/(х + D on (71, о); 
(c) y = 0 on (—%, %) 
39. y = 3sin 2x 
41. у= 0 
43. no solution 


EXERCISES 1.3 (PAGE 30) 


1.2 oap | р r 

з.“ = hP- EP 

7. = = kx(1000 — x) 

9, T+ yA = 0: A(0) = 50 

1. 4=6 13,2 = m 


15. LŽ + Ri = Et) ee gl 


dt 
19, m= ky 
2. п + y+ by = ‘ote 
23,5 0 25. А = цм — A), 0 


CHAPTER 1 IN REVIEW (РАСЕ 34) 


ho з.у' + Фу = 0 

5. у" – 2у +у= 0 7. (а), (d) 

9. (b) 11. (b) ( 
13. y = cı and y = сзе", сү and c» constants - 
15. у= 2 + у? 


17. (а) The domain is the set of all real numbers. С 
(b) either (—~, 0) or (0, ©) 


19. For хо = —1 the interval is (—%, 0), and for xo = 2 the interval 
is (0, oo). 
їй Кё 23. (—%, 9) 
OV р уо i , is) 
25. (0, oc) 35. y = 1 е3 е^ — 2x 


37. y 23693 4 $ e — 2x, 


39. yo = —3, уу = 0 


EXERCISES 2.1 (РАСЕ 44) Е 
21. 0 is asymptotically stable (attractor); 3 is unstable (гереПег). 
23. 2 is semi-stable. 


25. —2 is unstable (repeller); 0 is semi-stable; 2 is asymptotically = 
stable (attractor). 


27. —1 is asymptotically stable (attractor); 0 is unstable (repeller). 
39.0 < Py < h/k 
41. V mg/k 


EXERCISES 2.2 (PAGE 52) 
1. у = -icos5x + c З. у= 1673 + с 
5.у = cx 7. -3e ?У = 2e* + c 
9.153 х рх = 52 + 2у + щу + с 

11. 4соѕ у = 2х + sin 2х + c 

13. (6 + 1) 2 + 2( +1) = с 

се! 


15. S = се” 17. Р = ; 
1+ се 


19. (у + 39e = с(х + Aye 21. y = зщ? + c) 


ANS-1 
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ANS-2 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


-( M) vani Йел — xs 
23. x = tan(4t — 1) 25. y - € 47. y = 10x? (Sic) — 8101) 
"n _ ж. = хоА\ “Ма хоА\ —A 
275 у= іх ФУТ i 29. y = clie dt 57. x = хое ^, y Ети кч ba m) zi 
31.y 2 - Ve Y x - 1; (79, — $65) EXERCISES 2.4 (PAGE 70) 
2 _ 342 = 5 _ 9,4 = 
33. y = —In(2 — е); (—9,1n2) T.x^—xt5y +7у=с 3.52 + 4xy -2y! = с 
" PT 5. xy? — Зх + Ay = c 7. not exact 
—е 
35. (а) у=2,у= 2y=2 тт 9. xy? + y? cosx - 1х2 = с 
; , 11. not exact 

37. y = —1 and y = 1 are singular solutions of Problem 21; А 

у = 0 of Problem 22 13. xy — 2xe* + 2e* - 2x! = c 
39.y = 1 15. ху? — tan ! 3x = c 
41. у= 1 + а(х) 17. —In|cos x| + cos x sin y = c 


. tt = = S v m 
45. y = tan x —secx + c bs i = P 
21.3x" + xy + ху - у= $ 
47. у= [-1 + с1 + 2 
у= 1 « уз 23. 4ty + 2 — 5t + 3y – у = 8 


49. y = 2A V xeV* — еу + 4 25. y sin x — xy = х2 + ylay - y 2 0 


57. у(х) = (Ah/L) + a 27.k — 10 29. х2у2 cosx = c 
31.32? + х = с 33. 32у + y* = с 
EXERCISES 2.3 (РАСЕ 62) 35. —2ye? 4 10 gà ies 
zx 9X ЖУ Гр 2 
qun e TON 37. e" (2 + 4) = 20 
3.y = де + се“, (—%, со); ce * is transient 39. (c) у) = 22 - ^ А — 44 
1 E E H Е 
.у= 5+ —, оо); 
5. у=з + се *,(—, ©); се * is transient Gime ds МЕР aud 
7. y = x~! In x + ex^, (0, ©); solution is transient 
= 9 
9. у = cx — x cos x, (0, ©) 45. (а) v(x) = 84 P - = (b) 12.7 ft/s 
11. у = lg — ix + cx ^, (0, ©); cx ^ is transient 
13. y = $x et + cx ?e 7, (0, ©); cx "e * is transient EXERCISES 2.5 (PAGE 75) 
15. x = 2,8 + cyf, (0, oc) 1. y * x In|x]| = сх 
17. y = sin x + c cos x, (—7/2, 7/2) 3. (х — yInlx у= y + ex — у) 
19. (x + De'y = x? + c, (—1, ©); solution is transient 5. x + y In|x| = cy 
21. (sec 0 + tan 0)r = 0 — cos Ө + c, (1/2, 7/2) 7. nG + у?) + 2 tan (y/) = с 
23. y =e ? + cx 'e~*, (0, oo); solution is transient 9. 4x = y(In|y| — c 11. у? + 3x3 In|x| = 8 
25. y = —ix — a5 + де”; (о, о) 13. In|x| = e^ — 1 15. 9 = 1 + ex? 
27. y =x le' + (2 — ey }; (0, œ) 17. у= х +} + сез 19. e" = сі 
Е Е 21. y3 = 2471 4 9 4-6 
29.1= = + (i = Femi, (—%, 9) : i à 
R 23.y = —x— 1+ tan(x + с) 
31. у= 2x + 1  5/x; (0, œ) 25. 2y — 2x + sin2(x + y) = c 
33. (x + Dy = xInx — x + 21; (0, о) 27.4(y - 2x + 3) = (x + c 
35. y- =) $ 3e 0% х, (— о, о) 29. —cot(x aF y) t csc(x t y) =x V2 1 
2 
A esses 35. b) у= (Cc e]? 
1006 – 1)е72, x23 
- l+ 3 e? 02x21 EXERCISES 2.6 (PAGE 80) 
y (tet de, xd 1. ух = 2.9800, y4 = 3.1151 
З: Уо = 2.5937, уо — 2.6533; y= e* 
E —2x 
disc iem 1 Ик ee a 1 5. ys = 04198, ую = 0.4124 
me [Lose Ды 7. уз = 0.5639, уш = 0.5565 
43. y =e" ! +3 Vre (erf(x) — erf(1)) 9. ys = 1.2194, ун = 1.2696 
x | 13. Euler: уо = 3.8191, yoo = 5.9363 
. = e е! + # 
оа её аке ККА: ую = 42.9931, узо = 84.0132 
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS ANS-3 


CHAPTER 2 IN REVIEW (PAGE 81) 39. (a) v(t) = 0.0242 + 0.27 (b) s(t) = 0.008? + 0.17 
1. —A/k, a repeller for k > 0, an attractor for k < 0 pg [к pro ry \? 
d? 41. (a) v(t) = t+ rm 
E 4k\p 4k | k 
3. true "eu c OM —f гу 
7. true 9. y = се“ (c) 331 seconds 
ii. eee їз; е 102 (у — 3? 43. (a) P(t) = Poe oy 
s ы, “о? ТОС» 45. (a) Ast > о, x(t) > r/k. 
15. semi-stable for п even and unstable for п odd; semi-stable for (b) x(t) = r/k — (r/I9e *; (їп 2)/k 
n even and asymptotically stable for n odd. 49. (c) 1.988 ft 
19. 2x + sin 2x = 21n(? + 1)+с 
21. (6x 4 Dy? = —33 tc EXERCISES 3.2 (PAGE 101) 
23.0 = с! + di (71 51In 9) obi m ; 
e 
25.у= 1+ со? + 4) * (b) NO = тосуу + NCO = 1834 
: 1 E 3. 1,000,000; 52.9 mo 
27. y- e 25nx ab je 29пх te25int qe n " " а) m 
° 5. (b) Рф = 220 а 


(Po — 1) — (Po — Ae? 


5 1 
29.y- — + zl Pet dt 
x^ Лл (c) For 0 < Po « 1, time of extinction is 


хех + 5e", 0x x«l Е 
31. у=]. _, pe Lun 1) 
бе а x21 3 Po —4 i 
33. y = csc х, (т, 277) 
35. (b) у = (x  2V/yo — ху)”, Go — 2VY0, ®) 7. Pit) => | к ET + tan! = ; 
о. 2 2 УЗ 
ü — 
EXERCISES 3.1 (PAGE 91) то тран 
. d. $ 2P, s. 
m (= et n | ‘| 
3. 760; approximately 11 persons/yr V3 V3 V3 
5. 11h 9. 29.3 g; X > 60 ast > ~; 0 g of A and 30 g of B 
7.136 5h TM 
9. (15) = 0.000981, or approximately 0.1% of I MOD des (va UU ) :1150 = t = VHAV/AA, 
11. approximately 15,963 years (b) 576 VTO s or 30.36 min 
13. T(1) = 36.67° F; approximately 3.06 min 13. (a) approximately 858.65 s or 14.31 min 
15. approximately 82.1 s; approximately 145.7 s (b) 243 s or 4.05 min 
17. 390° _— mg m 
19. about 1.6 hours prior to the discovery of the body 15. (a) v(t) = үс tanh ait ol 
21. A(t) = 200 — 170e "59 n 
23. A(t) = 1000 — 1000-100 уйе ni N mg © 
25. A(t) = 1000 — 10r — 1(100 — 0°; 100 min mm 
27. 64.38 Ib (b) 4 ka 
29. i(t) = $5 — $e 99 į > Fast о с 
т | 
31.40) = ds — Wwe 5 iO = 3e (c) s(t) = p” co P T «| + с, 
33. К) = 60 — 60€ 79, 0=г= 20 where c; = —(m/k)In(cosh c1) 
` 60(е2 — 1e "1, t > 20 d А 
17. zx — kv — pV, 
35. (а) v(t) = ш vo = PB оит ee а" n 
k k where p is the weight density of water 
Is mg — pV Vkmg — kpV 
(b) v2, aste (b) vw) = 4| t tanh £ E tta 
= mg ш mg —ktlm mg — pV 
(c) s(t) k t at Ee © | ae 
m mg 
к c = d 19. (а) W = OandW = 2 (b) W(x) = 2 sech? — ci) 


(c) W(x) = 2 sech?x 
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ANS-4 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


1 
(—0.001350; + 10 001)100 
(b) approximately 724 months 
(c) approximately 12,839 and 28,630,966 


21. (a) P(t) = 


EXERCISES 3.3 (PAGE 111) 


1. x(t) = xge ^" 
хоА1 =A —Xot 
t = A p —. 2i 
y(t) BEN (е е) 
л = ài E 
f) = х)|1 e t 4 e t 
Ac e Аз = 


3. 5, 20, 147 days. The time when у(7) and z(t) are the same makes 
sense because most of A and half of B are gone, so half of 
C should have been formed. 
ài 
Ay + А» 


А 
A(t) = ——— Ko|1 — е0 
А [i =e ] 


(b) approximately 1.3 X 10? years 
(c) 89%, 1196 


5. (a) K(t) = Кое 0+, C(t) = Ko[1 - e] 


dx 
7. ak: axi tid» 
dx» 2 
dt = 2594 7 2592 
dx; X2 ХІ 
i = 2 
9.9 е -7?190-; 710047 
ах» =® Х\ 3 X2 
dt 100 + t 100— t 
(b) xi) + 0(0) = 150; (30) = 47.4 Ib 
di» А А 
15. Li di + (Ry + А) + Riis = E(t) 
dix А А 
Ll + Rii + (Ri + Аз) з -E(tD) 


17. i(0) = io, s(0) = n — io, (0) = 0 


CHAPTER 3 IN REVIEW (PAGE 114) 
1. dP/dt = 0.15P 
3. P(45) = 8.99 billion 
5. approximately 3257 BCE 


10 + V100 — y? 
7.x = 10 | y 100 у? 
ВТ, + Ty BT 
9. ; 
@ -FB IFB 
Br dd T= 
(b) T() = X 2 p 2 gag 
1+В 1+В 
1 akt 
13.30 = с YO = ай + eto 
15.24 y = с 17.5? + 2x = с) 21.г=% 


EXERCISES 4.1 (PAGE 130) 
1.у= le = le 
3. y = 3x — 4xInx 


9. (—%, 2) 

е =: _ sinh х 
uos mri а ) (b) ^ sinh 1 
13. (a) y = е cos x — еї sin x 


(b) no solution 
(с) y = e cos x + е ""e* sin х 


(d) у = се" sin x, where c» is arbitrary 


15. dependent 17. dependent 
19. dependent 21. independent 
23. The functions satisfy the DE and are linearly independent on 


the interval since W(e ?*, e^) = 7e* 0; у = сүе ?* + cae. 


The functions satisfy the DE and are linearly independent 
on the interval since W(e* cos 2x, e* sin 2x) = 2e** = 0; 
y = сүе* cos 2x + coe" sin 2x. 


25. 


27. The functions satisfy the DE and are linearly independent on 


the interval since W(x", x^) = х6 # 0; y = cy? + сох. 
29. The functions satisfy the DE and are linearly independent 
on the interval since W(x, x 2, x~? In x) = 9x 5 # 0; 
у = сіх + сох? + 3x7 ln x. 


35. (b) y, = х2 + 3x + Зе”, yp = —2x? — бх — 4 e” 


EXERCISES 4.2 (PAGE 134) 


1. ух = хе? 3. yo = sin 4х 
5. y2 = sinh х 7. y; = хе 
9. у; = x* In|x| 11. ур = 1 


15. ур =x +х + 2 


19. y2 = e”, Yp = jew 


13. y; = x cos(In x) 


17. ух = e^, y, = -i 


x e? 
21. yx) =x} —dt, xm >0 
xo É 


EXERCISES 4.3 (PAGE 140) 


x/4 2x 


Т. у= с + ex^ 3. у = cie? + сег 


4х x/4 


5, y = cie + cxe” 7. у = сце“ + ce 
9. y = cı cos 3x + cp sin 3x 
11. y = e*(c, cos x + co sin x) 


y= eB(c, cos i V2x + sin i V2x) 


15. у = сү + me * + cae 

17. y = се“ + coe?  caxe* 

19. и = cie! + е (cacos t  casin f) 

21. y = cie? + сухе“ + су?е * 
23.y=catoxte? (сз cos 3х + сд віп IV3x) 


«y = c1 COS IVax + со ѕіп $V 3x 


+ сзх cos Зх + сах sin IV3x 
5r 


27. и = се" + core’ + cae " + сате" + cse 
29. у = 2 cos 4x — 4 sin 4x 

31. y = FeO) + 150—0) 

33.y -0 

35.y- i-e "cix © 

37. y = е — хе?” 

39.y=0 
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1 1 
Е Less ES 


УЗ 2 V3 
5 
= cosh V3x + —= sinh V3x 
2 v3 
49. y" — бу + 5y = 0 51.y" — 2y' = 0 
53. y" + 9y = 0 55. y" + 2y' + 2у = 0 


57. у" —8y" = 0 


EXERCISES 4.4 (РАСЕ 150) 
1. у= се + oe + 3З 

3. у = cie? + coxe? + 6х + 3 
5. у = се ? + exe ?* + x2 — Ax + 1 

7. у = c1 cos V3x + co sin V3x + (42 + 4x — Se 
9.y = с + coe? + Зх 

11. y = cie? + сухе? + 12 + 1g? 

13. y = cı cos 2х + c5 sin 2. — ix cos 2x 

2 


15. у = eicos x + сә sinx —5x^cosx + 5xsinx 


17. у = cie cos 2x + coe" sin 2x + 1 xe" sin 2x 


1 
*— 5с05 x 


19. y = ce * + exe 

+ 12 5іп 2x — 5; cos 2x 

21. у = ci + cox + ee — 132 — $ cosx + $ sinx 

23. у = cie? + exe? + сух?е* — x — З — 2 хде" 

25. у = cı cos x + со sin x + c3x cos x + c4x sin x 
+ = 06-3 

27. y = V2 sin 2x - 1 

29. у = —200 + 200e 7^ — 3x? + 30x 


31. y = —10e ?* cos x + 9e ?* sin x + 7e *” 


Fo . 0 
33. x = —> sin wt — — t cos wt 
20 20 


2 


35. y = 11 — 11е* + 9хе* + 2x — 12x28? + 1 е5" 
37. y = 6 cos x — 6(cot 1) sin x + 32— 1 
—4 sin V3 
39. y =— С ЕТТ 
sin V3 + V3 cos V3 


|“ 2x + ё іп 2х + 15іпх, 0x п/2 
у= 


41. Ч 


2 cos 2х + 2 sin 2x, xm/2 


EXERCISES 4.5 (PAGE 158) 

1. (3D — 2)(3р + 2y = sinx 

3.(D— 6)(р + 2)у = х – 6 

5. (р + 5)у = e 

7. (D — 1)(р — 2)(D + Sy = xe * 

9. D(D + 2)(D? —2D + 4)у = 4 
15. D* 17. D(D — 2) 
19. D^ +4 21. D*(D? + 16) 
23. (D + 1)(D — 1) 25. D(D? — 2D + 5) 
27. 1, x, x2, ©, x4 29. е6, e 9x? 
31. cos V/5x, sin V5x 33. 1, e™, xe” 
35. y = cje “+ су — 6 
37. у= c + сое * + Зх 


39. у = ce 7+ схе ? ix 1 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


41. у = су + сох + сзе * + 3x4 — 88 + 82 


Ax 


43. y = спе? + ce + 1 хе 
45. y = ce ^+ се? — е + З 

47. y = су cos 5x + сә sin 5х + isinx 
49. у = cie * + схе ?* 
51. у= cie + oe d Le ix] | 1 xe 5 


53. y = e” (сү cos 2x + сә sin 2x) + ie'sinx 


Ax 


te Ae p 
49 X€ ^ + здзе 


55. y = сусоѕ 5x + csin 5x — 2x cos 5x 
57. у= e 7c its + c sin —x 
2 2 


+ sin x + 2 cos x — x cos x 


2 E 4 1 1 14 
59. у = с + ex + ce P + эзе х2 + зух — 16 


61. y = сех + сухе* + сзх?е* + ide +&= 13 


63. y = сү + cox + cae? d сахех + 3x^e? + х? 
65.y-ie + 0 еб – 1 

— _41 4 4b 4 9 
67. y = -i5 + 50 — 122 + 35% 
69. y = —mcosx — 1 sin х $ cos 2x + 2x cos x 
71. у = 2e* cos 2х — Fe*sin2x + Gr + 02 + 5х 


EXERCISES 4.6 (PAGE 165) 
Т. y = су cos x + су sin x + x sin x + cos x In|cos x| 
3. y = cı cos x + со sin x — $ x cos x 
5. y = cı cos x + c? sin x + 5 — 2 соѕ 2x 
7. y = се + сое + $ x sinh x 


9. y = се?" + coe? — $e? — 1хе 3 
11. y = cie * + се ?* + (e™ + е ?®у1п(1 + ех) 
13. y = ce ? + се — e ?* sine* 


15. y = cie ! + cote ! + 1 Рета pe ife" 

17. y = се“ sin x + Сое“ cos x + І хех sin х 
+ 1 ехсоѕ x In|cos x| 

19. у= leo | ie | 152002 І хе"? 

21. у= е7 + S e 1е725 + ех 


x 
23. у= су cos x + co sin x — cosa | 
Xo 


x 


зт sinx | 


Xo 


e 


ANS-5 


cos t dt 


X X 
25. y = cie + eoe — je ега + ie e ‘In tdt, xo >0 


Xo Xo 


1/2 1/2 /2 


27. y = cx "^ cos x + cox "^ sin x + x7! 
29. y = ci + со cos x + cssin x — In|cos x| 
— sin x In|sec x + tan x| 


31. y = cie! — ce * + cze” + he“ 


EXERCISES 4.7 (PAGE 171) 

Т. у= ex ! + ex? 

З. у= с + со ах 

5. у = cı cos(2 In x) + c2 sin(2 In x) 

7. y = cx VO + сх@+у® 

9. у= с соз(1 In x) + сә sin( In x) 

Т. y = ex ? + сох? ах 

13. y =x" ШЕ: cos(t V3 In x) + сә sin( V3 In xJ] 
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ANS-6 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


15. у = cui? + сә cos( V2 In x) + сз sin(V2 In x) 
17.у= с + сх d сэх? t сах? 
19. у= c + с + x Inx 


21. y = cix + cox ln x + x(In x? 


23. y = cx lt ох Inx 
25.y-2—2x? 
27. y = cos(In x) + 2 sin(In x) 


29.yp-i- ах iX 
31. y = cx P + сох? 
33. 
35. 


y=ax!+ox8+ er 

y = х2[с1 cos(3 In x) + c; sin(31n3)] + 5 + Hx 
37. y = 2(-x)? — 5(—x)? In(-x), x < 0 

39. y = с(х + 3 + ex + 3)’ 


41. y = cı cos[In(x + 2)] + cosin[In(x + 2)] 


car? | 


47. (а) w(r) = с + colnrd 


1 r 
64D 


(b) w(r) = =) 


gp - 
EXERCISES 4.8 (PAGE 182) 

1. у) = f sinh 4(x — 1) f(t) dt 

3. yp(x) = | x — de f(t) dt 

5. у(х) = f sin 3(x — AfÐdt 

7.y 2 се“ + се“ +} [ sinh4(x — f)re^?' dt 


X 
9. y = сүе * + схе ™ + | (x = De "e^ dt 


A 
11. y = c,cos3x + cosin3x + f sin3(x — f)(t + sint) dt 


Xo 


13. y,() = ixe^* — ke” + е ™* 

15. у(х) = txe” 

17. (x) = —созх + 5 sinx x sinx — cosx In|sinx| 

19. y = 50721 — pe” + ixe” 

21. y = —e* + 6xe™ + txe” 

23. y = —x sin x — cos x In|sin x| 

25. y = (cosl — 2)e * + (1 + sinl — cosl)e ?* — e ?sine* 
27. y = Ax - 2x? — хах 

29. y — ae ax 2+ i LInx 


31. у(х) = 5e* + 3e * + y(x), 


1—coshx, x«0 


where y, (x) = И + cosh х, х = 0 


33. у = cosx — sinx + ур(х), 
0, х<0 
where у(х) = 310 — 10cosx, 0 =х=3т 
—20cos x, xm 


E: 1 
35. yp(x) = (x — | о + xf (t — 1) f(t) dt 
0 x 


37. ух) = Ix 2—1x 


sin(x — 1) sinx 
39. = H1 
Y sin 1 sinl 
41. yx) = —e'cosx — e'sinx + e* 
43. y (x) = (nx? + ах 


EXERCISES 4.9 (PAGE 187) 
1. x = сүе' + cote! 
y = (су — су)е' + cote! 


З.х = cı cos t + co sin t 
y = cı sin t — c2 cost 


1 
1 
2c3 sin V6t — 2c4 cos V6t 


у = c sint + c cost + сз sin V6t + c4 cos V6t 


t 
t 


5.х= Ус sin t+ $ c2 cos t— 


7. x = e” + coe? + cy in 2t + c4 cos 24 + 1e 


2t 


y = cie?! + coe?! — csin 2t — c4 cos 2t — ie 


9. x = су — co cos t + сз sint ie 3t 
3t 


У= сп c sin f F c3 cost 


4 
15€ 
11. x = cie! + me" cos 1 Vt + ce? sin 5 V3t 
y= (-3 е3 — + V3es)e =1/2 cos 5 V3t 
fe n V302 = $ 3 ce 12 sin 2 V3t 


13. x = деч + $e 
у= -į сеч + су + 5e 
15. x = сү + cat cael + cae! ip 
у = (су — с + 2) + (co + 1) + ce! - à 
17. x = cie! + coe? sin 5 V3t + cse"? cos і V3t 
у= се + (—} 50 = ин 2 sins V3t 
+ (130 = 1)" 7 ? cos $ V3t 
z= се! +(-5 5с +5 1УЗез) ет 0 sin 4 \/3t 
+ (- 1 УЗез = 1с)ет 2 cos 1 V3t 
19. x = —6c;e '— 3c;e ? + 2сзе? 
у = cje" + ce ? + ce 
z= 5суе ! + coe ? + cae? 
21.х = eg 93 = te 33 
y= —g 3*3 ge 2te 3t+3 
23. тх" = 0 
my" = —mg; 
x=ctt+c 


у= —} gP + ct + сд 


EXERCISES 4.10 (РАСЕ 192) 


3. у = In|cos (с — x)| + с 
1 1 

5. y = —; In|eix + 1| х + c 
сї СІ 


7. (к + с)? + у? = сї 


9, iy – ду= х + с 
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11.57 30 4 19/7 5 


13. y = tan(} т — 1.3), —hag<x<ia 


1 


15.y — 1 — ctx? + © 

СІ 
17. у= 1+ х +2 tie tint үрә? 
19. у= 1+ х Ig 253 ES ax 
21.2 -V1 - 02 
CHAPTER 4 IN REVIEW (PAGE 193) 
1. у= 0 
3. false 


7. xy" —3xy' + 4y 20 
11. (—%, œ); (0, œ) 


x + cae* + csxe* + cgx?e* 


5. у = cıcos 5x + cosin5x 
9.» -xtx-2 
13. (a) y = се? + coe + caxe ? 
(b) y = ey? + cox ? + сзх ? Inx + cax  csxln x 
+ сбх (In x)? 
15. xy" — 2xy! - 4y = 0 
17. y = ciel V3 + сеч - V3 


19. y = с + сет + caxe ™ 


21. у = cie 7 + e? (e cos 1 Ух + c3 sin } N/7x) 


23. у= e (c; cos 1 V 11x + сз sin iva) + 


222. 
+ 1255 — 655 


430 36 2 
tx + 55 х 


ЇЙ, 1 4 
25.y=cı і сәе?^ 4 сзе?^ ssinx — $СО05Х+3Х 


27. y = e' (cı cos x + со Sin x) 


— e' cos x In|sec x + tan x| 
29. y = сх!" + exl? 
31. y = cy? + cy + x* х2 lnx 
33. y = cı cos wx + c» sin wx + А cos ax 
+ Bsinax, w#a; 
y = сү COS wx + со sin wx + Ax cos wx 


+ Bx sin wx, =a 


35. у = cı cos x + co sin x + e “(сз cos Зх + c4 sin Зх) 


37. (a) y = cicosh x + cosinh x + c3x cosh x 


+ c4x sinh x 
(b) yp = Ax? cosh x + Bx? sinh x 
39. у =e" * cos х 
2213 3 5X le 
4l.y=7e-Fe х= 580 х 
43. у= 2 +4 
47. х = -аё—ф ше + 


у= се! + coe — 3 
49. x = се! + се + tel 


у= —сүе' + 3ce” — te! 2e! 


EXERCISES 5.1 (PAGE 209) 
M2 ios 


1 —— 3. хб) = 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


11. 


13. 


15. 


17. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


ANS-7 


(b) 4 ft/s; downward 


Qn * т — 
(c) T 4s 779562... 


. (a) the 20-kg mass 


(b) the 20-kg mass; the 50-kg mass 


(c) t= пт, п —0,1,2, ...;atthe equilibrium position; the 
50-kg mass is moving upward whereas the 20-kg mass 
is moving upward when л is even and downward when 


nis odd. 
. (a) x(t) = ~ 2t + і sin 21 
(b) x(t) = УЗ sin(2t + 0.588) 
(c) x(t) = VI cos(2t — 0.983) 
(a) x(t) = $ cos 10 + 1 sin 10f 
= 2 sin(10t — 0.927) 
5 T 
(b) 6 t; 5 
(с) 15 cycles 
(d) 0.721 s 
(2n + 1)т 
е) —— —— + 0.027,n = 0,2, ... 
20 
(f) x(3) = —0.597 ft 
(g) x'(3) = —5.814 ft/s 


(b) x"(3) = 59.702 ft/s? 
(i) +84 ft/s 
(j) 0.1451 + = 0.3545 + = n=0,1,2,... 


(k) 0.3545 ы. =0,1,2,... 


kete = 160 Ib/ft; x(t) = $sin 16t 
Кат = 30 Ib/ft; x(t) = ~Ssina V3t 
Кет = 2k 

(a) above 


(b) heading upward 


(a) below 
(b) heading upward 


1 5; 5 S, x (3) = e *; that is, the weight is approximately 0.14 ft 
below the equilibrium position. 

(а) x0-7$e?-$ie* 
(b) x(t) = -2e7 £368 
(а) x(t) = e (- cos 4t — 5 sin 4t) 


(b) ха) = X? e? sin(4t + 4.249) 


(c) t= 1.294 s 

@ g>} g=} ()0<B<3 
"T 4 VAT 64. VAT 

x(t) =e i 3C0875-[ же ш: ) 


10 (соз 3/ + sin 32) 
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ANS-8 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


35. x(t) = di + te ^ — 1 cos 41 
37. x(t) = —4 cos 4t + $ sin 4t + 1e?! cos 4t 


— 2e ?' sin 4t 
2 


d*x dx 
Д = —k h 
39. (a) m p? (x ) = В di Or 


d?x dx 
dé T 2AÀ E + wx = w h(t), 
where 2А = B/m and o? = k/m 


(b) x(t) = e (3 26 cos 2t — 12 sin 2) +ў 26 cos t 


+ 2 іп г 


41. x(t) = —cos 2t t sin 2r + 2 ¢sin 27 + 21cos 21 


Fo, 
43. (b) — t sin wt 
20 


49. 4.568 C; 0.0509 s 

51. g(t) = 10 — 10e ?'(cos 3t + sin 30) 
i(t) = 60e ?' sin 35; 10.432 С 

53. dp = 100 sint + ae cos f 


>. 10 0 
ip = een 


57. q(t) = — e^" (cos 10r + sin 100 + 53 C 
61. g(t) А ЕС | [4 
. = cos 
56 (90 PLC ue 
+ VLC ig sin —— vie *1- AIC Aud COS yt 
iti) c quaes val EU L : 
005 VEC VEC\® 1— yLC) VEC 
EoCy |, 
IIC — PLC sın yt 
EXERCISES 5.2 нй 219) 
T; Dx -ALÓ + x4 
(а) у(х) = nn (6 x tx) 
2.2 3.3 4 
3. (a) уб) = nn (31252 — 5Lx? + 2x4) 
сыс еа; ==. 2 ЈЕ 
5. (а) уб) = 3 2 a (715х — 10128 + 3x5) 


(c) x = 0.51933, Ymax ~= 0.234799 


woEI P 
7.y(x) = — d cosh E 


P 
nh Agr? 
E EV EI EI 
+ = T nh = 
i haley 
cos El 


I 
aa 
2P P 
9. Àn = п2,п = 1,2,3,...; Yx) = sin nx 
Qn — D? 
11. An 5 ъп = 1,2,3,...; 
AL 
Е (2n — 1)тх 
Уп(х) = cos ML 


13.А, = n,n-20,1,2,...; у„(х) = cos nx 
3,2. 
1i aye perd d oou э) = e^ sin 
17. À = п2, п = 1, 2,3,...; Уп(х) = sin(n In x) 
2,2 
19. A, = 27 n70,12,3,...5 ya) = cos| —Inx 
4 2 
21.А„= nian = 1,2,3,...; y, (X) = sin птх 
23. x = 1/4, x = L/2,x = 3L/A 
пт VT , ATA 
27. 0, = туо = 1,2,3,...; у(х) = віп р 
ио —uy\ ab ub — uga 
29. = | 
ulr) kk b-a 
nint ‚ (птх 
31. (а) Ac o epit 1,2,3,3 y«G) = sin ^77 
ng? EI 
(b) s —,n = 1, 2, 3, 


@х 
7.25 +х= 0 
dh ^ 
15. (a) 5 ft (b) 4V 10 ft/s (с) 0x t=iv 10; 7.5 ft 


17. (а) xy" = rvi + (у). 
When t = 0, x = a, у = 0, dy/dx = 0. 
(b) When r = 1, 


met 1 үх\ 1 {хү "|. a 
кало ыра 1—г\а 1-2 
When r = 1, 


1011 х. 1а 
уб) lee +104) 


(с) Тһе paths intersect when r < 1. 


19. (а) 6(f) = »үй in fts 
g 1 


(b) use at Omax, sin V g/1t = 1 
(c) use cos Omax ~ 1 — 02a 


(d) уь = 21,797 cm/s 


CHAPTER 5 IN REVIEW (PAGE 232) 
1. 8 ft 3. im 
5. False; there could be an impressed force driving the system. 
7. overdamped 
9. у = Osince A = 8 is not an eigenvalue 
11. 14.4 Ib 
13. x(t) = —3e "1e * 
15.0<т=2 
17. у= &\3 
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19. x(t) = e^" (I cos 2 V2 r + $ VZ sin 2 \/21) + 
21. (a) q(t) = 
(b) i(t) = —} cos 100r + $ cos 50/ 


-i5 sin 100r + s sin 50t 


пт 
=—,n=0,1,2,... 
(c) t 50 n 
2 
X 
= +k=0 
df 


27. mx" + fisgn(x') + kx = 0 


31. (a) 0100 = ðo cos NS [САД 
1 2 Veg 
І 1 
(b) СӨ) = 500 sin2 | Lh E y; A 


EXERCISES 6.1 (PAGE 242) 
1. (CL 1, 8-71 


25.m 


5. (—5, 15), R = 


75 75 — 75 
9. (-%, 2), К = 32 


= 202 +r – 


= 


pde бай + раб +: 


. Sa = 2)су — ox* 
k=3 


25. 


27. 


2с + MD + сь + 6c i 
k=1 


co + 2c; + SUK + Wk + Dea — 


k=1 
е 1 au 


29. 
35. у = aS a 37. у = cod 
ok! 


EXERCISES 6.2 (PAGE 251) 


1.54 
3 5 1 x 4 1 А 1 6 4 
уб) = co "e ee 
1 1 1 
EE "d | И T | - 
5. yi(x) = co 
- | jour du | 

yx) СІ р ТЫ 


DUE + Dees 1 — 
k=0 


uL 


с 


(2k — Ded 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


m 


7. 


1 
6 
Fag 


1 
ye) = |! mg 


: Ө ass 
3:325 853859 


1 1 
yo(x) = сі E хі + x! 


3-47 | 3+4-6+7 


1 x? 
3+4°6°7°9-10 


1 3 21 
9. ye =e Th a 6! x Д 
5 45 
эф ra [cea ii eoe 
1 4 72.4 
11. » =! are d p ete 
2 52.22 
ya(x) = с E т x! 
82.52.22 1б 
io! 
13. yi(x) = со; yo) = ay, 07 
15. у) = oll e 32 e 18 ++] 
у(х) = calati titi +] 
23°7 
17. у(х) = co ET Lg5tweg4 | 
14 34 * 14 
= 3 4 7 ante 
ya) is 6* 2.57 4.7 | 
19 ee | ЕРЕ ЛОРА РЧ" 
. у(х) ЁТ I gr п д * X 
= 8x — 2e* 
21. y(x) = 3 — 12x? + 4x4 
23. ух) = co|1 = [9 + туу? + о] 
у(х) = ci [x 5x t ig x° + о] 


EXERCISES 6.3 (PAGE 260) 


1. x = 0, irregular singular point 
3. x = —3, regular singular point; 
x = 3, irregular singular point 
5. x = 0, 21, —2i, regular singular points 
7. x = —3, 2, regular singular points 
9. x = 0, irregular singular point; 
x = —5,5, 2, regular singular points 
x(x — 1)? 
11. for x = 1: p(x) = 5, 4(х) = 


xt+1 


5(x D a S 


for x = —1:p(x) = 
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ANS-9 


ANS-10 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


13,h =з = —1 аа 
15 л=%»=0 yx) = Cix + o[xmx- 1412 
an 2. 5 +++] 
у(х) = Сх [х= р, 29. 71, =m=0 
2 1 
Р у(х) = Субх) + С | у) In x + y| —x + 1* 
9.7.5.3! 
1 1 
3 e+ х= 5 
«ei F2x +e u 3.3! 4-4! \ 
e ca 
7.5n-2in-0 qeu Baye 
у(х) = cx” | P E x 33. (b) уд * (-1)" (vi ү” sin(VA 1) 
Lise | N= > —— (МА = — = 
15 23 · 15:2 У = оп +1) Wii 
23 | 
ve = (= 1)" 2 cos(VA 1) 
31*23-* 15 · 3! =! А = ——— 
yx) 24 On)! (Vx ) : 
2, 
Feli 2х d À À 
| 9-2 (с) y= Сх а(х) + Cox о) 
х х 
23 
ЕТЕТ | EXERCISES 6.4 (PAGE 273) 
1. y = adin) + сәЈ- из() 
19. 7) = 3,7 = 0 3. у = с/зо(Х) + с›/—у2(Х) 
1 1 5. y = cox) + e»Yo(x) 
уб) = cix? | ух + Fa 7. y = с.Љ(3х) + c¥2(3x) 
9. у = cibp(Ax) + cal—23(4x) 
+ b gb + a] 11. y = сух!?Ло(ах) + cox ^J у(ох) 
‚3! 
Tr 13. y = x? [ey (4x1?) + cY (ax12)] 
| of: rS TENE uas Ses] 15. y =x [с.Л(х) + Y] 
2 5:2 8:572 17. y = x? [e Jap(x) + Yz] 
T С 19. y= a [лийэ + cal] 
2.2 2.3 23. y = x"? [eJyp() + c2J-1n)] 
хә = сач + s "ER = Cı sin x + C cos x 
Я 25. у = x 1? [eut x) + oJ- х2) 
2.4 
Nd Е ЕИ 
$ 11:9-7” T | = Cx ?? sin(t x) TO cos(t х2) 
sinx  cosx 3 1 3 cos x 
Lo 1l, 4 (a) jit) 05 РЧР | 
+ с ee a Е М ИИ Ыса E je: E 
37. y = cx "Ju Gax??) + cox! J-a”), 
23. = 5 = } 2 2 
y = ex Np Garh) + cxl- as (Soo?) 
= 2/3 1 П 3i 2 1 Eee 
39 = Cix [i 2x T28% 21 | 47. Р›(х), P3(x), Ра(х), апа Ps(x) are given in the text, 
+ Cx!{1 —txtie- Get] Po(x) = 1; (23156 — 315x* + 105x? — 5), 
35.94 ИЕ | Р(х) = i; (42957 — 69325 + 3159 — 35x) 
< ax! 49. Ау = 2, 4 = 12, Аз = 30 
E — ~ y^? 1 n 2 AL s AQ ‚АЗ 
X9-62 уту + 0 Ж (олу ii 
55. у= x – 403 + Be 
= 1 = 1 
= =} 2n+1 =] n 
CX 24D T 2 api m CHAPTER 6 IN REVIEW (PAGE 276) 
1 ТЕСТИ" 1. False 
Е. ı sinh x 2 cosh x] 3. [-11] 
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS ANS-11 


7. xix = Dy' +y +y=0 EXERCISES 7.2 (PAGE 293) 
9. 7$ n-0 1.327 3. t— 2r 
ло) = Сх!?[1—х +з? ду +] 5.1+3+22+18 7. 1-1+е2 
yx) = а-в] 9.ie ^ 11. 3 sin 7r 
[4 
11. yi(x) = о|1 БЗ +1 43344 ej] 13. cos 7 15. 2 cos 3t — 2 sin 3t 
yx) = с\[х +9 + 1% +] 17.4- ie? 19. je? + ie 
13. ne 21.0.36)! 0.6679? 23. 12 — gc 199 
11 = : 
лб) = c [i | Ix | Lx | d e] 25. 1 — £ cos V5t 27. —4 + 3e! + cost + 3 sint 
29. 5 sint — t sin 2 у= -1+е 
yo(x) = Co[1 x +102] 9. 3 sin t — ¢ sin 27 35. y e 
37.у= е“ + е ® 39, y=fe'—je* 
- = za зї ++. 
15. убо = a х +34 d Ы ] кше е o ү 
—2[х-459+9—-җҖх +] 43. y = -be + le” + Sethe 
17.477 репа е d 21 + 1e? sin 21 
19. x = 015 an ordinary point 47. y = £ cos 2t — 10 cos 5t 
= 13, ! «6 l о 
oct = ae есу ut mut EXERCISES 7.3 (PAGE 303) 
1, l , 1 6 
+ ł Nec a E is 
x E 4 cus (5 — 10)? (s + 2) 
ЕЛШЕ ШЕГЕ MU. ЕЕ кек NE Жы = 
4-7-10 2 3 (s—2y (5— 3)2 (5—4)? (s— 1» 49 
| 1 6 1 Dra det 5 sal L s+4 
T 2 X 3 X 9. 2 2 t 2 
3921 37.31 S + 25 (5 – 1) + 25 (s + 4)* + 25 
12. А 
EXERCISES 7.1 (РАСЕ 285) eife 13. e" sin: 
1 15. e ?! cos t — 2e ?' sint 17.e!— te ! 
е és ^ ee 19. 5 — t — 5e™ — Ate! —3 Рег! 
lt+e™ 1 21. y = te ^ + 2e* 23.y—- e t 2te ! 
5 7.-e* te? 1 2 34 9, 3 3t 
8 1 5 s 25.у= 01+ 5 Ze + 27. y = —5 e" sin 2t 
а ж тү 11 e 29. y - i- Nd 
sos о» s-1 31. y = (e + Dte^' + (e — Dew 
1 1 
аў EENE зз.) = — $e T cos V 1 — Nye sin УР, 
52 — 1 48 e "E. es 
Лы — um 19. = 37. 39. +2 
(ee 1° ý s? 52 52 5 
4 10 2 6 3 5 E 1 2 
cum тте 41. T 43. k(t — 2 UG- 2 
21.5- = 23.5+5-5 Sag? z(r— 2) U(t — 2) 
ы ы ap pt 7. l 45. —sin f U(t — т) 47. U(t — 1) = e YUE — 1) 
ce es b ws 49. (c) 51. (f) 53. (a) 
1 2 1 8 15 
29. =+ + ЗТ 2. A 
s 5-2 5-4 Ss +9 55. f(t) = 2 -—4U(t — 3); Z(f()) = ———e* 
okt — еМ $ р 
33. Use sinh kt = ———— and li ity to show that x d d 
Se 51 2 апа linearity to show thal 57. fi) = PUG- 1); £(f(0) = 2 5 pat. | 
E 5 
К 
L{sinh kt} = 55. 1 es es 
52 — [2 59. f() =—@@—2);54/0) = 5 E 2 . 
35 1 Ld 37 02 — (ж e 5 
006—2) 2s s? + 16 61. f(t) = U(t — a) — Ut — by FIFO} = =. 
4 cos 5 + (sin 5)s s 
39, 5027 ees беш э) aj X 45, Мт 63. y = [5 — Se] U(t — 1) 
s^ t 16 n 455/2 


65. у= = +114 le? — apr — 1) 
E DUE- 1) + 16720-0 UE 1) 
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ANS-12 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


67. у = cos 2t — $ sin 2(t — 2T) U(t — 27) 47. f(t) = е” + ге” + 5 cos 2t+ 1 еіп 21 
+ 1 sin(t — 27) U(t — 27) 49. y(t) = sint — +t sint 
69. y = sint + [1 — cos(t — m)]U(t — т) 51. i(t) = 100[e 197 D — е7200- 0907 — 1) 
— [1 — соѕ( — 2т)] U(t — 277) — 100fe7 10-2) — ¢- 200-2) a(t — 2) 
71. x(t) = $1 — б sin 4t — $ (t 5) W(t — 5) 1 есе alı 1 
+ i sin A(t 5) U(t 5) z U(t 5) 53. 5(1 + е“) 55. ES n" m obs = ) 
+ F cos 4(t — 5) Ut — 5) - coth (75/2) 
73. q(t) = 2 U(t — 3) – 2e 9*9 YE — 3) gl 
; L 245; 1 10 , maro. d -RIL 
= + 59. i(t) = —|1— 
75. (a) i(t) 161° iol COS f тот п t i(t) A e ) 
10 оез /2) 3т 2җ —RG-n)L 
= meg e — + = = 1)" (1-е т) (к — n 
mr ^ Ё > »( NUl — п) 
10 3m Зп 61. x(t) = 2(1 — e ‘cos 3t — ie ‘sin 3r) 
: 101 cos| t 2 911 2 z 
жа У ("| — е0") cos 3(t — пт) 
" i ў 3T "p 3T n-l 
in 
101 А 2 2 = ie 7m sin 3(t — пт)]%@ — пт) 
(b) imax = 0.1 at t = 1.7, inin = —O.1 at t 4.7 EXERCISES 7.5 (PAGE 321) 
2 = 
77.30) = woL 2 woL + Wo E 1.у= en 2) Ue — 2) 
16EI 122I 24ЕІ 3.y = sin t + sin t U(t — 21) 
wo \ Al k 2 5. y = —cos tult = z) t cos tult = эт) 
24EI 2 2 7. y- 1 = te ae [ En Lev] U(t = 1) 
wo? , wL 9. y =e 74-27) sin t (1 — 23) 
79. уб) = АВЕТ^ 24ЕІ 11. y = e? cos 3t + Fe sin 3t 
wo [5L LY L +4 e sin 3(t — т) Ut — т) 
04 +] x- =] х 1 -20-3m 4 
60EIL | 2 2 2 +3e sin 3(t — 3т) U(t — 37) 
dT * , = 
81. (а) = = МТ — 70 — 57.5 — (230 — 57.5000 — 4] 13. у() = sin t + sint X, (—1) U(t — km) 
1 
wo(Lo l5 gare? 
Se | сак са = 
EXERCISES 7.4 (PAGE 315) TE EI M4 6 2 
1 ?—4 м к?з LY L 
1. ———~ > x , с=у=], 
(5 + 10)? (s? + 4)? 4EI \2 12/ 2 
5 6s? + 2 7 125 — 24 
9. у= le" j cost Stcost+4rsint 1.x--je? +i e 3. x = —cos 3t — 5 sin 3t 
11. у = 2 cos 3r  $ sin 3t + 1 г sin 3t y=yze +e y = 2cos 3t — 1 sin 3t 
13. y = 1 іп 4t + $ t sin 4t 5.x--28 + $e l1 7, x--lr-3/2sin V2t 
— & (t — т) sin 4(t — TUC — т) у= 501—302 — 1 = 11+ V2sin V2t 
— 2 24 == 2 3 4 
17.у=$ + су 19. = 9.х=8 +5 +1 
2 1 
1 6 =- 13 + й 
21. РЕ 23. 3 y 3! 4! 
red 1 1.3 232 t 1— e 
25. 27. _ E _ 
GED- D G—D y=—ptge tt ime" 
stl 1 1 2V6 2 2 
29.— — —— 5 ЗЕ = 13. x4 = = sint + i 6t+- t= 6t 
sie +1? 4 1] Ук —1) Xi 5 sin 15 sin V6 5 cos 5 cos V6 
д 2 6 4 1 
з. 2271, 35. e-—1 xo 2 sin Уб ып Vor + оку+ Los Уб 
> — 100 _ 100 ,—000 
37. - iP -:-1 41. f(t) = sin t 15. b) h= g = е 


‚‚ — 80 _ 80 ,—900r 
з= 9 уе 


(c) ij = 20 — 20e7 9 


43. f( = бе + 1е + ле" + 02е 45. f(A = ет" 
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17. i = —Be + FB e + 5 cost Ё sint 
i = e?! + Bet — 20 cost + HG sint 
6 6 9V2 
19. i= 5 zum cosh 50V21— qu eom sinh 5021 
6 6 6V2 
ag ze cosh 50V21 - БУЗ, ш sinh50V2t 


Ie 2 


Lease ye? 3. false 
52 52 
1 
5. true A um 
2 4 
9.5 — ii 
52 +4 (s^ + 4) 
13.12 15.125 


17. e” cos 21 + 5 e” sin 21 

19. cos m(t — 1)%U(t — 1) + sin w(t — 1) U(t — 1) 
21. —5 

23. e "6-OF(s — a) 

25. FAU — to) 

27. f(t — tUl — to) 

29. f(r) 2 t — (t — DUC — 1) — U(t 4); 


1 1 1 
Ai =a Ge te 
Ss Ss 5 
(ето) = — Doe 
G= (s— 1)? 
1 
= е—46—1) 
s—1 


31. 00) ^ 2 + (t 2) Ut — 2); 


2 1 
POLST + 526° 
1 


Stef) = —— + mr 
rere) 
35. y = 5t + i? e 
37. у= $&-itt$e'-le?* -X( —2) 


-i(r-2)9((r—2) c ie €? UC — 2) 
eae ДЕЕ 2) 


39. у) 2 e? +|- +a- 0 + 1e - Para — 1) 
2[-i410-2) +17202] — 2) 
к[-2 +3 E- 3) +17209 ua – 3) 
41. у=1+1+22 


43. х= 0+ е + ge? 
у= 1+ 2е72 L o% 
45. i(f) = —9 + 2t + 9e 
wo 1 L 12 ІЗ 
47. = Еты ge e 
yo) ral a" cg" atta 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS ANS-13 


Oo + 05 = 
49. (a) 0,(t) = 0 A Vo cost + — Л Lae Vo? + 2Kt 


Bo + i= 
6x1) = oE eos wt — T eos Vat * ЭК! 


51. (a) x(t) = (vo cos 0), y(t) = —1 82 + (vo sin 0) 


g > , sind 
2 25* t X 
2vő соѕ 0 cos 0 


and use the double-angle formula for sin 20 


(b) уб) = solve y(x) = 0 


(d) approximately 2729 ft; approximately 11.54 s 


EXERCISES 8.1 (PAGE 339) 


1. Х' = iius X, whereX — $ 
4 8 y 
—3 4 —9 x 
3. Х'= 6. —1 О|Х, where X = | y 
10 4 3 z 
1 =] 1 0 t —1 
5.X'-|2 1 -1|Хх+|-32|+| 0о|+| O0] 
1 1 1 g =f 2 
x 
where X = | y 
z 


d. 
7. = 4x + 2y +e 


dt 
d 
= х + aye 
а 
А м. 
a ae +z+2e'+t 
dt 
а 
как ду ыл ШЕ 


17. Yes; М(Х, X2) = —2e 8 40 implies that X; and X» are 
linearly independent on (—%, со), 


19. No; У(Х, X», Хз) = 0 for every t. The solution vectors are 
linearly dependent on (—~, х). Note that Хз = 2X, + X». 


EXERCISES 8.2 (PAGE 352) 


1 =l 
1.Х=с | Je ra Je 

2 1 

2 2 
3.X=c "a t c, е 

5 1 

x= Bt —10t 

5 © (3) ZH 


7.X = с 


9.X-c| 0 |е +оо |4 le” + сз | 1 Je 


1 3 9 
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ANS-14 


3 1 


15. (a) X' = [3 x 


50 50 


(b) X) = -i 


(d) approximately 34. 


хи) 


2 


1 1 
e (P5 + al je" 


3 minutes 


ДЕ) 


зз.х = ee a(t ie +) 


1 
axei et c9|1 
1 


3 
0 
pet 


-4 
27.Х=с|—5|+с›| 0 5 
2 =] 
1 
2 =2 
C3) ое | ее" 
—1 -1 
0 0 0 
29.X = c 1 je t e| | 1 [re 9 | је 
1 1 0 
0\ , 0 
+c3){1}]—e'+ {1 Ire’ +] 0 Je! 
0 0 


2 2t-- 1 
31.X- -4 Jens i je 
1 t+1 


33. Corresponding to the eigenvalue A; = 2 of multiplicity five, the 


eigenvectors are 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


—]2 4 
0 |е + c; 6 је? + с 2 |e 3? 
5 E 


о-оо о 


1 0 
0 0 
К, = | 0 |, K = | 1 |, K; = 
0 0 
0 0 
cos t sin f 
35.Х = е еч + e 
cost + Sin t *\9 sint — cost 
COS f sin f 
= Z2 je 4 4 : je 
—cos Г — sin t —sin f + cos t 


39.X- «| 5 cos 3t 


41.X — I + сә 
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5 sin 3t 


—cos t sin f 
cost] + сз | —sint 
sin f COS f. 


: *to|,. 
4 cos 3t + 3 sin N , sin 3t — 3 cos 3t 


0 sin f cos f 
43. X = c| 2 Je! + со | cost Je! + сз | —sint Je’ 
1 cos f —sin f. 
28 4 cos 3t — 3 sin 3t 
45.X = c | -5]e?! + c —5 cos 3t et 
25 0 
3 cos 3t + 4 sin 3t 
+ сз —5 sin 3t e?! 
0 
25 cos 5t — 5 sin 5t 
47.X--|-7]e' — cos 5t 
6 cos 5t 
5 cos 5t + sin St 
+6 sin 5f 
sin 5t 
x 0 p 
49. (а) X'=| 5 -4 0 |x 
1 1 
0 æ Tio 
—cos jt + singt 
(b) X(t) = —6 —5їпэрї ee 
cos sgt 
1 . 1 
—С08501 — sin zt 2 
-2 cos 7 e 10 + 1112 
5іп 371 1 
EXERCISES 8.3 (PAGE 360) 
—3 -1 
1.Х = nx t4 
Gers e 
1 E: 
3.Х= с e? + со Je" «| ije 
1 1 3 
1 
n u^ 
(e 
4 4 
1 55 
[elle (e 
\ f 
0 ен 2 Je | |е 
2 2 
х= AMETE Jes р 
—1 6 
30 ES 0 
11. (a) X' i xu nm + | | 
50 758 1 
1 1 10 
— 70 —120 ү 80 —1/50 + 
® xo = H Jem ese (ao) 


(c) 10, 30 


вх) e) (y- (8 


15. Х = с 
17.Х = су 


| 
| 
eds 9-0 
| 
| 


21.Х = с 


cos f sin f cos f 
23.Х = с . + сә tl. t 
sin f —cos t sin t 
—sin f 
* | | In|cos ¢| 
COS t 
cos t sin f cos f 
25.Х=с| . |е tc e+ { |е! 
sin f —cos t sin f 
COS f sin f cos t 
27.X =o , |+ |-( : ) 
—sin f COS t —sin f. 
—sin t sin f 
+|. — In|cos t| 
sin f tan f cos f 
2sint\ , 2cost\ , 3sint\) , 
29.Х = с е t с 20 Je + |; те 
cost —sin f 5 COS f 


cos t 2cos t\ , 
+| 0. Jelin|sine| |. "le In cos [| 
—jsint —sint 


1 1 0 
31. Х= | -1| + co] 1 Je?’ + сз | 0 le” 
0 0 1 
=} e” + 4 te” 
+ е +} e” dg 
Ine 


2 —1 =2 2 
x= 2t E 2t J 4t E At 
33 (| | ү | he (ce 


po 83 sin t 
29469 


EXERCISES 8.4 (PAGE 365) 


il t t 
Be =] t t1 t 

=%  —2t —2t+1 

1 0 
5.Х = «(e T ae 

t+1 t t 
7.Х= с t +olt+1]4+c3 t 

—2t —2t —2t t1 


1 0 
9.Х = с; 0 + [e 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


Cy 


cosht sinht 1 
11.Х= + 
“| 2 Е (enn - H 


+1 t 
13.X = t —4|t+1 
—2t —2t 


3 2t... 1 4-21 
15 an (Fe 26 


17. е 


21 21 EL 2t 
At \ + 3te Оте | 


+6 t 


3 „31 І 5t 
_ [z€ —3€ -ie E 7e” 
23. X= cı|3 à 3t 1 "HE 5] OF 
2€ 2€ 2€ 2€ 


CHAPTER 8 IN REVIEW (PAGE 366) 


1.k=3 


ых-а| Deal 


n ч 


seal 3 Jer +e[1 |ы 12 Je?! 
1 


Je} 


sin 2t ; 
e 
cos 2t 


—16 


" vd efr (I s (11) 


cos f 
=c 
cos f — sin t 


sin f 
M 
Rive 
=1 
15. (b) Х= с 11| +оо 
0 


sin f 1 
tot. = 
sint + cost 1 


| In|csc t — cot z| 


=j Ї 
0} cà 1 |е? 
1 1 


EXERCISES 9.1 (PAGE 373) 


1. for h = 0.1, ys = 2.0801; 


3. for h = 0.1, ys = 0.5470; 
5. for h = 0.1, ys = 0.4053; 
7. for h = 0.1, ys = 0.5503; 


9. for h = 0.1, ys = 1.3260; 


for h = 0.05, уо = 2.0592 
for h = 0.05, уџо = 0.5465 
for h = 0.05, уџо = 0.4054 
for h = 0.05, yio = 0.5495 
for л = 0.05, уџо = 1.3315 
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ANS-15 


ANS-16 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


11. for h = 0.1, ys = 3.8254; forh = 0.05, уо = 3.8840; (d) If h = 0.05, y; = 0.82341363. 
at x = 0.5 the actual value is y(0.5) = 3.9082. (e) Error with л = 0.1 is 3.225 X 1076. Error with 
13. (а) у = 1.2 h = 0.05 is 1.854 х 1077. 
he (0.1)? I? 24 № 
Fr IL Rz - 2c < 0.2 — 19. Oig an 
(b) y'(c) à 4e 3 0.02е2 = 0.02e 0.0244 (a) у? (с) 5! (с+1ў5! 
(с) Actual value is y(0.1) = 1.2214. Error is 0.0214. 24 W 0.1)? 
j (b) z7 93 : А = 2.0000 x 1076 
(d) Ifh = 0.05, у = 1.21. (c + 1) 5! 5! 
(e) Error with h = 0.1 is 0.0214. Error with h = 0.05 is 0.0114. (c) From calculation with h = 0.1, ys = 0.40546517. 
From calculation with h = 0.05, уо = 0.40546511. 
15. (а) уу = 0.8 
Ge <a Oly - 
(b) y'(c) — = 5e 2с = 0.025e 2с < 0.025 EXERCISES 9.3 (PAGE 381) 
for 0 E с<=01 1. у(х) = —х + е*, actual values are y(0.2) = 1.0214, 
ee у(0.4) = 1.0918, y(0.6) = 1.2221, y(0.8) = 1.4255; 
(c) Actual value is y(0.1) = 0.8234. Error is 0.0234. approximations are given in Example 1. 
(d) If h = 0.05, у = 0.8125. 3. y4 = 0.7232 


(e) Error with Л = 0.1 is 0.0234. Error with Л = 0.05 is 0.0109. 5. for h = 0.2, ys = 1.5569; for = 0.1, уу = 1.5576 
17. (a) Error is 19h7e 3—1), 7. for h = 0.2, ys = 0.2385; for h = 0.1, yio = 0.2384 


т n < 2 = 
hye ж=101) 1) = 019 EXERCISES 9.4 (PAGE 385) 


(c) Ifh = 0.1, ys = 1.8207. 1. уф) = —2е?* + 5хе?; y(0.2) = —1.4918, 
If h = 0.05, yio = 1.9424. y2 = —1.6800 


(d) Error with h = 0.1 is 0.2325. Error with A = 0.05 is 0.1109. 3. yı = —1.4928, y; = —1.4919 


1 Pm = = 
19. (a) Enor is — L5. 5. y; = 1.4640, y; = 1.4640 
єс +1) 7. xı = 8.3055, y; = 3.4199; 
"T (0.1)? хо = 8.3055, y; = 3.4199 
(b) |y'(o) a> (1) ym 0.005 
9. x, = —3.9123, y, = 4.2857; 
(c) Ifh = 0.1, ys = 0.4198. If = 0.05, yio = 0.4124. ху —3.9123, y; = 4.2857 


(d) Error with h = 0.1 is 0.0143. Error with h = 0.05 is 0.0069. 11. xi = 0.4179, y, = —2.1824; 
х = 0.4173, У = — 2.1821 


EXERCISES 9.2 (PAGE 377) 
1. ys = 3.9078; actual value is y(0.5) = 3.9082 


EXERCISES 9.5 (PAGE 389) 


1.у = —5.6774, y; = —2.5807, уз = 6.3226 
3. ys = 2.0533 5. ys — 0.5463 3. yı = —0.2259, y; = —0.3356, уз = —0.3308, 
7. ys = 0.4055 9. у; = 0.5493 y4 = —0.2167 
11. ys = 1.3333 5. y, = 3.3751, y; = 3.6306, уз = 3.6448, y, = 3.2355, 
13. (a) 35.7130 ys 2 2.1411 
mg kg 
© 00 = ү tanh у f, у(5) = 35.7678 7. yı = 3.8842, y2 = 2.9640, уз = 2.2064, y, = 1.5826, 
ys = 1.0681, yo = 0.6430, уу = 0.2913 
15. (a) for h = 0.1, y4 = 903.0282; 
forh = T = 1,1 x 105 9. y, = 0.2660, ух = 0.5097, уз = 0.7357, уд = 0.9471, 
17. (a) у = 0.82341667 ys = 1.1465, ув = 1.3353, уу = 1.5149, ys = 1.6855, 
А Ре yo = 1.8474 
(b) у®(с) „у = 40e? — = 400 1 11. уз = 0.3492, y; = 0.7202, уз = 1.1363, y4 = 1.6233, 


уз = 2.2118, ye = 2.9386, уу = 3.8490 


13. (c) yo = —2.2755, у = —2.0755, y; = — 1.8589, 
(с) Actual value is y(0.1) = 0.8234134413. Error is уз = —1.6126, уд = —1.3275 
3.225 x 1076 < 3.333 x 1076. 


= 3.333 x 1076 
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CHAPTER 9 IN REVIEW (РАСЕ 389) 13. (0, y), y arbitrary 
1. Comparison of numerical methods with h = 0.1: 15. (0, 0), (0, 1), (0, — 1), (1, 0), (7 1, 0) 
17. = qe” — met =-=" 
I (a) x ^ cie „ се : (b) x - 
bs Euler Euler RK4 y = 2сүе? + се y = 2e 
maaa o a a AE 19. (a) x = ci(4 cos 3t — 3 sin 3f) + с›(4 sin 3t + 3 cos 3f) 
1.10 2.1386 2.1549 2.1556 . 
120 23097 2.3439 2.3454 у = с1(5 cos 3/) + ca(5 sin 39 
1.30 2.5136 2.5672 2.5695 (b) x = 4 cos 3t — 3 sin 3t 
1.40 2.7504 2.8246 2.8278 y=5cos3i 
1.50 3.0201 3.1157 3.1197 | Й . 2 
21. (a) x = ci(sin t — cos ђе" + ca(—sin t — cos ђе“ 
Comparison of numerical methods with Л = 0.05: y = 2с1(соѕ ђе“ + 2cx(sin ђе“ 
арй (b) x = (sin t — cos ђе“ 
X» Euler Euler RK4 y = 2(cos ђе“ 
езш _-_-  е<4# 1 1 
1.10 2.1469 2.1554 2.1556 23.r =- ‚0 =1+ ср у= 4 ‚0 = 6 
120 2.3272 23450 2.3454 М УО 
1.30 2.5409 2.5689 2.5695 the solution spirals toward the origin as f increases. 
1.40 2.7883 2.8269 2.8278 25.;— 1 б=т =й =й ок боз 
150 3.0690 3.1187 3.1197 Ма" З 
and у = sin f) is the solution that satisfies X(0) = (1, 0); 
3. Comparison of numerical methods with Л = 0.1: 1 
r= , 0 = tis the solution that satisfies 
Improved V1— ig 
Xn Euler Euler RK4 X(0) = (2, 0). This solution spirals toward the circle r = 1 as 
0.60 ^ 0.6000 0.6048 0.6049 Magd 
0.70 0.7095 0.7191 0.7194 27. There are no critical points and therefore no periodic solutions. 
0.80 0.8283 0.8427 0.8431 29. There appears to be a periodic solution enclosing the critical 
0.90 0.9559 0.9752 0.9757 point (0, 0). 
1.00 1.0921 1.1163 1.1169 
EXERCISES 10.2 (PAGE 404) 
Comparison of numerical methods with h = 0.05: 1. (a) If X(0) = Xo lies on the line y = 2x, then X(t) approaches 
Improved (0, 0) along this line. For all other initial conditions, X(t) 
Xn Ruler i&rils: RK4 approaches (0, 0) from the direction determined by the 
— ee EE eee line y = —x/2. 
0.60 0.6024 0.6049 0.6049 . Я 
0.70 0.7144 0.7193 0.7194 3. (a) e solutions are unstable spirals that become unbounded as 
0.80 0.8356 0.8430 0.8431 DN 
0.90 0.9657 0.9755 0.9757 5. (a) All solutions approach (0, 0) from the direction specified by 
1.00 1.1044 1.1168 1.1169 the line y = x. 


7. (a) If X(0) = Xo lies on the line у = 3x, then X(t) approaches 


5. h = 0.2: 02) = 3.2; h = 0.1: у(0.2) = 3.23 (0, 0) along this line. For all other initial conditions, X(t) 


7. x(0.2) = 1.62, y(0.2) = 1.84 becomes unbounded and y — x serves as the asymptote. 
9. saddle point 
EXERCISES 10.1 (PAGE 396) 11. saddle point 
1.х =y 13. degenerate stable node 15. stable spiral 
y' = —9 sin x; critical points at (+лт, 0) 17. |p| <1 
3.x =y 19. u < —1 for a saddle point; —1 < u < 3 for an unstable spiral point 
"= x? + у(х? — 1); critical point at (0, 0 
y x ) p (0, 0) 23. (a) (53,4) 
5.x = у 
y-e)-x (b) unstable node or saddle point 
1 1 2 : 
critical points at (0, 0), | Я о) (- А o) (с) (0, 0) is a saddle point. 
Ve Ve | 
25. (a) (1.2) 


7. (0, 0) and (—1, —1) 
9. (0, 0) and ( 4, 4) 
11. (0, 0), (10, 0), (0, 16), and (4, 12) (c) (0, 0) is an unstable spiral point. 


(b) unstable spiral point 
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EXERCISES 10.3 (PAGE 413) 
1. т = roe“ 
. X = Ois unstable; x = n + 1 is asymptotically stable. 
. T = To is unstable. 


3 

5 

7. x = а is unstable; х = B is asymptotically stable. 
9. P = cis asymptotically stable; Р = a/b is unstable. 
1 


‘ ( 1, 1) is a stable spiral point. 
13. (v2, 0) and (-v2, 0) are saddle points; (G, -1 is a stable spiral 
point. 


15. (1, 1) is a stable node; (1, —1) is a saddle point; (2, 2) is a 
saddle point; (2, —2) is an unstable spiral point. 


17. (0, —1) is a saddle point; (0, 0) is unclassified; (0, 1) is stable 
but we are unable to classify further. 


19. (0, 0) is an unstable node; (10, 0) is a saddle point; (0, 16) is a 
saddle point; (4, 12) is a stable node. 


21. 0 = 0 is a saddle point. It is not possible to classify either 
0 = 7/3 or 0 = —m/3. 


23. It is not possible to classify x = 0. 

25. It is not possible to classify x = 0, but x = 1/Ve and 
x = —1/ Ve are each saddle points. 

29. (a) (0, 0) is a stable spiral point. 


33. (a) (1, 0), (1, 0) 
35. |w| < 1 v2 
37. If B > 0, (0, 0) is the only critical point and is stable. If B < 0, 


(0, 0), (&, 0), and (—£, 0), where $? = —a/B, are critical points. 
(0, 0) is stable, while (x, 0), and (—3, 0) are each saddle points. 
39. (b) (57/6, 0) is a saddle point. 
(c) (7/6, 0) is a center. 
EXERCISES 10.4 (PAGE 420) 
1. [oo] < V3g/L 
1+? 
5. (a) First show that y? = v? — g nf =) 
9. (a) The new critical point is (d/c — €2/c, a/b + ei/b). 
(b) yes 


11. (0, 0) is an unstable node, (0, 100) is a stable node, (50, 0) is a 
stable node, and (20, 40) is a saddle point. 


17. (a) (0, 0) is the only critical point. 


CHAPTER 10 IN REVIEW (PAGE 422) 
1. true 3. a center or a saddle point 
5. false 7. false 
9a=-1 
11. r = 1/%/3г + 1, 0 = t. The solution curve spirals toward the 
origin. 


13. (a) center 


(b) degenerate stable node 
15. (0, 0) is a stable critical point for a = 0. 


17. x = 1 is unstable; x = —1 is asymptotically stable. 


19. The system is overdamped when 82 > 12 kms? and 
underdamped when (3? < 12 kms?. 


EXERCISES 11.1 (PAGE 430) 
7.5 Vr 
9. V 7/2 
11. Ш = Vp; lleos (nax/p)|| = Vp/2 
19.T=1 
21. Т = 27 
23. T = 27 


EXERCISES 11.2 (PAGE 435) 


ї (ру 1 
1. fe) = 5 + TA CD sin nx; , atx = 0 
3 &jc»m-I1 1. 
3. fe = 2 S| ae cos rmx isum] 
a atx=0 
ee ee 
f(x) = | cos пх 
6 п=1 m 
(—1)"*!т 2 . 
} } 31C- D^ = 1] | sin nx 
n mn 
oo ут 
7. №) =т+2У, sin nx 
n-l n 
9 ied Q1 XCUD' +1 
. f(x т ee I TA 1-5 COS nx 
L.X 1 
11. fŒ) = 4 | >>| = sin 77 cos “x 


1 1 
latx = –1, 44x70, ax-1 


13. ушу 77 | EIE = pha 


2, 2-3 — СОВ 5 
—1 ntl 
+ CD ats] 
пт 5 
2 sinh 1 e (= 1)" 
15. f) = sin T E + > т - (cos nx — n sin Z 
17. 


—3q —2m -T 


21. Set x = 772. 


EXERCISES 11.3 (PAGE 442) 
1. odd 3. neither even nor odd 
5. even 7. odd 


9. neither even nor odd 
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11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


43. 


45. 


2 2S (= 1)" 
уо) = = У ‹ н 
T n=l 
2.2 (—lIy—1 
jou | э, " cos nx 
4 оо — |)" 
f(x) = = 4 22 COS птх 
2 б o(..1wl 
Јо) = TaSi а cos пх 
п=1 
_221—(—1)(1+ят), 
fo--z " sin nx 
Ad 
TEE ВШ nT 
Naat EP 2 соз "x 
2,241+(-b" 
FO) = = H 92 Taye cos 
. NT 
2 = Sin 
Јо) == bo COS I TX 
T n=l 
x 1:605 === 
fo--2 " sin NTX 
2 4 (-1)" 
Tw. | т Хр mage 008 290 
fo =2 У 2 
x) = — sin 2nx 
T 4-1 4n? —1 
3s (1*1 
cos — — (— 1)" = 
T 2 <= 2 
f(x) 23 32 5 cos nx 
. nq 
4 = sin 
о) = Ж 2 sin nx 
пт _ 1 
COS ——— 
4 „= 2 nar 
feo = us 2 cos x 
fo) У 4 пт (Cay „опт 
= sin si 
" & (тт? 2 п » 
2 um 3(=1)" = 
f(x) = Pc 2 = E T dis nux 
(ep qeu. 
di ит we sin naX 
т” JE 
ЈО) = 3 Б „2 COS "x = sin nx 
3- Tx 
Јо) а?” , Эп 2птх 
10 < 1—(—1)", 
t t 
xy) юс sinn 
т? = 1 
1) = + 16 t 
Xp) 18 > 948) COS n 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


(dO 1- C1» bol 
47. x(t) = eb aE sin nt VIO sin V | 
1 п+1 
49. (b) у(х) = v 3 “Š C z sin TS 
Wo  2Wo «& sin(nm/2) 
1. - + 
Shade artum >, nEri + 


EXERCISES 11.4 (PAGE 450) 
1. y = cos a,x; a defined by cot a = a; 


= 0.7402, А» = 11.7349, 
= 41.4388, A4 = 90.8082 


yı = cos 0.8603x, y2 = cos 3.4256x, 
уз = cos 6.4373x, y4 = cos 9.5293x 


5. 1 [1 + sin? o] 


2 
т 
7. (a) Àn (| ‚Уп 


а À 
2525 Lupe mm 
0) z] p 0 
o [4s 2T Inx|sin|—Inx]dx = 0,m + 
c ; m5 125, sin ns 1 ‚т=п 
d _ - 
9. — [xe *у']+ ne ^y = 6; 
dx 


| OL nlx)Ln(x) dx = 0, т #n 
0 
11. (a) A, = 1672, y, = sin (4n tan! х), n = 1, 2, 3,... 


td 


EXERCISES 11.5 (PAGE 457) 
1. о = 1.277, œ = 2.339, аз = 3.391, ац = 4441 


sin (4m tan ! x) sin(4ntan ! x) dx 20, m + n 


E 1 
3.9 = 5 атар) A 
агЛ(20;) 
5. f(x) = iX meam ias a fai) 
7. fœ) = "2 cem PET UL 
_ A Jai) | 

9. f(x) : 2 У Jo(aix) 

15. f(x) =4 Рох) + 1 Рух) + PG) — 5 Pala) 4 
21. f(x) = Poa) + $ P309 — i Рд) +, 


fœ = |x| on (71, 1) 


CHAPTER 11 IN REVIEW (PAGE 458) 


1. true 3. cosine 
5. false 7.5.5,1,0 
1 
9. ——,—]-xxl, 
1—2 


Т» OT, (х) dx = 0,т=п 


Кт 
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ANS-19 


ANS-20 


(ies d. це ей 
. X Е a Pm COS NTX 


2 
+ F (—1)" sin | 


le" 
15. (а) f(x) =1—e! + 2 SS coms 
2 2пт[1 — (7-1) e !] . 
(b) f(x) b [we sin nx 
36 п = 1.2,2...., 
Pr | 
Yn = COS T7 nx 
1« Ло) 
21. = —— — Јо(а; 
f= 7 à uas) e? 


EXERCISES 12.1 (PAGE 464) 
1. The possible cases can be summarized in one form 
u = ce +), where c, and сә are constants. 

‚и = cet 067» 

и = сү(ху)? 

. not separable 


ed 2 2. * 
‚и = e (Ajet cosh ax + Взе sinh ax) 


O ч л ш 


и = e "(Are *®' cos ax + Bae" ** sin ax) 
и = e (Aax + Вз) 
11. u = (cı cosh ax + c» sinh ax)(c3 cosh oat + c4 sinh aat) 
и = (cs cos ax + ce sin ax)(c; COS aat + cg sin aat) 
и = (cox + сүу)(сүї + C12) 
13. и = (сү cosh ax + c» sinh ax)(c3 cos ay + сд sin ay) 
u = (cs cos ax + cg sin ax)(c7 cosh ay + cg sinh ay) 
и = (cox + с10)(Сп y + ci») 
15. Еог А = a? > 0 there are three possibilities: 
(i) For0 «o? < 1, 
и = (ci cosh ax + сә sinh ax)(c3 cosh V1 — а2у 
+ c4 sinh V1 = о?у) 
(i) For а? > 1, 
и = (су cosh ах + c» sinh ох) (сз cos Va? — ly 
+ c4 sin Ма? = ly) 
(iii) For o? = 1, 
и = (cı cosh x + со sinh x)(c3y + c4) 


The results for the case A = —o? 


are similar. For A = 0, 
u = (сіх + c2)(c3 cosh у + сд sinh y) 

17. elliptic 19. parabolic 

21. hyperbolic 23. parabolic 


25. hyperbolic 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


EXERCISES 12.2 (PAGE 470) 


ди ð 
LETT, Q«x«L t»0 
ox дї 
д 
щО,у=0, “| =0, r0 
OX |x=L 
u(x, 0) f(x), O<x<L 
ди ди 
з.к——у=—, 0<x<L, 150 
ox дї 
ди 
и(О, t) = 100, = —hu(L,t), t>0 
ІХ (х=, 
и(х,0) = х), O<x<L 
gy 
S — hu = о, Ocx«L, t0, haconstant 


11. 


и(0, t) = sin(zt/L), u(L,f) = 0, t0 
и(х, 0) = 0), O<x<L 


Pu д? 
e=- 0<x<L, t>0 
Ox дї 
u(0,t) =0, u(L,t)=0, t>0 
ди 
u(x, 0) = x(L—-x, = =0, 0<x<L 
ðt |i-0 
9? ð 9? 
gt .5g9 2-9 о<х<1, r0 
ox? ot ә? 
u(0,f) = 0, u(L,f)-—sinmt, t0 
ди 
и(х, 0) = f(x) =} =0, 0<x<L 
Ot [i20 
ди ди 
IL 0<х<4, 0<y<2 
дх2 oy? 
ди 
— =0, ш4, у) = (у), O<y<2 
Ox |x=0 
д 
S =0, ux2)-0 0<х<4 
ду |y=0 


EXERCISES 12.3 (PAGE 473) 


пт |, 
—cos — 
2 2 пт 
‚их f = = У, eg KLM! sin —y 
TT T n L 


1 [® 
. u(x, не 


7 ах 


0 

„2 e ГЬ пт 3238 пт 
= —k(n^a^IL^)t 

Ty >, bn cos L ха) е cos L 1 


ud n пт 
цд = А+ > етт (ле L* + B,sin a} 
= 


1 fE 
where Ao = 2L ү Хо) ах, 
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_ If NTX 4 
E Bi Uu X, 
] [^ . TX 
= ИК L dx 


EXERCISES 12.4 (PAGE 477) 


12 < 1-(-1" nra nT 
1. u(x, t) = tsi 
u(x, t) a >, 2 cos L sin L x 
1. ; 
3. u(x, f) = —sinatsinx 
a 
4 <= deis 1—(—1)" 
5. u(x, f) = — cos nat + 
et) т? |ы” n'na 
„опт 
sin 
8h = 2 nua пт 
7. ux, t) = 225 z COs fsin —x 
п=1 п L 
6h 1= (=1)" nTa 
9. u(x, f) = —; D sin —cos 1510 ——x 
п=1 п 3 
І =] пта пт 
11 и) = > 2 E COS L feos cur 


13. u(L/2,t)=0 for t=0 


15. u(x, t) = e P! > Ades qut + B sin «| sin nx, 
Яп 


п=1 


where An 


2 т 
= 2| fœ) sin nx dx and qn = Мп? — В? 
0 


E 297 22 
п .n ‚опт 
17. и(х,) = X, (л B at + B,sin 72 asin L* 


п=1 


where 


2 |. ‚опт 
-2 (лоч L x dx 


2L |: „опт 
af g(x) sin Ltt 


тта 


В, = 
21. u(x, f) = sinxcosat + t 


1 
23. u(x, t) = an sin 2x sin 2at 
a 


EXERCISES 12.5 (PAGE 483) 


1. u(x, y) = ; > [е sin c dx 


"=" | sinh — b 
a 


„пт, пт 
X sinh — y sin — x 
а а 


a E [reos cas 
"=i | sinh — b ^? 
a 


‚пт . nT 
X sinh — (b — y) sin — x 
а а 


oo 1—(—1)" 
5. u(x, y) = 2 = 


- sinh nzx cos пту 
1 n’ sinh пт 


sinza sinnarx 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


2 = 1 - (07 
7. u(x, у) = 
0 >, 
n cosh nx + sinh nx , 
n cosh na + sinh ит да: 
9. u(x, y) = > (A, cosh пту + B, sinh пту) sin nx, 
п=1 
1 = (=1)" 
where A, = 200 HH 
na 
B, = 200 [1 — (-1)"] [2 Е cosh пт] 
пт sinh ит 


11. u(x, у) = 2 5([7 F(x) sin nx а), 7" sin nx 


13. u(x, y) = > an cosh” "ү FB, sinh " 2, sin = X, 


2 a 
-2 f f sin — x dx 
a Jo a 


2 пт 
B=? [eco sin” sin T ud An cosh =) 
sinh” p V7 20 
a 


15. и = щ + иә, where 


EI Lea 
uj(x, y) = » > т sinh ny sin nx 
2 &l-C1' 
их, y) = = >, _ 
sinh nx + sinh n(m — x) , 
sinh пт BUM 
EXERCISES 12.6 (PAGE 490) 
2 = 1"—1 2 
1. u(x, f) = 100 4 a TO = - e VT sin плтх 
r 
3. u(x, f) = uo — aceto = 1) 


gee 


5. u(x, f) = W(x) + У Аһ етт? gin nx, 


п=1 


where (x) = = [7e 8* + (е В— Dx + 1] 


1 
апа An = Ji Lf) — v9] sin птх dx 
0 


inh 
7. (0) = ш \ si V/hlk : 

sinh V A/k 

A 
9. u(x, ) = сук 0) 
2А со = 
DA b ( COS nat sin NTX 
n-l 
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ANS-21 


pom omes " 
lje ""7' sin nzx 


ANS-22 


11. u(x, у) = (uo — uy + u 


2 = 22, Tt _ 22 E 
+ > n m e nm cost — sint Sian 
то п(п* тё + 1) 
. «co (=1)* А 
15. u(x, t) = +2 + t 
u(x, f) = xsin » Í na nmn D) sin nT 
=)" intlsi 
=> —- sint |sinnX 
пт(п2л? — 1) 
1 ntl oo 1)" p 
17. u(x, f) = ЭЎ = =a e ?'sinnx + 2» — ae 0 "t sinnx 
1л(п — 3) ECL -3* 
— 5 2 1 + jy Em cost + sint А 
. u(x, t) = sinnx 
ant п2лр? n^n^ + 1 


2пт 
nin’ + 


æ» | 4-= 2(—1)" 
(XE cun (лу 


EXERCISES 12.7 (PAGE 495) 


—« € + 
1 "T snnmmqx 


sin a, ja 
ko! cos a,x, where 


1. u(x, = 2h - 
2 a,(h + sin?a,) 

the а, are the consecutive positive roots of cot a = а/л 

= > A, sinh any sin a,x, where 


n-l 


3. u(x, y) 


2h a 
= i n d. 
sinh a, b(ah + соѕ2а, a) | маша 


and the а, are the consecutive positive roots of tan аа = —a/h 


5. u(x, D = Ў Aue 009-17? sin [> -1 
n=1 2L 
== I fo) sin (7 
L X) sin 


Tae = Y 


je where 


1 
e dx 


1 


"Qn — Deosh (™ 


2 
x cosh i 


EXERCISES 12.8 (PAGE 499) 


1. u(x, y, D = b» b Anne ker +”) sin mx sin ny, 


m=1 n=1 
4ug 


mna? 
3. u(x, "ES > A, sin ms sin ny cos a Vn? + nt, 


m=1 n= 


16 m 
d = D) 


where Amn = (=1)"] 


[1 - CD” 


WC D^ = 1] 


where Amn = 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


тт пт 
КУ > Amn Sinh wmn z sin — x sin —— 
т=1 n= a b 


= V (mm/ay. + (na/by and 
4 bla 


5. u(x, y, z) = y, 


where c, 


Am = > f, y) X sin — x sin — y dx dy 


ab sinh (cc) Jo Jo a b 


CHAPTER 12 IN REVIEW (PAGE 499) 


1. и = cet le» 


(ш = uo) 
3. = цу + ————— 
ф(х) = uo ioe 4 
пт 3пт 
cos — — cos —— 
5. ux D) 2h by 4 4 , T 
. u(x, f) = sin nat sin naX 
Ta n? 
100 & 1—(-1»* 
7 inh i 
u(x, y) = >, mae лу 
(24000 1-(CD' a. 
9. u(x, y) — = >, * e "іп ny 


11. u(x, f) = e“ sinx 


13. u(x, t) = А, [Vie + 1cos Vr? + It 


п=1 
+ sin Vn? + 1 1 sin nx 


15. u(x, t) = uo + (и — uo)x  2(u, — uo) 


со 


x > COS Qn 


2, . 
TROU с EN Ont Sin arx 
п=1 An(1 + costa) 


17. u(x, y) = 02 + тх 
>) [(— zt —1] /sinh п(т — у) + sinh ny 
n=l sinh ит 
qoa‘b* NUN ту 
19. w(x, у) = De + jy " sin b 
EXERCISES 13.1 (PAGE 506) 
oo 1 — —1 п 
ad ue. - У aant 
e y 
3. u(r, 0) — =42 2 —усозп@ 
a п 
5. u(r, 0) = Ao + X, r-"(An cos n0 + B, sin n0), 
n-l 
1 Qa 
where Ао = = | /(0)40 
2T 0 
с" 2т 
An =— | f(0)cosn0 d0 
T Jo 
с" 2т 
= — f(0) sin n0d0 
T Jo 
„опт 
и 2ио = ae ry 
Ри 0 | 
7. u(r, 0) ear > г (5 cos nO 
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sinnx 


„опт 
z Sim Ac 

9. u(r, 0) = —4 > AH j cos 2n0 
T all 
r оо by n 

11. u(r, 0) = Ag In| | + > — (A, cosn0 + B, sinn0), 
b =1 r ; 


Odo 
0 
n 2т 
1 n - 4) 700) соѕлө dO 
TJO 


n 1 2m 
| |z, = f(0) sinn0 dé 
Ti Jo 


1 4|, 
| св 25 | Jsino 
r r 


where Apo In 4 = — 


а 
13. u(r, 0) = мј, 


2 со 
15. u(r, Ө) = 20У 


т 2 = nen sinnô 
17. u(r, 0) = Адаг + b» Án (P — r ?") cos 2n6, 
п=1 
т/2 
where Ap = —— f(0)40 
7 102 Jo 
2 т/2. 
Аһ= т(4" — 47") Jo О) cos 2n0 d0 
EXERCISES 13.2 (PAGE 513) 
2 & sina, at 
1. u(r, t) = Jo(at 
una auia e 


po sinh a, (4 — z) 


3. u(r, Jo (a, 
u(r, 2) = wo >, a sinha) na C P 
_ e cosh(a, 2) 
зл) 502, авола) Jag Pete 
E со (=1 y- 
7. u(r, z) = 5d Эре ОЖ TE 5 lon COSNTZ 
n= ot 
9. u(r, т) = У, А, Jolan rje, 
n=1 
2 
where А„ = Pad Р r) f(r) dr 
11. u(r, D) = рУ A, Jalan тетка", 
п=1 
202 1 
where A, = @tP 0а) o rJo (оғ) f(r) dr 


Ji(o)Jo(as т) _ 
13. t) = 100 + 50 отан 
и Е È an Л (2an) ° 


15. (b) u(x, D = YA, cos (as V gf) Jo (2a, V/x), 
n-l 


2 
where А, = | NR vJo(2anv) fv?) dv 


LIiQa, VL) Jo 

17. (b) T(t) = cı cos aat + cı sin aat 
Ө(Ө) = сзсоѕ (80 + c4sin 80 
R(r) = csJg(ar) + ceYg(ar) 


ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


(c) Eigenvalues: v, — n’,n=0,1,2,..., eigenfunctions: 


1, cosn@, ѕіпиө 


Eigenvalues: A; = x2;/c?, i = 1, 2,..., where, for each n, 
x, are the positive roots of J,(ac) = 0, eigenfunctions: 
J, „(0:17 ) 


EXERCISES 13.3 (РАСЕ 516) 


1. u(r, 0) = sl; Palcos 0) + > s (=) рео 0) 


zt essa t assi dcs 
AE 3(cos 0) axis s(cos 


p2n*1— pel 


=>, 


pent 2 а"! _2п +] 


pir pnt Р,„(соѕ 0), where 


Hf f(0)P„(cos 0) sin 0 dé 


Y, Аз, r” Pon (cos 0), where 
n=0 


4п +1 


7. u(r, 0) = 


Aon = 


x (0) P, (cos 0) sin Ө dé 


оо (= е 
> 


9. u(r, t) = 100 4 ' sin nar 
1 со 
11. u(r, t) = — b Аһ COS = t+ B, sin = "S sin pu f 
dm с c с 


where 


2 |* . nm 
А, = = | rf(r) sin —rdr 
€ Jo с 


2 е 
B, = —— | rg(r) sin ER r dr 
0 € 


CHAPTER 13 IN REVIEW (PAGE 517) 


2ug < 1-(-1)"/[r\" . 

1. u(r, 0) = 0 
u(r, 0) - > s (5 sin n 
LA 1-01, 

3. u(r, 0) = > a r" sinn@ 


Ox oP ae A C1 
и т = gan a 2-4n 


sin 4n0 


8 


7. ulr, t) = 2e У, тат! 


1 
——— Jhan 
n-l An Jian) o " í 


cosh(a, z) 
50 
2 a, cosh(4a;) (20) 


9. u(r, z) = 50 Joann) 
3 725 
11. u(r, 0) = 100 5 Р (соѕ 0) — 8 r’P3(cos 0) 


ЕТ ?Ps(cos 0) + 
T s(cos 0) 


1 (22 = т) 


Aug © . f2n-1 
17. u(x, z) = эү 808 тї 
т 41 Qn — hla) 2 
19. u(r, z) — » T e he r) 
77 
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ANS-23 


ANS-24 ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS 


EXERCISES 14.1 (PAGE 522) 
1. (a) Let 7 = i in the integral erf( Vf). 
9. y(t) = e™ erfc(V/mrt ) 


100 =f 
b i b 0 27. u(r, t) = — «s VA | 
11. Use the propery | -Í -| +f d Nt 
0 0 0 a 


RC 
25. u(x, t) = мое "C erf Ё | 


29. u(x, t) = ве =) 
EXERCISES 14.2 (PAGE 527) 
1. u(x, t) = A cos ат sin EXERCISES 14.3 (PAGE 535) 
L L 
1 |” sin a cos ax + 3(1 — cos а) sin ax 

x x 1. f(x) = da 
3. u(x, t) = flt qut 0 a 

a a 

1 [= 
1 2 Я = — | [A + В i А 
Side Е di _ :) FASA of _ J 3. f(x) Lf [A (a) cos ax (a) sin ax] da 
За sin За + cos За — 1 
x 1 where A(a) = ? 
x Ut—-—|-=ef a 
a 2 . 
В(о) = sin За — За cos За 
Fo < 2nL + L—x ~ id 

7.u(x, f) =a E bir: Ту [2 

zo к 5. f(a) 1 | cos ax + o sin ax 

m . Јо) = 7 a 
xaf- 2211 : ó l+a 
E Е * (1 — cos a) sin ax 
í н) 7. f0) =- М a a 
E 9. fG) * (qa sin та + cos па — 1) cos ax 
. f(x) = a 
кај, - ern т), ol 
а 4 |” a sin ax 

9. u(x, f) = 2(t — x) sinh (t — HUM — x) 11. f(x) = :[ Iig 


+ xe соѕ t — e *tsinht ma 
x 13. уо) = — m oda 
11. u(x, f) = ш + (uo — ш) et т Jk +a 


= І 


© а sin ax 
x fœ Е ar k? + о? а 
13. u(x, f) = ио | 1 erfc 
271 * (4 — o?) cos ax 
15. f(x) = da 
x (4 + a’) 
x erfc Vi + Wi 
231 8 |” asinax 
yg FO) = = ‚ a+ o5 a 
15. u(x, t) = | e Hn dr 
2 1 
17. f(x) = — оў х> 0 
х т 1+х 
17. u(x, t) = 60 + 40 а) U(t — 2) 
2Vt—2 19. Let x = 2 in (7). Use a trigonometric identity and replace a 
1- by x. In part (b) make the change of variable 2x = kt. 
19. u(x, f) = 100 |-« evi A 
à EXERCISES 14.4 (PAGE 541) 
[= оо —ka?t 
1 e Я 
+ ete Wi \ 1. u(x, j= Hp t „2 е!“ dg 
21. u(x, f) = ир + uge T sin шй 1 [* cosax P 
| E = F "s e*t da 
-lta 
= 2п+ 1-х P 
23. u(x, f) = ug — u = 1)" | erfc| ——— 2 o | e kat 
к, P ; | | Wat | РЕЧ) —<— sin ax da 
КЕТ Е +1 + ? 
erfc| ————— 2 [®1— , 
2Vkt 5. u(x, 1) — | = ek" sin ax а 
0 
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2 {* sina ио [^ sina(z — x) + sinax 
7. u(x, f) — 2| —— ека cos ах da 7. u(x, f) — 0 | ‹ ) et da 
т a 2T J-« a 
үе 100 [*[1— 
9. (a) u(x, t) = 2 | [o cos aat 9. u(x, y) = | | a 3 
2T J-e T Jo a 
; X [e “*51їп@у-+_2е °751п ax] da 
sinaat\ _. 
+ G(a) ——— e" da 
aa 2r [e В cosh ау A|. 
11. u(x, y) = TET + sin ax da 
; T Јо (1 + а) sinhar a 
2 [* sinh a(m — x) 
11. u(x, y) = TET cos ay da . 
т Jo (1 + a^) sinh от І |” соѕах t o sinax x 
13 u(x, t) = 5 їзїп? e «qw 
100 |” sina _ 7 © 
13. u(x, y) = — e *" cos ax da : 
т [04 2 [= e t 
15. u(x, t) — 2f —5 —. cos ax da 
T Jo a^ + 1 


PAM id sinh a(2 — y) . 
15. u(x, y) — ad F(a) sinh 2a sin ax da 


ио е >, 0<t<1 


2 [= а 17. u(x, t) = 2V1 Р 
17. u(x, у) = 2 | [6% sin ay + e sin ах] da 7 id | u id | 1> 1 
m Jo 1+а? VON} O 2Vt-1 
1 =a оо 4 2 
19. u(x, 0) = ————— e+ Aki) zf F(a)sinh Va? + hy . 
19. ,y) = da, 
V1 4 4kt u(x, y) ml amu R1 sin ax da 
1 ® ета cosh ay uu © 
21. u(x, y) омат) cosh a E da where F(a) = IMS sinax dx 
1 * ее cosh ay t 
= cos ax da = 02/41 Ж.Ж 
TUS Г TENA 21. u(x, 0) = 200 NE e 100x ete; = or 
247 4 —x?/4(t — т) 
25. u(r, z) = 2 | қап) sin a cos az dz. u(x, t) = aoe dt 
т Jo a Ip(a) Мт 0 Vt — т 
CHAPTER 14 IN REVIEW (PAGE 542) EXERCISES 15.1 (PAGE 550) 
де inh zd = 4 
1. u(x, y) = | i m ui ham 05 ox da 1. ún = 15:42 = 15 
то et 6 боз ел З: ИІ] = Uu», = V3/16, un = up = 33/16 
3. u(x, 1) = uel ent x | 5. и = иә = 12.50, изү = из = 18.75, изә = из = 37.50, 
2V1 ип = 6.25, uz = 25.00, изз = 56.25 
t 7. (b = = 0.5427, = = 0.6707, 
5. u(x, t) -Í et a e (b) ia = ii кыры 
0 2VT изд = из = 0.6402, изз = 0.9451, иц = 0.4451 


EXERCISES 15.2 (PAGE 554) 


The tables in this section give a selection of the total number of approximations. 


1. 
Time x = 0.25 x = 0.50 x = 0.75 x = 1.00 x = 1.25 x = 1.50 x = 1.75 
0.000 1.0000 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000 
0.100 0.3728 0.6288 0.6800 0.5904 0.3840 0.2176 0.0768 
0.200 0.2248 0.3942 0.4708 0.4562 0.3699 0.2517 0.1239 
0.300 0.1530 0.2752 0.3448 0.3545 0.3101 0.2262 0.1183 
0.400 0.1115 0.2034 0.2607 0.2757 0.2488 0.1865 0.0996 
0.500 0.0841 0.1545 0.2002 0.2144 0.1961 0.1487 0.0800 
0.600 0.0645 0.1189 0.1548 0.1668 0.1534 0.1169 0.0631 
0.700 0.0499 0.0921 0.1201 0.1297 0.1196 0.0914 0.0494 
0.800 0.0387 0.0715 0.0933 0.1009 0.0931 0.0712 0.0385 
0.900 0.0301 0.0555 0.0725 0.0785 0.0725 0.0554 0.0300 
1.000 0.0234 0.0432 0.0564 0.0610 0.0564 0.0431 0.0233 
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3. 
Time x = 0.25 x = 0.50 x = 0.75 х = 1.00 х= 1.25 x = 1.50 E 1.75 
0.000 1.0000 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000 
0.100 0.4015 0.6577 0.7084 0.5837 0.3753 0.1871 0.0684 
0.200 0.2430 0.4198 0.4921 0.4617 0.3622 0.2362 0.1132 
0.300 0.1643 0.2924 0.3604 0.3626 0.3097 0.2208 0.1136 
0.400 0.1187 0.2150 0.2725 0.2843 0.2528 0.1871 0.0989 
0.500 0.0891 0.1630 0.2097 0.2228 0.2020 0.1521 0.0814 
0.600 0.0683 0.1256 0.1628 0.1746 0.1598 0.1214 0.0653 
0.700 0.0530 0.0976 0.1270 0.1369 0.1259 0.0959 0.0518 
0.800 0.0413 0.0762 0.0993 0.1073 0.0989 0.0755 0.0408 
0.900 0.0323 0.0596 0.0778 0.0841 0.0776 0.0593 0.0321 
1.000 0.0253 0.0466 0.0609 0.0659 0.0608 0.0465 0.0252 
Absolute errors are approximately 2.2 х 10 2, 3.7 X 10 2, 1.3 х 1072. 
5; 
Time x = 0.25 x = 0.50 x = 0.75 х = 1.00 х= 1.25 x = 1.50 x = 1.75 
0.00 1.0000 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000 
0.10 0.3972 0.6551 0.7043 0.5883 0.3723 0.1955 0.0653 
0.20 0.2409 0.4171 0.4901 0.4620 0.3636 0.2385 0.1145 
0.30 0.1631 0.2908 0.3592 0.3624 0.3105 0.2220 0.1145 
0.40 0.1181 0.2141 0.2718 0.2840 0.2530 0.1876 0.0993 
0.50 0.0888 0.1625 0.2092 0.2226 0.2020 0.1523 0.0816 
0.60 0.0681 0.1253 0.1625 0.1744 0.1597 0.1214 0.0654 
0.70 0.0528 0.0974 0.1268 0.1366 0.1257 0.0959 0.0518 
0.80 0.0412 0.0760 0.0991 0.1071 0.0987 0.0754 0.0408 
0.90 0.0322 0.0594 0.0776 0.0839 0.0774 0.0592 0.0320 
1.00 0.0252 0.0465 0.0608 0.0657 0.0607 0.0464 0.0251 
Absolute errors are approximately 1.8 X 1072, 3.7 х 1072, 1.3 х 1072. 
7. (a) 
Time х= 2.00 х = 4.00 х = 6.00 х = 8.00 х = 10.00 х = 12.00 х = 14.00 х = 16.00 х = 18.00 
0.00 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 
2.00 27.6450 29.9037 29.9970 29.9999 30.0000 29.9999 29.9970 29.9037 27.6450 
4.00 25.6452 29.6517 29.9805 29.9991 29.9999 29.9991 29.9805 29.6517 25.6452 
6.00 23.9347 29.2922 29.9421 29.9963 29.9996 29.9963 29.9421 29.2922 23.9347 
8.00 22.4612 28.8606 29.8782 29.9898 29.9986 29.9898 29.8782 28.8606 22.4612 
10.00 21.1829 28.3831 29.7878 29.9782 29.9964 29.9782 29.7878 28.3831 21.1829 


(b) 


Time х=500 х= 10.00 х=1500  x=20.00 х=2500 х=30.00 х= 35.00 x= 40.00 х= 45.00 


0.00 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 
2.00 29.5964 29.9973 30.0000 30.0000 30.0000 30.0000 30.0000 29.9973 29.5964 
4.00 29.2036 29.9893 29.9999 30.0000 30.0000 30.0000 29.9999 29.9893 29.2036 
6.00 28.8212 29.9762 29.9997 30.0000 30.0000 30.0000 29.9997 29.9762 28.8213 
8.00 28.4490 29.9585 29.9992 30.0000 30.0000 30.0000 29.9993 29.9585 28.4490 
10.00 28.0864 29.9363 29.9986 30.0000 30.0000 30.0000 29.9986 29.9363 28.0864 
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(c) 
Time x = 2.00 x = 4.00 x = 6.00 x = 8.00 x = 10.00 x = 12.00 x = 14.00 х=16.00 х= 18.00 
0.00 18.0000 32.0000 42.0000 48.0000 50.0000 48.0000 42.0000 32.0000 18.0000 
2.00 15.3312 28.5348 38.3465 44.3067 46.3001 44.3067 38.3465 28.5348 15.3312 
4.00 13.6371 25.6867 34.9416 40.6988 42.6453 40.6988 34.9416 25.6867 13.6371 
6.00 12.3012 23.2863 31.8624 37.2794 39.1273 37.2794 31.8624 23.2863 12.3012 
8.00 11.1659 21.1877 29.0757 34.0984 35.8202 34.0984 29.0757 21.1877 11.1659 
10.00 10.1665 19.3143 26.5439 31.1662 32.7549 31.1662 26.5439 19.3143 10.1665 
(d) 
Time х = 10.00 x — 20.00 x — 30.00 x — 40.00 x — 50.00 x = 60.00 х= 70.00 x = 80.00 x = 90.00 
0.00 8.0000 16.0000 24.0000 32.0000 40.0000 32.0000 24.0000 16.0000 8.0000 
2.00 8.0000 16.0000 23.9999 31.9918 39.4932 31.9918 23.9999 16.0000 8.0000 
4.00 8.0000 16.0000 23.9993 31.9686 39.0175 31.9686 23.9993 16.0000 8.0000 
6.00 8.0000 15.9999 23.9978 31.9323 38.5701 31.9323 23.9978 15.9999 8.0000 
8.00 8.0000 15.9998 23.9950 31.8844 38.1483 31.8844 23.9950 15.9998 8.0000 
10.00 8.0000 15.9996 23.9908 31.8265 37.7498 31.8265 23.9908 15.9996 8.0000 
9. (a) 
Time x = 2.00 x = 4.00 x = 6.00 x = 8.00 x = 10.00 x = 12.00 x = 14.00 x = 16.00 x = 18.00 
0.00 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 
2.00 27.6450 29.9037 29.9970 29.9999 30.0000 30.0000 29.9990 29.9679 29.2150 
4.00 25.6452 29.6517 29.9805 29.9991 30.0000 29.9997 29.9935 29.8839 28.5484 
6.00 23.9347 29.2922 29.9421 29.9963 29.9997 29.9988 29.9807 29.7641 27.9782 
8.00 22.4612 28.8606 29.8782 29.9899 29.9991 29.9966 29.9594 29.6202 27.4870 
10.00 21.1829 28.3831 29.7878 29.9783 29.9976 29.9927 29.9293 29.4610 27.0610 
(b) 
Time х=5.00 x= 10.00 x = 15.00 x=2000 х= 25.00 х=30.00 х= 35.00 х= 40.00 х = 45.00 
0.00 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 30.0000 
2.00 29.5964 29.9973 30.0000 30.0000 30.0000 30.0000 30.0000 29.9991 29.8655 
4.00 29.2036 29.9893 29.9999 30.0000 30.0000 30.0000 30.0000 29.9964 29.7345 
6.00 28.8212 29.9762 29.9997 30.0000 30.0000 30.0000 29.9999 29.9921 29.6071 
8.00 28.4490 29.9585 29.9992 30.0000 30.0000 30.0000 29.9997 29.9862 29.4830 
10.00 28.0864 29.9363 29.9986 30.0000 30.0000 30.0000 29.9995 29.9788 29.3621 
(с) 
Time x = 2.00 x = 4.00 x = 6.00 x = 8.00 x = 10.00 x = 12.00 x = 14.00 x = 16.00 x = 18.00 
0.00 18.0000 32.0000 42.0000 48.0000 50.0000 48.0000 42.0000 32.0000 18.0000 
2.00 15.3312 28.5350 38.3477 44.3130 46.3327 44.4671 39.0872 31.5755 24.6930 
4.00 13.6381 25.6913 34.9606 40.7728 42.9127 41.5716 37.4340 31.7086 25.6986 
6.00 12.3088 23.3146 31.9546 37.5566 39.8880 39.1565 35.9745 31.2134 25.7128 
8.00 11.1946 21.2785 29.3217 34.7092 37.2109 36.9834 34.5032 30.4279 25.4167 
10.00 10.2377 19.5150 27.0178 32.1929 34.8117 34.9710 33.0338 29.5224 25.0019 
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(d) 

Time х = 10.00 x — 20.00 x — 30.00 x — 40.00 x — 50.00 x = 60.00 х = 70.00 x = 80.00 x = 90.00 
0.00 8.0000 16.0000 24.0000 32.0000 40.0000 32.0000 24.0000 16.0000 8.0000 
2.00 8.0000 16.0000 23.9999 31.9918 39.4932 31.9918 24.0000 16.0102 8.6333 
4.00 8.0000 16.0000 23.9993 31.9686 39.0175 31.9687 24.0002 16.0391 9.2272 
6.00 8.0000 15.9999 23.9978 31.9323 38.5701 31.9324 24.0005 16.0845 9.7846 
8.00 8.0000 15.9998 23.9950 31.8844 38.1483 31.8846 24.0012 16.1441 10.3084 

10.00 8.0000 15.9996 23.9908 31.8265 37.7499 31.8269 24.0023 16.2160 10.8012 


11. (a) yœ) = 1х + 20 


(b) 
Time x = 4.00 x = 8.00 x = 12.00 x = 16.00 
0.00 50.0000 50.0000 50.0000 50.0000 
10.00 32.7433 44.2679 45.4228 38.2971 
30.00 26.9487 32.1409 34.0874 32.9644 
50.00 24.1178 27.4348 29.4296 30.1207 
70.00 22.8995 25.4560 27.4554 28.8998 
90.00 22.3817 24.6176 26.6175 28.3817 
110.00 22.1619 24.2620 26.2620 28.1619 
130.00 22.0687 24.1112 26.1112 28.0687 
150.00 22.0291 24.0472 26.0472 28.0291 
170.00 22.0124 24.0200 26.0200 28.0124 
190.00 22.0052 24.0085 26.0085 28.0052 
210.00 22.0022 24.0036 26.0036 28.0022 
230.00 22.0009 24.0015 26.0015 28.0009 
250.00 22.0004 24.0007 26.0007 28.0004 
270.00 22.0002 24.0003 26.0003 28.0002 
290.00 22.0001 24.0001 26.0001 28.0001 
310.00 22.0000 24.0001 26.0001 28.0000 
330.00 22.0000 24.0000 26.0000 28.0000 
350.00 22.0000 24.0000 26.0000 28.0000 


EXERCISES 15.3 (PAGE 558) 


The tables in this section give a selection of the total number of approximations. 


1. (a) (b) 
Time x = 0.25 x = 0.50 x = 0.75 Time х=04 х=08 x=1.2 x= 1.6 
0.00 0.1875 0.2500 0.1875 0.00 0.0032 0.5273 0.5273 0.0032 
0.20 0.1491 0.2100 0.1491 0.20 0.0652 0.4638 0.4638 0.0652 
0.40 0.0556 0.0938 0.0556 0.40 0.2065 0.3035 0.3035 0.2065 
0.60 —0.0501 —0.0682 —0.0501 0.60 0.3208 0.1190 0.1190 0.3208 
0.80 —0.1361 —0.2072 —0.1361 0.80 0.3094 —0.0180 —0.0180 0.3094 
1.00 —0.1802 —0.2591 —0.1802 1.00 0.1450 —0.0768 —0.0768 0.1450 
(c) 
Time х= 0.1 х= 0.2 х= 0.3 х= 0.4 х= 0.5 x — 0.6 х= 0.7 х = 0.8 х = 0.9 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.5000 0.5000 0.5000 0.5000 
0.12 0.0000 0.0000 0.0082 0.1126 0.3411 0.1589 0.3792 0.3710 0.0462 
0.24 0.0071 0.0657 0.2447 0.3159 0.1735 0.2463 —0.1266 —0.3056 —0.0625 
0.36 0.1623 0.3197 0.2458 0.1657 0.0877 —0.2853 —0.2843 —0.2104 —0.2887 
0.48 0.1965 0.1410 0.1149 —0.1216 —0.3593 —0.2381 —0.1977 —0.1715 0.0800 
0.60 —0.2194 — 0.2069 —0.3875 —0.3411 —0.1901 —0.1662 —0.0666 0.1140 —0.0446 
0.72 —0.3003 —0.6865 —0.5097 —0.3230 —0.1585 0.0156 0.0893 —0.0874 0.0384 
0.84 —0.2647 —0.1633 —0.3546 —0.3214 —0.1763 —0.0954 —0.1249 0.0665 —0.0386 
0.96 0.3012 0.1081 0.1380 —0.0487 —0.2974 —0.3407 —0.1250 —0.1548 0.0092 
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3. (a) (b) 
Time х=02 x-04 x=06 х=08 Time x = 0.2 х = 0.4 x = 0.6 x = 0.8 
0.00 0.5878 0.9511 0.9511 0.5878 0.00 0.5878 0.9511 0.9511 0.5878 
0.10 0.5599 0.9059 0.9059 0.5599 0.05 0.5808 0.9397 0.9397 0.5808 
0.20 0.4788 0.7748 0.7748 0.4788 0.10 0.5599 0.9060 0.9060 0.5599 
0.30 0.3524 0.5701 0.5701 0.3524 0.15 0.5257 0.8507 0.8507 0.5257 
0.40 0.1924 0.3113 0.3113 0.1924 0.20 0.4790 0.7750 0.7750 0.4790 
0.50 0.0142 0.0230 0.0230 0.0142 0.25 0.4209 0.6810 0.6810 0.4209 
0.30 0.3527 0.5706 0.5706 0.3527 
0.35 0.2761 0.4467 0.4467 0.2761 
0.40 0.1929 0.3122 0.3122 0.1929 
0.45 0.1052 0.1701 0.1701 0.1052 
0.50 0.0149 0.0241 0.0241 0.0149 
5. 
Time x = 10 x = 20 x = 30 x = 40 x =50 
0.00000 0.1000 0.2000 0.3000 0.2000 0.1000 
0.60134 0.0984 0.1688 0.1406 0.1688 0.0984 
1.20268 0.0226 —0.0121 0.0085 —0.0121 0.0226 
1.80401 —0.1271 —0.1347 —0.1566 —0.1347 0.1271 
2.40535 —0.0920 —0.2292 —0.2571 —0.2292 —0.0920 
3.00669 —0.0932 —0.1445 —0.2018 —0.1445 —0.0932 
3.60803 —0.0284 —0.0205 0.0336 —0.0205 —0.0284 
4.20936 0.1064 0.1555 0.1265 0.1555 0.1064 
4.81070 0.1273 0.2060 0.2612 0.2060 0.1273 
5.41204 0.0625 0.1689 0.2038 0.1689 0.0625 
6.01338 0.0436 0.0086 —0.0080 0.0086 0.0436 
6.61472 —0.0931 —0.1364 —0.1578 —0.1364 —0.0931 
7.21605 —0.1436 —0.2173 —0.2240 —0.2173 —0.1436 
7.81739 —0.0625 —0.1644 —0.2247 —0.1644 —0.0625 
8.41873 —0.0287 —0.0192 —0.0085 —0.0192 —0.0287 
9.02007 0.0654 0.1332 0.1755 0.1332 0.0654 
9.62140 0.1540 0.2189 0.2089 0.2189 0.1540 


Note: Time is expressed in milliseconds. 


CHAPTER 15 IN REVIEW (PAGE 559) 
1. и = 0.8929, и = 3.5714, изу = 13.3929 


3. (а) (b) 
x — 0.20 x — 0.40 x — 0.60 x — 0.80 x = 0.20 x = 0.40 x = 0.60 x = 0.80 
0.2000 0.4000 0.6000 0.8000 0.2000 0.4000 0.6000 0.8000 
0.2000 0.4000 0.6000 0.5500 0.2000 0.4000 0.6000 0.8000 
0.2000 0.4000 0.5375 0.4250 0.2000 0.4000 0.6000 0.5500 
0.2000 0.3844 0.4750 0.3469 0.2000 0.4000 0.5375 0.4250 
0.1961 0.3609 0.4203 0.2922 0.2000 0.3844 0.4750 0.3469 
0.1883 0.3346 0.3734 0.2512 0.1961 0.3609 0.4203 0.2922 


(c) Yes; the table in part (b) is the table in part (a) shifted downward. 
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EXERCISES FOR APPENDIX A (PAGE APP-9) ў -2 -2 -1 
1. 120 3. Мт 21. nonsingular; А! = -9 =13 3 7 
5, 1 Vr 7. $ VT 8 -1 -5 
9. is VT 11. 0.9182 P 1 {озен e" 

13. 0.9086 15. (x + 3)(х + 2)x + Dx Гб) 23.A (= rs pl 

т 1 5,71 

17.415 19. зң "T E 

. d = =e 

21. 33 23. Ут Jet 

25. 0.1836 29. т ах _ йү s Da 

31. 1л 33. Sar Ы TN 

39. 5 41. Ё á , 18.1 

4e — 181 0 

43. F'(x) = 60e ^ —e* — 302] Ге dt 

* 14 1 : 
ge" — д (Шт) sin zt 
45. F'(x) = —sinx( + соѕ2х)!0 — 2x (i + x)! (c) i 2 4 l dis | 
+ | 1002 + 2)? dt 31.2=3,y=1,2=—-5 
| * 33.х=2 +4, y=-5-tz=t 
47. F'(x) = e?"*sin(cosx) 35.x--Ly- 3 z=} 
т 
55. (а) We (b) Vax+C (c) Утх 37. x, = 1, о = 0, 3 = 2, x4 = 0 
0 $ 3 
EXERCISES FOR APPENDIX B Mito i 
(PAGE APP-26) M Фр 
3: us 
2 1] —6 1 
1. = 
(a) | Mi 0) | 14 -19 2 E 
5 ba 43.А = 2 2 =] 
=й -=1 1 
© b Е Ve M m 
Z о % 6 6 
= 11 6 —32 27 1 1 4 
1 2, A E 
(n) pma) кы 
{1 ] 
19 —18 19 6 —5 1 5 zi 
2 2. 3 
©) E 4 @ | 3 |! B , 
. m 9 24 m 3 8 ават (к= (1 
id D -6 -16 | 
0 0 <4) 25 ла ак 1) 
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A 
Absolute convergence of a power series, 237 
Absolute error, 78—79 
Acceleration due to gravity, 27, 197 
Adams-Bashforth-Moulton method, 379 
Adams-Bashforth predictor, 379 
Adams-Moulton corrector, 379 
Adaptive numerical method, 377 
Addition: 
of matrices, APP-12 
of power series, 239 
Aging spring, 201, 266-267, 274 
Agnew, Ralph Palmer, 140 
Air resistance: 
proportional to square of velocity, 31, 46, 
103, 105, 377 
proportional to velocity, 27, 46, 94 
Airy, George Biddel, 248 
Airy functions: 
of the first kind, APP-6 
graphs of first and second kind, APP-7 
of the second kind, APP-6 
Airy's differential equation: 
definition of, 248 
numerical solution curves, 251 
power series solutions of, 247—248 
solution in terms of Bessel functions, 274 
Algebra of matrices, APP-11 
Algebraic equations, methods for 
solving, APP-18 
Allee, Warder Clyde, 115 
Alternative form of second translation 
theorem, 300 
Ambient temperature, 24, 87 
Amperes (A), 26 
Amplitude: 
damped, 204 
of free vibrations, 199 
Analytic at a point, 238 
Anharmonic overtones, 514 
Annihilator approach method of undetermined 
coefficients, 152 
Annihilator differential operator, 152-153 
Annular cooling fin, 277 
Approaches to the study of differential 
equations: 
analytical, 28-29 
numerical, 28—29 
qualitative, 28—29 
Arc, 393 
Archimedes' principle, 31 
Arithmetic of power series, 239 
Associated homogeneous differential 
equation, 121 
Associated homogeneous system, 338 
Asymptotically stable critical point, 43, 406 
Attractor, 43, 343, 404 
Augmented matrix: 
definition of, APP-18 
elementary row operations on, APP-18 
in reduced row-echelon form, APP-19 
in row-echelon form, APP-18 
Autonomous differential equation: 
direction field of, 43 
first-order, 39 
second-order, 191, 406 


translation property of, 43 
Autonomous systems of differential equations: 
definition of, 391 
as mathematical models, 414 
Auxiliary equation: 
for Cauchy-Euler equations, 167 
for linear equations with constant 
coefficients, 135, 138, 139 
roots of, 136, 139 
Axis of symmetry of a beam, 214 


B 
Backward difference, 386 
Banded matrix, 548 
Ballistic pendulum, 230 
BC, 19, 120, 468 
Beams: 
cantilever, 214, 215 
deflection curve of, 214 
embedded, 214, 478 
free, 214 
simply supported, 215 
static deflection of, 301 
supported on an elastic foundation, 328 
vibrating, 478 
Beats, 212 
Bell curve, 521 
Bending of a circular plate, 172 
Bernoulli's differential equation, 73 
Bessel, Friedrich Wilhelm, 262 
Bessel functions: 
aging spring and, 266-267 
differential equations solvable in terms of, 266 
differential recurrence relations for, 268—269 
of the first kind, 264 
graphs of, 264, 265 
of half-integral order, 269 
modified of the first kind, 265 
modified of the second kind, 265 
numerical values of, 267-268 
of order v, 264 
of order 5, 269-270 
of order —3, 269-270 
orthogonal set of, 449 
properties of, 267 
recurrence relation for, 273 
of the second kind, 264 
spherical, 270 
zeros of, 268 
Bessel series, 451 
Bessel’s differential equation: 
general solution of, 264 
modified of order v, 265 
of order v, 262 
parametric modified of order v, 266 
parametric of order v, 265 
in self-adjoint form, 449 
solution of, 262 
Beta function, APP-5 
Boundary conditions: 
definition of, 19, 120, 179, 214, 215, 218, 468 
Dirichlet, 468 
homogeneous, 179, 446 
Neumann, 468 
nonhomogeneous, 446 
periodic, 448 


Robin, 468 
separated, 446 
Boundary-value problem: 
definition of, 19, 120, 215, 469 
eigenfunctions of, 216, 471, 474, 480 
eigenvalues of, 216, 471, 474, 480 
homogeneous, 179, 446 
nonhomogeneous, 179, 446 
numerical methods for ODEs, 385—388 
numerical methods for PDEs, 544 
for an ordinary differential equations, 19, 120, 
215-218 
for a partial differential equation, 460, 465, 
468, 502 
periodic, 448 
shooting method for, 388 
singular, 448 
Boundary point, 546 
Boxcar function, 302 
Branch point, 111 
Buckling modes, 217 
Buckling of a tapered column, 261 
Buckling of a thin vertical column, 274 
Buoyant force, 31 
BVP, 19, 120, 215 


С 
Cable strung between two vertical supports, 28, 
54, 225 
Calculation of order h”, 370-371 
Cambridge half-life of C-14, 87 
Cantilever beam, 214-215 
Capacitance, 26 
Carbon dating, 86 
Carrying capacity, 97 
Catenary, 225 
Cauchy, Augustin-Louis, 166 
Cauchy-Euler differential equation: 
auxiliary equation for, 167 
definition of, 166, 171 
general solution of, 167—168 
method of solution for, 166—167 
reduction to constant coefficients, 170 
Center, 402 
Center of a power series, 237 
Central difference, 386 
Central difference approximations, 387 
Chain, oscillating, 514 
Chain pulled up by a constant force, 227 
Change of scale theorem, 286 
Characteristic equation of a matrix, 341, APP-23 
Characteristic values, APP-22 
Characteristic vectors, APP-22 
Chebyshev, Pafnuty, 276 
Chebyshev polynomials, 276, 458 
Chebyshev’s differential equation, 276, 458 
Chemical reactions: 
first-order, 24 
second-order, 24—25, 100 
Circuits, differential equations of, 26, 90, 207—209 
Circular frequency, 198 
Clamped end of a beam, 214 
Classification of critical points, 43, 399-403, 
410-411 
Classification of ordinary differential equations: 
by linearity, 5 
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Classification of ordinary differential equations: 


(Continued) 

by order, 4 

by type, 3 
Classification of second-order PDEs, 463 
Clepsydra, 106 
Cofactor, APP-14, APP-15, APP-16 
Column bending under its own weight, 274 
Column matrix, 334, APP-11 
Compatibility condition, 484 
Competition models, 110—111, 418-420 
Competition term, 97 
Competitive interactions, 418 
Complementary error function: 

definition of, 60, 521, APP-3 

graph of, 521 

properties of, 60, 521 
Complementary function: 

for a homogeneous linear differential 

equation, 128 

for a homogeneous linear system, 338 
Complete set: 

of orthogonal functions, 430 

of vectors, 429 
Complex form of a Fourier integral, 534 
Complex form of a Fourier series, 436 
Components of a vector, 428 
Concentration of a nutrient in a cell, 114 


Constant solution of plane autonomous system, 393 


Continuing method, 378 
Continuous compound interest, 23, 92 
Contour integral, 536 
Convergence, conditions for: 

Fourier-Bessel series, 454 

Fourier integral, 530-531 

Fourier series, 432—433 

Fourier-Legendre series, 456 
Convergence of an improper integral, 279, 

531, 537 

Convergence, interval of, 237 
Convergence of a power series, 237 
Convolution of two functions, 307 
Convolution theorem, Fourier transform, 541 
Convolution theorem, inverse form of, 309, 541 
Convolution theorem, Laplace transform, 308 
Cooling fin, temperature in a, 277 
Cooling/Warming, Newton’s Law of, 24, 87—88 
Cosine integral function: 

definition of, APP-6 

graph of, APP-7 
Cosine series: 

in one variable, 437—438 

in two variables, 498 
Coulomb, Charles Augustin de, 329 
Coulomb friction, 233, 329 
Coulombs (C), 26 
Coupled pendulums, 324, 329 
Coupled springs, 233, 322, 325 
Cover-up method, 292 
Cramer’s Rule, 161, 164 
Crank-Nicholson method, 553—554 
Criterion for an exact differential, 65 
Critical loads, 217 
Critical point of an autonomous first-order 

differential equation: 

asymptotically stable, 43 

definition of, 39 

isolated, 46 

semi-stable, 43 

stability criteria for, 408 

unstable, 43 


Critical point of plane autonomous system: 
asymptotically stable, 406 
definition of, 393 
locally stable, 397, 406 
stability criteria for, 404, 409 
stable, 399, 402, 406 
unstable, 397, 399, 402 
Critical speeds, 221 
Critically damped series circuit, 208 
Critically damped spring/mass system, 202 
Curvature, 192, 214 
Cycle, 393 
Cycloid, 115 
Cylinder functions, 513 


D 
D’Alembert’s solution, 478 
Damped amplitude, 204 
Damped motion, 202 
Damped nonlinear pendulum, 228—229 
Damping constant, 204 
Damping factor, 202 
Daphnia, 97 
DE, 3 
Dead Sea scrolls, 87 
Dead zone, 329 
Death rate due to predation, 417 
Decay, radioactive, 23, 85, 86-87 
Decay constant, 86 
Defective matrix, APP-25, APP-26 
Definition, interval of, 6 
Deflection of a beam, 214—215 
Deflection curve, 214 
Deflection of a rotating shaft, 221 
Degenerate nodes, 401 
Density-dependent hypothesis, 97 
Derivative of an integral, 11, APP-7, APP-8 
Derivative notation, 4 
Derivatives of a Laplace transform, 306 
Determinant of a square matrix: 
definition of, APP-14 
expansion by cofactors, APP-14 
Diagonal matrix, 363 
Difference equation replacement: 
for an ordinary differential equation, 387 
for a partial differential equation, 545, 550, 
551,553 
Difference quotients, 386, 545, 553, 556 
Differences, finite, 386 
Differential, exact, 65 
Differential equation: 
Airy, 248, 251, 274 
autonomous, 39, 191 
Bernoulli, 73 
Bessel, 262 
Cauchy-Euler, 166 
Chebyshev, 276 
definition of, 3 
differential form of, 4 
exact, 65 
explicit solution of, 8 
families of solutions for, 9 
first order, 4, 5, 6, 36 
Hermite, 275 
higher order, 118 
with homogeneous coefficients, 72 
homogeneous linear, 121 
implicit solution of, 8 
Laguerre, 317 
Legendre, 262 


linear, 5, 55, 119, 121 
modified Bessel, 265 
nonautonomous, 39, 191 
nonhomogeneous linear, 121 
nonlinear, 6 
normal form of, 5 
notation for, 4 
order of, 4 
ordinary, 3 
parametric Bessel, 264-265 
parametric modified Bessel, 266 
partial, 3 
particular solution of, 9 
piecewise-linear, 59 
Riccati, 76 
separable, 47 
singular points of, 243 
solution of, 6 
standard form of, 55, 160, 161, 243, 253 
systems of, 10-11, 107, 183, 322, 332, 
type of, 3 
Differential equations as mathematical models, 
22-28, 85, 96, 107, 197, 213, 222 
Differential equations solvable in terms of Bessel 
functions, 264—267 
Differential form of a first-order equation, 4, 64 
Differential of a function of two variables, 65 
Differential operator, 122, 152-153 
Differential recurrence relation, 268 
Differentiation notation, 4 
Differentiation of a power series, 238 
Diffusion equation, 470 
Dirac delta function: 
definition of, 318-319 
Laplace transform of, 319 
Direction field of a first-order differential 
equation: 
for an autonomous first-order differential 
equation, 43 
definition of, 37 
method of isoclines for, 39 
nullclines for, 45 
Dirichlet condition, 468 
Dirichlet problem: 
for a circle, 503 
definition of, 481 
for a rectangle, 481 
for a sphere, 515 
superposition principle for, 481—482 
Discontinuous coefficients, 59 
Discretization error, 370 
Distributions, theory of, 320 
Divergence of an improper 
integral, 279 
Divergence of a power series, 237 
Domain: 
of a function, 7 
of a solution, 6-7 
Doomsday equation, 104 
Dot notation, 4 
Double cosine series, 498 
Double eigenvalues, 505 
Double pendulum, 324 
Double sine series, 498 
Double spring system, 201, 233, 322 
Draining of a tank, 26, 102-103, 106 
Driven motion, 204—207 
Driving function, 197 
Drosophila, 97 
Duffing’s differential equation, 228 
Dynamical system, 29, 127, 392 
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Effective spring constant, 201 
Eigenfunctions of a boundary-value problem, 
215, 216, 444, 445-446, 448, 471 
Eigenvalues of a boundary-value problem, 215, 
216, 444, 445-446, 448, 471 
Eigenvalues of a matrix: 
complex, 348 
definition of, 341, APP-22 
distinct real, 341 
of multiplicity m, 345 
of multiplicity three, 347 
of multiplicity two, 345 
repeated, 344 
Eigenvectors of a matrix, 341 
Elastic curve, 214 
Electrical networks, 111, 323 
Electrical series circuits, analogy with 
spring/mass systems, 207 
Electrical vibrations: 
forced, 208 
free, 208 
Elementary functions, 11 
Elementary row operations: 
definition of, APP-18 
notation for, APP-19 
Elimination methods: 
for systems of algebraic equations, APP-18 
for systems of ordinary differential 
equations, 183 
Embedded end of a beam, 214, 478 
Emigration model, 99 
Empirical laws of heat conduction, 466 
Elliptic linear second-order PDE, 463 
Environmental carrying capacity, 97 
Equality of matrices, APP-11 
Equation of motion, 198 
Equilibrium point, 39 
Equilibrium position of a spring/mass 
system, 197, 200 
Equilibrium solution, 40 
Error: 
absolute, 78 
analysis, 369—371 
discretization, 370 
formula, 370 
global truncation, 371 
local truncation, 370, 373 
percentage relative, 79 
relative, 79 
round off, 369 
Error function: 
definition of, 60, 521, APP-3 
graph of, 521 
properties of, 60, 521 
Escape velocity, 229 
Euler, Leonhard, 166, APP-3 
Euler formulas for the coefficients of a 
Fourier series, 432 
Euler load, 217 
Euler's constant, 267, 317 
Euler's formula, 136 
Euler's method: 
for first-order differential equations, 78, 369 
improved, 371—372 
for second-order differential equations, 381 
for systems, 385 
Evaporating raindrop, 95 
Evaporation, 104 
Even function: 
definition of, 436 


properties of, 437 
Exact differential: 
criterion for, 65 
definition of, 65 
Exact differential equation: 
definition of, 65 
method of solution, 66 
Existence: 
of a Fourier transform, 530-531 
of a fundamental set of solutions, 125 
interval of, 6, 18, 119 
of a Laplace transform, 282-283 
and uniqueness of a solution, 17-18, 119 
Explicit finite difference method: 
definition of, 551 
stability of, 552—553 
Explicit solution, 8 
Exponential form of the Fourier integral, 534 
Exponential growth and decay, 23, 85-86 
Exponential integral function: 
definition of, APP-6 
graph of, APP-7 
Exponential matrix: 
computation of, 362-363, 364 
definition of, 362 
derivative of, 363 
Exponential order, 282 
Exponents of a singularity, 256 
Extreme displacement, 198 


F 
Factorial function, APP-4 
Falling body, 26—27, 31, 94 
Falling chain, 71 
Falling raindrop, 34, 95, 106 
Family of solutions, 9 
Farads (f), 26 
Fick's law, 115 
Finite difference approximations, 386-387, 545, 
551, 555-556 
Finite difference: 
backward, 386 
central, 386 
definition of, 
equation, 387 
forward, 386 
quotients, 386 
First buckling mode, 217 
First harmonic, 476 
First normal mode, 476 
First standing wave, 476 
First translation theorem: 
form of, 295 
inverse form of, 295 
First-order chemical reaction, 24, 85 
First-order differential equations: 
applications of, 23—26, 27-28, 85, 96 
methods for solving, 47, 55, 64, 72 
First-order initial-value problem, 15 
First-order Runge-Kutta method, 374 
First-order system, 333 
First-order system of differential equations: 
definition of, 11, 333 
linear system, 333 
Five-point approximation to Laplacian, 545 
Flexural rigidity, 214 
Flux of heat, 468 
Focus, 404 
Folium of Descartes, 11, 414 
Forced electrical vibrations, 208 
Forced motion of a spring/mass system, 205 
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Forcing function, 129, 173, 204—205 
Forgetfulness, mathematical model for, 33 
Formula error, 370 
Forward difference, 386 
Fourier, Jean Baptiste Joseph, 432 
Fourier-Bessel series: 
conditions for convergence, 454 
definition of, 453—454 
forms of, 452 
Fourier coefficients, 432, 438 
Fourier cosine series, 437—438 
Fourier cosine transform: 
of derivatives, 538 
definition of, 537 
existence of, 537 
inverse of, 537 
Fourier integral: 
complex form of, 534 
conditions for convergence, 530-531 
cosine form of, 532 
definition of, 530 
sine form of, 532 
Fourier-Legendre series: 
alternative forms of, 457, 458 
conditions for convergence, 456 
definition of, 456 
Fourier series: 
coefficients, 432 
complex form of, 436 
conditions for convergence, 432—433 
definition of, 432 
fundamental period of, 434 
generalized, 429 
sequence of partial sums of, 435 
Fourier sine series, 437—438 
Fourier sine transform: 
definition of, 536 
of derivatives, 537—538 
existence of, 537 
inverse of, 537 
Fourier transform: 
convolution theorem for, 541 
definition of, 536 
of derivatives, 537 
existence of, 537 
inverse of, 536 
Fourier transform pairs, 536 
Fourth-order Runge-Kutta method: 
for first-order differential equations, 79, 375 
for second-order differential equations, 381 
for systems of first-order equations, 383 
truncation errors for, 376 
Free electrical vibrations, 208 
Free motion of a spring/mass system: 
damped, 202 
undamped, 197—198 
Free-end conditions, 477 
Freely falling body, 26-27, 31, 103 
Frequency: 
circular, 198 
natural, 198 
of simple harmonic motion, 198 
Frequency response curve, 213 
Fresnel cosine integral: 
definition of, APP-6 
graph of, APP-7 
Fresnel sine integral: 
definition of, 62, 63, 521, APP-6 
graph of, APP-7 
Frobenius, Ferdinand Georg, 254 
Frobenius, method of, 254 
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Frobenius’ theorem, 254 
Fulcrum supported end of a beam, 215 
Full-wave rectification of sine function, 316 
Functions defined by integrals, 11, 134, APP-3 
Fundamental critical speed, 201 
Fundamental frequency, 476 
Fundamental matrix, 358, 364 
Fundamental mode of vibration, 476 
Fundamental period, 430 
Fundamental set of solutions: 

existence of, 125, 337 

of a linear ordinary differential 

equation, 125 
of a linear system, 337 


G 
g (acceleration due to gravity), 27 
Galileo Galilei, 27 
Galloping Gertie, 234-235 
Gamma function: 
definition of, APP-3, APP-9 
graph of, APP-3 
recursion relation for, 263, 285, APP-4 
Gauss’ hypergeometric function, 262 
Gaussian elimination, 388, APP-18 
Gauss-Jordan elimination, 344, 345, APP-18 
Gauss-Seidel iteration, 548 
General form of a differential equation, 5, 461 
General solution: 
of Bessel’s differential equation, 264, 265 
of a Cauchy-Euler differential 
equation, 167—168 
of a differential equation, 12 
of a homogeneous linear differential 
equation, 126, 136-137 
of a homogeneous system of linear 
differential equations, 337 
of a linear first-order differential equation, 57 
of the modified Bessel’s differential equation, 
265, 266 
of a nonhomogeneous linear differential 
equation, 127 
of a nonhomogeneous system of linear 
differential equations, 338 
Generalized factorial function, APP-4 
Generalized Fourier series, 429 
Generalized functions, 320 
George Washington Monument, 214 
Gibbs phenomenon, 439 
Global truncation error, 371 
Gompertz, Benjamin, 100 
Gompertz differential equation, 99-100 
Gospel of Judas, 87 
Gram-Schmidt orthogonalization process, 430 
Green’s function: 
for a boundary-value problem, 180 
for an initial-value problem, 173—174 
relationship to Laplace transform, 312 
for a second-order differential operator, 174 
Growth and decay, 23, 85 
Growth constant, 86 


H 

Half-life: 
of carbon-14, 87 
definition of, 86 
of plutonium-239, 86 
of potassium-40, 112 
of radium-226, 86 
of uranium-238, 86 


Half-range expansions, 440 
Half-wave rectification of sine function, 317 
Hard spring, 223, 414 
Harvesting of a fishery, model of, 99 
Heart pacemaker, model for, 64, 95 
Heat equation: 

difference equation replacement of, 551 

derivation of, 466-467 

one dimensional, 465 

in polar coordinates, 508 

solution of, 471-472 

two dimensional, 496 
Heat generated in a rod by radioactive decay, 490 
Heat loss from a boundary, 468-469 
Heat loss from a lateral side of a rod, 473 
Heaviside, Oliver, 298 
Heaviside function, 298 
Helmholtz's partial differential equation, 517 
Henries (h), 26 
Hermite, Charles, 275 
Hermite polynomials, 276 
Hermite's differential equation, 275, 451 
Higher-order differential equations, 118 
Hinged end of a beam, 215 
Hole through the Earth, 24—25 
Homogeneous boundary condition, 179, 446 
Homogeneous boundary-value problem 179 
Homogeneous differential equation: 

with homogeneous coefficients, 72 

linear, 121, 136 
Homogeneous function of degree a, 72 
Homogeneous systems: 

of algebraic equations, APP-23 

of linear first-order differential equations, 333 
Hoéné-Wronski, Jósef Maria, 124 
Hooke's law, 32, 197 
Hyperbolic linear second-order PDE, 463 


| 
IC, 15, 468 
Iceman (Otzi), 115 
Identity matrix, APP-14 
Identity property of power series, 238 
Immigration model, 99 
Impedance, 209 
Implicit finite difference method, 553 
Implicit solution of an ODE, 8 
Improved Euler method, 371—372 
Impulse response, 321 
Indicial equation, 256 
Indicial roots, 256 
Inductance, 26 
Inflection, points of, 46, 98 
Inhibition term, 97 
Initial condition(s): 
for an ordinary differential equation, 15, 119 
for partial differential equations, 468 
for a system of linear first-order differential 
equations, 335 
Initial-value problem: 
definition of, 15 
first-order, 15 
geometric interpretation of, 15-16 
for a linear system, 335 
nth-order, 15, 119 
second-order, 15, 119, 173 
Inner product of functions: 
definition of, 425 
properties of, 425 
Input, 62, 129, 173, 197 
Insulated boundary, 468 


Integral-defined function, 11, APP-3 
Integral equation, 310 
Integral, Laplace transform of an, 310 
Integral transform(s): 
definition of, 279, 536 
Fourier, 536—537 
inverse of a, 536—537 
kernel of, 279 
Laplace, 279, 536 
pair, 536 
Integrating factor(s): 
for a linear first-order differential equation, 56 
for a nonexact first-order differential 
equation, 68-69 
Integration of a power series, 238 
Integrodifferential equation, 311 
Interactions, number of, 24, 419 
Interest compounded continuously, 92 
Interior mesh points, 387 
Interior point, 546 
Interpolating function, 378 
Interval: 
of convergence, 237 
of definition, 6 
of existence, 6 
of existence and uniqueness, 18, 119 
of validity, 6 
Inverse Fourier cosine transform, 537 
Inverse Fourier sine transform, 537 
Inverse Fourier transform, 536 
Inverse integral transform, 536 
Inverse Laplace transform: 
definition of, 286, 536 
linearity of, 287 
Inverse matrix: 
definition of, APP-15 
by elementary row operations, APP-21 
formula for, APP-16 
Irregular singular point, 253 
Isoclines, 39, 45 
Isolated critical point, 46 
Isotherms, 481 
IVP, 15, 119 


J 


Jacobian matrix, 409 


K 


Kernel of an integral transform, 279, 536 
Kinetic friction, 233 

Kirchhoff's first law, 111 

Kirchhoff's second law, 26, 111 


L 


Lagrange, Joseph Louis, 159 
Laguerre polynomials, 317 
Laguerre's differential equation, 317, 451 
Laplace, Pierre-Simon Marquis de, 280 
Laplace transform: 
behavior as s — co, 284 
change of scale theorem for, 286 
convolution theorem for, 308 
definition of, 279 
of a derivative, 289 
derivatives of, 306 
of Dirac delta function, 319 
existence, sufficient conditions for, 282-283 
of a function of two variables, 523 
of an integral, 310 
inverse of, 286, 536 
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kernel of, 279 
of a linear initial-value problem, 289-290 
linearity of, 281 
of a periodic function, 313 
of systems of linear differential 
equations, 322-324 
tables of, 282, APP-29 
translation theorems for, 295, 299 
of unit step function, 299 
Laplace's equation: 
in cylindrical coordinates, 511 
difference equation replacement of, 545 
in polar coordinates, 503 
in spherical coordinates, 515 
in three dimensions, 499 
in two dimensions, 465 
Laplacian: 
in cylindrical coordinates, 511 
five point approximation to, 545 
in polar coordinates, 503 
in spherical coordinates, 515 
in three dimensions, 467 
in two dimensions, 467 
Lascaux cave paintings, dating of, 92 
Lattice points, 546 
Law of mass action, 100 
Leaking tanks, 26, 31, 103, 106 
Least-squares line, 104 
Left-hand limit, 433 
Legendre, Adrien-Marie, 262 
Legendre function, 272 
Legendre polynomials: 
first six, 271 
graphs of, 272 
properties of, 272 
recurrence relation for, 272 
Rodrigues' formula for, 272 
Legendre's differential equation: 
of order л, 262 
self-adjoint form of, 450 
solution of, 270 
Leibniz notation, 4 
Leibniz's rule for differentiation of an 
integral, APP-7, APP-8 
Level curves, 50 
Level of resolution of a mathematical model, 22 
Libby, Willard, 86 
Libby half-life, 87 
Liebman's method, 549 
Lineal element, 37 
Linear dependence: 
of functions, 123 
of solution vectors, 336 


Linear differential operator, 121—122, 152-153, 174 


Linear independence: 
of eigenvectors, APP-24 
of functions, 123 
of solutions, 124 
of solution vectors, 336 
and the Wronskian, 124, 336-337 

Linear operator, 122, 152 

Linear ordinary differential equation: 
applications of, 23—24, 25, 26—27, 64, 85-91, 

197—209, 215-215, 217-218 

associated homogeneous equation, 121 
auxiliary equation for, 135-136, 167 
boundary-value problem for, 120, 213-218 
complementary function for, 128 
definition of, 5, 55, 119, 120 
first order, 5, 55—56, 160 
fundamental set of solutions for, 125 


general solution of, 126, 127 
homogeneous, 121 
initial-value problem for, 15, 119, 197 
nonhomogeneous, 121 
particular solution of, 127 
solution of, 55, 135, 142, 152, 159, 166 
standard forms for, 55, 160, 161, 243, 253 
superposition principles for, 122, 128 
Linear regression, 104 
Linear second-order boundary-value 
problem, 120, 386 


Linear second-order partial differential equation: 


classification of, 463 
general form of, 461 
homogeneous, 461 
nonhomogeneous, 461 
solution of, 461 
Linear spring, 222 
Linear system, 129, 333 
Linear systems of algebraic equations, APP-18 
Linear systems of differential equations: 
definition of, 107, 333 
general solution of, 337, 338 
homogeneous, 333 
matrix form of, 333-334 
method for solving, 341, 344, 348, 355, 357 
nonhomogeneous, 333 
Linear transform, 281 
Linearity property: 
of differentiation, 279 
of integration, 279 
of the inverse Laplace transform, 287 
of the Laplace transform, 281 
Linearization: 
of a differential equation, 224, 408 
of a function of one variable at a point, 77 


of a function of two variables at a point, 405, 


407—408 
of a nonlinear system, 407 
Lissajous curve, 326 
Local truncation error, 370 
Locally stable critical point, 397 
Logarithmic integral function: 
definition of, APP-6 
graph of, APP-7 
Logistic curve, 97 
Logistic differential equation, 97 
Logistic function, 97 
Losing a solution, 49 
Lotka, Arthur, 417 
Lotka-Volterra, equations of: 
competition model, 418-420 
predator-prey model, 109, 417 
LR-series circuit, differential equation of, 90 
LRC-series circuit, differential 
equation of, 26, 207 


M 
Malthus, Thomas, 23 
Mass action, law of, 100 
Mathematical model, constructing a, 22 
Mathematical model(s): 
absolute temperature of a cooling body, 115 
aging spring, 201, 274 
ballistic pendulum, 230 
bead sliding on a curve, 416 
bending of a circular plate, 172 
bobbing motion of a floating barrel, 31 
box sliding down an inclined plane, 96 
buckling of a tapered column, 261 
buckling of a thin vertical column, 217, 274 
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cables of a suspension bridge, 28, 225 

carbon dating, 86-87 

chain pulled upward by a constant force, 227 

chemical reactions, 24—25, 46-47, 100 

column bending under its won weight, 274 

competition models, 110—111, 418—419 

concentration of a nutrient in a cell, 115 

constant harvest, 95 

continuous compound interest, 92 

cooling cup of coffee, 93 

cooling/warming, 24, 87 

coupled pendulums, 324, 329 

coupled springs, 322 

deflection of beams, 214—215, 217, 301 

deflection of a rotating shaft, 221 

doomsday for a population, 104 

double pendulum, 324 

double spring, 201, 233, 322 

draining a tank, 26, 31 

dropping supplies from a plane, 230 

drug infusion, 33 

evaporating raindrop, 95 

evaporation, 104 

extinction of a population, 104 

falling body (with air resistance), 27, 31, 46, 
94, 103 

falling body (with no air resistance), 27, 94 

falling chain, 71 

first-order reaction, 85 

fluctuating population, 33 

fluid flow around a circular cylinder, 393 

forgetfulness, 33 

growth and decay, 23, 85-86, 91 

hard spring, 223 

harvesting fisheries, 99 

heart pacemaker, 64, 95 

hole through the Earth, 32-33 

immigration, 99 

infusion of a drug, 33 

interacting animal species, 109, 110 

leaking tanks, 26, 102—103, 106 

learning theory, 33 

least time, 115 

LR-series circuit, 31, 90 

LRC-series circuit, 26, 207 

memorization, 95 

mixtures, 25, 88—89, 108, 186—187, 353 

networks, 111, 361 

nutrient flow through a membrane, 114 

oscillating chain, 514 

pendulum motion on the Earth, 223-224, 415 

pendulum motion on the Moon, 231 

pendulum of varying length, 275 

population dynamics, 23, 30, 86, 96—99 

potassium-argon dating, 87, 112 

potassium-40 decay, 111 

predator-prey, 109-110, 417-418 

pursuit curves, 229 

radioactive decay, 23, 

radioactive decay series, 62, 107—108, 111 

raindrops, 34, 95, 106 

range of a projectile, 329-330 

RC-series circuit, 31, 90 

reflecting surface, 33 

resonance, 207, 213 

restocking fisheries, 99 

rocket motion, 32, 226 

rotating fluid, 33 

rotating pendulum, 423 

rotating rod containing a sliding bead, 233 

rotating string, 214 
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Mathematical model(s): (Continued) 

second-order reaction, 25, 100 

shape of a cable suspended between two 
vertical supports, 28, 54 

skydiving, 94, 105 

sliding box, 96 

snowplow problem, 34 

soft spring, 223 

solar collector, 103 

spread of a disease, 24, 98-99, 113 

spring-coupled pendulums, 329 

spring/mass systems, 197—207 

spring pendulum, 234 

suspended cables, 28, 225-226 

steady-state temperature in a rectangular 
plate, 467, 479 

swimming a river, 105-106 


Tacoma Narrows Suspension Bridge, 234—235 


temperature in an annular cooling fin, 277 
temperature in an annular plate, 506 
temperature in circular cylinder, 511 
temperature in circular plate, 503, 518 
temperature in cooling fin, 277 
temperature in an infinite cylinder, 513 
temperature in an infinite plate, 506, 518 
temperature in an infinite wedge, 506 
temperature in a quarter-circular plate, 506 
temperature in a semiannular plate, 507 
temperature in a semicircular plate, 505 
temperature in a sphere, 515 
temperature in a wedge-shaped plate, 506 
temperature in a thin rod, 466-467, 471 
terminal velocity, 46, 94, 103 
time of death, 93 
tractrix, 33 
transverse vibrations of a string, 467, 473 
tsunami, shape of, 103-104 
U.S. population, 102 
variable mass, 32, 226-227 
vibrations of a circular membrane, 508 
water clock, 106 
wire hanging under its own weight, 26, 225 

Mathieu functions, 262 

Matrix: 
addition of, APP-12 
associative law of, APP-14 
augmented, APP-18 
banded, 548 
characteristic equation of, APP-23 
column, APP-11 
defective, APP-24, APP-25 
definition of, APP-11 
derivative of, APP-17 
determinant of, APP-14 
diagonal, 363, APP-28 
difference of, APP-12 
distributive law for, APP-14 
eigenvalue of, APP-22 
eigenvector of, APP-22 
elementary row operations on, APP-18 
entry of, APP-11 
equality of, APP-11 
exponential, 362 
form of a first-order system, 333-334 
fundamental, 357—358, 364 
integral of, APP-17 
inverse of, APP-16, APP-21 
Jacobian, 408 
multiples of, APP-11 
multiplication of, APP-13 
multiplicative identity, APP-14 


multiplicative inverse, APP-15 
nilpotent, 366 
nonsingular, APP-15 
product of, APP-13 
reduced row-echelon form of, APP-19 
row-echelon form of, APP-18 
singular, APP-15 
size, APP-11 
sparse, 548 
square, APP-11 
sum of, APP-12 
symmetric, 346 
transpose of, APP-15 
tridiagonal, 553 
vector, APP-11 
zero, APP-14 
Matrix exponential: 
computation of, 364 
definition of, 362 
derivative of, 363 
as a fundamental matrix, 364 
Matrix form of a linear system, 333-334 
Maximum principle, 481 
Meander function, 316 
Memorization, mathematical model for, 95 
Mesh size, 546 
Mesh points, 546 
Method of Frobenius, 254 
Method of isoclines, 39, 45 
Method of separation of variables, 47-48, 461 
Method of undetermined coefficients, 142, 152 
Minor, APP-16 
Mixtures: 
multiple tanks, 108, 112 
single tank, 25, 30 
Modeling process, steps in, 22-23 
Modified Bessel equation: 
of order v, 265 
general solution of, 265, 266 
parametric form of, 266 
Modified Bessel functions: 
of the first kind, 265 
graphs of, 265 
of the second kind, 265 
Movie, 326, 475, 510 
Multiplication: 
of matrices, APP-13 
of power series, 239—240 
Multiplicative identity, APP-14 
Multiplicative inverse, APP-15, APP-16, APP-21 
Multiplicity of eigenvalues, 344—348 
Multistep numerical method: 
advantages of, 380 
definition of, 378 
disadvantages of, 380 


N 
Named functions, 262 
Natural frequency of free undamped 
motion, 198 
Networks, 111, 323-324 
Neumann condition, 468 
Neumann problem for a rectangle, 483-484 
Newton, Isaac, 26 
Newton's dot notation for differentiation, 4 
Newton's first law of motion, 26 
Newton's law of cooling/warming: 
with constant ambient temperature, 24, 
87—88, 92-93 
with variable ambient temperature, 30, 92—93 
Newton's second law of motion, 27, 234 


Newton's second law of motion as the rate of 
change of momentum, 32, 226 
Newton's universal law of gravitation, 32 
Nilpotent matrix, 366 
Nodal line, 510 
Node, 399-401, 403, 410-411, 476 
Nonelementary integral, 11 
Nonhomogeneous boundary condition, 446 
Nonhomogeneous boundary-value problem 
for ODEs, 179, 446 
Nonhomogeneous boundary-value problem 
for PDEs, 484 
Nonhomogeneous linear ordinary differential 
equation: 
definition of, 121 
solving a, 121, 142, 152, 159 
Nonhomogeneous linear partial differential 
equation, 461 
Nonhomogeneous systems of linear first-order 
differential equations: 
definition of, 333 
general solution of, 338 
particular solution of, 338 
Nonlinear damping, 222, 414, 421 
Nonlinear ordinary differential equation: 
definition of, 6 
solvable by first-order methods, 189—190 
Taylor series solution of, 190 
Nonlinear oscillations of a sliding bead, 416 
Nonlinear pendulum, 223-224 
Nonlinear spring: 
definition of, 222 
hard, 223 
soft, 223 
Nonlinear system of differential 
equations, 107, 390 
Nonsingular matrix, APP-15 
Norm of a function: 
definition of, 426 
square, 426, 429 
Normal form: 
of a linear system, 333 
of an ordinary differential equation, 5 
of a system of first-order equations, 333 
Normal modes, 475 
Normalization of a function, 427 
Notation for derivatives, 4 
n-parameter family of solutions, 9 
nth-order differential operator, 122, 152 
nth-order initial-value problem, 15, 119 
Nullcline, 45 
Numerical methods: 
Adams-Bashforth-Moulton method, 379 
adaptive methods, 377 
applied to higher-order equations, 381 
applied to systems, 381, 383, 385 
continuing, 378 
Crank-Nicholson, 553 
errors in, 78—79 
Euler's method, 77—78, 369 
explicit finite difference, 551 
finite difference method, 386-387 
implicit finite difference, 553 
improved Euler's method, 371—372 
multistep, 378 
predictor-corrector method, 372, 379 
RK4 method, 381 
RKF45 method, 377 
shooting method, 388 
single-step, 378 
stability of, 380 
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starting, 378 

truncation errors in, 370—371 
Numerical solution curve, 80 
Numerical solver, 79 
Nutrient flow through a membrane, 114 


(0) 
Odd function: 

definition of, 436 

properties of, 437 
ODE, 3 
Ohms (О), 26 
Ohm's law, 91 
One-dimensional heat equation: 

definition of, 465 

derivation of, 466-467 
One-dimensional phase portrait, 40 
One-dimensional wave equation: 

definition of, 465 

derivation of, 467 
One-parameter family of solutions, 9 
Order, exponential, 282 
Order of a differential equation, 4 
Order of a Runge-Kutta method, 374 
Ordinary differential equation, 3 
Ordinary point of a linear second-order 

differential equation: 

definition of, 243, 251 

solution about, 245, 246 
Orthogonal functions, definition of, 426 
Orthogonal series expansion, 428-429 
Orthogonal set of functions, 426 
Orthogonal trajectories, 116 
Orthogonality with respect to a weight 

function, 429 

Orthonormal set of functions, 427 
Oscillating chain, 514 
Otzi (the iceman), 115 
Output, 62, 129, 173, 197 
Overdamped series circuit, 202 
Overdamped spring/mass system, 208 
Overdamped system, 416, 421 
Overtones, 476 


P 
Parabolic linear second-order PDE, 463 
Parallel springs, 201 
Parametric form of Bessel equation of 
order v, 265 
Parametric form of modified Bessel equation of 
order v, 266 
Partial differential equation: 
classification of linear second order, 463 
definition of, 3, 461 
homogeneous linear second order, 461 
linear second order, 461 
nonhomogeneous linear second order, 461 
separable, 461—462 
solution of, 461 
superposition principle for homogeneous 
linear, 463 
Partial fractions, 290, 292 
Partial integral, 533 
Particular solution: 
definition of, 9 
finding a, 142, 152, 159 
of a linear differential equation, 127 
of a system of linear differential 
equations, 338 
Path, 392 


PDE,3 
Pendulum: 

ballistic, 230 

double, 324 

free damped, 228—229, 421 

linear, 224 

on the Moon, 231 

nonlinear, 223 

period of, 231, 420 

physical, 223 

rotating, 423 

simple, 223 

spring, 234 

spring-coupled, 329 

of varying length, 275 
Pendulum motion on the Moon, 231 
Percentage relative error, 79 
Period of a nonlinear pendulum, 420 
Period of simple harmonic motion, 198 
Periodic boundary conditions, 221 
Periodic boundary-value problem, 448 
Periodic driving force, 441 
Periodic extension of a function, 434, 438, 441 
Periodic function, fundamental period of, 430 
Periodic function, Laplace transform of, 313 
Periodic solution of plane autonomous 

system, 393 

Phase angle, 199 
Phase line, 40 
Phase plane, 342, 398 
Phase-plane method, 649-650 
Phase portrait(s): 

for first-order equations, 40 

for systems of two linear first-order 

differential equations, 343, 398 

Physical pendulum, 223 
Piecewise-continuous functions, 59, 282, 433 
Piecewise-linear differential equation, 59 
Pin supported end of a beam, 215 
Plane autonomous system, 392 
Plucked string, 468, 475, 479 
Points of inflection, 46 
Poisson's partial differential equation, 491 
Polar coordinates, 503 
Polynomial differential operator, 122 
Population growth, 23 
Population models: 

birth and death, 20 

doomsday, 104 

extinction, 45, 104 

fluctuating, 95 

harvesting, 95, 99, 102 

immigration, 99 

logistic, 97 

Malthusian, 23 

restocking, 99 
Potassium-argon method of dating, 87, 112 
Potassium-40 decay, 111 
Power series: 

absolute convergence of, 237 

arithmetic of, 239 

center, 237 

convergence of, 237 

defines a function, 238 

definition of, 237 

differentiation of, 238 

divergence of, 237 

identity property of, 238 

integration of, 238 

interval of convergence, 237 

Maclaurin, 239 
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radius of convergence, 237 
ratio test for, 239 
represents a continuous function, 238 
represents an analytic function, 238 
review of, 237 
solutions of differential equations, 245 
Taylor, 239 
Power series solutions: 
existence of, 245 
method of finding, 246 
solution curves of, 251 
Predator-prey interaction, 109 
Predator-prey model, 109, 417—418 
Predictor-corrector method, 372, 379 
Prime notation, 4 
Projectile motion, 188, 323—324 
Proportional quantities, 23 
Pure resonance, 207 
Pursuit curve, 229 


Q 


Qualitative analysis: 
of a first-order differential 
equation, 37, 39, 408 
of a second-order differential 
equation, 392, 414—417 
of systems of differential 
equations, 392-399, 400—407, 414 
Quasi frequency, 204 
Quasi period, 204 


R 
Radial symmetry, 508 
Radial vibrations, 508 
Radioactive decay, 23, 85-87, 111—112 
Radioactive decay series, 107—108 
Radiometric dating techniques, 87 
Radius of convergence of a power series, 237 
Radium decay, 23 
Radon, 23 
Raindrop, 34, 106 
Raleigh’s differential equation, 413 
Rate function, 37 
Ratio test, 238 
Rational roots of a polynomial equation, 139 
RC-series circuit, differential equation of, 90 
Reactance, 209 
Reactions, chemical, 23, 24—25, 85, 100—101 
Rectangular pulse, 304 
Rectified sine wave, 316 
Recurrence relation, 247, 249 
Recurrence relation, differential, 268 
Recursion formula for gamma function, 263, 
APP-4 
Reduced row-echelon form of a matrix, APP-19 
Reduction of order, 132-133 
Reduction to separation of variables, 74 
Reflecting surface, 33 
Regular singular point, 253 
Regular Sturm-Liouville problem: 
definition of, 446 
properties of, 446 
Regression line, 104 
Relative error, 79 
Relative growth rate, 96 
Repeller, 43, 343, 404 
Resistance: 
air, 27, 31, 46, 94 
electrical, 26, 90 
Resonance, pure, 207 
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Resonance curve, 213 
Resonance frequency, 213 
Response: 
impulse, 321 
as a solution of a DE, 62, 129, 173 
of a system, 29, 90, 392 
zero-input, 293 
zero-state, 293 
Rest point, 404 
Rest solution, 173 
Restocking of a fishery, model of, 99 
Riccati’s differential equation, 76 
Right-hand limit, 433 
RK4 method, 79, 375 
RKF45 method, 377 
Robin condition, 468 
Robins, Benjamin, 230 
Rocket motion, 32, 94, 226 
Rodrigues’ formula, 272 
Rotating fluid, shape of, 33 
Rotating pendulum, 423 
Rotating rod and bead, 233 
Rotating shaft, 221 
Rotating string, 217 
Rotational form of Newton’s second law 
of motion, 234 
Round-off error, 369 
Row-echelon form, APP-18 
Row operations: 
elementary, APP-18 
symbols for, APP-19 
Runge-Kutta-Fehlberg method, 377 
Runge-Kutta methods: 
first-order, 374 
fourth-order, 79, 374, 375 
second-order, 374 
for systems, 381, 383 
truncation errors for, 377 
Rutherford, Ernest, 87 


S 

Saddle point, 400 

Sawing a log, mathematical model for, 116-117 
Sawtooth function, 316 

Schwartz, Laurent, 320 


Second-order boundary-value problem, 120, 385 


Second-order chemical reaction, 25, 100 

Second-order homogeneous linear system, 351 

Second-order initial-value problem, 15, 117 

Second-order ordinary differential equation as 
a system, 381 


Second-order partial differential equation, 461, 465 


Second-order Runge-Kutta method, 374 
Second translation theorem: 

alternative form of, 300 

form of, 299 

inverse form of, 300 


Self-adjoint form of a second-order differential 


equation, 449 
Semi-stable critical point, 43 
Separated boundary conditions, 446 
Separation constant, 462 
Separation of variables, method of: 
for first-order ordinary differential 
equations, 47 
for linear second-order partial differential 
equations, 461 
Sequence of partial sums, 237 
Series: 
Fourier, 431—432, 437—438 
Fourier-Bessel, 452—454 
Fourier-Legendre, 455—456 


power, 237 
review of, 237—239 
solutions of ordinary differential 
equations, 245, 254 
Series circuits, differential equations of, 26, 90 
Shifting a summation index, 240 


Shifting theorems for Laplace transforms, 295, 299 


Shooting method, 388 
Shroud of Turin, dating of, 92 
Sifting property, 320 
Signum function, 233 
Simple harmonic electrical vibrations, 208 
Simple harmonic motion of a spring/mass 
system, 198 
Simple pendulum, 223 
Simply supported end of a beam, 215, 478 
Sine integral function: 
definition of, 62, 63, 521, 535, APP-6 
graph of, APP-7 
Sine series: 
in one variable, 438 
in two variables, 498 
Single-step numerical method: 
advantages of, 380 
definition of, 378 
disadvantages of, 380 
Singular matrix, APP-15 
Singular point: 
at oo, 244 
irregular, 253 
of a linear first-order differential 
equation, 58 
of a linear second-order differential 
equation, 243, 253 
regular, 253 
Singular solution, 10 
Singular Sturm-Liouville problem, 448 
Sink, 404 
SIR model, 113 
Sky diving, 31, 94 
Sliding bead, 405-406, 416 
Sliding box on an inclined plane, 96 
Sliding friction, 96, 233 
Slope field, 37 
Slope function, 37 
Snowplow problem, 34 
Soft spring, 223, 411 
Solar collector, 103 
Solution curve, 7 
Solution of an ordinary differential equation: 
about an ordinary point, 245 
about a singular point, 254—255 
constant, 13, 39 
defined by an integral, 11, 51, 60—61, 63 
definition of, 6 
equilibrium, 40, 393 
explicit, 8 
general, 12, 57, 126, 127 
graph of, 7 
implicit, 8 
interval of definition for, 6 
n-parameter family of, 9 
number of, 9 
one-parameter family of, 9 
particular, 9, 127 
piecewise defined, 10 
singular, 10 
trivial, 7 
Solution of a partial differential equation, 461 
Solution of a system of ordinary differential 
equations: 
constant, 393 


defined, 11, 334, 392 
equilibrium, 393 
general, 337, 338 
particular, 338 
periodic, 393 
Solution vector, 334 
Source, 404 
Sparse matrix, 548 
Special functions, 62, 262 
Specific growth rate, 96 
Spherical Bessel functions: 
of the first kind, 270 
of the second kind, 270 
Spiral points, 402 
Spread of a communicable 
disease, 24, 99, 113 
Spring constant, 197 
Spring/mass systems, 197-207 
Spring pendulum, 234 
Springs, coupled, 322-323 
Springs, Hooke's law for, 32, 197 
Springs, linear, 222 
Springs, nonlinear, 222 
Springs, parallel, 201 
Springs, in series, 201 
Square matrix, APP-11 
Square norm of a function, 426, 429 
Square wave, 314, 316 
Stability of a plane autonomous system: 
locally stable, 397 
unstable, 397 
Stability criteria: 
for a first-order autonomous differential 
equation, 408 
for a plane autonomous system, 404, 409 
Stable critical point, 399, 406 
Stable node, 399 
Stable numerical method, 380 
Stable spiral point, 402 
Staircase function, 304 
Standard form of a linear differential 
equation: 
first order, 35, 160 
second order, 161, 253 
Standing waves, 475-476, 510 
Starting methods, 378 
State of a system, 29 
State variables, 29 
Stationary point, 39, 393 
Steady-state current, 91 
Steady-state solution, 206, 486 
Steady-state temperature distribution, 467, 
479, 503, 505 
Steady-state term, 91, 206 
Stefan’s law of radiation, 115 
Step size, 77 
Streamlines, 71 
Sturm-Liouville problem: 
definition of, 446 
homogeneous, 446 
nonhomogeneous, 446 
periodic, 448 
properties of, 446 
regular, 446 
singular, 448 
Subscript notation, 4 
Substitutions in an ordinary differential 
equation, 72, 189 
Substitutions in a partial differential 
equation, 478, 484—490 
Sum of two matrices, APP-12 
Summation index, shifting of, 240 


Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Superposition principle: 
for a Dirichlet problem, 481—482 
for homogeneous linear differential 
equations, 122 
for homogeneous linear partial differential 
equations, 463 
for homogeneous linear systems, 335 
for nonhomogeneous linear differential 
equations, 128 
for the one-dimensional wave equation, 476 
Suspended cables, 28 
Suspension bridge, 28, 225 
Symmetric matrix, 346 
Synthetic division, 139 
Systematic elimination, 183 
Systems, autonomous, 391 
Systems of linear differential equations, methods 
for solving: 
by Laplace transforms, 322 
by matrices, 340, 355, 362 
by systematic elimination, 183 
Systems of linear first-order differential equations: 
complementary function for, 338 
definition of, 333 
existence of a unique solution for, 335 
fundamental set of solutions for, 337 
general solution of, 337, 341 
homogeneous, 333 
initial-value problem for, 335 
matrix form of, 333—334 
nonhomogeneous, 333, 340 
normal form of, 333 
particular solution for, 338 
solution of, 334 
superposition principle for, 335 
undetermined coefficients for, 355—357 
variation of parameters for, 357—360 
Wronskian for, 337 
Systems of ordinary differential equations, 
10-11, 107, 183, 190-191, 322, 332, 390 
Systems reduced to first-order systems, 382 


T 
Table of Laplace transforms, 282, APP-29 
Tacoma Narrows Suspension Bridge, 234—235 
Tangent lines, use of, 37—38, 405 
Tangent plane, 405 
Taylor polynomial, 191, 374 
Taylor series, use of, 190 
Telegraph equation, 470 
Telephone wires, shape of, 28, 225 
Temperature: 

in an annular cooling fin, 377 

in an annular plate, 506 

in a circular cylinder, 511—512 

in a circular plate, 503 

in an eighth-annular plate, 507 

in a hollow sphere, 516 

in an infinite cylinder, 513 

in an infinite plate, 500 

in a quarter-annular plate, 507 

in a quarter-circular plate, 506 

in a semiannular plate, 507 

in a semicircular plate, 505 

in a sphere, 515 

in a square plate, 500 

in a wedge-shaped plate, 506 
Terminal velocity of a falling body, 46, 94, 103 
Thermal diffusivity, 467 
Theory of distributions, 320 
Three-dimensional Laplace's equation, 499 


Three-dimensional Laplacian: 
in cylindrical coordinates, 510—511 
in rectangular coordinates, 467 
in spherical coordinates, 515 
Three-term recurrence relation, 249 
Threshold level, 116 
Time of death, 93 
Torricelli's law, 26 
Trace of a matrix, 398 
Tractrix, 33 
Trajectories: 
orthogonal, 116 
parametric equations of, 334, 392 
in the phase plane, 334, 342 
Transfer function, 293 
Transform of a derivative, 289, 537, 538 
Transform pairs, 536 
Transient solution, 206, 486 
Transient term, 91, 206 
Translation property of an autonomous DE, 43 
Translation theorems for Laplace transform: 
first, 295 
inverse forms of, 295, 300 
second, 299 
Transpose of a matrix, APP-15 
Transverse vibrations, 467, 508 
Traveling waves, 478 
Triangular wave, 316 
Tridiagonal matrix, 553 
Trigonometric series, 431 
Trivial solution, 7 
Truncation error: 
for Euler’s method, 370 
global, 371, 376 
for improved Euler’s method, 373 
local, 370 
for RK4 method, 376 
Tsunami, model for, 103 
Twisted shaft, 493 
Two-dimensional heat equation: 
in polar coordinates, 508 
in rectangular coordinates, 496 
Two-dimensional Laplace’s equation: 
in cylindrical coordinates, 511 
in polar coordinates, 503 
in rectangular coordinates, 465, 467 
Two-dimensional Laplacian: 
in cylindrical coordinates, 511 
in polar coordinates, 503 
in rectangular coordinates, 467 
Two-dimensional phase portrait, 342—343, 
398-399, 411-412 
Two-dimensional wave equation: 
in polar coordinates, 508 
in rectangular coordinates, 497 


U 


Undamped spring/mass system, 197—198 
Underdamped series circuit, 208 
Underdamped spring/mass system, 203 
Underdamped system, 416, 421 
Undetermined coefficients for linear DEs: 
annihilator approach, 152 
superposition approach, 142 
Undetermined coefficients for linear systems, 355 
Uniqueness theorems, 17, 119, 335 
Unit impulse, 318 
Unit step function: 
definition of, 298, 302 
graph of, 298 
Laplace transform of, 299 


INDEX 1-9 


Universal law of gravitation, 32 

Unstable critical point, 43, 397, 399, 400, 
402, 406, 409 

Unstable node, 399-400 

Unstable numerical method, 380 

Unstable spiral point, 402 

Unsymmetrical vibrations of a spring, 223 

USS Missouri, 221 


V 
Variable mass, 226-227 
Variable spring constant, 201 
Variables, separable, 47 
Variation of parameters: 
for linear first-order differential 
equations, 160 
for linear higher-order differential 
equations, 159 
for systems of linear first-order differential 
equations, 357 
Vector, column, 334, APP-11 
Vector field, 392 
Vectors, as solutions of systems of linear 
differential equations, 334 
Velocity of a falling raindrop, 106 
Verhulst, P. F., 97 
Vibrating beam, 478, 496 
Vibrating elastic bar, 477 
Vibrating twisted beam, 493 
Vibrations, spring/mass systems, 197—207 
Virga, 34 
Viscous damping, 27 
Voltage drops, 26 
Volterra, Vito, 417 
Volterra integral equation, 310 
Volterra's principle, 420 
Vortex point, 404 


W 
Water clock, 106 
Wave equation: 
difference equation replacement of, 556 
derivation of, 467 
one dimensional, 465, 473 
in polar coordinates, 508 
solution of, 473-476 
two dimensional, 497 
Weight, 27 
Weight function: 
of a linear system, 320 
orthogonality with respect to, 439 
Weighted average, 374 
Whirling pendulum, 224 
Wire hanging under its own weight, 28, 225 
Wronski, Józef Maria Hoéné-, 124 
Wronskian determinant: 
for a set of functions, 124 
for a set of solutions of a homogeneous linear 
differential equation, 124—125 
for a set of solution vectors of a 
homogeneous linear system, 337 


Y 


Young's modulus of elasticity, 214 


Z 

Zero-input response, 293 
Zero matrix, APP-14 
Zero-state response, 293 
Zeros of Bessel functions, 268 
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